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Sep. 7, 2012

1 Fourier Series (sec: 11.1)
1.1 General concept of Fourier Series (10 mins)

Show some figures by using a projector. Fourier analysis is a method to decompose a
function into sine and cosine functions. Explain a little bit about Gibbs phenomenon.

1.2 Who cares?

e frequency domain (spectral analysis, noise separation, convolution)

e ODE and PDE

1.3 Periodic function

When the period is p,

fz+p) = f(z) (1)

The period of trigonometric series 27.

1.4 Fourier Series (10 mins)

flx)=ao+ Z(an cosnx + by, sinnz) (2)

n=1

where Fourier coefficients ag, a,,, and b, are

ap = ;ﬂ/j f(z)dx
1

an = — f(z) cos nzdx
7T —T
1 (" .

by, = — f(x)sinnxdz.
m —T

The meaning of Fourier coefficients:

ag average of the function in the interval
a, amplitude for each cosine wave (frequency)
b, amplitude for each sine wave (frequency)

I will do the derivation of these coefficients on Sep. 17.



1.5 Examples (25 mins)

In all examples, —m < z < 7.

Even function

1 if —7m/2<z<m7/2
f(z) = . (3)
0 if e<—7/2,m/2<x
ANSWER
1 2
W=or ), =5
2
1 (2 1 |sinnzx 3 1 . T . T 2 . nw
ap = — cosnrdr = — :—{smn(—> —smn(——)}:—sm—
Tz T n x nm 2 2 nmw 2
2

1 > 2 nmw
= B +Z <mr Sin2cosmc)

0Odd function

1 if O<z<m/2
flz)y=<¢ -1 if —m/2<x<0 (4)
0 if e<—n/2,7/2<x



ANSWER

™

= n}r {(cosO = cos(—%)) - (cos(%) — COS2O)} =0
(et )} = 2 ()

flx)=ao+ Z(an cosnx + by, sinnz)

Compare these two examples and mention odd and even functions.

T
{ /0 ) /2 ) } 1{ [cosnﬂ0
- sin nxdx + sinnzde » = -4 — | —~ +
,% 0 T n 7%
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Worksheet: Fourier Series

Sep. 7, 2012

Find the Fourier series of the function f(z) of period p = 2.

1)
1 if O<z<m/2
fay=4 1 /
0 if z<0,7/2<x
2)
1 if —7m<ax<—7m/2
-1 if —-7w/2<x2<0
fw) = /

1 if O0<z<m/2
-1 if 7n/2<z<m



MATH348A AEM

Worksheet: Fourier Series (Answer)

Sep. 7, 2012
1)

1 [2 1

= d = —

ag o . X

1 /’5 1 . nr
— cosnxdr = — sin —
T Jo nw 2
1 1
/ sinnxdx = — (1 — cos @>
l nw 2

—_

f(z) = 1 Z [nlﬂ {sm%cosnx%— (1 — cos n77r> smnx”

2)
ag = 0
ap =0
1 —g 0 g ™
b, = — / sin nzdx — / sin nxdx + / sin nzdx — / sinnzdr | =
™ —r _z 0 s
2 2

nwy .
[1 + cosnm — 2cos 7} sin nm)

S|

Pl
&
I
Nk
A

3
I
—

al

1—|—cosn7r—2(30sn77r



Sep. 10, 2012
2 Functions of any period p = 2L (sec: 11.2)

2.1 Worksheet on Sep. 7 (15 mins)

Maybe ask students to solve.

2.2 Even & 0Odd Functions (10 mins)

Even function (f(—z) = f(x)):
f(x)=ag+ Ti (an Cos n%x)

1 L
= L/o f(x)dx
= E/Lf(:v) Ccos n%xdm
0

ex., cosx, x2, 2% +27% ...
Odd function (f(—z) = —f(z)):

f(z) = Z (bn sin %x)

f(x)sin —xdw

ex., sinx, x, 2¥* —27%, ...

(Even) - (Even) = (Even)
(Even) - (Odd) = (0Odd)
(Odd) - (Odd) = (Even)

Therefore, we need to compute only the half range.



2.3 p=2L (15 mins)

Exercise (2) can solve p = 7 rather than p = 27. Introduce x — Tz of equation 2:
> nm nm
_ M 4 b, sin o ) 7
f(x) ao—l—;(ancosLx—i- n SI0—=2 (7)
1 L
ap = 2L/—L f(x)dx
1 L
an = L/Lf(a;) Cos %xdw
1 L
by, = L/_Lf(:):) sin n%xd:r

Explain why we want to solve of period p = 2L.

2.4 Who cares?

The period of most of periodic functions is not 27. If L — oo ...

2.5 Exercises (20 mins)

Solve Exercise (2) with p = 7 and get the same answer. Solve Exercise (1) with
—5 < x < 5 (take 10 mins for students to solve it) and get the different answer.

ANSWER

nm

f(z) = i %(1 — cosnm) sin 2nx

Calculations with p = 27 and p = 7 are the same.

/2
flx) = Z <mr [1 + cosnm — 2cos %} sinna:)

n=1

4 4
=0+ —sin224+04+04+04+ —sinbx + - - -
s 3T

oo
2
f(z) = Z — (1 — cosmm) sin 2mx
™
m=1
4

4
= —sin2x+0+ —sinb6x + - --
3T

3



Exercise (1) with =5 <z <5 (p =2L = 10):

1 [t 1
= — d = —
“0 =10 /0 T 10

1

1/1 J 1 . nm
an = — COS —xdxr = — S1Iin —
"5 /o 5 nw 5

1 /! 1
bn—5/0 sinn%xdx:%(l—cos%)

o

1 1
flz) = E+Z [mr {sin%cos%x—k (1—008%

)

. onm
sin —x

5

}



MATH348A AEM
Worksheet: Fourier series of period p = 2L

Sep. 10, 2012

Find the Fourier series of function f(z) of period p = 2L.

