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Abstract Strong seismic waves bring rock into frictional failure at the uppermost few hundred meters.
Numerous small fractures slip with the cumulative effect of anelastic strain and nonlinear attenuation; these
fractures should not distinguish between remote sources of stress. Still, frictional failure criteria are not evi-
dent especially when seismic waves change the normal traction on fractures. We identify three earthquakes
as examples where consideration of interaction among dynamic stresses from different wave types and
ambient tectonic stress provides theoretical predictions of nonlinear attenuation that are potentially testa-
ble with single station seismograms. For example, because Rayleigh waves produce shallow horizontal
dynamic tension and compression, frictional failure should preferentially occur on the tensile half-cycle if no
shallow tectonic stress is present and on the compressional half-cycle if the tectonic stress is already near
thrust-faulting failure. We observed neither effect on records from the 2011 Mw 9.0 Great Tohoku earth-
quake. However, Rayleigh waves from this event appear to have brought rock beneath MYGH05 station into
frictional failure at �10 m depth and thus suppressed high-frequency S waves. The tensile half-cycle of
high-frequency P waves reduced normal traction on horizontal planes beneath station IWTH25 during the
2008 Mw 6.9 Iwate-Miyagi earthquake, weakening the rock in shear and suppressing high-frequency S
waves. The near-field velocity pulse from the 1992 Mw 7.3 Landers earthquake brought the uppermost few
hundred meters of granite beneath Lucerne station into frictional failure, suppressing high-frequency S
waves. These moderately positive examples support the reality of nonlinear wave interaction, warranting
study future strong ground motions.

1. Introduction

Sufficiently strong seismic waves experience nonlinear attenuation as they pass through rocks within the shal-
low subsurface. One would like to recognize the effects of this process with data, especially single-station seis-
mograms. One would also like to include nonlinear attenuation within mechanical theory that facilitates
numerical calculations of the amplitudes of strong seismic waves. In this paper, we present theoretical models
for nonlinear attenuation within rock masses with the intent of constraining mechanical behavior.

For introduction, we briefly describe nonlinear attenuation within rocks and relate it to anelastic strain by
using scalars. We start with a representation of energy in a seismic wave and attenuation in a linear system.
The local elastic strain energy per volume within a seismic wave is W5se=2, where s5Ge is the dynamic
stress, e is the dynamic elastic strain, and G is the shear modulus. For a propagating wave within a whole
space, this energy equals the local kinetic energy per volume W5qV2

p=2, where q is density and Vp is the
particle velocity. This relationship partly carries through to surface waves and reflected waves; Rayleigh’s
principle states that the total elastic strain energy (integrated over the wave) equals the kinetic energy [e.g.,
Bullen and Bolt, 1985, pp. 302–305].

Seismologists express the attenuation of low-amplitude waves with the quality factor Q. For a monochro-
matic wave with period T , the elastic and kinetic energies decrease by a factor of DW=W5Q21 over a time
of T=p, where DW is the energy lost in one half-cycle [e.g., Kjartansson, 1979; Bullen and Bolt, 1985, p. 101].
For a linearly attenuating material, this factor does not depend on the amplitude of the wave.

Nonlinear attenuation occurs at higher dynamic stresses that exceed the elastic limit of the material. Anelas-
tic strain produces unrecoverable deformation of the material; the rate of the anelastic strain is a function of
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the dynamic stress, e0ðsÞ. The instantaneous rate of dissipation from anelastic deformation is then
W 05e0ðsÞs. Attenuation, the net diminution of energy over a wave cycle, then is directly related to the ane-
lastic strain over the cycle in this model. The rate of attenuation varies nonlinearly with wave amplitude
when e0 increases rapidly with dynamic stress. One recovers linear attenuation for e0 / s; then W 0 / W:

We note that the behavior of attenuation in the frequency domain differs between linear and nonlinear
attenuation. For linear attenuation, the signal may be mathematically represented in the frequency domain
by a linear Fourier integral. High-frequency signal dies off faster than lower frequency signal. Nonlinear
attenuation cannot be represented in this manner; its effects are not the same as increasing linear Q21 at
high amplitudes.

We concentrate on nonlinear attenuation within rock at �10 to a few hundred meters depth. We consider
that the rock fails by cracking in friction. Individual cracking events sometimes generate brief pulses of
high-frequency energy [Fischer et al., 2008a, 2008b; Fischer and Sammis, 2009]. The strain rate e0ðsÞ is quite
small when the dynamic stress is too feeble to cause failure and quite high when the dynamic stress
approaches the frictional failure criterion. Cracking only mildly decreases the shear modulus G in our formu-
lation and we treat G as constant. We do not consider loose soils for which a large literature exists [e.g.,
Hartzell et al., 2004]. Soil failure may greatly decrease the shear modulus [Assimaki et al., 2011]. Neither do
we consider liquefaction occurs in unconsolidated materials when shaking causes collapse of the pore
space.

Still the form of the anelastic strain rate function e0ðsÞ is not well defined especially when dynamic stress
changes the mean stress within the rock mass 2rii=3, where r is the full stress tensor (compression nega-
tive). With regard to theory, we examine plausible simple relationships for e0ðsÞ. We make the reasonable
and testable assumption that rocks do not distinguish among dynamic stresses from different classes of
waves. For reference, Roten et al. [2014] made this assumption in their three-dimensional numerical calcula-
tions on strong seismic waves from San Andreas events. In addition, long-term tectonic strains produce
ambient stresses within rock masses. Roten et al. [2014] included the interaction of these stresses with seis-
mic waves in their southern California models. With regard to data, we present cases where the types of
impinging seismic waves are evident upon visual inspection of a single-station record. We retain the tradi-
tional wave classes to aid discussion as our data include signals that are essentially S waves, P waves,
Rayleigh waves, and near-field velocity pulses. Analytical theory is then feasible and its predictions are quali-
tatively simple.

In this study, we first review frictional failure in section 2. Then after section 3, we use records from the
2011 Mw 9.0 Great Tohoku earthquake to look for interaction of �3 s Rayleigh waves with ambient tectonic
stress and to look for interaction of these Rayleigh waves with high-frequency S waves. We briefly examine
a record from the 2008 Mw 6.9 Iwate-Miyagi earthquake for interaction of high-frequency P waves with
high-frequency S waves. We examine an older record of the 1992 Mw 7.3 Landers main shock for interaction
of high-frequency S waves with the near-field velocity pulse.

2. Frictional Failure Theories

We examine cases where nonlinear attenuation likely occurs from frictional failure within rock, reviewing
basic theories for individual slip planes and for stress invariants. We then consider time-dependent friction
for the purpose of qualitatively integrating the behavior of many fractures to obtain predictions on the net
behavior of rock masses. We then consider changes of normal traction (and mean stress), where appropriate
predictions are less evident.

2.1. Mohr Diagram for Rayleigh Wave
We present the theory for optimally oriented fractures with a Rayleigh wave to introduce the failure of an
individual fracture. For simplicity, we assume fluid pressure is hydrostatic. The effective lithostatic stress
(compression positive) is Peff5ðq2qwÞgz, where q is rock density, qw is water density, g is the acceleration
of gravity, and z is depth. Figure 1 illustrates the Mohr diagram in which the effective stresses perturb
caused by Rayleigh waves. The angle h on the Mohr diagram is related to the coefficient of friction l by sin
ðhÞ5l=ð11l2Þ1=2 [e.g., Jaeger et al., 2007, p. 92]. We ignore cohesion as we assume that the shallow rock
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mass is already pervasively cracked. We also assumed that the pervasive fractures are oriented randomly in
all orientations. For a given random stress tensor, some fractures will be well oriented for frictional failure.

We consider shallow depths where rock is present. The vertical principle effective stress is Peff with hydro-
static pressure. Figure 1 shows that the horizontal effective stress differs from the vertical stress by Dr (com-
pression positive). We assume for a simple reference case that there is no ambient tectonic stress,
equivalently the vertical and horizontal principle stresses are equal before shaking begins. The Rayleigh
wave imposes horizontal stresses in its direction of propagation. The horizontal principle effective stress for
a symmetrical wave is Peff6Dr, where the plus sign denotes horizontal compression and the minus sign
horizontal extension. In general, both dynamic stresses from the Rayleigh wave and ambient tectonic
stresses contribute to the difference between horizontal and vertical stress.

Based on the geometry of the Mohr diagram in Figure 1, the stress perturbation for failure is

Drfail5
2l

11l2ð Þ1=2
7l

" #
Peff ; (1)

where Drfail5DrT for horizontal tension with the plus sign and Drfail5DrC for compression (Figure 1). It is
obvious that the additional tensional stress for failure is less than the compressive stress. For the tensional
case, the bracket in (1) approaches 2l in the limit l! 0 and 1 in the limit l!1, which is equivalent to
failure on opening-mode fractures at zero effective stress.

Figure 1. (a) Schematic Mohr diagram for application to Rayleigh waves. The vertical effective stress Peff stays constant at shallow depths.
The term PNeff is the effective stress perpendicular to a plane. A smaller change in horizontal stress is needed for shear failure with tension
than with compression. (b) The relative stress change for failure as a function of the coefficient of friction.
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2.2. Frictional Criteria for Rock Mass
It is likely that a large network of interacting fractures exists within rock masses when the shear modulus G
is much less than that of intact rock. We treat the rock mass as a continuum. Qualitatively, fractures accom-
modate much of the macroscopic strain by dilation, closure, and shear slip. The local traction on a fracture
differs from that associated with the macroscopic stress. For example, elastic (and anelastic) slip on a frac-
ture imparts stress on nearby fractures including those with different orientations. Then macroscopic hori-
zontal shear stress and macroscopic horizontal extensional and compressional stresses may modify
tractions on the same small fracture. Macroscopic stresses thus may interact nonlinearly.

