
12.810 Dynamics of the Atmosphere 

Large-scale flow with rotation and stratification



Upper level winds from June 10th to July 8th 1988 from MERRA 
Red shows faster winds (animation credit NASA)

Visualization of meandering jet stream 



Jin and Hoskins, JAS 1995

Teleconnections: Propagation of quasi-stationary Rossby 
waves from imposed heating in tropical West Pacific



Figure 4: Three day average height anomalies of the 500-hPa surface (top) and precipitable water
anomalies (bottom). (a) and (d) 2010 First Event: 07-20-10 to 07-23-10. (b) and (e) 2010 Second
Event: 07-27-10 to 07-30-10. (c) and (f) 2014 Event: 09-04-14 to 09-07-14.
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(d) z anomaly at 500hPa
 days 28 to 31             

Nie et all, 2016
Shaevitz et al 2016

Large-scale dynamics: Important for events like the 
2010 Pakistan flooding event 
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Fig. 1. (a) 12-hourly precipitation from the ERA-Interim reanalysis averaged over Northern
Pakistan regional box (black bars), and CRM simulated precipitation in the control case (red
dotted curve). (b) and (c) show the time series of ! in the ERA data and CRM control
case as functions of time and pressure, respectively. Day 0 indicates July 1, 2010. The black
vertical lines mark day 20, 23, 27, and 30, indicating the time windows of the two extreme
precipitation events.
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Figure 2: Three-day accumulated precipitation. (a)-(c) are for ERA-Interim and (d)-(f) is for
TRMM. (a) and (d) are for the 2010 First event: 07-20-10 to 07-23-10. (b) and (e) are for the 2010
Second Event: 07-27-10 to 07-30-10. (c) and (f) are for the 2014 Event: 09-04-14 to 09-07-14. The
black rectangles define the domain used for time series calculations.
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Figure 2: Three-day accumulated precipitation. (a)-(c) are for ERA-Interim and (d)-(f) is for
TRMM. (a) and (d) are for the 2010 First event: 07-20-10 to 07-23-10. (b) and (e) are for the 2010
Second Event: 07-27-10 to 07-30-10. (c) and (f) are for the 2014 Event: 09-04-14 to 09-07-14. The
black rectangles define the domain used for time series calculations.
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(c) Precipitation days 28 to 31             

(a) Twelve hourly precipitation from the ERA-Interim reanalysis (black bars) averaged over northern Pakistan regional box.  
(b) The time series of large-scale vertical velocity in the ERA data as functions of time and pressure. Day 0 indicates 1 July 
2010. The black vertical lines mark days 20, 23, 27, and 30, indicating the time windows of the two extreme precipitation 
events. (c) Rainfall from TRMM accumulated from days 28 to 31. (d) Geopotential height anomaly at 500hPa days 28 to 31

Figure 4: Three day average height anomalies of the 500-hPa surface (top) and precipitable water
anomalies (bottom). (a) and (d) 2010 First Event: 07-20-10 to 07-23-10. (b) and (e) 2010 Second
Event: 07-27-10 to 07-30-10. (c) and (f) 2014 Event: 09-04-14 to 09-07-14.
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Fig. 1. (a) 12-hourly precipitation from the ERA-Interim reanalysis averaged over Northern
Pakistan regional box (black bars), and CRM simulated precipitation in the control case (red
dotted curve). (b) and (c) show the time series of ! in the ERA data and CRM control
case as functions of time and pressure, respectively. Day 0 indicates July 1, 2010. The black
vertical lines mark day 20, 23, 27, and 30, indicating the time windows of the two extreme
precipitation events.
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 Precipitation time series



Large-scale flow with rotation and stratification: Lecture plan

1. Potential vorticity and Rossby waves in the shallow 
water system

2. Quasigeostrophic dynamics in a continuously 
stratified atmosphere 

3. Vertical and horizontal propagation of Rossby waves 
on the sphere



Rossby, J. Marine Res., 1939

Rossby waves



Rossby-wave dispersion relation
The ìintrinsic frequency" ~! is plotted in Fig. 4. The phase velocity, c = ~!=k,
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Figure 4: Plot showing contours of ~!=%̂LR as a function of kLR and lLR.
Arrows indicate direction of group velocity.

is always negative, relative to the mean áow (since % > 0 everywhere on the
sphere): Rossby wave phase always propagates westward (relative to the
background áow). Also plotted schematically is the intrinsic group velocity,
which has components
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PV inversion for a ball of cyclonic PV in NH 

Fig. 2 Nielsen-Gammon et al, MWR, 2008
column beneath the PV anomaly. Cyclonic ! is maxi-
mized within the layer occupied by the PV anomaly,
decaying away above and below that layer.