1)

fx)=z,p=6

2)

f($):$27p:6



1)

MATH348A AEM
Worksheet: Fourier series of period p = 2L (ANSWER)

Sep. 10, 2012

( 9 (3)2 Conm 3)
——cosnm+ | — [sm —x}
nmw nmw 3 Jo

nmw

6 - 6
f(z) = Z o cos N sin %T:E = Z(—l)"H— sin 32

nm
n=1 n=1



2)

(l

3
—
nm

. nm
sin —x

3

0

36
— mnity— sin
nmw

%xdw

)
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3 Even & Odd Functions. Half-range Expansions

3.1 In-class exercise (20 mins)
3.2 Review Even & Odd Functions (10 mins)

Even function (f(—z) = f(x)) (Fourier cosine series):
=ap+ Z (an cos —x) (8)

= L/o f(z)dx

2 L
= L/o f(x)cos %xdw
ex., cosx, x2, 25 4277 ...
Odd function (f(—z) = —f(z)) (Fourier sine series):

flx) = i (b sin %x) (9)

n=1
9 L
by, = 7/, f(z )sm%md:c
ex., sinzx, x, 2* —27% ...
Think a little bit about
f(z) = 2z + 322 (10)

3.3 Half-range Expansions (10 mins)

We can pretend a function (0 < x < L) is odd or even functions and find Fourier series.
For example,

ZK sin —:): (11)

If we assume f(z) is a periodic function (—L < x < L: we extend a string to —L < z <0

area), we know

L
= i/ f(z)sin n%:vdfc. (12)
0



Name:

MATH348A AEM
In-class Exercise: Even & Odd Functions.

Sep. 12, 2012

Find the Fourier series of periodic function f(x).

1)
The period of f(x) is p = 2.

fz) =

3 if —m<x<0
-3 if O<z<m



2)

The period of f(z) is p = 20.

3 if —S5<xr<H
flx) = .
0 if -10<z< -5, 5<x<10



MATH348A AEM

In-class Exercise: Even & Odd Functions. (ANSWER)

Sep. 12, 2012

1)
2 (7 6
by, = / —3sinnxdr = —(cosnm — 1)
7 Jo nm
— 6
f(z) = Z E(COS nm — 1) sinnx
n=1
2)
5
3
= — [ 3dx="2
=90, T T 2
1 [° 6
an:5/0 3cos%dmzﬁsin%
3 =6 . nr nmwT
f(z:)—i—I—Z%sm?cosw

n=1
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Worksheet: Even & Odd Functions. Half-range Expansions

Sep. 12, 2012
1)
Find the Fourier sine and cosine series of function f(x).
1.1
flz)=1 (0<z<2)
1.2
flz)=2—2 (0<z<2)
2)

Find the Fourier series of fuction f(z) of period p = 27.

s+ if —7w<x<0
f(z) = SR
T+ 5 if O<z<m



MATH348A AEM

Worksheet: Even & Odd Functions. Half-range Expansions
(ANSWER)

Sep. 12, 2012

1.1

sine series

2
2
by, = / sin X pdy = = (1 — cosnm)
0 2 nmw

oo
2 nmw
= E 2 (1= i
f(zx) 2 mr( cos n) sin 5 L

1 2
aoz/ der =1
2 Jo

2
an, :/ cos @xdx =0
0 2

cosine series

flz) =1
1.2
sine series
2
b= [ (2—x)sin —uzdzx
0
2 2
- —2
= [(2 — ) cos mx] / % cos T ada
nmw 0 o nm 2
o
Conm
N nmw
flz) = Z ——sin -



2)

cosine series
1 /2
aoz/(2—:z:)da::1
2Jo
2 nm
an = / (2 — x) cos —xdx
0 2

_ <7;>2 (1 — cosn)

F@) =1+ i (2>2 (1~ cosnm) cos "o

1 s
ao—/ <—x+z)d9€—0
™ Jo 2
2 ™
a, = / (—x + ) cos nxdx
™ Jo 2
2 <[1 T . T "1
= = — (—;p + —) smnx| -+ — sin nxdz
™ n 2 0 o n
=m0 )
= — cosnm
n2r
oo
fx) = ——(1 — cosnm) cos nx
n:l 7T
4 1
= cosx+—cos3x+7cos5x+
T 5



Sep. 14, 2012

4 Fourier-series exercise
4.1 Review half-range expansion (10 mins)

Explain Fourier sine and cosine functions. Connect to physics (string with length L).

4.2 Review in-class exercise (10 mins)

Students forget formula of Fourier series when they stop using.

For exam or quiz, they need to remember correctly, but otherwise, they can check
a book or Internet, or ask someone.
They need to remember when we can do by using Fourier analysis.

Solving PDE is for next month. Spectral analysis.

Good
e Students have some sense for Fourier series.
Need to improve

e Practice for integration
e "Find the Fourier series” means ” f(z) = ---”, not ag, a,, and by,.
e If p=2L, don’t forget cos(nmx)/L (not cosnz).

Emphasize what one does by finding Fourier series (draw figures for n =1,2,3,---).