The well-known Drucker and Prager [1952] plastically theory is an obvious candidate to represent the cracked
rock masses with stress invariants. For example, Roten et al. [2014] used this rheological construct in nonlinear
models of wave propagation from San Andreas Fault events near Los Angeles. In the absence of cohesion, fric-
tion failure occurs when jsj > lstartjPj, where jsj / ffiffiffiffiffiffiffiffi

sijsij
p

is the second invariant of normalized deviatoric
stress so that it is the shear traction in simple shear and jPj � 2rii=3 (compression negative in r) is the mean
compressive stress. The elastic deviatoric strain energy is proportional to sijsij . As a caveat, failure theories
based on invariants do not adequately represent opening-mode fractures when the mean stress is compres-
sive and when one of the principle stresses is into or near tension [Jana and Chatterjee, 2013].

Drucker and Prager [1952] plasticity has the same qualitative implication as the Mohr diagram for Rayleigh
waves (Figure 1). The rock is closer to failure from horizontal tension than from horizontal compression.
However, the formalism does not yield exactly the same failure predictions as the Mohr diagram. For exam-
ple, the principle stresses for plane strain at shallow depths for a Rayleigh wave propagating in the x direc-
tion are Pzz5Peff , Pxx5Peff6Dr, and Pyy5Peff6mDr, where m is Poisson’s ratio. The second invariant is
jsj5sqrtðð12m1m2Þ=3ÞDr. The pressure invariant is then jPj5Peff6Drð11mÞ=3. The failure criterion is thus

lstart5
Dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12m1m2Þ=3

p
Peff6Drð11mÞ=3

: (2)

The horizontal stress change to cause failure becomes singular in horizontal compression for sufficiently
large lstart.

2.3. Time-Dependent Friction
Seismic waves suddenly impose dynamic stresses on rocks that have been at rest for a long time. Qualita-
tively, the starting coefficient of friction on fractures that have been idle for a long time is higher than the
sliding coefficient of friction once the fracture has failed. Dieterich [1979] and Ruina [1983] developed rate
and state friction formalism to represent the dependence on frictional strength on the history of a fracture.

We begin with the obvious extension rate and state formalism on sliding surfaces to Drucker and Prager
[1952] plasticity. We use the notation of Sleep and Hagin [2008] and Sleep and Erickson [2014], who applied
rate and state friction to rock damage and nonlinear attenuation by dynamic stresses from strong seismic
waves. We begin with the behavior on one small fracture with the intent of considering the cumulative
effects of numerous such fractures with a rock mass. The instantaneous shear traction on our fracture is

s5P½l01aln ðV=VrefÞ1bln ðw=wnormÞ�; (3a)

where the dominant term l0 � s=P represents the approximation that the coefficient of friction has a con-
stant value for a given surface (Amontons’ law), a and b are small (�0.01) dimensionless constants, V is the
sliding velocity, and Vref is the reference velocity. The state variable w includes the effects of healing and
damage. We consider its evolution over time later in this subsection. The factor wnorm is the normalizing
value of the state variable, which represents transient variations of normal traction on fractures and here
changes in mean stress [Linker and Dieterich, 1992]. Note that l02aln ðVrefÞ is effectively one material con-
stant; Vref can be set to a convenient value, for example, where deformation would relax the shear traction
over the half period of the seismic wave.

We generalize (3a) to represent effective value of the anelastic deviatoric strain rate tensor e0ij within a rock
mass where numerous small fractures slip. A simple modification to apply (3a) is to replace the shear trac-
tion s with shear invariant jsj and the normal traction P with the pressure invariant jPj. For brevity, we
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assume that the small fractures have random orientations, which leads to an isotropic rock mass. The devia-
toric stress within the rock mass in terms of invariants is

jsj5jPj½l01aln ðje0j=e0refÞ1bln ðw=wnormÞ�; (3b)

where je0j /
ffiffiffiffiffiffiffiffiffi
e0ije
0
ij

q
is the deviatoric strain rate invariant (it is here normalized so that it is strain rate in sim-

ple shear) and e0ref is a reference strain rate. Rewriting (3b) yields a trial flow law for a rock mass,

e0ij5e0ref
sij

jsj

� �
exp

jsj2l0jPj
ajPj

� �
w2b=a

w2b=a
norm

" #
; (4)

where w is the value the state variable on fractures within the rock mass. Here we use the relationship e0ij=jej5
sij=jsj to include the directionality of the strain rate. The first bracket represents the inference that anelastic
deviatoric deformation has the sense to relax the applied deviatoric stress. The exponential term indicates
that the strain rate increases from immeasurably slow to exceedingly fast over a small change in stress as a
� 0:01 and jsj=jPj � 1. We show that the existence of a network of individual fractures within rock masses
makes this property unlikely. To discuss the fate of these individual fractures, we let Vref be the velocity that
relieves the shear traction over the duration time of the dynamic stress. The starting coefficient of friction on a
fracture is from (3a) then

lstart � l01bln ðw=wnormÞ: (5)

The net behavior of the rock mass results from the combined sliding of numerous fractures. We examine
this feature by considering the sliding velocity form of (4) on an individual fracture from (3a),

V5Vrefexp
s2l0P

aP

� �
w2b=a

start

w2b=a
norm

" #
; (6)

where wstart is the value of the state variable on our fracture at the start of shaking. Qualitatively, the anelas-
tic strain rate and nonlinear attenuation are expected to increase gradually with the dynamic stress of the
impinging wave rather than over a sharp jump in (6) with a well defined starting coefficient of friction in (5).
Specific processes include for avoiding the sharp jump of the sliding velocity: (1) The state variable differs
between fractures. The starting coefficient of friction in equation (6) thus varies. The parameter l0 may also
vary between fractures. (2) Past slip on numerous fractures leaves (somewhat random) residual stresses that
are prestresses for the next strong shaking. Favorable stressed fractures thus fail under macroscopic
dynamic stresses that are too low to cause frictional failure on unstressed fractures in equation (5). (3) The
local tractions on fractures differ from the values predicted from the macroscopic stress. Fractures with high
shear tractions and low normal tractions fail first.

We continue with the construct of rate and state friction to qualitatively constrain the value of the state vari-
able in (6) for individual fractures and its effective value for the rock mass in (4). In general, the state variable
in (6) represents the history of one fracture. The aging law [Dieterich, 1979] represents behavior when the
fracture is at rest during earthquakes and also behavior after sudden increases in normal traction

@w
@t

5
Vref Pa=b

DagePa=b
ref

2
wV

Dage
; (7)

where t is time, Dage is the slip to significantly change the state variable. The pressure term represents the
effect of sudden changes in normal traction; a � 0:2 (the experimental value of Linker and Dieterich [1992])
is a positive dimensionless coefficient, and Pref is a reference normal traction. The state variable increases
with linearly time on fractures that are not currently sliding, V � 0 (i.e., healing).

The slip law [Ruina, 1983] represents actively sliding fractures,

@w
@t

52
Vw

Dslip
ln

Pa=b
ref Vw

Pa=bVref

" #
; (8)

where Dslip is the slip to significantly change the state variable. The steady state value of the state variable
in (8) when sliding is occurring is
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wss5
Pa=bVref

Pa=b
ref V

: (9)

The coefficient of friction at steady state
sliding from (8) is independent of nor-
mal traction when wnorm5ðP=PrefÞa=b.

We begin with the state of a rock
mass before shaking starts. The state
variable from (7) of individual frac-
tures depends linearly on the time
since the fracture lastly slipped, and
the state variable in (9) became quite

small during sliding. The weakest fractures would have failed during the most recent episode of strong
shaking. The state variable on a slipping fracture decreases rapidly toward the steady state value in
(9), which greatly weakens the fracture. The net effect of (5) and (9) is that an individual fracture
either fails or stays intact. At shallow depths, a failed fracture in the irregular local stress field may
come into opening tension and have near-total stress drop. To confirm the reality of sudden failure
caused by the stress drop, dynamic strain in the shallow subsurface drives small earthquakes [Fischer
et al., 2008a, 2008b; Fischer and Sammis, 2009]. The largest of these events produce accelerations
above 1 g [Aoi et al., 2008; Sleep and Ma, 2008]. Failed fractures strengthen with time following the
aging law in (7) but remain weaker than intact aged fractures during hiatuses in shaking. The range
of the state variable in (4) between intact and failed fractures thus becomes large once the rock mass
begins to dynamically fail in friction. The range of the coefficient of friction of fractures in (5) thus
increases.

This behavior of a fracture that is suddenly loaded by large dynamic stresses differs from the behavior of a
slowly loaded creeping fracture. In the former case, the shear traction on the fracture will increase until the
slip velocity in (6) becomes large enough to relieve the shear traction buildup. Once slip is under way, the
state variable decreases in (8) further weakening the fracture. The slip velocity may well increase to the level
that inertia is important, thereby generating seismic waves. The exact values of the parameters a and b are
not important. In contrast, equations (2) and (9) yield the well-known behavior of a surface at steady state
sliding. The steady state shear stress is sss5P½l01ða2bÞln ðV=VrefÞ�. This shear traction increases with sliding
velocity if a > b. Steady state shear traction decreases with sliding velocity if a < b. Steady state sliding is
then unstable if the system loading the fracture is sufficiently elastically compliant. For reference, the labo-
ratory value of a2b in shale is 20.0032 to 0.009 [Kohli and Zoback, 2013].

An equation of the general form of (4) thus may be appropriate for a rock mass. The predicted strain rate at
the start of failure is,

e0ij5e0ref
sij

jsj

� �
F
jsj2l0jPj

ajPj

� �� �
w2b=a

w2b=a
norm

" #
; (10)

where anelastic strain is still in the orientation to relax the deviatoric stress. The stress invariants and the
past history of the rock mass are still relevant. The final bracket the state variable is involved, although
some fractures fail before others. That is, the effective value of w decreases as the rock mass becomes ane-
lastic. The function F in (10) is thus more mild than the exponential in (4). The failure strain rate is low but
not zero at modest shear tractions and given mean stress. The strain rate becomes quite large at high
jsj=jPj; greater values of jsj=jPj cannot be reached with reasonable seismic waves. This effect clips the
amplitude of the attenuated waves (Figure 2).

