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Abstract Humanoid robots are poised to play an ever-increasing role in society over
the coming decades. The structural similarity of these robots to humans makes them
natural candidates for applications such as elder care or search and rescue in spaces
designed for human occupancy. These robots currently, however, do not have the
capability for fast dynamic movements which may be required to quickly recover
balance or to traverse challenging terrains. Control of a basic dynamic movement,
hopping, is studied here through simulation experiments on a 26 degree of free-
dom humanoid model. Center of mass trajectories are planned with a spring-loaded
inverted pendulum (SLIP) model and are tracked with a task-space controller. Unau-
thored arm movements emerge from the task-space approach to produce continuous
dynamic hopping at 1.5 m/s.

Fig. 1 A combination of
SLIP model planning and
task-space control allows a
continuous dynamic hop to
be controlled at real-time
rates. The structure of the
Task-Space Controller allows
unauthored arm action to
emerge which prevents extra
torso pitching during leg
thrust and during positioning
of the feet in flight.
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1 Introduction

With the abundance of promising recent work in humanoid robots, these sys-
tems are becoming ever closer to operating alongside humans in the home and
in the workplace. Mechanical improvements to many of the state-of-the-art hu-
manoids [5, 9, 16, 17] are continually occurring to push the potential applications
that they may provide. Aside from mechanical improvements, control of these sys-
tems continues to advance as well, for instance, providing intuitive human to robot
interactions [1], stable locomotion over mildly uneven terrain [14], and balance re-
covery from environmental disturbances [3].

Despite these efforts, humanoid robots still have little capability for fast dynamic
movements, such as hopping or jumping. These types of movements require coor-
dinated interactions between many degrees of freedom in order to manage the rapid
interchanges of kinetic and potential energies throughout stages of stance and flight.
Stable performance of these movements is further complicated by short periods of
stance, during which large ground forces on the system must be managed within
their frictional and unidirectional limits to provide corrective interactions.

As a basic dynamic movement, hopping provides a platform to evaluate control
approaches for dynamic motion without the need to address the more complex limb
phasings found in derivative movements such as running. Future humanoids operat-
ing in challenging environments will require aggressive movements such as a hop to
clear obstacles or to traverse areas with widely separated footholds. Hop control has
been explored previously in bipeds, where specialized compliant actuators [7] were
used to store and return energy to the system during stance. Here, instead, com-
pliant dynamics are mimicked in the humanoid through the use of a physics-based
spring-loaded inverted pendulum (SLIP) model to generate reference dynamics for
the humanoid center of mass (CoM). This approach enables continuous forward
hopping, and manages joint coordination through the use of a task-space controller
to select joint torques. Results are shown for full 3D hopping in simulation with a 26
degree of freedom (DoF) humanoid. A snapshot of this model mid-flight is shown
in Fig. 1. The fluid resultant hopping motion features arm swing during stance and
flight as a natural coordination strategy from the task-space control approach, and
emerges without manual authoring.

The remainder of this paper is laid out as follows. Notation to describe the dy-
namics of the humanoid model and the SLIP template are developed briefly in Sec-
tion 2. Section 3 presents the Task-Space Controller at a high-level and describes
the generation of SLIP-based CoM reference trajectories. Results are presented in
Section 4 with a summary provided in Section 5.

2 Simulation and Template Models

The humanoid shown in Fig. 1 is a 26-DoF system that is modeled after a 6
foot (1.83 m), 160 pound (72.6 kg) male. Further details on the model are given



Control of Humanoid Hopping Based on a SLIP Model 3

in [18]. The configuration of the system can be described by q = [ qT
b qT

a ]T , where
qb ∈ SE(3) is the unactuated position and orientation of the torso (referred to as
the floating base) and qa denotes the configuration of the actuated joints. The joint
rate and acceleration vectors, q̇ ∈ R26 and q̈ ∈ R26, are partitioned similarly. The
standard dynamic equations of motion are:

H(q)q̈+C(q, q̇)q̇+G(q) = ST
a τ +Js(q)

TFs (1)

where H , Cq̇ , and G are the familiar mass matrix, velocity product terms, and
gravitational terms, respectively. Here Fs collects ground reaction forces (GRFs)
for appendages in support, and Js is a combined support Jacobian. The matrix
Sa = [020×6 120×20 ] is a selection matrix for the actuated joints and τ ∈ R20 is
the joint torque vector. The full 3D dynamics of the humanoid are simulated with
the DynaMechs [13] simulation package. This simulator employs a penalty-based
contact model which includes compliance and damping in the normal and tangen-
tial directions at each planar contact point. No force feedback is provided to the
controller.

