Geometric Charaterization of Proper Scoring Rules and
Hanson Market Makers

Notes

*
Peng Shi
Duke University,
Durham, NC 27708
ps46@duke.edu

ABSTRACT

One problem in implementing a prediction market is provid-
ing liquidity, and currently the most widely used approach
is a type of market makers designed by Robin Hanson. In
such a market, for each event to be predicted, there is a
security corresponding to each possible outcome, and each
security pays off $1 if the corresponding outcome occurs.
Hanson’s market maker keeps a record of the total quantity
of each security purchased to date, and defines some cost
function C' on the vector of quatities. To purchase some
bundle of securities, the speculator pays the difference of
the cost function. Once the event comes to pass, the market
principal rewards the winning securities. One nice property
of Hanson market makers is that the principal can bound
her total loss, and also define a cost function based on any
proper scoring rule. But defining a cost function based on
a proper scoring rule can be a tedious process, and the re-
lationship between Hanson market makers and proper scor-
ing rules as presented in literature is complicated, involving
computing the integral of multivariable price function. In
this paper, we a nice geometric connection between proper
scoring rules and Hanson market makers, based on a previ-
ously known characterization of all proper scoring rules in
terms of some convex score function G. We show that in fact
G and C are convex conjugates of each other. This illucidats
the correspondence between scoring rules and Hanson mar-
ket makers, and adds intuition to Hanson market makers.
To the best of our knowledge, this is the first statement of
the direct relationship between G and C.

1. INTRODUCTION

Proper scoring rules provide a method of eliciting a pre-
diction, by paying an agent a certain sum depending on
the agent’s prediction and the the outcome. They are ex-
tensively used to elicit forecasts [8, 9, 12] and to compute
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statistical evaluations [1, 2].

Hanson demonstrated that proper scoring rules can be used
to define automated market makers to provide liquidity in
prediction markets [4, 3]. Given any proper scoring rule on
a set of mutually exclusive outcomes, Hanson shows how to
define market maker functions m; for each outcome, as ex-
tensions of inverses of scoring rules. In such a market, for
each event to be predicted, there is a security corresponding
to each possible outcome, and each security pays off $1 if
the corresponding outcome occurs. Hanson’s market maker
keeps a record of the total quantity of each security pur-
chased to date, and uses a cost function C' defined by inte-
grating the market maker functions m;. To purchase some
bundle of securities, the speculator pays the difference of
the cost function. Once the event comes to pass, the market
principal rewards the winning securities. Based on proper-
ties of proper scoring rules, one can show that it is in each
agent’s interest to move prices to the true underlying proba-
bilities. Using the logarithmic scoring rule, this approach de-
fines the Logarithmic Market Scoring Rule (LMSR), which
is currently used as the market maker at InklingMarkets,
Net Exchange, Wisdeom Hive, and Microsoft.

The current literature presents the relationship between proper
scoring rules and Hanson market makers in a complicated
and convoluted way. Using a known characterization of
proper scoring rules in terms of an arbitrary convex func-
tions G, we show a direct 1-1 correspondance between cost
function C and G. In fact, C is the convex comjugate of
G. This result adds geometric intuition to Hanson market
makers.

In Section 2, we review definitions of proper scoring rules and
present the geometric characterization, parts of which are
due to Savage [11], McCarthy [7], Hendrickson and Buehler [5],
and Gneiting and Raftery [2]. In Section 3.2, we show the
1 to 1 correspondance with Hanson market makers, using
concepts from convexity theory.

2. REVIEW OF GENERAL THEORY

We first present the general theory of proper scoring rules
and a characterization theorem, which was discovered at first
by Savage [11] but the version shown here is due to Gneiting
and Rafetery [2]. While proper scoring rules can be defined
to elicit any statistical property [6], we will focus on proper
scoring rules which elicit the whole distribution, represented



by a probability for each possible outcome. None of the con-
tent in this section are new results, but some are presented
in a new way.

2.1 Review of Convexity Theory
We review general theories of convex real-valued functions in
R™, as well as notions of subgradient vectors and subtangent

hyperplanes. In the following, let U denotes an open domain
U eR"™

Definition 1. A function G : U — R is convezifVa,y € U,
and VA € (0,1),

Gz + (1 —-Ny) < AG(z) + (1 - NG(y)

G is called strictly convex if the inequality is strict.

One nice property of convex functions is that the supremum
of a family of convex functions is still convex.

THEOREM 1. Given a (possibly infinite) family J of con-
vex functions defined on domain U, define the function G :
U — R as G(z) = supgic; G'(z), then G is convex.