2.4. Application to Failure of Horizontal Fractures From Vertical S Wave
With forethought to our data, we consider the specific case where low-frequency Rayleigh waves non-
linearly suppress high-frequency vertically propagating S waves to obtain a trial form related to (10).
Then the wavelength of the Rayleigh wave is much greater than that of the S wave. We consider that
there are very many fractures in the rock mass; they are small relative to the wavelengths of the S
waves. At a given small fracture in the rock, the dynamic stress from the Rayleigh wave changes

Figure 2. Schematic diagram of arriving Rayleigh wave where nonlinear attenua-
tion clipped half cycles in one direction. Westward traveling waves would clip on
west half cycle if shallow strong fault-normal compression existed in the Tohoku
region. The mean velocity is still zero in the far field where there is no static
displacement.

Geochemistry, Geophysics, Geosystems 10.1002/2015GC005832

SLEEP AND NAKATA NONLINEAR INTERACTION OF SEISMIC WAVES 2341



slowly with time while the dynamic stress from the S wave changes rapidly. As a hypothesis, a frac-
ture that is already slipping from the dynamic stress of the Rayleigh wave will slip more rapidly when
dynamic stresses from the S wave are favorably aligned. The anelastic deformation associated with
slip on fractures along the direction of the traction imposed by the S wave rate will attenuate the S
wave.

It is necessary to consider the orientations of stresses. We make the approximation in (1) and (2) that
Rayleigh waves do not change the vertical effective stress, which is appropriate at depths much shallower
than the wavelength of the Rayleigh wave. To the first order, S waves produce shear failure on horizontal
planes. The Rayleigh wave does not change the mean normal and shear tractions on these planes. A very
simple theory based on resolved tractions then predicts that the S waves will not interact with the Rayleigh
waves.

However, interaction is expected within a pervasively cracked material. That is, we assume that the Rayleigh
wave produces random zero-mean tractions on individual horizontal fractures by amounts that are propor-
tional to its dynamic horizontal stress Dr. The fractures where the Rayleigh wave decreases the normal trac-
tion and the fractures where its shear traction aligns with the shear traction of the S wave locally fail, when
even the macroscopic normal and shear tractions from the S wave alone are insufficient for failure.

We model this effect with stress invariants. The resolved shear traction on horizontal planes from the S

waves shz �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

xz1s2
yz

q
drives horizontal slip on fractures and distributed horizontal shear strain in the rock

mass. A trial expression relevant to vertical S waves in analogy with (9) for the anelastic strain rate is,

e0hz5e0ref
shz

jsjeff

� �
F
jsjeff2l0Peff

aPeff

� �� �
w2b=a

start

w2b=a
norm

" #
; (11)

where slip is in the direction of the resolved shear traction and wstart indicates that the state variable at the
start of shaking is relevant for the initial failure of distributed fractures. A trial form for the effective shear
traction term jsjeff is

jsj2eff5s2
zh1C2Dr2; (12)

where the first term is square of the shear traction from the S waves resolved on a horizontal plane, and the

second term is the shear traction caused by the Rayleigh wave as we discussed in (2) with C25ð12m1m2Þ=3.

2.5. Sudden Changes in Normal Traction and Mean Stress
All seismic waves change the normal traction on individual fractures. P waves and Rayleigh waves also
change the mean stress. Behavior may be then more complicated than simple friction that depends only on
the instantaneous ratio of shear to normal traction as shown in (3a).

We discuss the formalism for individual fractures. The flow law (6) becomes

V5V0exp
s2l0P

aP

� �
w2b=aP2a=a

ref

P2a=a

" #
: (13)

Differentiating (13) (as @s=@P) at constant sliding velocity and constant state yields the instantaneous
change in the apparent coefficient of friction,

ldif �
@s
@P

5
s
P

2a � lold2a; (14)

where lold is the previous apparent coefficient of friction. This equation applies to sudden but not instanta-
neous changes in normal traction on individual fractures. Perfettini et al. [2001] showed that shear traction
cannot change instantly with normal traction, so the instantaneous value of a5lold and ldif50. Otherwise,
application of (13) results ill-posed physical problems when the fault plane separates dissimilar materials.

A further complication with regard to pressure changes involves fluid pressure within fractures during
dynamic normal traction changes. As in (14), the differential coefficient of friction ldif is less than the long-
term coefficient of friction. Physically, the fluid may not be able to drain from (or into) the fracture during
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brief normal traction changes. Then
dynamic compression increases the
fluid pressure and decreases the
effective normal traction. Skemp-
ton’s coefficient Bs where ldif5lð1
2BsÞ represents this effect [e.g.,
Wang et al., 2014]. Studies of the
correlation of aftershocks sequen-
ces with dynamic stress changes
resolve ldif to some extent [Wang
et al., 2014]. These aftershock data
were gathered from events at times
of hours to months after the static
stress change. The value of ldif may
well be closer to zero for the �1 s
period of our dynamic stress
changes over which pore fluid has
little time to flow. The effective
value of ldif for changes of mean
stress in a rock mass may hence be

much less than the typical coefficient of friction. We thus seek field situations where dynamic mean stress
changes over the period of a seismic wave.

3. Interaction of Raleigh Waves With Ambient Tectonic Stress

Rayleigh waves provide a case where the dynamic normal traction on fractures and the dynamic mean
stress change over the period of the wave. In this section, we discuss nonlinear behavior of Rayleigh waves
with regard to their interaction with ambient tectonic stress and prepare for discussion of nonlinear sup-
pression of high-frequency S waves by Rayleigh waves in section 4.

3.1. Tohoku Seismograms
The 2011 Tohoku main shock produced strong shaking over much of Honshu (Figure 3). Eight collocated
surface and borehole KiK-net stations yielded reliable digital records for our analysis (Figure 4). We cor-
rect the orientation of all borehole seismograms before processing the data. Visual examination of
broadband and filtered records indicates that S waves dominated that high-frequency horizontal signal
and 3–4 s Rayleigh waves dominated the low-frequency signal. The horizontal particle velocities are sim-
ilar at the surface and in the borehole at IBRH16 and MYGH05 as expected for long-period Rayleigh
waves (Figures 4 and 5).

With regard to examining horizontal seismograms, dynamic stress is proportional to dynamic velocity. We
manipulate well-known equations in Appendix A to obtain the relationship between peak ground velocity
(PGV) and peak dynamic stress for Rayleigh waves at shallow depth. With regard to the sign of the effect,
dynamic velocity in the direction of propagation causes horizontal compression and dynamic velocity
against the direction of propagation causes horizontal tension. This kinematic result can be seen by differ-
entiating the kinematic wave equation for motion in the x-direction of propagation with Ux5Uðx2ctÞ
(where c is wave velocity) with respect to time to obtain particle velocity and then with respect to x to
obtain strain. Positive strain @Ux=@x5U0ðx2ctÞ and hence tensile stress occur with negative particle velocity
@Ux=@t52cU0ðx2ctÞ.

The Tohoku seismic sources were to the east of our stations, so particle velocities to the west produced
dynamic compression. There is no strong asymmetry of particle velocity. Starting with MYGH05 (which had
the highest PGV, Table 1), the WNW oscillations were comparable to the ESE ones (Figure 5). The NE oscilla-
tion was somewhat larger than the NW one. There was no strong variation of amplitude with polarity at
IBRH18 (Figure 6) and CHBH14 (Figure 6). There were single strong excursions to the SE at IBRH16, to the W
at FKSH16, and to the NE at IWTH11. The SW excursion was modestly greater than the N and SE excursions
at AOMH05. Vagaries in the sources producing the Rayleigh waves and the local interference of various

Figure 3. Peak ground acceleration for the Great Tohoku earthquake estimated from
KiK-net stations. Collocated surface and borehole stations are discussed in the text.
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propagating waves at our stations are likely causes of the excursions. There is no consistent direction of
strong excursions and not enough excursions for statistical analysis.

3.2. Application of Theory in Absence of Tectonic Stress
We show that our Rayleigh wave data do not show any evident effects of nonlinear attenuation. We discuss
the case where ambient tectonic stresses are not important before discussing the case with significant
ambient stresses in the next subsection. We obtain the particle velocity necessary for frictional failure on
optimal planes in the absence of tectonic stress in Appendix A. The dynamic failure velocity is

Vfail5
3B
8

� �
gðq2qwÞzð Þ cRay

G

	 

; (15)

where B is a dimensionless coefficient in (A6) related to the coefficient of friction, the second bracket is the
hydrostatic effective pressure, cRay is the Rayleigh wave phase velocity, and G is the shear modulus (qb2,
where b is the shear wave velocity). The constant B is significantly larger for dynamic horizontal compres-
sion than for tension.

Strong nonlinear attenuation occurs above a threshold of the particle velocity related to Vfail , given formally
by (10) where the anelastic strain rate is high. The dynamic stress and the dynamic velocity cannot exceed
this threshold. The net effect is that a velocity seismogram will appear clipped at the threshold velocity. In
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Figure 4. (left) Broadband and (right) filtered particle velocity for station IBRH16. High-frequency shaking is strongest at the surface and on the horizontal components and is thus mostly
S waves. The low-frequency shaking is similar at the surface and at depth and on all components and is hence mostly Rayleigh waves.
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Figure 5. (left) Horizontal acceleration and velocities for paths for station MYGH05. Note that the accelerations are higher at the
surface than in the borehole. (right) Horizontal acceleration and velocity paths. There is no obvious asymmetry in largest excursions
of the paths.
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the absence of tectonic stress, a symmetrical Rayleigh wave will produce failure during the tensile half cycle
without producing failure on the compressive half-cycle if the Mohr diagram in fact applies at the seismic
frequency (Figure 2). The waveform will clip on the tensile cycle rather than on the compressive cycle. In
the case of our data, eastward particle velocities would be suppressed. We did not detect that effect. This
means that the observed Rayleigh-wave particle velocities at our stations were somewhat below Vfail in (15)
for pervasive frictional failure in the upper few hundred meters that would have strongly attenuated our
Rayleigh waves.