4.3 Fourier-series exercise using a handout (25 mins)

19—



MATH348A AEM
Worksheet: Fourier Series

Sep. 14, 2012

1) Find the Fourier series. p = 6.
fle)=lz| -1, (-3<x<3)

2) Find the Fourier series. p = 27

sinz if O<z<m
flz)= .
0 if —m<x<0

3) Find the Fourier series. p =6
fz)=1-22 (-3<z<3)

4) Find the Fourier series. p = 4
flz)=¢" (—2<z2<2)

5) —m < x < 7. Show

(o] .
Z S nx
n

n=1

(m—x)/2 if O<zx<m
—(r+z)/2 if —1<x<0

6) Show
LR S S O
4 3 5 7

Hint: Find the Fourier series of f(z) =1in —7/2 < x < 7/2 with p = 2.



MATH348A AEM
Worksheet: Fourier Series (ANSWER)

Sep. 14, 2012
1)

z—1 if O0<x<3
f(z) = .
—rx—1 if -3<x<0

f(z) is the even function.

13 12 17 1
ap 3/0 (x — 1)dz 3 [2 J?:|0 5
9 3
an3/0 (x—l)cos%dx
2 5o
=- ({3@ —1)sin nﬂ'x] - 3 sin 7 gy
3\ |nm 0 0 nT 3
2 ( 6 < 3 )2 nwe 3)
=_-|—smnr+ | — [cos —}
3\ nm nmw 0
9 2
=3 <n377> (cosnm — 1)
_ 0 (cosnm — 1)
~ (nm)?
f(:c)—1+§: 0 (cosnm — 1) cos —=x
2 (nm)?



2)

r[m. 1 . l—cosm 1
apg = — sinzdr = —[—cosz|f = ——— = —
2 Jy 27 27 m
L[" L[ 111 T
al—/ sinxcosxdx:/ sin 2zdx = — | —— cos 2x
™ Jo 27 Jo 27 2 0
n#1
1 (7 1 [T si 1)x — si -1
an:/ sincosn:cdx:/ sin(n + L)z — sin(n )xdm
™ Jo T Jo 2
1 -1 -1 ™
:27T[n+1cos(n+1)az—n_lcos(n—l)x]o
_ —1 fcos(n+1)mr—1 cos(n—1)m—1
Cor n+1 n—1
_—1/—cosnr—1 —cosnr—1
27 n+1 n—1
_ 1tcosnm
(1 —n?)

I 1 [™1—cos2 1 1
bl—/ sinzxdx—/ LS = |2 — Zsin22
™ Jo ™ Jo 2 2 2

n#1
(" .
b, = / sin z sin nxdx
T Jo
1 ¥
= — (cos(n — 1) — cos(n + 1)x) dz
2m Jo
1

:271'

fla) =~

1 in 1) 1 in(n 4+ 1) 7r .
— sin(n — 1)z — sin(n | =
n—1 1

n + 0

1 1
+ 5 Slnx—{—z —l—lci)sn’l;W cosSnx

=0

™

0



3)

f(z) is the even function.

b, =0

0 nmw
. nmx
T sin dm}
nrx]? 3.3 nwx
— cos —dx
3 1o o nm 3
nwx

= =3 cosnm
Gk
f@)=-2-Y o2

nm



4)

5)

_1 2:1: _1 2 -2
—4/_26 dm—z(e —e )

1 |[-2 2 —
=—— [e”’ cos mr:v} - / —e” cos xda:]
nm | | nm 2 | 5 _9 NT
10 2cosn 2 [?
= —— (-’47 T+ = [ e®cos dw}
nm | nw nw J_g
2
L (—e? + 672)72 cosnm | 2 e® cos =L dy
nm | nmw nw J_o 2
~ 2(e? — e %) cosnm
N (nm)? +4
1 /2
= / e® sin " gy
2, 2
—(e? — e ?)nmcosnm

( )2+4
2

(-

6_2)n7r COSNT .

nmx

e2—e ) cosnm nwT
+Z [ 514 cos 5

1 . cosnw
(.2 2 -
= (e —e )[4+Z(n7r)2+4

(m—x)/2 if

- |

f(x) is the odd function.

2 (M1 1
bn:/ —(m — z)sinnzdr = —
0 n

T 2

Flz) = Z sin nx

O<z<m
—(r+z)/2 f —71<x<0

nm)? +4

(2 nnmx . 77,71.’13)
- in —
COS 9 N7 SN 9

2



6)

flz)=1 (—7/2 <am/2,p=2m)

f(z) is the even function.

1 [7/? 1
ao—/ de = =
™ Jo
2 [7/2 2 . nmw
ap = — cosnxdr = — sin —
T Jo nmw 2
1 &2
f(x)zi—%Z%sinngcosmr
n=1
1+2 L 3 +1 5
=—+ —(cosx — =cos3r + = -
5 T = S 3 S 5cos T

Ifx =0, f(z) =1 and

You can use different functions for deriving this expression.



Name:

MATH348A AEM
Homework: Fourier Series

Due date: Sep. 17, 2012

1)

Find the Fourier series. p = 6
f(z) =2 (-3 <x<3)

Draw the first four Fourier series (n = 1 ~ 4).



2)

Show

where p = 27.