PROOF.
Gz + (1-MNy)
= supgie, G’ + (1 N)y)
< supgre s (NG () + (1 = NG (y))
< Ssupgre s AG' (@) +supgre s (1 — NG (y)
= AG(z)+ (1 - N)G(y)
O

By Definition 1, the domain U of a convex function is nec-
essarily a convex set (meaning that if z,y € U, the line
segment from z to y is also in U.) On open domains, convex
functions are continuous everywhere.

THEOREM 2. A convex function G defined on an open do-
main U is everywhere continuous.

Definition 2. Given convex function G : U — R, a sub-
gradient is a vector function V*G : U — R"™ such that
Vz,y € U,

Gly) =2 G(x) + V'G(x) - (y — x)

Where - denotes the regular dot product. V*G is called a
strict subgradient if the above inequality is strict Vy # x.

It is well known that subgradient vectors exist for every con-
vex function defined on open domains. If G is differentiable
at ¢ € U, then the subgradient at « has to be the gradi-
ent: V*G(z) = (AG)(z). Otherwise there might be many
choices of V*G(z).

A less conventional but more intuitive term is the subtan-
gent hyperplane, which are closely tied to subgradients. In-
tuitively, these are hyperplanes touching but lying entirely
below the convex function.

Definition 3. Given convex function G : U — R, a sub-
tangent hyperplane at € U is a linear function H, : U — R
such that

Hy(z) = G(x)
Hi.(y) < G(y)

H, is called a strictly subtangent hyperplane if the above
inequality is strict Yy # x.

VyeU

Given subgradient vectors V*G(x), it is straightforward to
check that we can obtain a subtangent hyperplane in the
following way.

LEMMA 1. Given convez function G and (strict) subgra-
dient vector V*G(z) at point x € U. Define Hy(y) =
G(z)+V*G(z) - (y—z), then Hy(y) is a (strictly) subtangent
hyperplane of G at x.

2.2 Definition of Proper Scoring Rules

Let Q be a set of n possible disjoint outcomes; label Q =
{1,2,---,n}. Lt P={PeR": 0< P < 1,3 P=1}
be the set of possible probabilistic distributions over the out-
comes, in which every probability must be non-zero. (This
condition helps us handle peculiar cases with discontinuities
at the boundary, and makes the ensuing math much nicer.
After building our theory on distributions with full support,
we can handle the edge cases by taking limits.) Define the
standard basis B(i) € P, B;(i) = 1, B;(1) = 0 Vj #¢.

Definition 4. A scoring rule is a function S : P x Q — R.
Given a scoring rule, we can define the expected payment
function S: P x P — R as

S(P.Q) = > S(Pi)Qs

A scoring rule can be thought of as a reward system in which
we ask an agent to predict the distribution P of outcomes
in Q, and we reward the agent S(P, %) if outcome ¢ occurs.
Since the outcomes are disjoint the agent’s expected utility
assuming the true distribution is @ € Pis >_._, S(P,4)Q: =

S(P,Q).

We want to use the scoring rule to incentivize the agent to
report her best estimate of the true distribution Q.

Definition 5. A scoring rule S : P x Q — R is proper if
vQ € P,

5Q,Q)>8(P,Q) VPeP

It is strictly proper if equality occurs iff Q = P.

2.3 General Characterization of Proper Scor-

ing Rules
Essentially, every proper scoring rule is equivalent to a fam-
ily of subtangent hyperplanes to some convex function. This
general, geometric characterization is due to Gneiting and
Raftery [2].



THEOREM 3
function G : P — R and a family of subtangent hyperplanes
Hp :P — R, P € P, then setting S(P,i) = Hp(b(i)) defines
a proper scoring rule. Equivalently expressed in terms of
subgradient vectors, if Hp(Q) = G(P) + V*G(P) - (Q — P),

S(P,i) = G(P) = V"G(P) - P + V"Gi(Q)

Conversely, every proper scoring rule can be written in the
above form. The above result is true if proper is replaced by
strictly proper and subtangent by strictly subtangent.

PROOF. Suppose that Hp is a subtangent hyperplane (re-
call Definition 3), VQ € P,

S(P,Q) = _ Hr(B()Qi = Hp(Q)

(Since Hp is a linear function constrained a n — 1 dimen-
sional space, it is determined by a weighted average of the
n intercepts we specify.) Therefore, because Hp lies below

G(Q),
S(P,Q) = Hp(Q) < G(Q) = Ho(P) = S(Q,Q)

Hence, S is a proper scoring rule. If Hp is strictly subtan-
gent, then the above inequality is strict VQ # P and S is
strictly proper.