To briefly digress, this expected asymmetric material response and hence asymmetric clipping in Figure 2 is
kinematically similar to that of P waves as we discuss later [Yamada et al., 2009; Tobita et al., 2010; Kinoshita,
2011; Bradley and Cubrinovski, 2011]. The ratio of dynamic normal traction to lithostatic pressure then scales
to the vertical dynamic acceleration normalized to the acceleration of gravity (Appendix B). Shallow rock
has little strength in tension; dynamic acceleration clips at 21 g in free fall. The dynamic acceleration during
the compressive part of the cycle may reach large (>>1 g) values, as rock resists crushing from vertical
compression.

Returning to the data, we provide simple example calculations for Vfail and Love wave failure velocities from
(A8) for comparison with the sites of our stations. Rock and water densities are 2500 and 1000 kg m23,
respectively. The coefficient of friction by assumption is l50:8. The factor B in horizontal tension in (A7) is
then 0.77. The ambient S wave velocity for exhumed sediments at IBRH16, IBRH18, and CHBH14 (Figure 6) is
2000 m s21 from 100 to 300 m depth. The phase velocities of 3–4 s Rayleigh waves and Love waves are
3000 and 3200 m s21, respectively [Nishida et al., 2008]. The Rayleigh particle velocity for failure at 300 m
depth is 0.38 m s21 and the Love wave failure velocity is 1.13 m s21. The Rayleigh wave failure velocity at
100 m depth is 0.13 m s21. The failure velocities are 4 times the values at IBRH16, MYGH05, FKSH16,
IWTH11, and AOMH05, where the S wave velocity from 100 to 300 m depth is �1000 m s21. Observed PGV
was much smaller than the expected failure velocities at all stations (Table 1).

Note that nonlinear attenuation may occur along the full path of the Rayleigh wave. In this case, the east-
ward tensile cycle of Rayleigh waves might have been suppressed before the waves reached our stations.
The waveform of Rayleigh waves in our area is retained during their propagation as the group and phase
velocities depend weakly on frequency [Nishida et al., 2008].

3.3. Dynamic Failure With Regional Horizontal Compression
It is conceivable that the ambient tectonic stresses were compressive enough that the modest dynamic
stresses brought the rock into compressional failure. In our case, this effect would preferentially suppress
westward particle motions, although we did not obviously observe this effect.

To review tectonics, the area with our stations has active NS striking thrust faults and is thus crudely in east-
west compression [Headquarters for Earthquake Research Promotion, 2011]. Analysis of crustal earthquake
mechanisms indicates that EW compression within the area of our station existed before the main shock
and that static stress changes from the main shock modified and partly reoriented the crustal stress [Simons

Table 1. Station Parametersa

Station Lat Lon
Depth

(m)
Rock
Type

Period
(s)

PGA
(m s22)

PGV
(m s21)

Velocity
Change (%)

Anisotropy
Change (%) exx , 1026

AOMH05 40.8564 141.1033 312 NV 1.56 1.37 0.057 23.64 40.6 0.02
CHBH14 35.7342 140.823 525 NKS 2.04 1.73 0.065 21.33 63.4 1.22
FKSH16 37.7643 140.3766 300 QV 1.43 3.54 0.083 24.02 7.1 19.43
IBRH16 36.6405 140.3976 300 NS 0.87 6.61 0.101 20.27 55.5 10.21
IBRH17 36.0864 140.314 510 QS 3.71 5.03 0.057 20.16 29.3 3.05
IBRH18 36.3631 140.6198 504 KS 1.32 6.32 0.090 20.09 30.0 11.02
IWTH11 40.0811 141.1915 300 QV 1.51 1.65 0.076 20.14 46.1 1.43
MYGH05 38.5793 140.7804 337 NS 2.07 4.90 0.172 20.02 13.9 25.60

aDominant rock type in borehole. NV: Neogene volcanics; NKS, Neogene and Cretaceous sediments; QV, Quaternary volcanics; NS,
Neogene sediments; KS, Cretaceous sediments. PGA, broadband horizontal peak ground acceleration measured at surface; PGV, filtered
(0.05–0.5 Hz) horizontal peak ground velocity measured at surface. Negative velocity change: the S wave velocity decreased after shak-
ing [Nakata and Snieder, 2011]. Negative anisotropy change: the material became less anisotropic after shaking [Nakata and Snieder,
2012b]. exx : east-west longitudinal strains computed by K. Johnson (personal communication, 2014) from model of Simons et al. [2011],
extension positive.

Geochemistry, Geophysics, Geosystems 10.1002/2015GC005832

SLEEP AND NAKATA NONLINEAR INTERACTION OF SEISMIC WAVES 2346



Figure 6. Horizontal velocity paths for surface stations IBRH16, IBRH18, FKSH16, IWTH11, CHBH14, and AOMH05 as in Figure 5. There is again no obvious asymmetry of large
excursions.
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et al., 2011; Toda et al., 2011; Hasegawa et al., 2012; Yoshida et al., 2012; Yang et al., 2013]. S wave splitting
experiments indicate that this stress existed at the depths of the boreholes [Nakata and Snieder, 2012a,b].
No stress measurements, however, are available at the few hundred meter depths of our boreholes. Such
stress-orientation measurements are typically taken below 1 km depth [Townend and Zoback, 2000; Zoback
and Townend, 2001; Zoback et al., 2002].

With regard to negative result that no effect of tectonic stress on Rayleigh waves was detected, previous
events may have self-organized the subsurface so that typical shaking causes pervasive frictional failure. We
consider the shear-modulus and the ambient tectonic stress.

First, the shear modulus in (15) may have self-organized over several earthquake cycles so that it increases lin-
early with depth [Sleep, 2011, 2014; Sleep and Erickson, 2014]. For an example, we start with intact rock all the
way to the surface and consider failure during the tensional cycle of ground motions. Rayleigh waves with
maximum particle velocity of Vpast given by previous events impinged on the region. From (15), Vfail was small
within intact shallow rocks with large G. Failure occurred downward to the depth where Vpast5Vfail for the
stiffness Gint of intact rocks. Frictional failure from repeated events caused cracking that reduced the stiffness
so that Vpast � Vfail above that depth. In subsequent events, the rock barely reached frictional failure under
the imposed strain Vpast=cRay of typical strong shaking. This process, called low-cycle fatigue, occurs in engi-
neering applications where a brittle part experiences oscillating strain boundary conditions [Lubliner, 1990].

With regard to observations, the present S wave velocity increases approximately with the square root of
depth if the shear modulus increases linearly (Figure 7). This situation has been observed in seismically
active regions [Sleep, 2011, 2014; Sleep and Erickson, 2014]. The rock in the boreholes (other than IBRH17)
consists of exhumed volcanic and/or sedimentary rocks that likely meet the criterion for having been likely
initially stiff. Retaining q5 2500 kg m23, qw 5 1000 kg m23, and l50:8, we estimate past PGV between
0.45 and 1.04 m s21 from (15), which is greater than the observed PGV from the Tohoku event.

In addition, anelastic strain as in (10) occurs with the sense to relax the total dynamic and ambient stress.
There is a tendency for repeated strong shaking to relax ambient tectonic stress away from frictional failure
[Sleep, 2014]. For an example, we start with our shallow rocks near compressive frictional failure in the
thrust-faulting regime. Failure occurs preferentially where the dynamic stress and the static stress are favor-
ably oriented. The overall anelastic strain within the rock mass systematically reduces the ambient stress in
each event and this strain accommodates the long-term tectonic horizontal convergence. Deeper compres-
sion then gradually reloads the shallow stress. The typical ambient stress will be less than that for frictional
failure if the deep process is slow and strong shaking is frequent.

3.4. Effect of Static Stress Changes
We consider show that static stress changes at our stations were likely modest at our borehole depths even
though these stations are within the near field. For example, the static horizontal strain at MYGH05 is �25.6
3 1026 (Table 1). The S wave velocity deep in the hole is �1000 m s21 so the shear modulus is �2.5 GPa
and the stress change is �0.17 MPa. For reference, the failure stress in extension in (14) is 1.1 MPa at 100 m
depth and 3.4 MPa at 300 m depth. The static strain at IBRH16 and IBRH18 is �1025 and the deep S wave
velocity is �2000 m s21, and hence the static stress change is 0.27 MPa. For comparison, the PGV of
0.172 m s21 at MYGH05 produced a longitudinal strain of �6 3 1025.

So static stress from coseismic strains did not likely to dominate nonlinear attenuation of Rayleigh waves in
our data. They were, however, not negligible. Part of the change in the S wave velocity observed within
boreholes in the region may be associated with changes in ambient stress [Minato et al., 2012].

4. Suppression of High-Frequency S Waves by Low-Frequency Rayleigh Waves

Strong S waves coarrived with strong Rayleigh waves at our stations (Figure 4). These data provide an
opportunity to examine frictional behavior predicted in the trial model in (11) and (12). We are concerned
whether the deviatoric stress parameter jsjeff became large enough that nonlinear behavior occurred on
horizontal fractures.

The earthquake source was spatially distributed over the fault plane and temporally distributed over the
duration of rupture [e.g., Frankel, 2013]. Strong body waves and surface waves thus arrived together from

Geochemistry, Geophysics, Geosystems 10.1002/2015GC005832

SLEEP AND NAKATA NONLINEAR INTERACTION OF SEISMIC WAVES 2348



the distributed sources over an extended interval at a given station. In contrast, S waves arrive before Ray-
leigh waves for lesser events with spatially and temporally compact sources.

