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Abstract—Instrumented sharp indentation experiments at the nano- and micro-length scales were carried out
in an attempt to quantify the deformation characteristics of Vitreloy 1 bulk metallic glass. The experiments
were accompanied by detailed three-dimensional finite element simulations of instrumented indentation to
formulate an overall constitutive response. By matching the experimentally observed continuous indentation
results with the finite element predictions, a general Mohr–Coulomb type constitutive description was
extracted to capture the dependence of multiaxial deformation on both shear stresses and normal stresses.
This constitutive response is able to provide accurate predictions of the evolution of shear bands seen in
uniaxial compression tests. Constrained deformation of the material around the indenter results in incomplete
circular patterns of shear bands whose location, shape and size are also captured well by the numerical
simulations. The analysis is also able to predict the extent of material pile-up observed around the indenter.
The surface deformation features are also consistent with mechanisms such as localized shear flow, serrated
yielding and adiabatic heating, which are observed during macroscopic mechanical tests. 2001 Acta
Materialia Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

Research into the mechanical response of metallic
glasses dates back to the 1960s (e.g. [1]) when it was
demonstrated that thin ribbons, wires or sheets of
metals in an amorphous or glass state could be pro-
duced at very high cooling rates (over 105 K s�1).
The need for the rapid cooling rate necessarily restric-
ted the dimensions of the metallic glasses to thin
cross-sections (typically less than 50µm). A notable
advance was made by Chen [2, 3] who showed that
mm-scale rods of metallic glasses could be produced
at cooling rates of around 103 K s�1. In the late 1980s
and 1990s, conventional foundry techniques were
employed to synthesize cm-scale, “bulk” metallic
glasses [4, 5]. Since these metallic glasses could be
produced in bulk form, the mechanical properties of
the amorphous alloys became topics of considerable
research for possible structural applications. Of these
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alloys, Zr-based bulk metallic glasses have been com-
mercially developed into engineering materials (e.g.
as Vitreloy 1 [6]). Given their potential use as
engineering materials, there is a concomitant need to
establish their mechanical properties. Although there
is growing interest in the mechanical properties of
bulk metallic glasses, systematic experiments and
analysis of their constitutive behavior under general
multiaxial loading conditions have thus far not been
conducted.

The deformation of polycrystalline metals and
alloys are generally characterized by recourse to the
von Mises continuum plasticity theory with isotropic
or kinematic hardening laws and the normality flow
rule (e.g. [7]). The mechanisms of microscopic plastic
deformation in crystalline alloys are strongly influ-
enced by the local shear stresses, without any pro-
nounced effects on deformation from the local tensile
or hydrostatic stresses (in the absence of such ductile
failure processes as void nucleation and growth). The
mechanical deformation characteristics of metallic
glasses, however, differ in many respects. First,
amorphous metals do not exhibit any strain harden-
ing. Second, available experiments also strongly sug-
gest that their elastoplastic deformation response is
influenced by the shear as well as the normal compo-
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nent of the local stress, and possibly by the hydro-
static stress [8, 9]. Third, the deformation of metallic
glasses occurs highly inhomogeneously through the
concentration of inelastic strains in localized shear
bands. In unconstrained geometries, such as an uniax-
ial tensile test, a dominant shear band could traverse
the entire cross section of the specimen, while mul-
tiple shear bands develop in constrained geometries,
such as an uniaxial compressive test, giving rise to
large-scale inelastic deformation and an overall elas-
tic-perfectly-plastic deformation response.

In order to elucidate the multiaxial deformation
characteristics of bulk metallic glasses, systematic,
multiaxial experiments involving different combi-
nations of normal and shear loading are inevitably
required. The paucity of such information, however,
is mainly due to the lack of availability of sufficient
quantities of the metallic glasses to perform “valid”
mechanical tests on specimens of sufficiently large
dimensions, and due to the costs and time associated
with performing such tests. These difficulties could
be circumvented, at least in part, by conducting
instrumented indentation tests at multiple length
scales whereby a variety of multiaxial deformation
characteristics of the metallic glasses could be
assessed in a systematic manner. Continuous, depth-
sensing, multi-scale indentation, which provides a
record of the indentation load as a function of the
indenter penetration depth into the material during the
application and removal of the load, affords the
flexibility to examine small specimen volumes (see
e.g. [10–13]). Furthermore, the plastic deformation
region around the indenter is constrained by the sur-
rounding elastic material, thereby suppressing the
unstable extension of dominant shear bands. The
overall load–displacement curves obtained during
instrumented indentation provide valuable infor-
mation about the macroscopic deformation character-
istics of the metallic glasses, whereas the locations,
dimensions and shapes of the shear bands as well as
the extent of material pile-up around the indenter pro-
vide useful insights into the microscopic deformation
characteristics of the material. Multi-scale, instru-
mented indentation can thus serve as a global and
local probe into the constitutive response of met-
allic glasses.

