
12.810 Problem set 3

Due on April 21st, 2020

Need help?: Office hours Friday 1-2pm on zoom; Also email questions or to set up zoom meeting
as needed.

Collaboration is allowed, but write up the solution on your own. Show all work. Give units for all
numerical results. Put axis labels and units on any graphs.

1. In class, we derived the Rossby-wave dispersion relation for a plane wave in the shallow-water
quasigeostrophic equations on the midlatitude beta plane for waves of small amplitude. In this
question you will extend this analysis to waves that are not of small amplitude. The horizontal
wind in the basic state is (u0, 0), where u0 is a constant.

(a) Derive an equation for ∂q′

∂t that includes all nonlinear terms and does not assume small
amplitude perturbations. Here q′(x, y, t) is the perturbation QGPV, q0(y) is the basic state
QGPV, and the total QGPV is q = q0 + q′.

(b) Suppose that the perturbation streamfunction takes the form

ψ′ = A cos(kx+ ly − ωt) +B sin(kx+ ly − ωt)

where A and B are real constants. Show that this plane wave is actually a solution of the
full nonlinear equation. Is the dispersion relation the same as in the small-amplitude case?

(c) Is the sum of two plane waves with different wavenumbers a solution of the nonlinear
equation?

2. It has been argued that polar amplified warming has slowed down the jet stream and the eastward
propagation of Rossby waves, and that this has increased the duration of extreme events. Recent
estimates suggest that the zonal-mean zonal wind at 500hPa averaged over 30-70N decreased in
speed by roughly 0.2 m/s/decade over the period 1980-2011 for the October-November-December
(OND) season. In this question, we will use the shallow-water QG Rossby-wave dispersion
relation to investigate possible changes in the phase speeds of Rossby waves as a result of this
change in zonal wind.

(a) Calculate the Rossby wave phase speed in the zonal direction in m/s and the intrinsic period
in days (based on the intrinsic frequency) for a wave at 45N, with equivalent depth 10km,
and with ‘zonal wavenumber’ of 5, and assuming a basic state zonal wind of 20 m/s. Note
that when a zonal wavenumber is given as a dimensionless integer m, this means that there
are m wavelengths in a latitude circle at that latitude. The zonal wavenumber k considered
in class is different and has units of m−1. You should assume that the wave has the same
wavelength in the x and y directions such that k = l.

(b) Make an estimate for the trend in the zonal phase speed based on the observed trend in
the mean zonal wind for OND that was mentioned above. Don’t forget to include changes
in the meridional PV gradient. Is this a large trend as a percentage of the phase speed?

3. Figure 1 shows a blocking event over the Pacific in 2012. Blocking can be important for prolonged
events such as heat waves. The AMS glossary defines blocking as: “The obstructing, on a
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large scale, of the normal west-to-east progress of migratory cyclones and anticyclones.... This
anomalous circulation pattern (the “block”) typically remains nearly stationary or moves slowly
westward, and persists for a week or more.” For simplicity we will interpret this flow using the
shallow water equations (you can think of the geopotential height in the figure as the height of
the free surface of the layer of fluid) and neglecting β.

(a) Make a sketch in the x-y plane of an idealized model of this type of block using two
isolated circular PV anomalies superimposed on a uniform background westerly flow. The
sketch should show the PV anomalies and the total horizontal streamfunction (including
the background flow) with arrows to indicate the sense of the flow.

(b) Next make two additional sketches. Each sketch should show both PV anomalies. The
first sketch should show the induced horizontal circulation of only the first PV anomaly.
The second sketch should show the induced horizontal circulation of only the second PV
anomaly. For these two additional sketches, the circulation should be indicated with many
arrows of different lengths at a range of distances from the PV anomalies.

(c) Lastly, use PV dynamics and these sketches to explain how the induced circulation helps
to keep the block in place despite the background westerly flow. You should clearly state
how your explanation uses the principle of PV conservation.

Figure 1: Geopotential height (m) at 500hPa on 10/04/2012.
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