In preparation of the discussion of nonlinear attenuation of S waves, we briefly review the behavior of shal-
low S waves for the frictional failure. Conveniently, the peak ground acceleration normalized to the accelera-
tion of gravity is proportional to the Coulomb stress ratio at depth (Appendix B). Frictional failure from S
waves alone is expected when the normalized PGA exceeds the effective coefficient of friction. Thus, the
observed normalized acceleration in should not exceed the effective coefficient of friction in the shallow
subsurface,

Aobs

g
� leff ; (16)

where Aobs is the observed resolved horizontal acceleration.

4.1. Observed Rock Damage and Nonlinearity
There is evidence from transient changes in seismic velocity that nonlinear material behavior did occur dur-
ing Tohoku shaking within the rocks above the borehole stations. The energy to open fractures that
reduced the shear modulus presumably came from the impinging seismic waves. Qualitatively, this rock fail-
ure thus was associated with nonlinear attenuation of the wave, but we do not have a good method to pre-
dict attenuation from the observed changes in seismic velocity.

We review observation of rock damage as a justification for looking for the effects of nonlinear attenuation
on the seismic records. S waves reverberated within a 12 m thick gravel layer at IBRH16. Wu and Peng [2011,
2012] showed that the period of reverberation increased at IBRH16 during strong shaking. The instantane-
ous decrease in S wave velocity from damage correlated with horizontal acceleration as expected from (16).
Long-term changes in the resonant frequency indicate that the gravel was damaged and then slowly
healed. The measured resonance period before the main shock was �0.13 s [Wu and Peng, 2012]. The
period increased during the strong shaking indicating a decreased S wave velocity. By 5 months after the
main shock, the resonant period had recovered to �0.14 s, but not all the way to its preevent value.

Figure 7. (a) The S wave velocity as a function of depth. Curves are piecewise constant. The borehole seismometers are at the ends of the deepest segments. Frictional failure occurs at
peak ground velocities of 0.45 and 1.04 m s21 along the square root of depth curves for the physical parameters given in the text. There is some tendency for the observed S wave
velocities to increase with depth in this way. (b) The quarter-wavelength depth as a function of period. Dots indicate borehole station depths.
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Sawazaki and Snieder [2013] obtained S wave velocity changes by correlating signals at the surface and
504 m deep seismographs at IBRH16. They observed similar time-dependent behavior and attributed the
travel time changes mainly to S wave velocity changes at shallow depths. Similar behavior was observed at
other stations (Table 1). Nakata and Snieder [2011] obtained S wave velocity changes by correlating signals
at the surface and 100 m deep seismographs at FKSH18 and Nakata and Snieder [2012b] studied records
from the 105 m deep borehole and surface stations at FKSH12. The observed S wave velocity decreased
coseismically and gradually recovered over time. The logarithmic recovery of S wave velocity at long times
indicates that part of the velocity change was associated with frictional failure as predicted by the aging
law (7) [Nakata and Snieder, 2011, 2012b; Sawazaki and Snieder, 2013].

4.2. Theory of S Wave Nonlinear Attenuation in Isolation
We begin by applying (16) considering only S waves before discussing their interaction with Rayleigh waves.
We estimate the intrinsic coefficient of friction from the observed PGA of �0.5 g at MYGH05. The surface
gravel layer is only 2 m thick at this station and likely had only modest effects on the waveform. The
expected reverberation period is �0.07 s. However, the signal was weak at this frequency (Figure 8). How-
ever, there were reverberations associated with the general gradual increase of S wave velocity with depth
(Figure 8). This borehole penetrated clay-rich exhumed sedimentary rocks.

To obtain an estimate of the intrinsic coefficient of friction of the rock from (B4), we let the shallow
rock density be 2500 kg m23 and the water density be 1000 kg m23. We obtain an intrinsic coefficient
of friction of 0.8, which is reasonable of starting friction within somewhat intact clay-rich rock. For com-
parison, laboratory values of l for shale range from 0.4 to 0.8 [Kohli and Zoback, 2013]. If clipping of
normalized acceleration at the effective coefficient of friction in fact occurred, the acceleration is
likely to approach its maximum absolute value multiple times. The record at MYGH05 has this property
(Figure 5).

For comparison, PGA at IBRH16 and IBRH18 was slightly higher �0.6 g. S waves reverberated within
gravel layers beneath these stations. There is 12 m of gravel at IBRH16 and 15 m at IBRH18. The pre-
dicted resonance periods are 0.15 and 0.21 s. The measured resonance period before the main shock
for IBRH16 was �0.13 s [Wu and Peng, 2012]. Qualitatively, high-frequency signal of about this period
dominates the record at IBRH16 (Figure 4). The intrinsic coefficient of friction from (B4) of 1 for these
stations applies mainly to the gravel layer. As a general caveat for shallow stations, the assumption that

Figure 8. The spectra for the EW and NS surface components of acceleration at station MYGH05 in arbitrary units. Curves are the
square roots of the product of the Fourier transform and its complex conjugate. The spectra are relatively flat for frequencies lower
than 10–0.5 Hz.

Geochemistry, Geophysics, Geosystems 10.1002/2015GC005832

SLEEP AND NAKATA NONLINEAR INTERACTION OF SEISMIC WAVES 2350



the water table is at the free surface may be incorrect. For reference, the estimated coefficient of friction
is 0.6 (the measured normalized acceleration, not 1, if the water table was below the gravel, setting qw

50 in (B4) for air-filled pores).

4.3. Observed S Wave and Rayleigh Wave Interaction
We apply the trial criterion that nonlinear attenuation will become strong when the stress jsjeff in (12)
becomes too large. We need to estimate the terms in (12) from the S waves and the Rayleigh waves from
seismograms.

Starting with acceleration, the S wave signal at MYGH05 is high frequency. The spectrum (Figure 8) is broad-
band, as there is no sharp reflective boundary to produce a sharp resonance (Figure 7). A complication is
that deep stresses that cause nonlinear behavior are not fully in phase with the surface acceleration for
broadband signal. The relationship in (16) applies approximately to our data (Appendix B), but the seismo-
graph recorded accelerations at the surface while high dynamic stresses and hence nonlinear attenuation
occurred around the quarter wavelength depths of the reverberating S waves. For example, upgoing and
downgoing parts of the complicated signal could constructively interfere at depth without producing an
exceptionally high surface acceleration.

The envelope function (the complex absolute value of the Hilbert transform) acts to decrease the phase
dependence of plotted acceleration and may be a better indication of the underground stress than raw
acceleration for broadband signal. Conveniently, this quantity varies much more slowly with time than do
raw accelerations. We use the resolved envelope function, which is the square root of the sum of the
squares of the two horizontal envelopes,

Ares �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

NSenv1A2
EWenv

q
; (17)

where ANSenv and AEWenv are the north-south and east-west envelopes.

From Appendix A, the dynamic horizontal stress from the Rayleigh wave is proportional to PGV. We use the
resolved horizontal velocity,

Vres �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

NS1V 2
EW

q
; (18)

where VNS and VEW are the north-south and east-west velocities, to measure the intensity of the Rayleigh
wave. In the data processing, we separate Rayleigh and S waves with band-pass filters.

We evaluate frictional failure around the quarter wavelength depth ZQ. As in (16), the coefficient of friction
is expected to bound the observed range of (Ares, Vres). Applying (12) and (16)–(18) yields the predicted
envelope,

jsjeff

ðq2qwÞgZQ

� �
5

Ares

g

� �2

1
8CGVres

3cRayðq2qwÞgZQ

� �2
( )1=2

< l; (19)

where the terms are effectively Coulomb stress ratios. The term on the left-hand side is the effective shear
stress divided by the effective lithostatic stress. Applying (16) yields the first right-hand bracket associated
with S waves. Applying (A7) yields in the second bracket associated with Rayleigh wave. The constant B in
(12) is 0.65 for m50:25. We illustrate its implications of (19) to data by gathering constants and dividing by
the coefficient of friction. This yields the normalized equation for an ellipse,

Ares

Amax

� �2

1
Vres

Vmax

� �2

< 1; (20)

where the intercept Amax is the maximum amplitude of an S wave that can reverberate in the absence of
Rayleigh waves and the intercept Vmax is the Rayleigh particle velocity that brings the shallow material into
failure and thus strongly suppresses S waves. Our prediction is that observed (Ares, Vres) values will be
bounded by such an ellipse.

We concentrate on data from MYGH05 where the S waves reverberated mainly within exhumed sedimen-
tary rocks not gravel. The reverberation occurred mainly within gravel at IBRH16 and IBRH18. The observed
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decrease of shallow S wave velocity during strong shaking at these stations [Wu and Peng, 2011] may have
trapped energy that entered the reverberating layer while its S wave velocity was still high and thus
increase shaking amplitude [Assimaki et al., 2011]. This effect counteracts the diminution of amplitude by
nonlinear attenuation.

The data from MYGH05 do lie within an ellipse as predicted by (20) (Figure 9). There are enough data to
present example calculations, but not enough to do meaningful statistics. We did not find this behavior at
our other Japanese stations. We continue with the MYGH05 to illustrate the procedures from analyzing
such data.

The implications of the acceleration intercept �0.5 g in Figure 9 are straightforward and already discussed
in section 4.2. The intercept is a measure of the effective coefficient of friction, 0.5. This would be appropri-
ate if the water table was near the surface.