MATH348A AEM

Homework: Fourier Series (ANSWER)

Due date: Sep. 17, 2012

1)

aOZO, an:0

9 3
b, = / 23 sin 222 gy
3 Jo 3
2 [-3 5 3 3
= - [ [3:3 cos nwx] — 322 cos mdl’]
3 3 0 nm 0
2 | —81 9 32 nwx 3 3 3 . nmx
=—|—cosnmr+ — ||—sin——| — — 2x sin ——dx
3 nmw || nw 3 1o nmjo
— 6 [—6 /3 . nrx ]
= ——cosnm+ — | — T sin —dx
nm nm | nm Jo
—54 36 3z  nmz]® [*3  nmz
= —— cosnT — cos — cos —dx
7r (nm)? nm 3 1y Jo nm 3
— N 108 /3 nrr
= —— cosnw COSNT - cos —dx
(nm)? (nm)? Jo 3
54 _ N o 108 [3 . nmz]®
= ——cosnw SNT — — sin —
nm (nm)3 (nm)3 | nm 3 1o
324 — 54(nm)?
= "7/ cosnw
(nm)3
oo
324 — 54(nm)?
flx) = Z (nﬂ)gnﬂ)cosnﬂsinn;m



2)

1 ™
— wdr =T
2 0 4

78 Al
ap = — zcosnrdr = — | | —zsinnx
™ Jo Tlln

1
= ——(cosnm — 1)
n2mw

1 /M 1[[-1
b, = — rsinnrdx = — | | — cosnw
m™Jo T n

apg =

™

0

™

0

1 iy

— / sinnxdaz}
nJo
1 T

+ / cosnacdw]
n Jo

n

1 1 1 1 1
+ —(=2)cosz — (—1)sinz + Z(O) cos 2x — 3 sin 2x + 9—(—2) cos 3x — 3(_1) sin 3x
T

1 1 1
(0) cos 4z — i sin4x + —(—2) cos br — g(—l) sin bz

LT o + Ly fsinnalg
= — | —cosnm + —[sinnx
| n n2 0
1
— —cosnm
n
T > 1
f(m) = 1 +nzl [nzﬂ(cosmr — 1) cosnx — cosmrsinm:}
T
f(x)—z -
n 1
167 257
T
= —
2
T_r, 1.1
2 4 3 5
1 1
T _1_2.=_
4 3 5



MATH348A AEM

Feedback to Nori Nakata

Your comments are so important for me (Nori). Thank you for your participation.

What are good points of my teaching? As a teacher, what are my strengths?
What have I done as a teacher that has helped you learn in this class?

Do you have any suggestion for me to improve my teaching skills? What
could I do in this class to better help you understand the material or improve
your skills?



Sep. 17, 2012

5 Derivation of Euler Formulas. Orthogonal Functions
5.1 Review homework and worksheet (10 mins)
5.2 Derivation of Fourier series

I gave students the concept of Fourier series. Here, I teach how to derive the formula.

5.3 Fourier series

f(;,;) =ag+ Z (an cos n%x + b, sin n%x) (13)
n=1

1 L

- / Sy
1 (L nm

= L/_L f(x) cos fxdx
1 L

= L/_L f(z)sin nL—ﬂ-xdm

We need to show ag, a,, and b, can be shown by these expressions.

5.4 For ag

We integrate from —L to L on both sides of expression 14,

L
/ f(z)dx :/ aodw+/ Z an cos x—i—b sin 7 )da:
> (] o™
f(z)dz = aO/ dx + (an/ cos —a:da: + by, / sin xda:)
/ -L —1 -L L L L

™ ™
/ cosnxdxr = 0, / sinnxdr =0

—T —T

Therefore,

L
/ f(z)dz = 2Lay

L
1 L
L/—L f(x)dx

31—



5.5 For a, and b,

We first need to show orthogonal functions.

5.6 Orthogonal functions

Show
L
/ cos ﬂx sin mxdm =0,
L L L

L
/L cos %x cos %xdw =0, (n#m)

L
/ sin n—;m sin %xdm =0, (n#m)

L
L L
nmw Lo nT
cos® —xdxr = sin®? —zdx = L
_r L L L

where n,m =1,2,3---.

Kronecker delta

L nmw mm L nr . omm
cos — cos —xdx = sin —x sin —adr = Loy,
L L L L L L

ANSWER
Equation 14 Solution 1

sin(a + 3) — sin(a — 9)

sinacos 3 = 5
/L nmz M 1 /L . (m+n)rx . (m—n)rx
cos —— sin r = sin ~——— —sin ————
LT L 2/, L L
Solution 2

L nTr . MTx
I = cos — sin dx
I L L

L . nmx . mnx L /L L L nwx M
= |—sin—sin —— + — ——s8in —— cos dzx
nmw L L I _[ NTMT L L
L? { [—L nTT mm:] L /L L nwx
=0+ 5 —— CcOS —— CO0S — ——C0S — S
mnm nmw x I I, NT M L
L2 \?
mnm

39

dr =0



Solution 3

e =cosr+isinz, e ¥ =cosx —isinzw

eiz _ 6—ix eiz + 6—ia:
Sln.’]}'_i7 COSL = ————
2
L nmtxr . mﬂ'x 1 L nwx _jnrT jmre _mmax
cos — sin (e I +e L)(e L —e L)dx
—L L L 4 —L
1 L (n+m)7rz (nfm)ﬂ'z 74.(777.~an)‘rr;t i*(n+m)7rz
(e L +e L —e L ) dx