The thermal structure associated with the idealized
PV anomaly depicted in Fig. 1 and the cold-core trough
of Thorpe (1986) suggest that the atmosphere beneath
the PV anomaly is characterized by increased convec-
tive instability. Juckes and Smith (2000) show that cold
tropopause thermal anomalies "#tr [which correspond to
positive perturbation PV on isentropic surfaces (Mor-
gan and Nielsen-Gammon 1998 and references
therein)] indeed result in increased CAPE and reduced
CIN within the columns immediately beneath and near
the PV anomalies. At increasing horizontal distances
from the trough axis, these CAPE and CIN perturba-
tions decay.

The distribution of winds attributable to the tropo-
pause anomaly illustrated in Fig. 1 also suggests the
possibility that an upper-level trough can give rise to
vertical wind profiles conducive to rotating convective
updrafts [see Klemp (1987) for a review of the theory
relating vertical wind shear to updraft rotation]. Spe-
cifically, the perturbation winds V# increase with re-
spect to height within air columns beneath the flanks of
the PV anomaly. The implications of these types of
wind shear changes on convection depend sensitively
on the background wind field and will be discussed in
the context of case studies in two companion papers
(Parts III and IV).

A change in the amplitude or geometrical configura-
tion of $q will result in a corresponding change in the
CAPE and/or vertical shear. For example, if the PV
anomaly is strengthened, isentropes will be displaced
upward to an even greater extent beneath the PV
anomaly and the underlying troposphere will cool ac-
cordingly. This will result in greater CAPE and reduced
CIN, thereby increasing the possibility that deep moist
convection will ensue, and that any convection that
does develop may be more intense (due to greater
CAPE). Likewise, an amplified PV anomaly will be
associated with a concomitant increase in the magni-
tude of V# and its vertical shear, possibly affecting the
resulting convective morphology. A change in the hori-
zontal structure of the PV anomaly will change both the
spatial distribution and magnitude of the CAPE and
shear, changing the strength of these parameters at dis-
tances farther from or closer to the trough axis, depend-
ing on whether the anomaly becomes horizontally nar-
rower or wider along a given direction. A change in the
aspect ratio of the anomaly will alter the relative mag-
nitudes of CAPE and shear impacts, with a tall, narrow
PV anomaly associated primarily with wind anomalies
and a broad, shallow PV anomaly associated primarily
with thermal anomalies (Wirth 2000).

One final effect that impacts convection, and one that
is implicit in the structure of the isentropes in Fig. 1,
following the arguments of Hoskins et al. (1985) and
Raymond and Jiang (1990), is the strength and distri-

FIG. 1. Idealized schematic of an isolated cyclonic spherical PV anomaly in a uniform
background state. The vertical axis is scaled by N0/f0.
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Potential vorticity on the 320K isentrope

Fig. 3

 Values above 1 PVU = 10-6m2s-1K kg-1 are colored;  date 5/14/92 12GMT;   McIntyre, PV, 2015

sufficient accuracy. The horizontal coordinates x, y in [3] are
local Cartesian coordinates in a tangent-plane representation,
with corresponding horizontal velocity components u, v rela-
tive to the Earth. The formula converts to spherical or other
coordinates in the same way as the ordinary vertical vorticity.

However, as Rossby pointed out, the quantity within braces
is not the ordinary vertical vorticity. The subscript q is crucial. It
signifies that the horizontal differentiations of the horizontal
velocity components are to be carried out with q held constant.
That is, one stays on a single isentropic surface, just as one does
when calculating CG. Rossby explains this point very clearly on,
for instance, page 253 of his 1938 paper. The resulting quan-
tity, bearing a superficial resemblance to the ordinary vertical
vorticity, can more aptly be called Rossby’s isentropic vorticity.
Within the approximations involved in [3], this isentropic
vorticity is the same as the component of the vorticity vector
normal to the isentropic surface. It can differ substantially from
the vertical vorticity.

