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Thanks

• Church: Mansinghka, Roy, 
            Bonawitz, Tenenbaum.

• MIT-Church: Roy, Wingate, Stuhlmuller, ..

• Other projects in this talk: Piantadosi, 
Tenenbaum, Griffiths, Feldman, Baker.



Motivation

• We want a formalism for knowledge 
representation that:

• Permits model abstraction and composition.

• Supports flexible reasoning under uncertainty.

• A probabilistic language of thought.



Probabilistic generative models

• Probabilistic: degrees of 
belief for reasoning under 
uncertainty.

• Inference specified by 
(Bayesian) conditioning.

• Generative: knowledge 
describes causal process 
leading to observations.
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Probabilistic generative models

• Very successful in machine 
learning and cognitive 
modeling.

• But, lacks a compositional 
description language.
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Probabilistic generative models

• Very successful in machine 
learning and cognitive 
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P(cough|flu,TB) TB no TB

flu 0.8 0.8

no flu 0.8 0.1

P (H |d) ∝ P (d|H)P (H)
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“Explaining away”:

P(flu|cough, TB) = 0.2

P(flu|cough) = 0.66
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Belief

Action

Desire
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Generative models
• Declarative knowledge, expressed as a process 

(sequence of choices)...

• Lisp+amb+require (McCarthy, 1961)?

• No preference among non-failing computations.

• No additivity over computations.

• Difficult to support continuous choices....

“Explaining away”:

P(flu|cough, TB) = 0.2

P(flu|cough) = 0.66

(let ((flu (amb true false))
      (TB  (amb true false))
      (cough (or flu TB)))
 (require  (and cough TB))
 flu)



Outline

• The Church language

• Implementation highlights

• Applications

• Learning programs

• Reasoning about other agents



The Church language

• Start with pure subset of Scheme 
(call-by-value lambda calculus).

• expression ::=
  constant | variable |
  (e1 e2 ...) | (lambda (x...) e) | 
  (if e1 e2 e3) | (quote e)

• Standard primitive constants and functions 
including numbers, list constructors, ...

• Add random primitives, memoization, 
and query (inference) operators.

Goodman, Mansinghka, Roy, Bonawitz, Tenenbaum (2008)



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)

=> 1



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)

=> 1
=> 0



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)

=> 1
=> 0
=> 1



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)

=> 1
=> 0
=> 1
=> 2



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)

=> 1
=> 0
=> 1
=> 2

0
0
0
0



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)

=> 1
=> 0
=> 1
=> 2

0
0
0
0

0
0
1
1



ERPs
• Introduce randomness with ERPs: 

random operators that can sample, 
score, and un-sample. (Generalizes amb.)

• Primitive ERPs are provided (both discrete and 
continuous).  For example, (flip w) is a 
bernoulli with weight w:

• ERPs defined natively or via FFI.

(define a (flip 0.3))
(define b (flip 0.3))
(define c (flip 0.3))
(+ a b c)

=> 1
=> 0
=> 1
=> 2

0
0
0
0

0
0
1
1..



ERPs
• Introduce randomness with ERPs: 
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Conditioning
• eval runs the process a program 

describes; this induces a distribution.

• query conditions this distribution, 
returning a sample from the conditional. 
(Thus, query generalizes eval.)
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  (+ a b c)
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Conditioning
• eval runs the process a program 

describes; this induces a distribution.

• query conditions this distribution, 
returning a sample from the conditional. 
(Thus, query generalizes eval.)

Query

(query 
  (define a (flip 0.3))
  (define b (flip 0.3))
  (define c (flip 0.3))
  (+ a b c)
  (= (+ a b) 1))    
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Defining query
• Directly as a conditional probability 

distribution (see Goodman, et al, 2008).

• As the distribution induced by a 
definitional implementation:

• Note that query is lexically scoped: all 
choices outside the query block are fixed.

(define (query defines q-expr c-expr env)
  (eval defines env)
  (if (eval c-expr env)
      (eval q-expr env)
      (query defines q-expr c-expr env)))
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Example: explaining away
Flu

cough

TB
“Infer the chance of flu, 
 given observed cough.”

=> true on 
20% of 
evals

(query
 (define flu  (flip 0.2))
 (define TB  (flip 0.01))
 (define cough  
  (if (or flu TB) 
      (flip 0.8) (flip 0.1)))
 flu
 (and cough TB))
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• Pure deterministic thunks always return the 
same value. What is the stochastic version of 
purity?