T4

L i(n+m)7rz L i(n+m)7‘rz L
(& L dr = - € L
) i(n+m)m I

= elntm)m _ o=(ntm)T — 9gin(n + m)r = 0

therefore,

L nTr . MTIT
cos — sin dr =10
_L L L

Equation 15
cos(a + 3) + cos(a — 3)

cosacos 3 = 5
L L
1 _
/_LcosTxcosTxdm = 3 /_L (Cos(n—i—Lm)mz +COSW) dr =0
Equation 16
sinasin = cos(a + ﬂ);— cos(a — 3)
L L
1 _
/_LsinTersinnZTxdx = 2/_L (—cos (n—l—l?;n)mc + cos (n ;@)Wm) dr =0
Equation 17
9 14+cos2a . o 1 —cos2a
cos“ag=———, sin“a=———
2 2
L L 1 2nwx
/ cos? njmdm = / &dx =1L
_L L 7 2
L L 1— 2nmx
/ sin? nj:ﬂdm = / de =T
_L L 7 2
sinz if O<x<m
= 18
f@) { 0 if —m<x<0 (18)



5.7 For a, and b,

We multiply cos(mmx)(L) and integrate from —L to L on both sides of expression 14,

/_L f(z:)cosmmudm:/j
/ f(z cos da:—ao / cos =

L
/ flx cos T e = Z (an/ cos sz cos L dm)
L nma

—L
f ) cos —dw =ay, / cos® ——dx
I L

L

L
dm + E <an / cos ? cos m;r:n dx + by, / sin nLﬂ cos m;m d:c>
-L

agp + Z <an cos + by, sin m[ix)] cos mrr dx

n=m

/ f(z)cos ?das = Lay,
-L

1 L
= L/—L f(z) cosn—zxdx

We multiply sin(mmz)(L) and integrate from —L to L on both sides of expression 14,

/_L f(x)sinmzxd;r:/f
/ f(z sm d:z:—ao /_ sin

L
/ f(z sm Z:l <bn /L sin ”Lﬂ sin m;mc d:c>

n=m

L L
/L f(x)sin nLﬂda: =by, /L sin? nLﬂda:

L
/ f(z)sin ?dm = Lb,
-L

L

L
d + Z (an/ cos % sin dz: + by, / sin ? sin mgxd:v)

—L

agp + Z (an cos —|— by, sin nzx)] sin mre dx

34—



Name:

MATH348A AEM
Homework: Fourier series

Due date: Sep. 19, 2012

Find the Fourier series of function f(z). p =27 and —7 <z < 7.
f(x) = sin x|

Hint: [ sinz cos nzdx # 0.



MATH348A AEM
Homework: Fourier series (ANSWER)

Due date: Sep. 19, 2012

f(z) is an even function.

1 ™
ao—/ sin xdx

™ Jo

2 [T 1]-1 T
al—/ sinx cos xdx = — |:C082x:| =0

T Jo ™| 2 0
n#1

2/7r .
ap = — sin x cos nxdx

™ Jo

= % [/oﬂ {sin(n + 1)z — sin(n — 1)z} d:c}
—2(cosnm + 1)
(n2——1)

—2(cosnm + 1)

—+Z n2—1 COS T



Sep. 19, 2012

6 Fourier integral transform

p = 2m(Real) — p = 2L(Real) — p = 2L(complex) — p = co(complex)

6.1 Complex Fourier series

Real Fourier series
= nm nm
f(x)=a9+ ; (an cos fx + by, sin fx)
1 L
ap = 6Y3 /_L f(x)dx
1 L
ap = L/Lf(x) cos %xdw

1 L
by, = L/_Lf(:v) sin n%xdm

Euler formula

16

e = cosf + isinf
ei@ + e—i@
cos = ———
2
10 —10
. —e
sinf = -
21
o0 el’nLﬂ'(L‘ e_ Z’VLEI elTLE(IJ _ e_ Zni'rﬂ:
f(“r):a[)‘l'z an, +bn :
/ 2 21
n=

a _’lb inmTT a|_ +Zb_ i(—n)mwx
n = by e | Oon) F Bn) scpe
2 2

Il
S
o
+
[]s
7 N 7N N N
S
3
of |
S
>
N]
S
3
8
S
3
o |+
~
<
3
|
i
3
8
~~_

. —1 .
Ay — an inmTx aln‘ + Zbl’l’b' inmTx
T °F >+ 2. (26 :
n=—o00



We define ¢, as

Co = Qo
— b
Ccp = QZn,n>0
Qjp + 20
cnzw, n <0

Then f(z) is

’L’ILTFIIJ 7,77,71'12
—co—l—g cpe + E cpe L

n=—oo
Z Cneingrz
n=—oo
What is ¢,?
1 L
L/—L f(x)dx
n>0
—zb emLm +e g (F em% — eim%
cn: 2L (/ f(z 2dx—z/_Lf(x)%dx>

n

/ f 'm.LTrz da
<0
in|rx _iln|mz

. iln|mz iln|rx
B a|n|—|—lb|n| _i /L e L H4e L ,/L e L —e L
= = o7 _Lf(:r) 5 dx +1 _Lf(:c) 5; dx

2
; / " e
= — xT)e X
oL |,
1 L l"l7\'f1)
= — f(x)e L dx
L/L (

Therefore, complex Fourier series is

o
flx) = Z cpe L
n=—oo
]. L mnmT
¢ =357 Lf(x)e L dx



6.2 Fourier transform

k

b«‘?“‘g
S

™

L
We multiply this to the complex Fourier series, then

Ak =

_z kT A
f(x) Wgooc e k

L — oo (partly: just for summation to integral)

flx) = L /OO cne*edk

™ —0oQ
_ i Oo f( ) —ikacd
Cn =57 . x)e x
We define F'(k) as

f(z) = ﬁi\/g/oo F(k)e*®dk
_ L > eikx
- /_ Pk

F(k) = %Li /_oo f(z)e *dy
_ L > —ikx
= m/m f(z)e "™dx

Fourier transform

Fk) = j% /_ T @) da

Inverse Fourier transform

_ L > eikcp
f@) = M/OOF(@ dk

If x is "time”, k is ”frequency”.