To generate dynamic hopping, the approach presented in Section 3 will seek to
mimic the CoM dynamics described by a SLIP model. This template model for
locomotion, shown in Fig. 2, has been shown to describe the CoM dynamics incred-
ibly well for high-speed forward locomotion in a wide array of insects and animals
[2, 4, 8]. Species as diverse as crabs to kangaroos bounce in a dynamically similar
fashion at high-speeds, and demonstrate similar effective leg stiffnesses relative to
their size and weight [2]. In biological systems, the selection of an effectively com-
pliant gait at high speeds instead of a stiff legged gait (which is employed at lower
speeds) is due in part to energetic savings that are enabled by the passive compliance
of muscles, tendons, and ligaments [4]. Although we assume no joint compliance
for the humanoid model used here, it is envisioned that the addition of passive and
variable compliance will continue to be an active area of actuation research [6, 10],
enabling future humanoids to perform these types of movements with efficiency and
power.

Fig. 2 SLIP stance model
for forward locomotion. The
position is given relative
to an anchor location as
(x,z). The model includes
a Hookean leg spring with
spring constant k. During
flight, a ballistic model is
assumed for the point mass.

k

x̂

ẑ

The SLIP model assumes a linear leg spring during stance, with a rest length
equal to the touchdown length of the spring. Stance terminates when the leg spring
again reaches its rest length, and is followed by ballistic CoM dynamics in flight.
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This point-mass model implicitly assumes massless legs that can be arbitrarily repo-
sitioned in flight for preparation of the upcoming touchdown.

3 Prioritized Task-Space Control

Task-space (also called operational-space) control provides a convenient framework
to allow for control of the salient characteristics of a behavior or movement, with-
out requiring large amounts of motion detail in the high-dimensional configuration
space of the humanoid. For instance, natural task spaces such as the CoM and con-
figurations of the feet can be used to generate dynamic walking [12] with minimal
required hand authoring. The role of task-space control within the control system
used here is shown in Fig. 3. Roughly, the task-space control problem is to select
joint torques to reproduce some commanded task dynamics as closely as possible.
While task-space control for a manipulator is a well studied problem, the underac-
tuation of a humanoid in flight and stance introduces additional constraints on the
solution to the problem. In this work, a state machine (consisting simply of flight
and stance states) is used to inform the Task-Space Controller of these constraints,
and to manage tracking of the tasks (CoM, feet, posture, etc.).

Hopping 
State Machine 

Task-Space Controller 

Dynamic  
Simulator 

Joint Torques 

SLIP-Based 
CoM Reference 

Commanded Task Dynamics 
(CoM Accelerations,  
 Foot Accelerations, etc.) 

S
y
st

em
 S

ta
te

 

Fig. 3 Overall system block diagram. SLIP-based reference trajectories and hand authored foot
trajectories are tracked by the Task-Space Controller. The Hopping State Machine monitors if the
system is in flight or stance, and turns off CoM control during flight.
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In our recent work [18] we proposed a conic-optimization-based solution to the
task-space control problem that uses numerical optimization software to select phys-
ically feasible contact forces and joint torques. Roughly, the optimization-based ap-
proach enacts task-space control while simultaneously ensuring that the classic force
distribution problem (FDP) [11] remains feasible to generate the task dynamics with
forces under the feet. To ensure solvability of the FDP, the contact wrench acting on
each of the NS support feet is broken up into forces fsi j ∈ R3 which act at each of
the NPi contact vertices for foot i. Then, given a commanded task acceleration v̇t,c,
an optimization problem described by (2)-(4) can be solved to select ground forces,
joint torques, and joint accelerations that are consistent with the system dynamics.