• Independence of repeated evals?

• Not closed under lambda (closures):

• Exchangeability is closed under lambda.
(Related to concurrency: stateful, but order doesn’t matter.)

Aside: stochastic purity

(define coin (λ () (flip)))
(repeat 10 coin) => 1 0 1 1 0 1 0..

(define my-coin 
 (let ((weight (uniform)))
  (λ () (flip weight))))
(repeat 10 my-coin)

=> 1 1 1 1 0 1 1..
=> 0 1 0 0 0 0 1..



Memoization

• The mem primitive memoizes a procedure.
• This changes the semantics (unlike in deterministic 

pure Lisp).

• Preserves exchangeability.

• Permits (lazy) infinite models:

(= (flip) (flip))

(define mem-flip (mem flip))
(= (mem-flip) (mem-flip))

True with probability 0.5

True with probability 1.0

(define lazy-flips (mem (lambda (x) (flip))))
(+ (lazy-flips 1) (lazy-flips 2) (lazy-flips 2))

The values for (lazy-flips 3), etc,  need never be created.
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Implementing query
• Rejection sampler:

• Simple, but very inefficient.

• Many probabilistic inference algorithms 
could provide other implementations.

• Backtracking enumeration (Eg. Radul, et al).

• Variable elimination (Eg. Pfeffer).

(define (query defines q-expr c-expr env)
  (eval defines env)
  (if (eval c-expr env)
      (eval q-expr env)
      (query defines q-expr c-expr env)))



Metropolis-Hastings

• To sample from      , repeatedly:

• propose    from               ,

• accept with probability:

• This converges in distribution to
(even if      isn’t normalized).

min
!

1,
P(x)Q(x → x ′)
P(x ′)Q(x ′ → x)

"

Q(x ! x!)
P(x)

P (x)

x′ Q(x ! x! )

P (x)

P (x)



MH intuition

• Guided hallucination: Imagine a ‘world’, 
imagine a small change to that world, 
accept the new world or revert. Repeat.

• MH acceptance policy results in samples 
from true distribution over worlds.

• Probability distributions remain implicit.

• In Church a ‘world’ is a computation 
trace from evaluating an expression....



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)
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((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)

• Update the trace “conservatively”.
• Accept new trace according to MH rule.

((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t

false->true



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)

• Update the trace “conservatively”.
• Accept new trace according to MH rule.

((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t

false->true



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)

• Update the trace “conservatively”.
• Accept new trace according to MH rule.

((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t

false->true



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)

• Update the trace “conservatively”.
• Accept new trace according to MH rule.

((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t

false->true



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)

• Update the trace “conservatively”.
• Accept new trace according to MH rule.

((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t

false->true



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)

• Update the trace “conservatively”.
• Accept new trace according to MH rule.

((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t

false->true



MH on computation traces

• Choose an ERP, propose a new value.
(ERPs can have proposers, by default sample from prior.)

• Update the trace “conservatively”.
• Accept new trace according to MH rule.

((lambda (x y) (and x y)) (ßip) (ßip))
 value: #f

 
 value: #f

 bindings:(x y)

(lambda (x y) (and x y))
 value: procedure

(ßip)
 value: #f

(ßip)
 value: #t

(and x y)
 value: #f

 
 value: #f

ßip
 value: erp

 
 value: #t

 
 value: #f

and
 value: primitive

x
 value: #f

y
 value: #t

false->true



MH on computation traces

(flip (if (flip) 0.3 0.7))

 value: #t

 score: -1.0498221244986778

 

 value: #t

 score: -0.35667494393873245

flip

 value: erp

 score: 0

(if (flip) 0.3 0.7)

 value: 0.7

 score: -0.6931471805599453

(flip)

 value: #f

 score: -0.6931471805599453

0.7

 value: 0.7

 score: 0

 

 value: #f

 score: -0.6931471805599453

This is the trace of eval on:
(flip (if (flip) 0.3 0.7))



