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ABSTRACT
Proper scoring rules are reward systems designed to elicit
an agent’s best estimate of some probabilistic distribution.
They are used extensively in obtaining forecasts such as
for the weather, and they are fundamental to the theory
of market-scoring rules and prediction markets. In this pa-
per, we present a geometric interpretation to a previously
known characterization of proper scoring rules. Moreover,
we advance the theory of proper scoring rules with additional
properties. One variant we examine are society-aligned proper
scoring rules: suppose society has a certain utility for each
outcome, a society-aligned scoring rule will not incentivize
an agent to change the true distribution in a direction that
harms society’s expected welfare. We show that all society-
aligned proper scoring rules are equivalent to an a one-
dimensional scoring rule that asks agents to estimate so-
ciety’s expected utility.

1. INTRODUCTION
In a world where information is becoming more valuable, one
may try to elicit information through some kind of payment
scheme. For example, suppose one seeks an estimate of the
probability of some event, say whether it rains tomorrow,
and one asks an expert. One may promise a certain pay-
ment if it rains, and some other payment it does not, and
the payments depend on the expert’s report. It turns out
by choosing the payment functions carefully, one can incen-
tivize the agent to report her best estimate. Such a payment
scheme is called a proper scoring rule.

Beside being used in weather forecasting [5], proper scoring
rules are used to assess the quality of predictions in a multi-
tude of other settings [6, 8]. Furthermore, they are the basis
of what are called market-scoring rules, which underlies the
theory of prediction markets [9]. As predictions markets are
becoming more popular and more trusted as sources of in-
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formation, the theory of proper scoring rules are becoming
more important.

In this paper, we advance the theory of proper scoring rules
satisfying some additional properties. One motivated prop-
erty we want to add to proper scoring rules is to make it
aligned with society’s interests (Section 3). For example,
suppose we use a proper scoring rule to elicit an agent’s be-
liefs about the probability of a terrorist attack, a commonly
used proper scoring rule, such as the quadratic or logarith-
mic rules, might incentivize her to change the underlying
probability by committing a terrorist attack. For such pur-
poses, we want rules that never incentivize agents to act in a
way that damages society’s expected welfare. In this paper,
we characterize all such society-aligned rules, showing that
any such rule is equivalent to a one-dimensional proper scor-
ing rule that asks the agent to estimate society’s expected
utility.

Our results are based on a general characterization theorem,
parts of which can be attributed to Savage [7], McCarthy [4],
Hendrickson and Buehler [2], and Gneiting and Raftery [1].
We prove the characterization theorem and present a geo-
metric interpretation, which greatly aids the derivation or
our other results.

This is only a preliminary report, and many possible direc-
tions of research are yet to be explored. The immediate next
questions and other ideas are listed in Section 6.

2. REVIEW OF GENERAL THEORY
We first present the general theory of proper scoring rules
and a characterization theorem, which was discovered at first
by Savage [7] but the version shown here is due to Gneiting
and Rafetery [1]. While proper scoring rules can be defined
to elicit any statistical property [3], we will focus on proper
scoring rules which elicit the whole distribution, represented
by a probability for each possible outcome. None of the con-
tent in this section are new results, but some are presented
in a new way.

2.1 Review of Convexity Theory
We review general theories of convex real-valued functions in
Rn, as well as notions of subgradient vectors and subtangent
hyperplanes. In the following, let U denotes an open domain
U ∈ Rn.
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Definition 1. A functionG : U → R is convex if ∀x, y ∈ U ,
and ∀λ ∈ (0, 1),

G(λx+ (1− λ)y) ≤ λG(x) + (1− λ)G(y)

G is called strictly convex if the inequality is strict.

One nice property of convex functions is that the supremum
of a family of convex functions is still convex.

Theorem 1. Given a (possibly infinite) family J of con-
vex functions defined on domain U , define the function G :
U → R as G(x) = supG′∈J G

′(x), then G is convex.

Proof.

G(λx+ (1− λ)y)
= supG′∈J G

′(λx+ (1− λ)y)
≤ supG′∈J(λG′(x) + (1− λ)G′(y))
≤ supG′∈J λG

′(x) + supG′∈J(1− λ)G′(y)
= λG(x) + (1− λ)G(y)

By Definition 1, the domain U of a convex function is nec-
essarily a convex set (meaning that if x, y ∈ U , the line
segment from x to y is also in U .) On open domains, convex
functions are continuous everywhere.

Theorem 2. A convex function G defined on an open do-
main U is everywhere continuous.