The implications of the velocity intercept of �0.215 m s21 are more complicated because nonlinear attenu-
ation occurs over a range of depths, not just at the quarter wavelength depth. We estimate an approximate
value for this depth. The power spectrum for MYGH05 drops off above 10 Hz and is flat at somewhat lower
frequencies (Figure 8). Much of the energy of the signal resides at frequencies modestly lower than 10 Hz.
(The strain energy per volume in the shallow subsurface is proportional to the squares of the plotted

Figure 9. The resolved horizontal acceleration envelope represents dynamic stress at shallow depths from S waves at surface station MYGH05. The resolved horizontal velocity repre-
sents stress from Rayleigh waves. S waves with strong acceleration impinged only when the velocity from Rayleigh waves was low. This behavior is theoretically expected from (20). The
sum of the normalized squares of these quantities is proportional to the deviatoric stress invariant. An ellipse is shown for reference.
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spectra integrated over frequency.) So waves with a period of �0.1 s are relevant. We let the shallow veloc-
ity be �400 m s21 (Figure 7). The quarter wavelength depth is �10 m. We retain the phase velocity of
3000 m s21 to estimate the Coulomb stress ratio from the second right-hand bracket of (19) at that depth
for the intercept Rayleigh wave particle velocity of �0.215 m s21. The Coulomb stress ratio and estimated
effective coefficient of friction is 0.4, comparable to 0.5 obtained from the acceleration.

Therefore, the observed intercepts from both dynamic acceleration from high-frequency S waves and
dynamic velocity from Rayleigh waves are compatible that both wave types brought shallow rock into non-
linear behavior. Figure 9 serves to support the model in (12), (19), and (20) where the average normal trac-
tion on horizontal failure planes does not change and where both S waves and Rayleigh waves contribute
to the shear stress invariant jseff j for failure.

5. Nonlinear Interaction of S Waves With P Waves

P waves and S waves refract into near-vertical paths in the shallow subsurface. The tensile cycle of P waves
reduces the normal traction on horizontal planes. Shear slip then should occur on the planes, nonlinearly
attenuating S waves. That is, strong P waves should suppress S waves if frictional strength decreases with
the instantaneous normal traction. We examine an example involving shallow reverberating waves. The
relationship in (16) carries through to P waves in that the ratio of dynamic stress to lithostatic stress scales
to the vertical normalized acceleration (see Appendix B).

5.1. Observations and Simple Theory
The asymmetry of ground failure from strong P waves is well known [Yamada et al., 2009; Tobita et al., 2010;
Kinoshita, 2011; Bradley and Cubrinovski, 2011]. We illustrate the sign of the effect by considering a shallow
(much less than the quarter-wavelength depth) horizontal plane at depth z. For simplicity, the free surface exerts
no forces. In the static situation, gravity produces a downward force per area of qgz on the surface. The upward
force from lithostatic pressure on the plane of balances this force qgz. If tensile dynamic stress causes the
upward force on the plane to go to zero, shallow rock will accelerate downward in free fall at 1 g. That is, down-
ward accelerations are associated with dynamic tension and upward accelerations with dynamic compression.

If regard to the asymmetry, upward acceleration puts the rock into compression where it is strong. The rock
may well remain elastic. Conversely, rock has little strength in absolute tension so the dynamic tension does
not drop below qgz; downward accelerations tend to clip around 1 g where the normal traction becomes
zero. In addition, strong dynamic tension weakens the rock for frictional shear on horizontal planes. It
should suppress S waves [Tobita et al., 2010]. That is, weakened S waves are expected to arrive during the
tensile cycle of strong P waves.

With regard to data, station IWTH25 was nearly directly above the hypocenter of the 2008 Iwate-Miyagi
earthquake. The body waves were essentially vertical and no apparent surface waves were recorded.
Yamada et al. [2009], Tobita et al. [2010], and Kinoshita [2011] studied the asymmetry of P wave accelera-
tions. As expected, upward accelerations are stronger than downward ones (Figure 10). Tobita et al. [2010]
numerically modeled the suppression of S waves by P waves. There is a tendency of strong S waves to not
arrive during strong tensional P waves (Figure 10).

5.2. Numerical Model
We present an idealized numerical model to illustrate the expected effects of P waves suppressing S waves
in a half-space where shallow reverberations do not occur. The details are in Appendix B.

The parameters of our wave trains are arbitrary, but planned to illustrate key features of S wave suppression
by P waves. We sent a pulse of seven S wave cycles from the bottom of our numerical domain to represent
a long wave train with a period of 0.8 s. We let a continuous train of P waves with a period be 0.64 s impinge
on the surface with an amplitude of 0.7 g. The P waves and S waves thus came in and out of phase. For sim-
plicity, the P waves behaved linearly.

The (natural standard) top boundary condition was no tractions at the free surface, which reflects waves.
Displacements were imposed at the bottom boundary to start the S waves. The bottom displacement was
thereafter set to zero. The calculation was stopped before any reflected S waves reached bottom so this arti-
ficial boundary condition did not affect our numerical results.
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For simplicity, we select attenuation parameters suitable for dry exhumed sedimentary rock (see Appendix B).
Our anelastic strain commences at a Coulomb ratio 0.3 and becomes faster with increasing Coulomb ratio.

We compare the waveform of linear waves with the numerically modeled waveform of nonlinearly attenuated
waves. Our impinging S waves would produce accelerations of 0.8 g at the free surface if linear behavior occurred
(Figure 11a). As expected from (16), nonlinear attenuation approximately clips S waves in the absence of P waves
(Figure 11a). The peak value�0.6 g defines an effective coefficient of friction for our model parameters.

As expected, strong tensile P wave amplitudes suppress S wave amplitudes as expected (Figure 11b). A
subtle effect is the compressive cycles of P waves strengthen the subsurface for frictional sliding. Strong S
waves do propagate the surface. Note that the acceleration must integrate to zero as the velocity eventually
returns to zero.

Figure 10. (a) The record at the surface station IWTH25 of the 2008 Iwate-Miyagi earthquake. Strong accelerations occur on the compres-
sional phase of the vertical record. (b) Polar plot of the resolved horizontal acceleration with respect to the vertical acceleration. Circles of
total acceleration of 1 and 2 g are shown for reference. The highest horizontal accelerations occur with weak vertical accelerations.
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6. Interaction of High-
Frequency S Waves With the
Near-Field Velocity Pulse

We discussed in section 3.4 the mod-
est effect of static coseismic stress
changes at our Tohoku stations. We
examine data from the 28 June 1992
Landers Mw 7.3 earthquake (Figure
12) where dynamic strain from the
near-field velocity pulse likely caused
high dynamic stresses within the stiff
granite beneath a seismic station. In
this case, nonlinear behavior likely
occurred down to a few hundred
meters depth.

We note that the strong near-field
velocity pulse for the 2010 magni-
tude 8.8 Maule Chile earthquake
coarrived with high-frequency S
waves at Constituci�on [Ruiz et al.,
2012]. However, we do not know of
any information on the subsurface
velocity structure that would allow
one to estimate dynamic stresses
from the velocity pulse.

6.1. Observed Shaking at Lucerne
An analog station at Lucerne (LUC,
located at 34.5688N, 116.6128W)
recorded strong motions 1.25 km
southwest of the nearest fault rup-
ture of earthquake. Iwan and Chen
[1995] and Chen [1995] obtained dig-
ital broadband records from the raw
data. We use their digital horizontal
records (Figure 12). Sleep [2012]
recovered the digital vertical record
from a plot file of their data that is
not easily available from archives in

numerical form. We retain the timing from these recovered records, but mildly adjust the absolute ampli-
tude of the vertical acceleration.

The Lucerne seismograph was located on weathered granite above intact granite. We retain the physical
properties from the seismic records and from unpublished data (R. Nigbor, personal communication, 2011)
in the work of Sleep [2012]. The weathered layer is 13.5 m thick with S wave velocity of 400 m s21 and P
wave velocity of 693 m s21 (S wave velocity times

ffiffiffi
3
p

keeping insignificant digits). The underlying granite
has S wave velocity of 3000 m s21 and P velocity

ffiffiffi
3
p

times this. We use the generic density of 2500 kg m23

for both layers in example calculations.

The 1992 Landers event ruptured on a complicated series of faults in eastern California [e.g., Wald and Hea-
ton, 1994; Bouchon et al., 1998]. These works did not consider the Lucerne data, so we continue with the
basic aspects of near-field pulses discussed by Bouchon et al. [1998].

The static displacement at Lucerne lasted from 6 to 20 s on the time scale in Figure 12 with most of the dis-
placement between 8 and 18 s [Iwan and Chen, 1995; Chen, 1995]. The qualitative sequence of stress changes

Figure 11. The computed absolute value of horizontal acceleration normalized to
the acceleration of gravity from S waves (thick red line). The signal that would be
produced in a linear material is shown for reference (thin blue line). (a) No P waves
are present. The S waves clip at 0.6 g. (b) P waves with a peak acceleration of 0.7 g
(dashed green line) arrive with the S waves. The S wave acceleration is suppressed at
the times of peak downward acceleration (arrows). The S wave amplitude during the
compressional phase of the P wave is sometimes slightly higher than that of the
impinging signal (filled rectangles).
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is evident. The initial dynamic
velocity augmented the ambient
strike-slip tectonic stress ahead
of the rupture tip approaching
Lucerne. As a reality check, the
combination of these stresses
was large enough to produce
off-fault failure elsewhere, where
the rupture jumped between
nearby faults [e.g., Wald and Hea-
ton, 1994; Bouchon et al., 1998].
Slip eventually occurred on the
fault plane adjacent to Lucerne
and decreased the fault-parallel
shear traction. The static dis-
placement at Lucerne ceased
once fault slip moved farther
away.

6.2. Dynamic Stresses Beneath
Lucerne
We obtain scaling estimates of
the static stress change in the

underlying granite at Lucerne, from geodetic data. Massonnet et al. [1993] obtained surface displacements
from InSAR data. The near-fault displacement varies by �2 m over 5 km, giving a strain of �0.4 3 1023. The
shear modulus of the underlying granite is 22.5 GPa, giving a stress change of 9 MPa.