MH on computation traces

(flip (if (flip) 0.3 0.7))

 value: #t

 score: -1.0498221244986778

 

 value: #t

 score: -0.35667494393873245

flip

 value: erp

 score: 0

(if (flip) 0.3 0.7)

 value: 0.7

 score: -0.6931471805599453

(flip)

 value: #f

 score: -0.6931471805599453

0.7

 value: 0.7

 score: 0

 

 value: #f

 score: -0.6931471805599453

This is the trace of eval on:
(flip (if (flip) 0.3 0.7))



MH on computation traces

(flip (if (flip) 0.3 0.7))

 value: #t

 score: -1.0498221244986778

 

 value: #t

 score: -0.35667494393873245

flip

 value: erp

 score: 0

(if (flip) 0.3 0.7)

 value: 0.7

 score: -0.6931471805599453

(flip)

 value: #f

 score: -0.6931471805599453

0.7

 value: 0.7

 score: 0

 

 value: #f

 score: -0.6931471805599453

This is the trace of eval on:
(flip (if (flip) 0.3 0.7))

Weight of first
flip changes.



MH on computation traces

(flip (if (flip) 0.3 0.7))

 value: #t

 score: -1.0498221244986778

 

 value: #t

 score: -0.35667494393873245

flip

 value: erp

 score: 0

(if (flip) 0.3 0.7)

 value: 0.7

 score: -0.6931471805599453

(flip)

 value: #f

 score: -0.6931471805599453

0.7

 value: 0.7

 score: 0

 

 value: #f

 score: -0.6931471805599453

Re-score,
don’t re-sample

the first flip.

This is the trace of eval on:
(flip (if (flip) 0.3 0.7))

Weight of first
flip changes.



MH on computation traces

(flip (if (flip) 0.3 0.7))

 value: #t

 score: -1.0498221244986778

 

 value: #t

 score: -0.35667494393873245

flip

 value: erp

 score: 0

(if (flip) 0.3 0.7)

 value: 0.7

 score: -0.6931471805599453

(flip)

 value: #f

 score: -0.6931471805599453

0.7

 value: 0.7

 score: 0

 

 value: #f

 score: -0.6931471805599453

Re-score,
don’t re-sample

the first flip.

Return value
doesn’t change.

This is the trace of eval on:
(flip (if (flip) 0.3 0.7))

Weight of first
flip changes.



mh-query

• This implementation of query works for 
any Church program.

• Complexity depends on complexity of 
program (both model and query/evidence).

• Initialized by constraint propagation.

• Large speed gains by exploiting lexical scoping 
(use static information to dynamically recognize 
parts of the trace that needn’t be updated.)

• MIT-Church implementation, in R6RS Scheme.
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Aside: relaxing & tempering

• Relaxing a probabilistic program smoothes search.

• MIT-Church allows parallel tempered MCMC for any 
free variable(s) -- e.g. temper on a relaxation param.

(query
 (define a (flip))
 (define b (flip))
 (define c (flip))
 (list a b c)
 (and (and a b) 
      (and b c)))

abc



Aside: relaxing & tempering

• Relaxing a probabilistic program smoothes search.

• MIT-Church allows parallel tempered MCMC for any 
free variable(s) -- e.g. temper on a relaxation param.

(define (noisy-and a b n)
 (flip (if (and a b) 1 n)))
(define noise 0.2)
(query
 (define a (flip))
 (define b (flip))
 (define c (flip))
 (list a b c)
 (and (noisy-and a b noise)    
      (noisy-and b c noise)))
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free variable(s) -- e.g. temper on a relaxation param.
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 (define a (flip))
 (define b (flip))
 (define c (flip))
 (list a b c)
 (and (noisy-and a b noise)    
      (noisy-and b c noise)))
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Aside: relaxing & tempering

• Relaxing a probabilistic program smoothes search.

• MIT-Church allows parallel tempered MCMC for any 
free variable(s) -- e.g. temper on a relaxation param.

(define (noisy-and a b n)
 (flip (if (and a b) 1 n)))
(tempered-query 
 ‘(noise) ‘((0.0 0.2))
 (define a (flip))
 (define b (flip))
 (define c (flip))
 (list a b c)
 (and (noisy-and a b noise)    
      (noisy-and b c noise)))



Aside: relaxing & tempering

• Relaxing a probabilistic program smoothes search.

• MIT-Church allows parallel tempered MCMC for any 
free variable(s) -- e.g. temper on a relaxation param.