(;onversely7 suppose S is a proper scoring}“ule7 define G(Q) =
S5(Q,Q). Note that G(Q) = suppep S(P,Q). For fixed
P, S(P,Q) = >, S(P,4)Q; is a linear and therefore con-

vex function of @ € P. By Theorem 1, G is convex. Now
define Hp = S(P,Q). Hp is a linear function in @, and
Hp(P) = G(P). Moreover, VQ € P,

Hp(Q) = S(P,Q) < 5(Q,Q) = G(Q)

Hence, Hp is a subtangent hyperplane to G. (It is strictly
subtangent if S is strict.) [J

Geometric Interpretation: Given the agent’s report P
and the true distribution @, the agent’s expected reward
is >, S(P,i)Q(i), which is equal to the subtangent hyper-
plane Hp(Q) with intercepts at B(i) equal to S(P,4). Since
Hp(P) = G(P) the agent can attain expected reward of
G(P) if the true distribution @ = P. But if the true dis-
tribution is @ # P, the agent gets reward Hp(Q) < G(Q)
by reporting P, but she could have gotten G(Q) if she had
reported the true distribution Q.

For each proper scoring rule S, there exists unique convex
function G(P) which represents the maximum expected re-
ward the agent can obtain by reporting P. Conversely, any
convex function corresponds to some proper scoring rule!

2.4 Connections to the Financial Asset Inter-

pretation
For one-dimensional proper scoring rules (two outcomes 0
and 1), one well-known and popular interpretation deals

'If G is not differentiable, then many families of subtangent
hyperplanes can be specified, each of which corresponds to
a proper scoring rule.

(GNEITING & RAFETERY). Given a convez
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Figure 1: The financial asset interpretation of a one-
dimensional proper scoring rule. Suppose that from
price p; to p2, we are allowed to buy N — N; se-
curities. As we move from probability pi to po,
the number of shares purchased changes from N;
to Na. S(p,0) (A - (how much we have to pay))
goes down by p2(N2 — Ni), and S(p,1) (reward if 1
occurs - (how much we have to pay)) goes up by
Ny — N1 — P2(N2 — Ny).

with buying shares of an asset which pays $1 if the event
happens, and 0 if the event does not happen. We are al-
lowed to buy shares for various prices, and the starting
price is 0. From price level p; to p2, we are allowed to
by [ ;12 N(q)dq shares for some predefined density function
N. By participating in this market, we get the lump-sum
reward A. Hence, our total reward if the event does not
happen, S(p,0) = A — fop gN(q)dq and our total reward if
the event does happen is S(p, 1) = A—I—fop(l —q)N(q)dg. See
Figure 1 for an illustration.

It is well-known that every one-dimensional proper scoring
rule can be expressed in this form. Intuitively, this also ex-
plains why proper scoring rules are important for prediction
markets, as the interpretation resembles such a market.

By Theorem 3, we can also interpret a one-dimensional proper
scoring rule as the intercepts of subtangents to some convex
function G, with the convex function being the expected re-
ward of reporting correctly at each point. See Figure 2 for
an illustration.

These two interpretations turn out to be intricately inter-
twined. If we interpret N(p) as the slope of the convex
function G, then buying shares at price p in the financial as-
set model corresponds to pivotting by point p in the convex
function interpretation. By comparing Figures 1 and 2, one
can easily check that the induced payment functions S(p,0)
and S(p, 1) are identical in these interpretations.

In Section 3.2, we generalize this geometric relationship be-
tween a scoring rule and a security market to allow multiple-
dimensions.
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Figure 2: The convex function interpretation of a
one-dimensional proper scoring rule. The slope be-
fore p2 is V; and the slope after ps is No. As we move
from probability p; to p2, we pivot around point ps.
S(p,0) (the intercept of the subtangent at 0) goes
down by p2(N2 — N1), and S(p,1) (the intercept at 1)
goes up by No — N1 — Po(N2 — Ny).

3. HANSON’S MARKET MAKERS AND CON-

VEX CONJUGATION
3.1 Hanson’s Market Marker

Hanson’s market makers provide liquidity to a prediction
market with multiple agents. They have the following struc-
ture: There are n = || exhausive and mutually exclusive
outcomes, each associated with its won security. The mar-
ket maker keeps track of the total # of shares purchased
for each security, reprsented by a vector N. There is a cost
function C' : R™ — R, s.t. if some agent wishes to to buy a
bundle & of shares (8; is positive for buying security 4, and
negative for selling), the agent pays C(N + ) — C(N). Af-
ter the event occurs, suppose that outcome ¢ comes true, the
market maker pays $1 for every share of security i.

If the true underlying distribution is P. the agent’s expected
profitis P-0 — (C(N 4+ — C(N). In order for this to define
a reasonable market, C' must satisfy two conditions

1. No simple arbitrage: Since exactly one of the n out-
comes occurs, the agent can guarantee a payout of $1
by buying 1 share of each security. Hence, we want
C(N 4 al) = a4+ C(N), where o € R and 1 is an
n-dimensional vector of 1’s.