Such differences are commonplace in balanced flows with
strong vertical shear (vu/vz, vv/vz), where z is geometric altitude
or pressure altitude. That is, they are commonplace in balanced
flows with high baroclinicity. Examples include tropopause jet
streams. Baroclinicitymeans tiltingof isentropic surfaces relative
to isobaric surfaces, usually the cross-stream tilting that balances
the vertical shear as indicated by the so-called thermal wind
equation. A natural measure of baroclinicity is 1/Ri, where
Ri ¼ N 2=ðvjuj=vzÞ2, the gradient Richardson number, where
N2¼ gq$ 1vq/vz, the square of the buoyancy frequency. The shear
and cross-stream tilting effects were shown to make substantial
contributions to the right-hand side of [3] in, for instance, the
1950s work of R. J. Reed, F. Sanders, and E. F. Danielsen on
observational data describing tropopause fronts and jet streams,
in which air of stratospheric origin was recognized by its rela-
tively high values of P. Slopes are geometrically small but Ri
values low enough for the subscript q to be important in [3].

Equations [1]–[3] provide a remarkably succinct description
of how dissipationless processes affect the component of
absolute vorticity normal to an isentropic surface. There are two
distinct effects. The first is that the normal component of
absolute vorticity increases through vortex stretching if the
isentropic surfaces move apart. This is a generalization of
angular momentum conservation, i.e., a generalization of the
ballerina effect or ice-skater’s spin. The second is that the normal
component of absolute vorticity is preserved if the isentropic
surfaces do nothing but tilt away from the horizontal.

The generalized ballerina effect often contributes to the
spin-up of cyclonic vortices, such as the small vortex over the
Balkans in Figure 2. The colors mark air with different esti-
mated values of P, on the q ¼ 320 K isentropic surface at
geometric altitudes around 10 km, with the warmest colors
marking the highest P values. The vortex over the Balkans has a
core of high-P air that has undergone stretching, while moving
equatorward out of the stratosphere. The cyclonic, i.e., coun-
terclockwise, rotation of the core relative to the surrounding air
shows up as a tendency of the surrounding colored filaments to
be wound up into spirals.

The estimated isentropic distribution of P shown in Figure 2
was derived from an initial coarse-grain estimate from opera-
tional weather-forecasting analyses together with an assump-
tion that material invariance, [1] with [2], holds to sufficient
accuracy over 4 days. A highly accurate tracer advection tech-
nique, contour advection, was used. It was first introduced into
the atmospheric-science literature by W. A Norton, R. A. Plumb
and D. W. Waugh following work of N. J. Zabusky and D. G.
Dritschel. The pattern thus revealed, reminiscent of cream on
coffee, illustrates the typical advective effects of the layerwise-
two-dimensional flow characteristic of mesoscale and larger-
scale flow regimes heavily constrained by stable stratification.
Such regimes can often be considered to be balanced flows,
whose isentropic distributions of P contain nearly all the

Figure 2 Estimated isentropic distribution of the (Rossby–Ertel) PV on the 320 K isentropic surface on 14 May 1992 at 1200 UT (Greenwich mean time),
derived from observations as explained in the text. Over Europe the 320 K surface lies near jetliner cruising altitudes zw10 km. The estimate used data
from the operational weather-prediction analyses of the European Centre for Medium Range Weather Forecasts (ECMWF). Values from 1 PVU upwards are
colored rainbow-wise from dark blue to red, with contour interval 1 PVU, where 1 PVU ¼ 10$ 6 m2 s$ 1 K kg$ 1. Courtesy W. A. Norton (personal
communication); further details in Appenzeller et al. (1996). Figure 15(b) on p. 1450 of that paper checks that the wind field does, as expected from PV
inversion, exhibit the usual tropopause jet structure around the periphery of the large high-PV region on the left. See PV Mixability and Strong Jets below.
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(ERA40 reanalysis data 1980-2001)

Zonal and time-mean potential temperature (K)

Fig. 4
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PV song

                    G                                D                                              Em                                  C                                C6

When I find myself in times of trouble,　Father Hoskins comes to me,

G                                               D                             C               d/b  c/a  b/g = G 

Speaking words of wisdom,   P V_____   _   _   _

            G                                 D                                       Em                      C           C6

And in my hour of darkness,   Baroclinic instability:

G                                       D                           C               d/b  c/a  b/g = G

There will be an answer,   P V_____   _   _   _

    Em        Bm         C          G

P V,  P V,  P V,  P V,

G                                        D                           C               d/b  c/a  b/g = G

There will be an answer,   P V_____   _   _   _

            G                                          D                                          Em                                           C                        C6

And when the broken contours tell us   There's cascading enstrophy,

G                                    D                            C               d/b  c/a  b/g = G

There will be a closure,   P V_____   _   _   _

             G                                             D                                   Em                          C           C6

And when it's less than zero and it's    Lost its ellipticity,

G                                       D                       C               d/b  c/a  b/g = G

You just can't invert it,   P V_____   _   _   _

    Em        Bm         C          G

P V,  P V,  P V,  P V,

G                                       D                       C               d/b  c/a  b/g = G

You just can't invert it,   P V_____   _   _   _

The PV Song (C) 1992- Nick Hall & John Thuburn The PV Song (C) 1992- Nick Hall & John Thuburn 

with contributions from Michael McIntyrewith contributions from Michael McIntyre

and the international atmospheric-science communityand the international atmospheric-science community

The PV Song (C) 1992- Nick Hall & John Thuburn 

with contributions from Michael McIntyre

and the international atmospheric-science community

 ( funky instrumental interlude ad lib,  
   with performers gyrating cyclonically
   and anticyclonically, pairing off etc. )

             G                                          D                                             Em                 C                  C6             G                                          D                                             Em                 C                  C6

And when the night is cloudy,   There's a diabatic theta-E;And when the night is cloudy,   There's a diabatic theta-E;

              G                             D                                      C               d/b  c/a  b/g = G              G                             D                                      C               d/b  c/a  b/g = G

That  modifies___ the parcel's   That  modifies___ the parcel's   P VP V_____   _   _   ______   _   _   _

G                                              D                              Em                                                    C                           C6G                                              D                              Em                                                    C                           C6

Swirling round the isentropes,   Around the world and back to me,Swirling round the isentropes,   Around the world and back to me,

               G                                D                    C               d/b  c/a  b/g = G               G                                D                    C               d/b  c/a  b/g = G

But it integrates to zero,   But it integrates to zero,   P VP V_____   _   _   ______   _   _   _

       Em        Bm         C          G Em        Bm         C          G

P V,  P V,  P V,  P V,P V,  P V,  P V,  P V,

                G                                 D                           C               d/b  c/a  b/g = G                 G                                 D                           C               d/b  c/a  b/g = G 

Yes it all adds up to nothing,  Yes it all adds up to nothing,  P VP V_____   _   _   ______   _   _   _

             G                                          D                                             Em                 C                 C6

And when the night is cloudy,   There's a diabatic theta-E

              G                                       D                            C               d/b  c/a  b/g = G

That  modifies___ the parcel's   P V_____   _   _   _

G                                              D                                  Em                                                 C                           C6

Swirling round the isentropes,   Around the world and back to me,

               G                                D                    C               d/b  c/a  b/g = G

But it integrates to zero,   P V_____   _   _   _

    Em        Bm         C          G

P V,  P V,  P V,  P V,

                G                                 D                           C               d/b  c/a  b/g = G 

Yes it all adds up to nothing,  P V_____   _   _   _

Figure courtesy of Juckes and McIntyre 1987, personal communicationFigure courtesy of Juckes and McIntyre 1987, personal communicationFigure courtesy of Juckes and McIntyre 1987, personal communication



Holton and Hakim Fig 6.12

Jet streak in westerly wind at z=5km
westerly wind increases linearly with z (not shown)

Fig. 5
Arrows: wind

Thin lines: pressure
Thick lines: isotachs

Jet exit 
region

Jet entrance 
region



Holton and Hakim Fig 6.12

Jet streak is a result of dipole of anomalous PV

Fig. 5
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Negative PV 
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Arrows: wind induced by the PV anomalies
Lines: contours of PV
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Holton and Hakim Fig 6.12

Dynamic evolution: jet streak moves downstream
Arrows show wind induced by the positive PV anomaly

Fig. 5
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Holton and Hakim Fig 6.12Fig. 5
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downstream

Negative PV 
anomaly

Dynamic evolution: jet streak moves downstream
Arrows show wind induced by the negative PV anomaly