(define (noisy-and a b n)
 (flip (if (and a b) 1 n)))
(tempered-query 
 ‘(noise) ‘((0.0 0.2))
 (define a (flip))
 (define b (flip))
 (define c (flip))
 (list a b c)
 (and (noisy-and a b noise)    
      (noisy-and b c noise)))
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Outline

• The Church language

• Implementation highlights

• Applications

• Learning programs

• Reasoning about other agents
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Categorization
Medin & Schaffer, 1978 (data from Nosofsky, et al.,1994):
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Categorization

• Graded judgements

Medin & Schaffer, 1978 (data from Nosofsky, et al.,1994):
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Categorization

• Graded judgements
• Typicality

Medin & Schaffer, 1978 (data from Nosofsky, et al.,1994):
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Categorization

• Graded judgements
• Typicality

• Prototype enhancement

Medin & Schaffer, 1978 (data from Nosofsky, et al.,1994):
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Generating rules I

“It’s a Fep if it has flat 
head and round wings”

Feps:

non-Feps:



(define fep?
 (λ (x) 
  (and (flat-head x)
       (round-wings x))))

Generating rules I
Feps:

non-Feps:



(define fep?
 (λ (x) 
  (and (flat-head x)
       (round-wings x))))

Generating rules I

(define rule-generator
 (λ ()
 (if (flip 0.3)
     (sample-feature)
     (combine-rules (sample-feature) 
                    (rule-generator)))

(define combine-rules  
 (λ (r1 r2) 
 (λ (x) (and (r1 x) (r2 x)))

Feps:

non-Feps:
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       (round-wings x))))

Generating rules I

(define rule-generator
 (λ ()
 (if (flip 0.3)
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                    (rule-generator)))

(define combine-rules  
 (λ (r1 r2) 
 (λ (x) (and (r1 x) (r2 x)))

Feps:

non-Feps:



(define fep?
 (λ (x) 
  (and (flat-head x)
       (round-wings x))))

Generating rules I

(define rule-generator
 (λ ()
 (if (flip 0.3)
     (sample-feature)
     (combine-rules (sample-feature) 
                    (rule-generator)))

(define combine-rules  
 (λ (r1 r2) 
 (λ (x) (and (r1 x) (r2 x)))

Feps:

non-Feps:



(define fep?
 (λ (x) 
  (and (flat-head x)
       (round-wings x))))

Generating rules I

=> true

(define rule-generator
 (λ ()
 (if (flip 0.3)
     (sample-feature)
     (combine-rules (sample-feature) 
                    (rule-generator)))

(define combine-rules  
 (λ (r1 r2) 
 (λ (x) (and (r1 x) (r2 x)))

(define fep?
 (rule-generator))

Feps:

non-Feps:

(fep?      )



(define fep?
 (λ (x) 
  (and (flat-head x)
       (round-wings x))))

Generating rules I

=> true

(define rule-generator
 (λ ()
 (if (flip 0.3)
     (sample-feature)
     (combine-rules (sample-feature) 
                    (rule-generator)))

(define combine-rules  
 (λ (r1 r2) 
 (λ (x) (and (r1 x) (r2 x)))

(define fep?
 (rule-generator))

• Longer rules have lower probability (Occam’s razor).

Feps:

non-Feps:

(fep?      )



Generating rules II

• Can also write PCFG for rule 
expressions directly (code-as-data):

(define (rule-generator ) (eval (list 'lambda '(x) (Disj))))

(define disj-prob (beta 1 1))
(define (Disj) (if (flip disj-prob) 
                   (list 'or (Disj) (Conj)) 
                   (Conj)))

(define conj-prob (beta 1 1))
(define (Conj) (if (flip conj-prob)
                   (list 'and (Conj) (Feat)) 
                   (Feat)))

(define (Feat) (list (sample-feature-name) 'x))



 (define rule (rule-generator))

 (rule      )

 

Hypotheses

Data

Inducing rules
Generating data:



(query

 (define rule (rule-generator))

 (rule      )

 (and (= (rule     ) true)

      (= (rule     ) false) 

      ...))

Hypotheses

Data

Inference:

Inducing rules



(query

 (define rule (noisify (rule-generator))

 (rule      )

 (and (= (rule     ) true)

      (= (rule     ) false) 

      ...))