min
q̈,τ,fsi j

1
2
||Jt q̈+ J̇ t q̇− v̇t,c||2 (2)

subject to H q̈+C q̇+G= ST
a τ +

NS

∑
i=1

NPi

∑
j=1

JT
si j
fsi j (3)

fsi j ∈ C i ∀ i ∈ {1, . . . ,NS}, j ∈ {1, . . . ,NPi}. (4)

Here Jt is a task Jacobian, Jsi j is a Jacobian for contact vertex j of foot i, and Ci is a
friction cone for foot i. Jt may be a Jacobian for a stack of tasks and may include, for
instance, foot and CoM Jacobians within its rows. In this optimization, (2) enforces
optimal tracking of the task dynamics, while (3) and (4) ensure that the the optimal
task dynamics are physically realizable.

If a strict hierarchy of importance exists amongst the tasks, then a Prioritized
Task-Space Control (PTSC) problem exists. The optimization problem above can
be solved first to optimize tracking of the highest-priority task alone, and then sub-
sequently to optimize tracking of the lower-priority tasks. These subsequent opti-
mizations require additional constraints to be added to the problem as described
in [18]. This formulation can also be used to regulate angular momentum, as de-
scribed in [18], even though angular momentum is not amenable to a task Jacobian.

3.1 SLIP-Based CoM Reference Trajectories

SLIP-based CoM reference trajectories are used to generate the commanded CoM
accelerations. First, a periodic trajectory of the SLIP model, through stance and
flight, is found off-line. This off-line process tunes the SLIP touchdown angle, max-
imum CoM height during flight, and effective leg stiffness to obtain a periodic gait
with user-specified stance and flight times. An example periodic trajectory is shown
in Fig. 4. We note that choosing too high of an effective leg stiffness causes the
system to slow down from one step to the next, while too low of an effective leg
stiffness causes the system to speed up. This is shown in Fig. 5 for a variation of 30
percent above and below the stiffness for periodic locomotion. All cases shown use
the touchdown angle and top-of-flight height shown in Fig. 4.



6 Patrick M. Wensing and David E. Orin

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

CoM X Position (m)

C
oM

 Z
 P

os
iti

on
 (m

)

 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

100

200

300

400

500

600

700

800

En
er

gy
 (J

)

Time (s)
 

 

Flight
Stance
Leg

Kinetic Energy
Grav. Pot. Energy
Spring Pot. Energy

CoM x Position (m)

C
o
M

z
P
o
s
i
t
i
o
n
(
m
)

Fig. 4 SLIP-based CoM reference trajectory for 1.5 m/s forward hopping. Touchdown and liftoff
angles are symmetric, which holds for every 1 step periodic trajectory of the SLIP model.
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Fig. 5 Comparison of CoM trajectories for varying leg stiffness. Trajectory B uses the leg stiffness
found to generate periodic CoM motion, while A and C employ stiffnesses that are 30% greater
and 30% less, respectively.

The periodic SLIP trajectory is followed on-line through a simple PD control law
to select the commanded CoM acceleration (which composes three of the compo-
nents of v̇t,c). With the CoM position given as pG, the commanded acceleration p̈G,c
is specified as

p̈G,c = p̈G,d +KD(ṗG,d− ṗG)+KP(pG,d−pG) (5)

where (pG,d , ṗG,d , p̈G,d) are the desired values from the SLIP based trajectory. The
lateral position of the CoM is commanded to remain at a fixed initial position. We
note that it is possible to employ a series of PD setpoints, as in [18] to achieve a
standing jump. However, continuous hopping requires more careful design of CoM
trajectories. The biological grounding of the SLIP model makes it a natural choice
to generate these trajectories, and does so with little required hand authoring.
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3.2 State-Based Control Summary

Periods of stance and flight require different task-space dynamics to be controlled.
During periods of stance, CoM control is active, and the feet are constrained to not
accelerate (linearly or rotationally). Feet are chosen as a first priority (within PTSC),
and the CoM as a second priority. Given its many DoFs, the system is redundant to
achieve these tasks. Thus, we add additional pose tasks for each joint to promote
the return to a natural posture [18]. In addition, the net system angular momentum
(as expressed at the CoM) is regulated to zero in the forward and vertical directions
to promote balance [15]. These additional tasks more than exhaust the redundancy
available after tracking the CoM and feet. As a result, task-weightings are placed
on each degree of freedom when evaluating the error norm in (2). For instance, it is
important to maintain upright torso posture during any movement, yet the specific
motion of the arms is largely unimportant. As a result, task weightings assigned to
torso posture are approximately seven times higher than those on the arm DoFs.