Definition 2. Given convex function G : U → R, a subgra-
dient is a vector function G∗ : U → Rn such that ∀x, y ∈ U ,

G(y) ≥ G(x) +G∗(x) · (y − x)

Where · denotes the regular dot product. G∗ is called a
strict subgradient if the above inequality is strict ∀y 6= x.

It is well known that subgradient vectors exist for every con-
vex function defined on open domains. If G is differentiable
at x ∈ U , then the subgradient at x has to be the gradient:
G∗(x) = (∆G)(x). Otherwise there might be many choices
of G∗(x).

A less conventional but more intuitive term is the subtan-
gent hyperplane, which are closely tied to subgradients. In-
tuitively, these are hyperplanes touching but lying entirely
below the convex function.

Definition 3. Given convex function G : U → R, a sub-
tangent hyperplane at x ∈ U is a linear function Hx : U → R
such that

Hx(x) = G(x)
Hx(y) ≤ G(y) ∀y ∈ U

Hx is called a strictly subtangent hyperplane if the above
inequality is strict ∀y 6= x.

Given subgradient vectors G∗(x), it is straightforward to
check that we can obtain a subtangent hyperplane in the
following way.

Lemma 1. Given convex function G and (strict) subgra-
dient vector G∗(x) at point x ∈ U . Define Hx(y) = G(x) +
G∗(x) · (y − x), then Hx(y) is a (strictly) subtangent hyper-
plane of G at x.

2.2 Definition of Proper Scoring Rules
Let Ω be a set of n possible disjoint outcomes; label Ω =
{1, 2, · · · , n}. Let P = {P ∈ Rn : 0 < Pi < 1,

Pn
i=1 Pi = 1}

be the set of possible probabilistic distributions over the out-
comes, in which every probability must be non-zero. (This
condition helps us handle peculiar cases with discontinuities
at the boundary, and makes the ensuing math much nicer.
After building our theory on distributions with full support,
we can handle the edge cases by taking limits.) Define the
standard basis B(i) ∈ P, Bi(i) = 1, Bj(i) = 0 ∀j 6= i.

Definition 4. A scoring rule is a function S : P× Ω→ R.
Given a scoring rule, we can define the expected payment
function S̃ : P× P→ R as

S̃(P,Q) =
nX

i=1

S(P, i)Qi

A scoring rule can be thought of as a reward system in which
we ask an agent to predict the distribution P of outcomes
in Ω, and we reward the agent S(P, i) if outcome i occurs.
Since the outcomes are disjoint the agent’s expected utility
assuming the true distribution is Q ∈ P is

P
i=1 S(P, i)Qi =

S̃(P,Q).

We want to use the scoring rule to incentivize the agent to
report her best estimate of the true distribution Q.

Definition 5. A scoring rule S : P × Ω → R̄ is proper if
∀Q ∈ P,

S̃(Q,Q) ≥ S̃(P,Q) ∀P ∈ P
It is strictly proper if equality occurs iff Q = P .

2.3 General Characterization of Proper Scor-
ing Rules

Essentially, every proper scoring rule is equivalent to a fam-
ily of subtangent hyperplanes to some convex function. This
general, geometric characterization is due to Gneiting and
Raftery [1].

Theorem 3 (Gneiting & Rafetery). Given a convex
function G : P→ R and a family of subtangent hyperplanes
HP : P → R, P ∈ P, then setting S(P, i) = HP (b(i)) de-
fines a proper scoring rule. Equivalently expressed in terms
of subgradient vectors, if HP (Q) = G(P ) +G∗(P ) · (Q−P ),

S(P, i) = G(P )−G∗(P ) · Pi +G∗i (Q)

Conversely, every proper scoring rule can be written in the
above form. The above result is true if proper is replaced by
strictly proper and subtangent by strictly subtangent.
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Proof. Suppose that HP is a subtangent hyperplane (re-
call Definition 3), ∀Q ∈ P,

S̃(P,Q) =

nX
i=1

HP (B(i))Qi = HP (Q)

(Since HP is a linear function constrained a n − 1 dimen-
sional space, it is determined by a weighted average of the
n intercepts we specify.) Therefore, because HP lies below
G(Q),

S̃(P,Q) = HP (Q) ≤ G(Q) = HQ(P ) = S̃(Q,Q)

Hence, S is a proper scoring rule. If HP is strictly subtan-
gent, then the above inequality is strict ∀Q 6= P and S is
strictly proper.