Holton and Hakim Fig 6.16

Ageostrophic circulation (ua, va) and w associated with jet streak

Fig. 5

Arrows: ageostrophic wind 
Lines: contours of w

Thick lines: contours of anomalous PV
Assumes background du/dz>0
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Zonal wind affects whether Rossby waves can propagate 
(Charney-Drazin filtering)

Fig. 6

hP
a



Stationary waves in the geopotential height at different
pressure levels (June 2004)

150hPa 100hPa
Fig. 7



30hPa 10hPa

But symmetric geopotential height at levels with easterlies

Fig. 8



Figure 9: Zonal mean wind climatology for January

25

Westerlies
allow for 

propagation of
planetary scale

waves

Effect of filtering for stratosphere: 
only planetary scale waves in winter,

largely symmetric in summer

Fig. 9



Only planetary scale waves in winter (1/10/2006) at 30hPa 

Fig. 10



Largely symmetric in summer (7/1/2006) at 30hPa 

Fig. 11



Contrast with presence of synoptic waves in troposphere

Fig. 12

 1/1/2006 at 500hPa 



Observed stationary waves in January climatology:
Geopotential height at 300hPa

Fig. 13



Observed stationary waves in January climatology: 
Meridional wind at 300hPa

Fig. 13



Flow past a barrier: understanding the response using 
conservation of potential vorticity

Fig. 14 Holton and Hakim

Schematic view of westerly flow over a topographic barrier: (a) the depth of a fluid column 
as a function of x and (b) the trajectory of a parcel in the (x, y) plane.



Vertical structure of response to flow over an isolated mountain

Fig. 15

15 AUGUST 2002 2131H E L D E T A L .

FIG. 4. Streamfunction response to orography in a QG model on
a b plane with uniform Brunt–Väisälä frequency, in which the mean
zonal flow is linear in height below the tropopause (at 10 km) and
uniform above the tropopause. The orography and the solution are
assumed to be independent of latitude. The orography is centered at
08 lon.

waves as they move eastward from their orographic
sources. We then address the confusing issue of the
potential for reflection from the Tropics. Idealized GCM
results are also described that provide modeling evi-
dence for the picture of near-perfect absorption within
the Tropics, with little reflection. Finally, the possibility
of the stratosphere modifying the tropospheric station-
ary wave field is briefly addressed.

a. The external mode

Figure 4 shows the two-dimensional (x–z) response
to a localized topographic source with no y structure,
in a quasigeostrophic (QG) model on a b plane. The
simple basic state is described in the caption. A radiation
condition is imposed at the top of the model that allows
upward-propagating waves to pass through without re-
flection. One sees the distinction between the largest
waves that escape to the middle atmosphere and the
shorter waves captured within the troposphere. The lat-
ter part of the wave field organizes itself into a hori-
zontally propagating wave train with the particular
equivalent barotropic vertical structure of the external
Rossby wave.
The external mode has maximum streamfunction am-

plitude in the upper troposphere. Below this maximum,
regions of low pressure are cold and regions of high
pressure are warm. These warm high/cold low wave
trains are easily distinguished from the warm low/cold
high signature of the local response to a shallow heat
source. The stationary wave pattern in the extratropics
is dominated by this structure (Wallace 1983), the most
prominent exceptions being regions of monsoonal heat-
ing. For a detailed analysis of the external mode struc-

ture and dispersion relation, see Held et al. (1985, here-
after HPP). We review some of these results here.
In an idealized problem such as that in Fig. 4, one

can solve for the eddy field by first performing a modal
decomposition in the vertical and then solving for the
horizontal structure of each mode. The resulting vertical
modes can be divided into two classes: vertically
trapped modes and modes that propagate vertically and
escape to infinity. In the simplest case of a uniform flow
U with no vertical shear and constant buoyancy fre-
quency N, there is one and only one trapped mode. Its
energy decays exponentially away from the surface, but
its streamfunction is independent of height. The total
horizontal wavenumber of this mode is given by Ross-
by’s classic formula: k 5 (b/U)1/2.
With the Charney basic state, a linear shear profile U