2. Buying a bundle does not decrease its price: This cor-
responds to requiring %(C(N—&— (s+1)6)—C(N+58)) >
%(C(N + 56) — C(N)) where 0 < s, ¢, which is equiva-
lent to requiring C to be convex.

Given such a cost function C, each will want to purchase
securities to change N to maximize P - N — C(N), which is
a concave function since N is convex. This suggests that
once the agents communicate information through prices

and agree on an equilibrium, the market will converge to
some N* at least up to an additive factor al. This scheme
defines a fairly reasonable automated market maker.

Hanson showed that one can construct such a C from a
proper scoring rule using the following approach [10, 4, 3].
Suppose the proper scoring rule is S, let S;(-) = S(-,7), then
this defines a vector function S : P — R™. Define price func-
tion 7 : R" — R as the inverse of S such that VP € P,
m(S(P)) = P, and extend this to all of R" by requiring
m(Z + ol) = m(&), VZ. Hanson showed that under some
regularity conditions m is well-defined. Moreover, by show-
ing that some multi-variable integral is path-independent,
Hanson showed that one can integrate m to obtain cost func-
tion C, such that V;C' = m;. This implies that the market
maker will always price securities at marginal price m and
buying a bundle costs the agent according the difference in

C.

3.2 Duality of ¢ and ¢

We provide an alternate, more direct proof of Hanson’s re-
sult, using ideas from convexity theory. Recall from Sec-
tion 2.3 that any proper scoring rule corresponds to some
convex function G : P — R. We show that we can find the
cost function C by setting it to be the convex conjugate of
G, defined as follows.

Definition 6. Given X C R"™ and a function F' : X — R.
The convex conjugate of F is a function F* : R™ — R defined
by

F*(§) = sup{Z - §j — F(Z)|Z € X}

This is also known as the Legendre-Fenchel transform or the
Fenchel transform.

Convex conjugation is a generalization of Legendre trans-
forms from Physics [13]. Below is a list of the properties we
will use.

Fact 1 (WELL-KNOWN).
of any function is convez.

1. The convex conjugate F*

2. For convex function F : R™ — R, convex conjugation
is self-inversive: F** = F.

3. For convez function F, if V*F(Z) is a subtangent to
F at T, then T is a subtangent to F* at V* F(Z).

4. If convex function F is differentiable, then F* is dif-
ferentiable and VF*(VF (X)) = &, where V is the gra-
dient operator.

THEOREM 4. Given a proper scoring rule corresponding
to conver function G : P — R, extend G to all of R™ by
defining G(P) = oo VP ¢ P. Then setting C = G* defines a
valid market maker cost function®

20ne can show that the cost function C defined this way is

only finite for N € {S( P+ oI|P € P}. The same result
holds under Hanson’s original definition.



Proor. Using item 1 of Fact 1, because G is convex, we
have that C' is convex.

Because G is infinity outside of P, we have

C(N) = sup {N-P —G(P)} =sup{N - P — G(P)}

PeRn PeP

Which implies that C(N 4 oI) = C(N) + «. Hence, C
sastifies both requirements for a valid cost function. [

In fact, our method of generating C' is more general than
Hanson’s, because we do not assume that C' is differentiable.
In fact, by the self-inversive property of convex conjugation,
out method also shows that any valid cost function satisfying
convexity and C(N 4 al) = C(N) + a, comes from a proper
scoring rule corresponding to the function G = C*. The
duality relationship between C' and G is one-to-one.

We now show that when C is differentiable, our method of
obtaining C' is equivalent to Hanson'’s.

THEOREM 5. Hanson’s method of generating market maker
with differentiable cost function C : R™ — R wusing proper
scoring rule S : P — R™ is equivalent to defining G(P) as
expected payout y_, P,S;(P) VP € P and G(P) = co VP ¢ P,
and setting C = G*. (The equivalence is up to some additive
constant.)

PRroOOF. Note that C = G* satisfies
VC(S(P)) =P

Using items 3 and 4 in Fact 1, and the fact from Section 2.3
that S is a subtangent hyperplane function of G.

Moreover, C(N + al) = C(N).

Hence, using Hanson’s method of inverting S to find 77 and
integrating m to find the cost function would yield exactly
cost function C' = G, up to some additive constant. [J

ExXAMPLE 1. We list some commonly used proper scoring
rules and associated Hanson market makers.

e Using G(P) = b, Pilog(P;), we arrive at the loga-
rithmic scoring rule S;(P) = blog(P;), and the Loga-
rithmic Market Scoring Rule (LMSR) with cost func-
tion

C(N) = blog(z eNilhy.

e Using G(P) = b>", P2, we arrive at the quadratic or
Brier scoring rule Si(P) = 2b(P;) — b, P}, and the

cost function ®

G\ ZZNZ ZlN'? (21N1)2
C(N) = n T T am
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