Conversely, suppose S is a proper scoring rule, defineG(Q) =

S̃(Q,Q). Note that G(Q) = supP∈P S̃(P,Q). For fixed

P , S̃(P,Q) =
P

i S(P, i)Qi is a linear and therefore con-
vex function of Q ∈ P. By Theorem 1, G is convex. Now
define HP = S̃(P,Q). HP is a linear function in Q, and
HP (P ) = G(P ). Moreover, ∀Q ∈ P,

HP (Q) = S̃(P,Q) ≤ S̃(Q,Q) = G(Q)

Hence, HP is a subtangent hyperplane to G. (It is strictly
subtangent if S is strict.)

Geometric Interpretation: Given the agent’s report P
and the true distribution Q, the agent’s expected reward
is

P
i S(P, i)Q(i), which is equal to the subtangent hyper-

plane HP (Q) with intercepts at B(i) equal to S(P, i). Since
HP (P ) = G(P ) the agent can attain expected reward of
G(P ) if the true distribution Q = P . But if the true dis-
tribution is Q 6= P , the agent gets reward HP (Q) ≤ G(Q)
by reporting P , but she could have gotten G(Q) if she had
reported the true distribution Q.

For each proper scoring rule S, there exists unique convex
function G(P ) which represents the maximum expected re-
ward the agent can obtain by reporting P . Conversely, any
convex function corresponds to some proper scoring rule1

2.4 Connections to the Financial Asset Inter-
pretation

For one-dimensional proper scoring rules (two outcomes 0
and 1), one well-known and popular interpretation deals
with buying shares of an asset which pays $1 if the event
happens, and 0 if the event does not happen. We are al-
lowed to buy shares for various prices, and the starting
price is 0. From price level p1 to p2, we are allowed to
by

R p2
p1
N(q)dq shares for some predefined density function

N . By participating in this market, we get the lump-sum
reward A. Hence, our total reward if the event does not
happen, S(p, 0) = A −

R p

0
qN(q)dq and our total reward if

the event does happen is S(p, 1) = A+
R p

0
(1−q)N(q)dq. See

Figure 1 for an illustration.

1If G is not differentiable, then many families of subtangent
hyperplanes can be specified, each of which corresponds to
a proper scoring rule.

Figure 1: The financial asset interpretation of a one-
dimensional proper scoring rule. Suppose that from
price p1 to p2, we are allowed to buy N2 − N1 se-
curities. As we move from probability p1 to p2,
the number of shares purchased changes from N1

to N2. S(p, 0) (A - (how much we have to pay))
goes down by p2(N2 − N1), and S(p, 1) (reward if 1
occurs - (how much we have to pay)) goes up by
N2 −N1 − P2(N2 −N1).

It is well-known that every one-dimensional proper scoring
rule can be expressed in this form. Intuitively, this also ex-
plains why proper scoring rules are important for prediction
markets, as the interpretation resembles such a market.

By Theorem 3, we can also interpret a one-dimensional proper
scoring rule as the intercepts of subtangents to some convex
function G, with the convex function being the expected re-
ward of reporting correctly at each point. See Figure 2 for
an illustration.

These two interpretations turn out to be intricately inter-
twined. If we interpret N(p) as the slope of the convex
function G, then buying shares at price p in the financial as-
set model corresponds to pivotting by point p in the convex
function interpretation. By comparing Figures 1 and 2, one
can easily check that the induced payment functions S(p, 0)
and S(p, 1) are identical in these interpretations.

While the financial asset interpretation can prove very use-
ful, it is unclear how to generalize it to more than two out-
comes. The convex function interpretation, on the other
hand, generalizes directly to multiple dimensions.

3. SOCIETY-ALIGNED PROPER SCORING
RULES

3.1 Definition
Sometimes we want proper scoring rules to be aligned with
society’s interests. For example, suppose we use a proper
scoring rule to elicit an agent’s beliefs about the probabil-
ity of a terrorist attack, which can be viewed as placing a
bet. Suppose the agent bets heavily for a terrorist attack,
she would lose money if such an attack does not happen.
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Figure 2: The convex function interpretation of a
one-dimensional proper scoring rule. The slope be-
fore p2 is N1 and the slope after p2 is N2. As we move
from probability p1 to p2, we pivot around point p2.
S(p, 0) (the intercept of the subtangent at 0) goes
down by p2(N2 −N1), and S(p, 1) (the intercept at 1)
goes up by N2 −N1 − P2(N2 −N1).

Hence, she might be incentivized by our bet to change the
underlying probability by committing a terrorist attack. We
want the proper scoring rule to prevent this type of behav-
ior, by ensuring that no agent can make money by changing
the true distribution in a direction that hurts society.