Observation noise:

Hypotheses

Data

Inference:

Inducing rules

(define noisify  
 (λ (rule b) 
  (λ (obj) (if (flip b) (rule obj) (not (rule obj))))))



A RATIONAL ANALYSISOF RULE-BASEDCONCEPTLEARNING 11

(a) (b)

1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Complexity

P
os

te
rio

r 
co

m
pl

ex
ity

 w
ei

gh
t

1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Feature

P
os

te
rio

r 
fe

at
ur

e 
w

ei
gh

t

Figure 3. (a) Posterior complexity distribution of the RRDNF model (b=1) for the category structureof Medin & Scha! er (1978),see
Table3. (b) Posteriorfeatureweightsfor this category structure.TogethertheseweightdistributionsindicatethattheRRDNF modelfocuses
onsimplerulesalongfeatures1 and3.

Table3
Thecategory structure of Medin& Schaffer (1978),with the
humandataof Nosofsky et al. (1994),andthepredictionsof
theRationalRulesmodel(b=1).
Object FeatureValues Human RRDNF

A1 0001 0.77 0.82
A2 0101 0.78 0.81
A3 0100 0.83 0.92
A4 0010 0.64 0.61
A5 1000 0.61 0.61
B1 0011 0.39 0.47
B2 1001 0.41 0.47
B3 1110 0.21 0.21
B4 1111 0.15 0.07
T1 0110 0.56 0.57
T2 0111 0.41 0.44
T3 0000 0.82 0.95
T4 1101 0.40 0.44
T5 1010 0.32 0.28
T6 1100 0.53 0.57
T7 1011 0.20 0.13

arableconceptscould be harderfor humanparticipantsto
learn than closely matchedconceptswhich were not lin-
earlyseparable.As anexample,considerMedin andSchwa-
nenßugel(1981),Experiment3, in which participantswere
trainedon thetwo concepts shown in Table4, andtestedon
classiÞcationaccuracy for the training set. ConceptLS is
linearlyseparable,ConceptNLS is not,andthetwo concepts
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Figure 2. Comparisonof humanjudgmentswith RRDNF model
predictions:meanprobability of category A judgmentsafter train-
ing on the category structureof Medin & Scha! er (1978),seeTa-
ble 3, for humanandRRDNF model(b=1). TheÞt betweenmodel
andhumandatais R2=0.98.

have matchedsingle dimensionstrategies (that is, any sin-
gle featurepredictscategory membershiptwo thirds of the
time, in eachconcept). Throughouttheexperimentlearners
make fewer errorson ConceptNLS (Fig. 4a). In Fig. 4b we
seethat theRationalRulesmodelprovidesgoodqualitative
agreementwith the humandata,predictingmore errorson
the linearly separableconcept(andnotethat no parameters
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Goodman, et al. 
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Figure 3. (a) Posterior complexity distribution of the RRDNF model (b=1) for the category structureof Medin & Scha! er (1978),see
Table3. (b) Posteriorfeatureweightsfor this category structure.TogethertheseweightdistributionsindicatethattheRRDNF modelfocuses
onsimplerulesalongfeatures1 and3.

Table3
Thecategory structure of Medin& Schaffer (1978),with the
humandataof Nosofsky et al. (1994),andthepredictionsof
theRationalRulesmodel(b=1).
Object FeatureValues Human RRDNF

A1 0001 0.77 0.82
A2 0101 0.78 0.81
A3 0100 0.83 0.92
A4 0010 0.64 0.61
A5 1000 0.61 0.61
B1 0011 0.39 0.47
B2 1001 0.41 0.47
B3 1110 0.21 0.21
B4 1111 0.15 0.07
T1 0110 0.56 0.57
T2 0111 0.41 0.44
T3 0000 0.82 0.95
T4 1101 0.40 0.44
T5 1010 0.32 0.28
T6 1100 0.53 0.57
T7 1011 0.20 0.13

arableconceptscould be harderfor humanparticipantsto
learn than closely matchedconceptswhich were not lin-
earlyseparable.As anexample,considerMedin andSchwa-
nenßugel(1981),Experiment3, in which participantswere
trainedon thetwo concepts shown in Table4, andtestedon
classiÞcationaccuracy for the training set. ConceptLS is
linearlyseparable,ConceptNLS is not,andthetwo concepts
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Figure 2. Comparisonof humanjudgmentswith RRDNF model
predictions:meanprobability of category A judgmentsafter train-
ing on the category structureof Medin & Scha! er (1978),seeTa-
ble 3, for humanandRRDNF model(b=1). TheÞt betweenmodel
andhumandatais R2=0.98.