With regard to dynamic stress, the velocity pulse likely propagated crudely at the S wave velocity of
�4000 m s21 of deep intact granite. The scale strain V=b is 0.375 3 1023, giving a dynamic stress of 9 MPa
using the maximum particle velocity V of �1.5 m s21. For reference, treating the velocity pulse as an S wave
in the 3000 m s21 granite yields a scale stress qVb of 11.25 MPa. As expected in the near field, the dynamic
stress changes were comparable to the static ones.

We provide example calculation with realistic parameters for the Coulomb stress ratio. We assume the
water table was deep at Landers and use the effective stress qgz to estimate frictional properties for
comparison with the dynamic stress estimates. The starting coefficient of friction in granite is not
known. It could be from �1 in locally mildly cracked domains to �2 where intact [Lockner, 1995]. In
these cases, frictional failure commences above a depth of 360 and 180 m, respectively, for 9 MPa of
shear traction from the static strain. For reference, the typical wavelength of �7 Hz S waves in Figure
12 is �400 m. So at least a quarter-wavelength of seismic ray passed through granite that was likely
nonlinear in friction.

In more detail, the granite responded to the tensor sum of the dynamic stress and the ambient strike-slip
stress before event. We have no direct constraints on the ambient stress so we use a simple model of the
earthquake cycle including frictional strength of shallow intact granite. Interseismic deep (partly elastic)
deformation imposes displacements and strains on the shallow granite. The static strain in the earthquake
reversed these strains and relaxed the shear traction on the fault. That is, interseismic strain has the sense
to increase ambient tectonic stresses at shallow depths. The strain was large enough to bring shallow intact
granite with a coefficient of friction of 2 into frictional failure. Overall, interseismic anelastic strain likely
occurred with the upper few hundred meters of the granite. The rock was likely near frictional failure with
strike-slip sense when the Landers event started.

6.3. Nonlinear Attenuation of High-Frequency S Waves
We make the inference from (10) that high-frequency S waves should nonlinearly attenuate when the gran-
ite was undergoing frictional failure because individual small slipping fractures did not distinguish among
stresses from high-frequency S waves, stresses from the velocity pulse, and preexisting tectonic stresses.

Figure 12. Resolved horizontal acceleration (thin green curves), resolved horizontal velocity
(thick blue curves), and upward acceleration (thick red curves) at Lucerne. The velocity record
from 6 to 18 s shows the near-field velocity pulse. The fault-parallel shear stress increased
early on. The stress from the velocity may have been strongly antithetic to fault motion
around 12.5 s; the amplitude of S waves was lower at that time.
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We do not know much about the impinging S wave raypaths. The S wave velocity of the intact granite is
fast, so the raypaths were not refracted into the vertical. Rays likely arrived in various directions from the
fault plane. We proceed with a qualitative model.

The velocity record in Figure 12 is compatible the expected sequence of events at a near-field site [e.g., Wald
and Heaton, 1994; Bouchon et al., 1998]. The observed amplitude of high-frequency S waves qualitatively cor-
relates with our predictions. Dynamic frictional failure in the granite occurred ahead of the rupture tip during
the initial part of the velocity pulse increased the shear stress from �7 to �9 s. The S waves attenuated nonli-
nearly and arrived with weak amplitudes. By �9 s, the velocity pulse had reduced the tectonic shear stress so
frictional failure in the granite beneath Lucerne had ceased. The S waves behaved more linearly and arrived at
higher amplitudes at the surface. The dynamic shear stress likely brought the shallow subsurface into anti-
thetic failure around �12.5 s, again suppressing S waves. Strong S waves passed through low-stress granite
from �13 to �17 s. Thereafter, fault rupture was too far away to produce strong accelerations.

Further quantification is difficult, as we do not have much information on the generation of high-frequency
body waves and hence of the amplitude of waves arriving at a few hundred meters depth. Still, the sus-
tained (low-frequency) acceleration of the near-field velocity pulse is a measure of moment generation, slip,
and perhaps high-frequency wave production on the nearby fault. There is no obvious reason why early slip
should have generated weak body waves and later slip generated strong body waves.

Milliner et al. [2015] studied along-strike near-fault static displacements the Landers faults. They inferred
shallow anelastic strains accommodated �46% of the macroscopic slip over a cross-strike width of �154 m.
Furthermore, direction detection of shallow anelastic behavior may be feasible with modern instruments.
For example, strong shaking likely caused very shallow small earthquakes as at Parkfield [Fischer et al.,
2008a, 2008b; Fischer and Sammis, 2009]. The Lucerne records are not optimal for searching for high-
frequency pulses from such events. The seismograph was insensitive to signal above �25 Hz [Iwan and
Chen, 1995; Chen, 1995]. We do not have a viable recognition method for such energy bursts within the
broadband frequency range of the main shock.

6.4. Caveats on Shallow Reverberations
As noted in section 6.1, a shallow (�13.5 deep) layer of low-velocity weathered granite exists beneath
Lucerne. High-frequency body waves reverberated with near vertical paths within this layer. We discuss
complications related to the reverberations with regard to analyzing S wave amplitudes.

First, S wave energy remained within the layer for �0.5 s and P wave energy for �0.3 s. These reverbera-
tions dominate acceleration records (Figure 12). The observed accelerations depend on the flux of energy
from below averaged over these times [Sleep, 2012]. This effect is not a major issue for comparison of S
wave amplitude with the slowly changing near-field velocity pulse.

A second effect arises because the signal is broadband and unpredictable [Moustafa and Takewaki, 2009;
Moustafa, 2010]. S waves may come into phase at the surface and cause high accelerations but be out of
phase at depth and not cause high stresses and nonlinear attenuation, or vice versa. With regard to wave
types, the base of the weathered granite is irregular so there is some conversion of energy between P waves
and S waves [Sleep, 2012]. The horizontal and vertical components do not fully separate the wave types.

Finally, there may be some tendency of strong high-frequency P waves to suppress S waves as discussed in
section 5 (Figure 12). Weak S waves do occur as expected where P waves are strong near 9.5 s.

However, the existence of reverberations complicates straightforward interpretation. S wave energy loiters
within the layer for a fraction of a second. Thus, the effect of suppression of S wave energy by a tensional P
wave half-cycle will persist in the layer when the P wave becomes compressive. The usual issue with broad-
band signal arises: the deep stresses that cause nonlinear behavior are not fully in phase with the surface
acceleration.

The overall amplitudes of P waves and S waves over a fraction of a second may be better measures of accel-
eration for considering nonlinear attenuation than the instantaneous peak amplitudes. Then there are far
fewer independent samples for statistical analysis than when each peak amplitude behaves independently,
as in the numerical model (Figure 11). We do not attempt to quantitatively model S wave with P wave inter-
action with the Lucerne data.
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7. Discussion

We obtained analytical treatments for the nonlinear attenuation of strong seismic waves within rock from
�10 to a few hundred meters depth. This situation differs from the traditional engineering applications for
shallow nonlinearity with ductile soil. Intuitively, rock should fail in friction. The form of the failure criterion,
however, is not evident, especially when the normal traction on fractures and the mean stress change.

Frictional theories based on optimally oriented fractures (Figure 1) in (15) and those based on invariants of
the stress tensor in a rock mass [Drucker and Prager, 1952] in (4) and (10) have been in wide use. For exam-
ple, numerical models by Roten et al. [2014] employed Drucker and Prager [1952] plasticity. One of our
objectives was to find field cases where analytical theory provided predictions that would allow one to sort
out the appropriate frictional formalism. Our working testable assumption is that rocks masses do not dis-
tinguish among dynamic stresses from different classes of seismic waves and ambient tectonic stresses. We
reiterate our field examples.

Rayleigh waves produce horizontal dynamic tension and compression at shallow depths. In the
absence of tectonic stress, frictional failure occurs at a smaller dynamic stress change for tension than
for compression (Figure 1). Attenuation from this failure would suppress the tensional half-cycle of Ray-
leigh waves. We did not observe this effect on records of Great Tohoku earthquake. Most likely the
wave amplitudes were too feeble to bring the uppermost few hundred meters of the subsurface into
frictional failure.

Rayleigh waves are also expected to interact with shallow ambient tectonic stresses. Failure would occur on
the compressional half-cycle if the tectonic stress was so large that the rock was already near failure. We did
not observe this effect on seismograms from Great Tohoku earthquake. It is conceivable that frictional fail-
ure during previous strong events had already relaxed the tectonic stress.

The strong 3–4 s Rayleigh waves might be expected to suppress high-frequency S waves. Here the predic-
tions of theory based on horizontally oriented failure fractures differ from that of theory based on stress
invariants. With regard to oriented fractures, shear waves cause horizontal shear traction on horizontal frac-
tures. Rayleigh waves do not change the mean shear traction or the mean normal traction, on such shallow
fractures. So no interaction is expected. However, both Rayleigh waves and S waves contribute to the shear
invariant jsj in (12). High-frequency S waves thus are expected to be suppressed at times of high Rayleigh
wave particle velocity.

We noted in (19) and (20) that Rayleigh waves do not change the mean normal traction on shallow
horizontal surfaces. The predicted failure envelope is thus an ellipse in high-frequency S wave acceleration,
Rayleigh wave particle velocity space. Data from Japanese station MYGH05 were bounded by such an
ellipse (Figure 9). The nonlinear behavior occurred at �10 m depth.

The tensile cycle on strong P waves reduces the normal traction on horizontal planes. The frictional strength
of these planes from the horizontal shear traction from strong S waves should be decreased. That is, strong
P waves should suppress S waves as in Figure 10 for the 2008 Iwate-Miyagi earthquake.

The near-field velocity pulse ahead of the rupture tip in the 1992 Landers earthquake augmented ambient
tectonic stress in the upper few under Lucerne. The increased stress brought the rock mass into friction fail-
ure. This interaction suppressed high-frequency S waves in Figure 12.