More formally, let T ∈ Rn be a vector of society’s utility
on each of the n outcomes. Then given the true distribution
Q ∈ P, society’s expected utility is Q·T . We define a scoring
rule that is aligned with society’s interests.

Definition 6. A proper scoring rule S is aligned with vec-
tor T if ∀Q1, Q2 ∈ P, if (Q2 −Q1) · T > 0, then

S̃(Q2, Q2) ≥ S̃(P,Q1) ∀P ∈ P

We call S strictly aligned if the inequality is strict.

We call T uniform if T is orthogonal to the hyperplane of
possible distributions P. i.e. T1 = T2 = · · · = Tn. Note
that the above definition does not say anything when T is
uniform–society is indifferent toward all outcomes.

3.2 Characterization of Society-Aligned Proper
Scoring Rules

It turns out that Theorem 3 allows us to formulate a simple
characterization of all society-aligned proper scoring rules.

Definition 7. A convex function G : U → R is monotoni-
cally increasing with respect to direction T ∈ Rn if ∀x1, x2 ∈
U , (x2 − x1) · T > 0 implies

G(x2) ≥ G(x1)

It is strictly monotonically increasing if the above inequality
is strict.

The above definition, along with the truthful reporting prop-
erty of proper scoring rules and Theorem 3, implies the fol-
lowing.

Corollary 1. A proper scoring rule S is (strictly) aligned
with vector T iff its maximum payment function G(Q) =

S̃(Q,Q) is (strictly) monotonically increasing with respect
to T .

When the outcome space is one-dimensional (two outcomes),
this classifies all society-aligned proper scoring rules.

Corollary 2. A one-dimensional (strictly) proper scor-
ing rule S : (0, 1) × Ω → R is aligned with direction +1
iff its maximum payment function G(q) = (1 − q)S(q, 0) +
qS(q, 1) is (strictly) convex and monotonically increasing.
Conversely, any (strictly) convex and monotonically increas-
ing function G(q), along with a family of subtangent lines
Hq : (0, 1) → R defines a (strictly) proper scoring rule
aligned with +1, with S(q, 0) = Hq(0) and S(q, 1) = Hq(1).

The above statements are true when aligned is replaced by
strictly aligned, and when monotonicity is replaced by strict
monotonicity.

When the outcome space is multi-dimensional, we need the
following lemma.

Lemma 2. Let U ⊂ Rn be a convex, open domain. If
convex function G : U → R is (strictly) monotonically in-
creasing with respect to direction T , (T is not normal to
U), then G(x) = g(x · T ) for some single variable (strictly)
monotonically increasing convex function g.

Proof. For each x ∈ U , define the set Ux = {y|y ∈
U, (x − y) · T > 0). Ux is non-empty because if N ⊂ U is
an open neighborhood of x, then because T is not normal
to U , ∃y ∈ N such that (x− y) · T 6= 0, in which case either
y or −y is in Ux. Moreover, Ux is open because it is the
intersection of open sets U and {y|(x− y) · T > 0}.

By monotonicity of G, G(x) ≥ supy∈Ux
G(y). But x lies in

the closure Ūx, so by continuity of G, G(x) ≤ supy∈Ux
G(y).

This means that ∀x ∈ U , G(x) =
P

y∈Ux
G(y).

Note now that x1 · T = x2 · T , Ux1 ≡ Ux2 , which implies
that G(x1) = G(x2). Hence, G(x) = g(x ·T ) for some single
variable function g. Moreover, g must be convex because G
is convex, and g must be monotonically increasing because
G is monotonically increasing w.r.t. T . The above proof
holds if monotonicity is replaced by strict monotonicity.

This implies the following perhaps surprising characteriza-
tion of society-aligned proper scoring rules.

Theorem 4. Given non-uniform societal welfare vector
T ∈ Rn , every proper scoring rule S aligned with T is equiv-
alent to a one-dimensional proper scoring rule aligned with
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+1 that asks the agent to estimate

f(Q) =
E[T ]− Tmin

Tmax − Tmin

Where E[T ] =
P

i TiQi is society’s expected welfare, Tmin =
minTi and Tmax = maxTi are society’s worst and best wel-
fare over the outcomes. (Two scoring rules are equivalent if
the expected payments are the same regardless of the agent’s
belief P ∈ P or the true distribution Q ∈ P.) The above
statement holds when proper is replaced by strictly proper.