have matchedsingle dimensionstrategies (that is, any sin-
gle featurepredictscategory membershiptwo thirds of the
time, in eachconcept). Throughouttheexperimentlearners
make fewer errorson ConceptNLS (Fig. 4a). In Fig. 4b we
seethat theRationalRulesmodelprovidesgoodqualitative
agreementwith the humandata,predictingmore errorson
the linearly separableconcept(andnotethat no parameters

r = 0.99
(one free param.)

Human categorization

• Model predicts:

• Graded judgments

• Typicality

• Prototype 
enhancement

Goodman, et al. 
(2007, 2008a, 2008b)
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nenßugel(1981),Experiment3, in which participantswere
trainedon thetwo concepts shown in Table4, andtestedon
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ble 3, for humanandRRDNF model(b=1). TheÞt betweenmodel
andhumandatais R2=0.98.

have matchedsingle dimensionstrategies (that is, any sin-
gle featurepredictscategory membershiptwo thirds of the
time, in eachconcept). Throughouttheexperimentlearners
make fewer errorson ConceptNLS (Fig. 4a). In Fig. 4b we
seethat theRationalRulesmodelprovidesgoodqualitative
agreementwith the humandata,predictingmore errorson
the linearly separableconcept(andnotethat no parameters

r = 0.99
(one free param.)

Human categorization

• Model predicts:

• Graded judgments

• Typicality

• Prototype 
enhancement

• Many other data 
sets.

Goodman, et al. 
(2007, 2008a, 2008b)
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• With more exposure to 
training examples 
subjects shift from 
simple to complex 
categorization patterns. 
(Medin, et al.,1982)

• Tradeoff between 
observation noise and 
simplicity bias (Occam’s 
razor).
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• With more exposure to 
training examples 
subjects shift from 
simple to complex 
categorization patterns. 
(Medin, et al.,1982)

• Tradeoff between 
observation noise and 
simplicity bias (Occam’s 
razor).

Complexity shift

(define fep?
 (λ (x) (flat-head x)))

Single feature / decision boundary:

(define fep?
 (λ (x) (or (and (flat-head x) 
                 (round-wings x)) 
            (and (round-head x) 
                 (square-wings x))))

Multiple feature / decision boundary:
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Learning number

How many
duckies?

Can you give me 
two duckies?

See, e.g. Spelke 2003; Wynn 1990, 1992
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Learning number

• How can number concepts be learned?
(Cf. Rips, et al, 2008, and responses.)

• In a way that doesn’t presuppose integers?

• Explaining the abrupt CP-transition?

• What is the role of language?



Learning number
• Generate a lexicon: word to meaning 

mapping, where each meaning is a predicate on 
sets of objects. 

• Lexicons expressed in (limited) lambda 
calculus with primitives:

• empty?: is this set of objects empty?

• dec: remove an object from this set.

• prev: previous word in the count-list (a 
content-free order on the count words).

• (next, and, or, ...).
Piantadosi, Goodman, Tenenbaum (in prep.)



A two-knower lexicon:

(define lexicon
 (λ (word) 
  (case word
   (“one” (λ (set) 
           (empty? (dec set))))
   (“two” (λ (set) 
           (empty? 
            (dec (dec set)))))
   (else null))

Learning number
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Learning number

(define lexicon
 (λ (word) 
  (λ (set) 
   (if (= word “one”)
       (empty? (dec set))
       ((lexicon (prev word))
         (dec set))))

A CP-knower lexicon:

“previous word
  in count-list”

“recurse”



Learning number
• Learning data: number words paired with 

sets of objects (frequency of words matches 
CHILDES corpus).

• Assume speaker uses a word that is true 
in the current situation, with noise.
Cf. Frank, Goodman, Tenenbaum (2009).

“Look at the two blobs!”

Frequency of 
word + noun
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Inductive programming

• Concept learning as probabilistic program 
induction.

• Can describe within Church.

• Tractable (at least for small problems) using 
MCMC + tempering.

• Describes human concept learning.