In flight, the CoM follows a ballistic trajectory and is not controlled, while the
feet remain a high priority in preparation for the upcoming touchdown. Foot trajec-
tories are manually designed relative to the CoM and are commanded to accelerate
with PD laws similar to (5). Due to conservation of angular momentum in flight,
the configuration of the system at landing is sensitive to flight foot trajectories. That
is, any change in angular momentum of the legs during flight must be countered by
opposite angular momentum changes in the upper body. The practical implication
of this fact is that leg transfer trajectories that are performed with the feet closer to
the body result in less pitched-forward torso disturbance at touchdown.

4 Results

The control approach described enables continuous forward hopping at 1.5 m/s.
Snapshots from this motion in simulation1 are shown in Fig. 6. Fig. 7 shows the
close tracking of the SLIP reference velocities despite impact disturbances that de-

Fig. 6 Simulation snapshots for periodic hopping at 1.5 m/s. Arm swing motions are a natural
coordination that emerge due to the reduced task weighting of the arm joints in the PTSC.

1 A video of this hopping motion is provided at
http://go.osu.edu/Wensing_Orin_Waldron2013
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grade the tracking at touchdown. We note that the gait shown here uses a nondi-
mensional leg stiffness [2] of 19.6, which normalizes the effective leg stiffness for
systems of different size and weight. This effective leg stiffness is within one stan-
dard deviation of average stiffnesses observed in biological hoppers such as kanga-
roos [2].

We note that the arm swing trajectories that emerge as a coordination strategy
from the PTSC allow for tighter regulation of the torso posture as shown in Fig. 8.
Arms swing backwards during flight to offset the change in angular momentum
of the legs. Without their influence, the torso pitches forward additionally prior to
touchdown. While not shown here, the removal of foot lift during flight foot posi-
tioning has similar negative influence on the torso during flight.
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Fig. 7 CoM velocity tracking for 1.5 m/s forward hopping. Vertical bars indicate transitions be-
tween stance and flight states.
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Fig. 8 The flexibility to allow arm movement with PTSC allows for tighter regulation of the torso
pitch during stance and flight. The torso pose controller here employs a zero setpoint of nominally
upright.
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By varying the leg stiffness and other SLIP template characteristics, other more
dynamic (and less biologically grounded) hopping gaits may be generated. As
shown in the video accompaniment to this work, gaits with additional foot clear-
ance can be generated through specification of periodic CoM trajectories with lower
effective leg stiffness. A second gait showcased in the accompanying video employs
an effective leg stiffness that is approximately one-half of that required for the gait
in Fig. 4. A larger touchdown angle, coupled with this decreased stiffness allows for
more vertical CoM variation in stance, and provides longer flight times with higher
maximum heights.

5 Summary

The spring-loaded inverted pendulum model has been shown to be an enabling tem-
plate for the generation of continuous dynamic hopping. The ability of the SLIP
model to capture the salient dynamics of a periodic hop enables the control approach
here to be applied with little more than the authoring of a set of foot trajectories.
A task-space control approach, which enforces feasibility of the force distribution
problem at each instant, effectively manages system balance through prioritization
of balance tasks and weighted pose tracking.

While the approach here has shown positive results for hopping, the methods
presented should enable control of other dynamic movements with significant con-
tributions from out-of-plane effects. Simple template models of dynamic locomo-
tion that capture out-of-plane effects, such as the 3D-SLIP model, will be studied in
future work to enable a richer set of dynamic movement capabilities for humanoid
robots.
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