6.3 time (s)«—frequency (1/s), space (m)«—wavenumber (1/m)

k=
L

Therefore, the unit of & is the unit of 1/x. Fourier analysis is important because we
can understand which frequency waves are including. Then we can analyze predominant

frequency of a structure.

6.4 Several interesting functions

o Ricker wavelet

40—



Sep. 21, 2012

7 Fourier Integral: spectrum

F(w) = ReF(w) + iImF(w)

7.1 Amplitude spectrum

F()| = VE@)F * (@)

7.2 Power spectrum

[FW)]* = F(w)F * (w)

Total energy

LR

7.3 Phase spectrum

Find the similarity. Sometimes amplitude is not reliable.

F(w)

argF(w) = arctanImeT(w)



Name:

MATH348A AEM

In-class Exercise: Fourier series

Sep. 21, 2012

Find the Fourier series of function f(x) in Figure 1. The period of function f(x) is
—9 <z <9 (Hint: Can you find a shorter period?).

3 L : 4

Figure 1. Function f(z).



MATH348A AEM
In-class Exercise: Fourier series (ANSWER)

Sep. 21, 2012

Find the Fourier series of function f(x) in Figure 1. The period of function f(z) is

—9 < z < 9 (Hint: Can you find a shorter period?).

3 L : B

ANSWER

Period is 6 (p = 6) and f(x) is an even function.

1 3
a0:3/0 zdr =

2 3 nm
anp = — x cos —xdx =
0 3

N W

5 (cosnm —1)

3 (nm)

fz) = g +§:1 {(ni)Q(cosmr ~ 1) cos ”3”:6}



Name:

MATH348A AEM

Homework: Fourier transform

Due date: Sep. 24, 2012

1)

Find the Fourier seires of function f(z) =" if —7m < x < 7 and f(z + 27) = f(x).

2)
Find the Fourier transform (F'(k)) of function f(z).

1
1 e <t
f@%_{o if |z > 1

2

0 if z<0,1<x

f@%:{l if 0<z<l



1)

MATH348A AEM

Worksheet: Fourier transform (ANSWER)

Due date: Sep. 24, 2012

i " ete My
2T
T
— e(1 —in)xdx
2T
L (6(17m)7r B e(pm)(ﬂr))
27(1 —in)
1 + in T _—inm —T _inm
27(1 + n?) (c"e e me™)
1+ _
m (eﬂ— — € ﬂ) cosnm
[o@)

L +in T _ -7 inT
Z.O 27‘(‘(1 T 7’1,2) (6 (& )COS’IITFC

er—e " +Z 1+m K eri 1_in(71)—ne—inm
1+n2 1+ n?

n=1

el —e’” = (_1)n . inx . —inx
o 1+Zl+n2{(l+m)e + (1 —in)e """}
n=1
e —e T (1 n i ( ) { ine + e—ina: + ineinm _ ine—inz})
2

27 — 1+n

eT _ e T ( 0 (_1)71
1 —i—z 5 {2cosnr — 2nsinna}
27 ot 1+n

/1 . 1 [e—i’mr Ceh_ef _2isink  [2sink
L —ikv2r —ikv2r Vw

k






Sep. 24, 2012

8 Exercise
Delta function

Gauss function

47—



MATH348A AEM
Worksheet: Fourier transform

Sep. 24, 2012

§: Fourier transform, F~': Inverse Fourier transform.

1)

Find the Fourier transform (F'(k)) of function f(z).

1 if O<z<l
fle)=< =1 if —-1<x<0
0 if s<-1,1<x

2)

When §(f(t)) = F(w) and f(t) is a real function, show §(f(—t)) = F*(w) where * is

the complex conjugate.

3)
When §(f(t)) = F(w), show §(f(t — a)) = e7“F(f(t)).

1)

Find the Fourier transform (F(w)) of the function

() = cos(bt) if —-10<t<10
N 0 if t<-10,10 <t

5)
Find the Fourier transform (F(w)) of the function

ft) = { sin(5t) if —10<t< 10

0 if t<-10,10<t



6)

Find the Fourier transform (F(k)) of the function f(z) = e~3*" (Gauss function). Also,
apply the inverse transform to F'(k) and obtain f(x).
Hint: [ e 0" dy = \/m/a. F(k) is also a Gauss function.



MATH348A AEM
Worksheet: Fourier transform: ANSWER

Sep. 24, 2012
1)

F(k) = \/12? </01 e~y + /j(—l)e‘ikxdx> — \/12? (_tk(e—ik 1) - _sz(l _ ety

2)

This shows what the time-reversed Fourier transform is.

mf@ﬂ)zvéﬂ/fjw%p4wﬁ

1 - Wt
-—= [ fmer=an

1 o WT
:ﬁigw<m

Complex conjugate twice (f(7) is a real function)

7 [seren] |

*

= [ soetran| = rw

Therefore,

S(f(t) = F(w)
S(f(=t) = F*(w)



3)

This shows what the time-shifted Fourier transform is.