Outline

• The Church language

• Implementation highlights

• Applications

• Learning programs

• Reasoning about other agents



A B

• Bob has a box with two 
buttons and a light.

• He presses both buttons, 
and the light comes on.

• How does the box work?

- Button A makes the light go.

- Either A or B make the light go.

- A and B together make the light go.

Bob’s Box

Goodman, Baker, & Tenenbaum (in press)
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Experiment stimuli

Your coworker simultaneously pours a yellow liquid and a 
blue liquid on the flowers. 

“You work at a genetically-engineered plants nursery, and 
one of your coworkers is tending to some almost-dead 
flowers that you haven’t seen before.

By the end of the day, the flowers are growing again.”

What causes the flowers to grow?
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Experiment stimuli

Your coworker simultaneously pours a yellow liquid and a 
blue liquid on the flowers. 

“You work at a genetically-engineered plants nursery, and 
one of your coworkers is tending to some almost-dead 
flowers that you haven’t seen before.

By the end of the day, the flowers are growing again.”

What causes the flowers to grow?

• 9 different cover stories.

• 3 conditions x 3 domains.
(Within-subjects, N=15.)

A only 
B only
A or B
A & B
neither

_10$_
_10$_  
_20$_
_40$_
_5$__

A
B
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• Given actions and outcomes, infer most likely causal 
structure.
Cf. Griffiths & Tenenbaum (2005)



(query 
 (define world-cs (cs-prior))
 (define action (uniform))
 (define outcome (world-cs 
                   init-state
                   action))
 world-cs
 (and (press-A action)
      (press-B action)
      (light-on outcome)))   

Causal learning models
C

au
sa

l-o
nl

y

• A causal structure world-cs has type state,action->state.

• Given actions and outcomes, infer most likely causal 
structure.
Cf. Griffiths & Tenenbaum (2005)

A B AorB A&B none
0

0.1

0.2

0.3

0.4

0.5

Cause of C

Causal! only model

A
 only

A
 or B

A
 &

 B

none

B only

Pr
ob

ab
ili

ty



Actions:

Beliefs: Desires:

Explaining actions



Actions:

Beliefs: Desires:

Explaining actions
Beliefs:
World-structure:

World-state:

A B

C

C



Actions:

Beliefs: Desires:

Explaining actions
Beliefs:
World-structure:

World-state:

A B

C

C

Desires:

Want: C



Actions:

Beliefs: Desires:

Explaining actions
Beliefs:
World-structure:

World-state:

A B

C

C

Desires:

Want: C

Actions:
A B

C



Actions:

Beliefs: Desires:

Explaining actions
Beliefs:
World-structure:

World-state:

A B

C

C

Desires:

Want: C

D
ecision

Actions:
A B

C



Actions:

Beliefs: Desires:Beliefs:
World-structure:

World-state:

A B

C

C

Desires:

Want: C

D
ecision

Actions:
A B

C

Explaining actions



Actions:

Beliefs: Desires:Beliefs:
World-structure:

World-state:

A B

C

C

Desires:

Want: C

D
ecision

Actions:
A B

C

Explaining actions

Rational action:

(define decide  
 (λ (state causal-model utility)
  (query
   (define action (action-prior))
   action
   (flip (utility 
          (causal-model
             state action))))))
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Reasoning

• Modeling representational theory of 
mind with structured causal beliefs.

• query-over-query captures one agent 
reasoning about another.

• Complex reasoning: 

• Modular knowledge representation,

• Composed into larger units,

• Used via “nonmodular” probabilistic 
inference.



Outline

• The Church language

• Implementation highlights

• Applications

• Learning programs

• Reasoning about other agents



Related work

• Probabilistic programming languages:

• Functional: IBAL, ProbScheme.

• Others: Markov logic, BLOG, ProbLog...

• Vary in expressivity, inference methods, and 
maturity.

• Probabilistic machine learning (many 
conferences full).



Call to hackers

• Probabilistic programing is wide open!

• What tricks of compiler lore can make 
inference fast?

• There are new programming idioms to 
explore and invent (and hopefully avoid 
reinventing).

• Uncertainty is everywhere -- reasoning under 
uncertainty can help in many applications.



Conclusion

• Church: a language for describing 
probabilistic generative models.

• MIT-Church: universal MCMC inference.

• Application areas:

• Cognitive modeling.

• Machine learning and AI.