5 U(0) 1 Lz and constant N, and assuming that LH
k U(0), where H is the scale height, the number of
trapped modes is the largest integer less than 1 1 r21,
where r [ h/H and h [ f 2L/(bN 2), so there is one and
only one trapped mode if r . 1. In the midlatitudes,
we typically have r ¯ 1–2. It is customary to define an
equivalent barotropic level, ze, so that one obtains the
correct wavelength for the stationary wave by using
U(ze) in the Rossby stationary wavenumber formula. In
this case, one finds for the Charney basic state (HPP)
that ze/H ¯ 4/(2 1 r21). For typical values of r this
expression predicts an equivalent barotropic level a bit
higher than the scale height H. There is vertical motion
in the external mode, but at ze the vortex stretching due
to this vertical motion is zero.
In more realistic flows with a jet maximum at the

tropopause, the external mode streamfunction takes on
a sharp maximum at the tropopause, with a shape that
is similar to that of the zonal wind itself. In this more
realistic case, the external model takes on some of the
characteristics of an edge wave propagating on the tro-
popause (e.g., Rivest et al. 1992; Juckes 1994; Verkley
1994). An analytically tractable model can be con-
structed by using an idealized flow in which U is con-
stant above the tropopause, while below the tropopause
the vertical curvature of the flow is assumed to coun-
teract b to produce homogeneous quasigeostrophic PV
in the troposphere. For constant N, and ignoring com-
pressibility and the presence of the lower boundary, the
stationary wavenumber can be shown to be

1 1
K 5 a 1 K , (1)R1 22 a

where

2K f L bDa [ ; K [ ; K [ . (2)D R2 !K N U UR

Here U is the wind at the tropopause and L is the shear
immediately beneath the tropopause. This expression
always gives K $ KR, consistent with the existence of
an equivalent barotropic level in the troposphere.

Held et al J. Climate 2002
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Figure 11: Climatological N Hem height Öeld, January.

forcing, we require ! = 0 , which requires

k2 + l2 = $2s ! L
!2
R ; (29)

where $s =
p
'=u0 is the stationary wavenumber. For LR = 3 " 106m,

and typical midlatitude values u0 = 30ms!1, ' = 1:6 " 10!11m!1s!1, $!1s '
1500km, so such waves have typical wavelength 2+=$s ' 9000km, which at
45" latitude corresponds approximately to zonal wavenumber 3.
Now, from (28), the zonal component of group velocity is

cgx = u0 + '

"
k2 ! l2 ! L!2R

#
"
k2 + l2 + L!2R

#2 ;

given (29) and some manipulation, it follows that, for our stationary waves
with k2 + l2 + L!2R = '=u0,

cgx(! = 0) = 2k
2u

2
0

'
:

the zonal component of group velocity is eastward. (The north-south com-
ponent can be in either direction.) Even though, in general, Rossby waves
can have eastward or westward group velocity, depending on scale, stationary
waves are of a speciÖc scale and must propagate (in a group velocity sense)

28

Climatological stationary wave pattern for January:
no phase tilt with height

Fig. 16 Alan Plumb notes



Vertical structure of external mode

Fig. 17 Held et al, JAS, 1985



Animations of stationary waves 

Fig. 18 Isaac Held Blog post 57

“This animation is the response of a two-dimensional flow on the 
surface of a rotating sphere to a source that mimics stationary localized 
heating centered on the equator.  The loop covers about 40 days, but 
the pattern is fully set up in less than half that time.  The continental 
outlines are just meant to help orient the viewer; the surface in this 
model is featureless.  At the start of the animation the flow is purely 
zonal and the forcing is turned on instantaneously and then maintained.” 



Animations of stationary waves 

Fig. 18 Isaac Held blog
Streamfunction of the total horizontal flow



Animations of stationary waves 

Fig. 18 Isaac Held blog
Meridional wind. Red is northward. Blue is southward



                                 
                                   

Wavetrains from topography in Eastern and Western hemispheres

Fig. 19
Held, 1983

Streamfunction response in a numerical model split into response to topography in 
the Eastern (Tibet, Alps) and Western (Rockies) hemispheres. Eastward propagating 
wavetrains are damped out on a timescale of 20 days.



Two wavetrains emanating from mountain at 30N

Fig. 20
Hoskins and Karoly 1981

Linear stationary wave response to circular mountain at 30N
Shown is the vorticity perturbation at 300hPa
Base flow is NH winter

High-latitude 
wave train
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Mountain is
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