(=) = / £t - a)e 1z
T=t—a

_ oW (T+a)
R ar

— e—zwai e—sz
= \/ﬁ/—oo f(T) ar
= eI ((1)

4)

\/ / cos(bt)e Wt gy
l / 25t+e—z5t fiwtdt

i(5—w)t +e—z(5+w) ) dt

2\/%

W< [e Mt e )

2@ (e [ L s )

2\/% ( ( i(5-w)10 _ —i(5— w)w) n _Z(;er) (e—i(5+w)1o _ 6z‘(5+w)10)>
_ 2\/% <¢(5 L S (2isin((5 - )10)) + _Z(51+w) (2isin(—(5 + w)lO)))

1 [sin((5 —w)10)  sin((5+ w)10)
CVer < S —w * S+ w >



5)

U / sin(bt)e Wty
z' _ —z5t )
— . / —uutdt

_ W/ —w)t 6—i(5+W)t> gt

- 21\}%< [e o W)t} 0 i(51+ w) [e_i(5+W)t]_

_ 215% < [e (5— w)t} . —1(51+w) [64(5+w)t]_

_ sz ( ( i(5—w)10 _ _—i(5— w)lO) Z‘(51—’_ 5 (e—i(5+w)10 . ei(5+w)10>>

1

1 . 1 .
= o (s @i - 010) - e isin(~ 5+ )10)))

_ i (sin((5+w)10)_sin((5—w)10)>
Vor 54w 5—w

6)

32 —zkx
— dx
b=
> 335 +’Lkz
—— ]7
-~
V3 e
—32% —ikr = — ( x—|—2\f> ~ 13

Define u = v/3z + (ik)/(2V/3).
Flk) = /"O (Vo) -

2
1 k2/12/ <\[x+1k>
dx

V —0oQ

1 4@2/12 /OO —u?

e “du

" Ve oo

1 k2/12

V6



Inverse Fourier transform

1 k212 ik
= rd
fx) e /ooe e dx
0o S \2
_ 1 / e—(\/%f\/gm) 73:Jc2dk
V127 J o

_ _k :
Define u = T V3iz.

1 o0 - k 1T
fa) = Ao [~ )
™ —00
1 o0




Name:

MATH348A AEM

Homework: Fourier transform

Due date: Sep. 26, 2012

Make an own problem by using Fourier transform and solve it. For example, ”show

-+-”7 or "Find the Fourier transform of a function - --”. The quality of the problem should
be good for the quiz.



Sep. 26, 2012

9 Fourier integral: Fourier transform of derivative
9.1 Linearity of the Fourier transform

Fourier transform: §. We want to show

S(af(z) +bg(x)) = aF(f(x)) + b (g(x))

Flaf(z)+bg(z)) = \/12? /_"0 af (@) + ba(a)]e*odn

=a 1 - x)e " e dy L - z)e % dy
muge [ S@ o= [ gt
= a§(f(z)) + §(9(x))

9.2 Fourier transform of the derivative of f(x)

f(z) is continuous and f(x) — 0 as |x| — co. We want to show

S(f'(x)) = ikF(f ()

/ _L > /xe—ikmx
S = o= [ Flapeta

= \/12? { [f(:n)e_ikﬂ (io — (—ik) /_O; f(a:)e_ikmdx}
=0+ ikF(f(z))

F(f"(2)) = ikF(f' () = —k*F(f(2))

9.3 Review all topics

e Meaning of Fourier analysis
e Fourier series

e Fourier transform



Name:

MATH348A AEM

Quiz II

Sep. 28, 2012

Instructions:

e Put your name on the top of this page.

e For this quiz, you may only use a pencil and eraser.

e This quiz is closed book, closed notes, but you can bring one sheet of paper.

e No calculators, no cellphones, no electronic devices are allowed during the quiz.

e Do your own work - in order to get full scores, show the details of your work
on each problem.

e At the end of the quiz, sign the honor statement at the bottom of this page, if it
pertains to you.

In taking this exam, I have adhered to the instructions listed above. I have not used any
unauthorized aids or help. I have neither given help of any kind to, nor taken help of any
kind from, anyone else.

SIGNATURE:



1)

Evaluate

1 / " sin(na) sin(ma)dz

T™J—x

where n,m =1,2,3---. Show details of your evaluation.



2)

Show

Hint: Find the Fourier series of f(z) = 22 in —1 < x < 1 with period p = 2.



3)

Find the Fourier transform (F'(k)) of the function

Cf1—ja] i 2l <1
f(x)_{ 0 if |a|>1

Write F(k) in a pure real or imaginary function.



Name:

MATH348A AEM
Quiz IT (ANSWER)

Sep. 28, 2012

1)
2)
f(fU) = :U2
! 1
bn:07a’0:/ xzd:ﬁ:f
0 3
1
an —2/ 2% cosnrrdr
([ )
—z sinnrxr| — — sinnnrxdr
nm 0 0o nmw
1
[ 5 COS nmc]
0
cos N
<m>2
1 & 4
fla) =<+ COS T COS NTTXL
3 nzl (nm)2
When z =0
3 72 4n? 9x? ' 16n?



3)

1 0
— </ (1+ x)e o dx +
27 —1
1 1 1% 1
— ([(1+m) : e_m} + —
2T —1 ik
1 Lo 1 _mﬂ1+1
—— | — + = | —-e
Vor \ —ik ik | —ik o ik
1 (1—e* 1—e*
/277' k? kQ
9 _ (eik + e—zk:)
V2mk?
21 —cosk

T k2



Name:

MATH348A AEM

Quiz II (ALTERNATE)

Oct. 5, 2012

Instructions:

e Put your name on the top of this page.

e For this quiz, you may only use a pencil and eraser.

e This quiz is closed book, closed notes, but you can bring one sheet of paper.

e No calculators, no cellphones, no electronic devices are allowed during the quiz.

e Do your own work - in order to get full scores, show the details of your work
on each problem.

e At the end of the quiz, sign the honor statement at the bottom of this page, if it
pertains to you.