8. Conclusions

Sufficiently strong seismic waves should bring rock within the uppermost ten to few hundred meters into
frictional failure. We have made the reasonable potentially testable hypothesis that fracture surfaces within
rock do not distinguish between remote sources of traction. The combined effects of various classes of seis-
mic waves and of ambient tectonic stresses bring fractures into failure. The predicted net effects of numer-
ous fractures on the scale of the rock mass are anelastic strain and nonlinear attenuation.

Strong seismic waves of one class thus may suppress waves of another class. We presented mildly positive
examples. Strong 3 s Rayleigh waves appear to have suppressed high-frequency S waves during the 2010
Great Tohoku earthquake. Strong high-frequency P waves suppressed high-frequency S waves during the
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Iwate-Miyagi earthquake. The near-field velocity pulse suppressed high-frequency S waves during the 1992
Landers earthquake. These examples serve to illustrate the expected effects as an aid to appraising more
examples. They are compatible with the occurrence of nonlinear effects, but are too poorly resolved to
make detailed inferences about rock mechanical properties.

Appendix A: Dynamic Strain and Stress From Rayleigh Wave

We obtain the relationship between particle velocity and shallow dynamic stress for a Rayleigh wave from
well-known wave equations. Our monochromic Rayleigh wave propagates in the x direction. The horizontal
displacement at the surface is,

Ux5U0exp ½iðxt2kxÞ�; (A1)

where U0 is the maximum horizontal displacement. This displacement varies slowly with depths z � 1=k.
We use it to represent wave properties in the shallow subsurface. The shallow particle velocity is then

Vx5ixU0exp ½iðxt2kxÞ�: (A2)

The longitudinal strain in the x direction is

exx5
@Ux

@x
52ikU0exp ½iðxt2kxÞ�: (A3)

From (A2) and (A3), the maximum strain in the x direction is

emax5
Vmax

cRay
; (A4)

where cRay � x=k is the phase velocity of the Rayleigh wave and Vmax � jU0xj is PGV. A particle velocity in
the direction of wave propagation produces horizontal compression.

We obtain expressions for ambient static stress and dynamic stress from Rayleigh waves for application to
frictional failure. The dynamic stresses sxz and szz are zero at the free surface. The dynamic strain eyy perpen-
dicular to the xz plane of particle motion is zero. The maximum horizontal dynamic stress from peak strain
emax from exx is then,

Drmax5emax
E

ð12v2Þ

� �
� 8

3
emaxG; (A5)

where E52ð11vÞG is Young’s modulus, m5k=2ðk1GÞ is Poisson’s ratio, k is the second Lam�e constant, and
the approximate equality assumes k5G [e.g., Turcotte and Schubert, 2002, p. 114]. For reference, the multi-
plicative constant is 4 in the limit of Poisson ratio of 1=2.

We obtain the particle velocity at failure Vfail for optimally oriented fractures from (A5). The stress change
for failure Drfail in (1) equals the bracket in (1) times the effective vertical normal traction Peff ,

8qb2Vfail

3cRay
5

2l

11l2ð Þ1=2
7l

" #
ðq2qwÞgz½ �; (A6)

where the plus sign represents dynamic horizontal tension. Solving for the societal relevant quantity PGV at
rock failure yields

Vfail5
3gBzðq2qwÞcRay

8qb2 ; (A7)

where B is the term in the bracket in (A6). For comparison, the failure velocity of Love waves is

VLove5
gzlðq2qwÞcLove

qb2 ; (A8)

where cLove is the phase velocity of Love waves [Sleep and Erickson, 2014]. The ratio of these velocities is
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Vfail

VLove
5

3BcRay

8lcLove
: (A9)

Appendix B: Stresses and Nonlinearity of Body Waves Near the Free Surface

We obtain the relationship between dynamic acceleration and Coulomb stress ratios in the shallow subsurface.
For simplicity, we first present the results for S waves. Particle motion is only in the x horizontal direction. With
the long duration of S wave shaking in Figures 4 and 5 in mind, we represent a wave train of long duration as
sinusoidal oscillation with a single frequency within a half-space. We present formulas for stress from shallow S
waves for application to frictional failure. Reflection of an upgoing wave from the free surface produces a down-
going wave so that the shear traction s is zero at the free surface. The displacement U in the x-direction is

U5U0 cos ðxt1kzÞ1cos ðxt2kzÞ½ �; (B1)

and the shear traction on horizontal planes is

s5G
@U
@z

52GkU0 sinðxt1kzÞ2sinðxt2kzÞ½ �522U0GkcosðxtÞsinðkzÞ; (B2)

where 2U0 is the peak scalar displacement at the free surface z50, z is depth, k is wave number, x is angu-
lar frequency, and G is the shear modulus. The S wave velocity b5x=k5

ffiffiffiffiffiffiffiffi
G=q

p
where q is density. The final

equality gives the expression for a standing wave that shows that shallow stress is in phase with surface dis-
placement and surface acceleration.

The quarter-wavelength depth and the scale depth 1=k provide convenient length scales for frictional
failure. Stress reaches its overall maximum of 2s0 � 2GkU052qV0b at the quarter wavelength depth
p=ð2kÞ, where V0 is the maximum particle velocity. For an isolated propagating wave U5U0cos ðxt6kxÞ,
the maximum scalar stress is qV0b and the maximum dynamic strain is V0=b. At shallow depths where
kz < 1, the first term of the Taylor series expansion of (B2) yields the well-known result that the peak
shear stress is

jsj52U0k2Gz52qV0bkz52qA0z; (B3)

where A0 is the maximum acceleration.

To the first order, vertically propagating S waves cause frictional failure on horizontal planes. The effec-
tive stress is ðq2qwÞgz. The frictional failure criterion then implies that the dynamic stress will be
bounded by jsj � ðq2qwÞlgz, where l is the coefficient of friction. In the region near the free surface
where (B3) applies, the maximum peak ground acceleration (PGA) is predicted to be bounded by the
frictional failure criterion,

2A0

g
� ðq2qwÞ

q

� �
l � leff : (B4)

At failure, the peak normalized ground acceleration in is 2A0=g [e.g., Hartzell et al., 2004, p. 1614]. The sec-
ond equality defines the effective coefficient of friction leff . Nonlinear attenuation would tend to clip on
normalized acceleration at this level if the rock failed in friction.

The S waves in our data are broadband (Figure 8). We discuss application of (B4) to such data. We repre-
sent the displacement, as upgoing and downgoing kinematic waves Ux5U0 Hðbt1zÞ1Hðbt2zÞ½ �, where H
is an arbitrary well-behaved function. The velocity at z50 is the time derivative 2bU0H0ðbtÞ: The accelera-
tion is A52b2U0H

00 ðbtÞ, which is twice the acceleration that the upgoing wave would produce alone. The
stress at the very shallow depth dz depends on the spatial derivative s5U0G H0ðbt1dzÞ2H0ðbt2dzÞ½ �, which
goes to zero at the free surface. In the limit of dz ! 0, the shear traction is 2U0GdzH

00 ðbtÞ: Noting that G5

qb2 recovers (B4).

That is, the stress ratio on the right-hand side of (B4) applies at the free surface where normal traction and
shear traction approach 0. However, the frictional limit on acceleration in (B4) is unlikely to apply at
extremely shallow depths. Real rocks are likely to have some cohesive strength at zero normal traction and
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real seismographs are moored to the ground with finite strength. Thus nonlinear attenuation occurs at a
finite depth with the highest stresses being around the quarter wavelength depth. The stress s at depth is
statistically but not simply to the surface acceleration. We use the envelope function in (17) to obtain a sta-
ble prediction of shallow stress from measured surface acceleration.

The derivation of dynamic stresses for vertical P waves is analogous to that for vertical S waves in (B4). The
dynamic vertical pressure change from a monochromic P wave reflecting from a free surface is in analogy
with (B2),

2Pzz5ðk12GÞ @UP

@z
52ðk12GÞkPUP sinðxt1kPzÞ2sinðxt2kPzÞ½ �

522ðk12GÞkPUPcosðxtÞsinðkPzÞ;
(B5)

where the P wave velocity is a5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk12GÞ=q

p
and the subscript P indicates properties of the P wave. The

relationships between dynamic pressure and acceleration for S waves in (B3) and (B4) carry through. The
ratio of dynamic pressure change to lithostatic pressure is proportional to the normalized surface accelera-
tion with downward acceleration producing dynamic tension. Downward acceleration weakens horizontal
planes in friction while downward acceleration strengthens them.

The interaction of vertical S waves with P waves is simple enough to model with code modified from that of
Sleep and Erickson [2014]. This code applies to a homogeneous half-space. We retain their physical parame-
ters appropriate to shallow Los Angeles Basin sediments: The S wave velocity is 500 m s21 and the P wave
velocity

ffiffiffi
3
p

times this. Density is 2250 kg m23. We let the anelastic strain per time step (Dt50:002 s over
1 m grid) function be

De5e0Dt5f
sM

G

h i jsft0gj2sB

sM

� �M

; (B6)

where anelastic strain has the sign to relieve stress, f51 is a dimensionless constant, sM5qglMz is a stress
where frictional creep becomes fast at the Coulomb stress ratio lM50:8; sB5qglBz implies that no anelastic
strain occurs below a Bingham coefficient of friction of lB50:3 (e050; jsj � sB), and M55 is an exponent
that represents modestly rapid transition between slow and fast deformation as dynamic stress increases.
There is no frictional creep below a Coulomb stress ratio of 0.3. The intent is to represent the net behavior
of a rock mass with numerous fractures with different frictional strengths and different prestresses. The
transition from elasticity to plasticity is gradual as in (10) and (11). We replaced in the code g with g1aP ,
where aP is the imposed local P wave acceleration.
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