Proof. By Corollary 1, S being aligned with T is equiv-
alent to G(Q) = S̃(Q,Q) being monotonically increasing
with respect to direction T . Since T is non-uniform, T is
not orthogonal to the domain P of G, so Lemma 2 implies
that G(Q) = g′(Q · T ) for some monotonically increasing
single variable convex function g′. Now, Q · T is exactly so-
ciety’s expected welfare E[T ], and we can perform the linear
transformation

g(x) = g′(x(Tmax − Tmin) + Tmin)

to yield monotonically increasing convex function g : (0, 1)→
R. ∀P ∈ P, define f(P ) = P ·T−Tmin

Tmax−Tmin
, then G(P ) =

g(f(P )). g can be viewed the maximum payment function
corresponding to some one-dimensional proper scoring S′

rule aligned with +1 that asks the agent to estimate f(Q).
We show that ∀P,Q, the expected payment under S equals
that under S′.

Suppose that G∗(P ) is a subtangent for G, and let g∗(f(P ))
be the corresponding subtangent for g. We have G(P ) =
g(f(P )), and

G∗i (P ) =
Ti

Tmax − Tmin
g∗(f(P ))

Using the characterization theorem (Theorem 3), we have

that the expected payment S̃(P,Q) is

G(P ) +
P

i G
∗
i (P )(Qi − Pi)

= g(f(p)) +
P

i
Ti

Tmax−Tmin
g∗(f(P ))(Qi − Pi)

= g(f(P )) + (f(Q)− f(P ))g∗(f(P ))

The last expression is exactly the payment of g if the user
reports f(P ) and the observed scaled social welfare is f(Q).
Hence, S and S′ are equivalent.

4. PROPER SCORING RULES WITH MIN-
IMAL INCENTIVES

In this section, we examine proper scoring rules with a min-
imal level of incentivization in certain regions. Intuitively,
these are the neighborhoods of the distribution for which we
care about the most, and we want to provide the greatest
incentives for the agent to be as accurate as possible in these
regions.

Definition 8. A proper scoring rule satisfies (δ, k) incen-
tivization at point Q ∈ P, if for any P ∈ P, ‖P − Q‖ ≥ δ,
the expected payment

S̃(Q,Q) ≥ S̃(P,Q) + k

Lemma 3. Let G be the maximum payment function of a
proper scoring rule S, and let HP be the family of subtangent
hyperplanes associated with S. S satisfies (δ, k) incentiviza-
tion at point Q ∈ P iff for any P ∈ P, ‖P −Q‖ ≥ δ,

G(Q) ≥ HP (Q) + k

Example 1. The quadratic scoring rule defined with by
maximum payment function G(Q) = A‖Q−Q0‖2 for some
constants A > 0 and Q0 ∈ Rn satisfies (δ,Aδ2) incentiviza-
tion ∀Q ∈ P.

Theorem 5. Suppose we want a proper scoring rule S
with (δ, k) incentivization everywhere, and the maximal ex-
pected payment for every true distribution Q is non-negative.
The rule which accomplishes with this and minimizes the
maximum expected payment is the quadratic scoring rule de-
fined by the maximum payment function G(Q) = A‖Q −
Q0‖2 with Q0 = (1/n, 1/n, · · · , 1/n) and A = k/δ2.

Much work in this area remains to be done.

5. OTHER MISCELLANEOUS RESULTS
We state some other miscellaneous results. So far, all of
them follow almost immediately from results proven before.

Theorem 6 (Adding proper scoring rules). Given
a proper scoring rule S1 associated with maximal payment
function G1, and proper scoring rule S2 associated with G2,
the sum S = S1 +S2 is a proper scoring rule associated with
maximal payment function G = G1 +G2.

Corollary 3. Let S be a proper scoring rule for n out-
comes whose maximal payment function G is twice differen-
tiable. S can be expressed as the sum of proper scoring rules
each eliciting the relative probabilities of some two outcomes

iff the cross partial derivatives of G, ∂2G
∂i∂j

= 0 ∀i 6= j.

6. NEXT STEPS
• Read literature on proper scoring rules and find out

why scientists like to use certain types of rules. i.e.
the logarithmic rule.

• Suppose one wishes to modify a proper scoring rule
S to make it society-aligned, and for every underly-
ing distribution P , one is only allowed to add to the
maximal expected payment at that point, and one
wishes to minimize the maximum addition of expected
payments. To do this for one-dimensional rules and
direction +1, we simply change the maximum pay-
ment function to G′(p) = max(G(p), G(0)). For multi-
dimensional rules, the minimum change is unclear.

• Study the multiagent setting. Examine how to turn a
society-aligned proper scoring rule into a market scor-
ing rule, and eventually perhaps into a type of predic-
tion market. One possible model involves trusted users
who are allowed to move the probabilities against the
direction that benefits society, and normal users who
can only move probabilities in society’s direction.
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