In taking this exam, I have adhered to the instructions listed above. I have not used any
unauthorized aids or help. I have neither given help of any kind to, nor taken help of any
kind from, anyone else.

SIGNATURE:



1)

Evaluate

1 / " cos(na) cos(m)dz

T™J—m

where n,m =1,2,3---. Show details of your evaluation.



2)
Show

7r2_1 Ll ot
12 4 9 16

2

Use the Fourier series of f(x) = 2 in —2 < & < 2 with period p = 4.



3)
Find the Fourier transform (F'(k)) of the function

1—2? if |z[ <1
f(x)_{ 0 if |z >1

F (k) should be a pure real or imaginary function.



Name:

MATH348A AEM

Quiz IT (ANSWER)

Oct. 5, 2012

1)
2)
fz) =a?
2
b, =0, ag :/ 22de = =
0
2
ap = 2/ 22 cos —xdx
0
2 2 2 4
=2 [x2 sin mmc} — / il sin @dl‘
nmw 2 0o N 2
16
= COSNT
(nm)?
4 X 16
flz) = 3 + Z ()2 COS N COS ?
n=1
When £ =0
0= 4 16 16 16 16
3 w2 4x2 972 1672
72 1 1 1

14— ...
12 4+9 16+



3)

24 sin k)



[ did not use.



Sep. 14, 2012
10 Forced Oscillations

10.1 Review worksheet (10 mins)

10.2 Forced Oscillations (40 mins)

y" +0.02y + 25y = r(t) (19)

where 7(t) is measured in gm - ecm/sec?.

t+ % if — t<0
r(t) = + 35 1 T<t<
—t+5 if 0<z<m

r(t + 2m) = r(t)

We decompose r(t) to the Fourier series:

4 1 1
r(t):; cost+§cos3t+57+--~

Therefore, equation 19 is
/" / 4
y" +0.02y" + 25y = —— cosnt. (20)
n4m
Steady-state solution y,(t) of equation 20 is of the form
Yn = Ay, cosnt + B, sinnt. (21)

The first and second time derivations are

y,, = —Ap,nsinnt + B,n cosnt
y! = —A,n?cosnt — B,n?sinnt

By substituting expression 21 to equation 20:

2

1 4
(=Ann?cosnt — Byn®sinnt) + %(—Ann sinnt + Byncosnt) 4+ 25(A,, cosnt + By, sinnt) = —— cosnt

n2m
N
B 4
—A,n%+ n’t + 25A4,, | cosnt = —— cosnt
50 n2
A
“Bun?— 2" L 958, ) sinnt = 0
50
Then
4(25 — n?) 0.08
A, = ————= B,= 22
" n2xD, ' " nnD, (22)



where
D, = (25 — n?)? + (0.02n)%,
Because equation 20 is linear, the steady-state solution is
Y=y1+ys+ys+--

The amplitude of y is

4
Co=VA2Z1B=__ -
nt Bn n2m/D,,

C1 =0.053, C3 =0.009, C5 = 0.509, C7 = 0.001

n = 5 is the resonance mode.

o

Input

Force (g-cm/s?)
o

S o oy
[

|
o
M o

splacement (cm)

o -04r

-5 -4 -3 -2 - 0 1 2 3 4 5
t

Figure 2. Input (r(¢)) and Output (y(t)).



Name:

MATH348A AEM

In-class Exercise

Sep. 14, 2012

Find the Fourier series of

f(z) =2~ ]

where —2 < z < 2 and period p = 4.



Name:

MATH348A AEM
In-class Exercise (ANSWER)

Sep. 14, 2012

1)

f(x):{ 29—z if 0<z<?2

24z if -2<x<0

The function is an even function.

1 /2
a0:2/ 2+a)dr=1
0

2
an = / (2 — x) cos M da
0 2

2 2%
=|—(2—2)sin "ol + [ Zsin M ada
nmw 2 |, 0o N 2



Name:

MATH348A AEM

Homework: ODE

Due date: Sep. 17, 2012

Find a general solution of ODE y” + w?y = r(¢) (no damping) with

—t—7 if —-w<t—m7/2
r(t) = t if —m/2<t<m/2
T—t if w2<z<mw

r(t+2m) =r(t)

and w = 2.



Name:

MATH348A AEM
Homework: ODE (ANSWER)

Due date: Sep. 17, 2012

r(t) is an odd function.

us

1 t NN —m 4t Tl
b, = — ([— cos nt] + /2 — cosntdt + [ Tt cos nt} +/ —— CO8 ntdt)
s n 0 L, n = n

jus
2

M

2 . nmw
= ——sin —
n?m
oo nmw
r(t) = Z ——sin o sinnt

n2m
o
2

1 1
= p <sint—3zsin3t+5zsin5t--->

Y +4y =r(t)

2
—n%A,, cosnt — n’B,, sinnt + 4(A,, cosnt + B, sinnt) = —5—sin PT innt
n?m
N
—n?A4, +44, =0 — A, =0
nmw 2 . onm

2
2 .
—n“B, +4B, = o sin o> — B, = 7(4 e o sin o>

_ 2 . nT o,
Yn = msul?sulnt

yt)=vy1 +ys+---

References



N
=3
o
c
-

Force (g-cm/sz)
§

-2
1 T T T T
_ Output =05 |
& osf —o0=2
= —o0=10
ks
& -05f
a
_15 4 -3 -2 - 0o 1 2 3 4 5

Figure 3. Input (r(¢)) and Output (y(t)).