The objective of this work was to conduct a com-
bined experimental and computational study of multi-
scale indentation of a Zr-based bulk metallic glass in
order to extract quantitative information about its
inelastic deformation characteristics. Experimental
studies of nano- and micro-scale sharp indentation, in
conjunction with full three-dimensional finite element
computations, are used to determine the yield cri-
terion as well as the conditions for the formation of
shear bands.

2. MATERIAL AND EXPERIMENTAL METHODS

The material investigated in this study is an as-cast,
fully amorphous, Zr41.25Ti13.75Cu12.5Ni10Be22.5

(nominal composition in at.%) alloy, manufactured by
Howmet Corporation, Greenwich, CT (trade name
Vitreloy 1). Sharp indentation experiments were per-
formed in a Nanoinstruments Nanoindenter II
(Nanoinstruments, Inc. Tennessee, USA). Given the
need to obtain accurate data for quantitative evalu-
ation, the results obtained with the Nanoindenter II
were also compared and contrasted with those meas-
ured with a NanoTest 600 nano/micro-indenter
from Micro Materials Limited, Wrexham, UK.
Additionally, a combination of multiple indents (at
least four) on multiple specimens (at least two) was
used to verify the accuracy and scatter of the inden-
tation data. A diamond Berkovich indenter, nominally
sharp but with a finite tip radius of 40–50 nm, was
used in experiments conducted with a maximum load
of 10 N. For the low-load indents (below 10 mN), a
Dynamic Contact Module (DCM) was placed in
series with the load train to obtain better load and
depth resolution [14]. The loading and unloading
phases of indentation were carried out under load
control (nominal rate of 0.01 mN s�1). At maximum
load, a dwell period of 20 s was imposed before
unloading, and another dwell period of 20 s at 90%
of unloading, so as to correct for any thermal drift in
the system. The specimen dimensions were
2×0.7×0.3 cm and adjacent indents were separated by
at least 10 µm. The indents were examined using a
Tencor P-10 Profiler (KLA-Tencor, San Jose, CA)
and a scanning electron microscope (SEM).

3. COMPUTATIONAL MODELING

A three-dimensional finite element (FE) model
incorporating the inherent six-fold symmetry of a
Berkovich indenter was constructed to simulate the
indentation of metallic glass. A total of 11,040 eight-
noded, isoparametric elements were used to capture
deformation modes. Figure 1(a) shows the overall
mesh design, while Fig. 1(b) details the area that
directly contacts the indenter tip. Computations were
performed using the general purpose finite element
package ABAQUS [15], assuming finite deformation
characteristics (i.e., maximum total strains under the
indenter typically well in excess of 5%). The mesh
design was authenticated with results from the mesh
used previously by Larsson et al. [16].

In this study two elastoplastic constitutive laws
were used, namely a von Mises continuum plasticity
model and a Mohr–Coulomb model. The von Mises
yield criterion, where the deformation is assumed to
be independent of pressure, is written as:

(s1�s2)2 � (s2�s3)2 � (s3�s1)2 � 6k2 (1)
� 2s2

y,

where s1, s2, s3 are the principal stresses and
k = sy/√3, where sy is the yield strength measured in
a uniaxial tension test. Some prior experimental stud-
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Fig. 1. (a) Overall mesh design used in the finite element simulations. (b) Detailed view of area in direct
contact with the indenter tip.

ies (e.g. [17, 18]) have postulated that the von Mises
yield criterion adequately models the deformation
characteristics of bulk metallic glasses. Alternatively,
the Mohr–Coulomb criterion, where the plastic flow
is assumed to be influenced by the local normal stress,
is generally written for metallic glasses as [8, 9]

tc � k0�asn (2)

where tc is the shear stress on the slip plane at yield-
ing, k0 and a are constants and sn is the stress compo-
nent in the direction normal to the slip plane.

In the present three-dimensional computational
simulations of indentation, both the von Mises and
Mohr–Coulomb plastic yield criteria were invoked in
the material model in order to predict the indentation
load–displacement response as well as the stress and
deformation fields around the indentation contact
region. By matching such predictions with experi-
mental measurements of load versus displacement
and of the shear band characteristics, the material
parameters in the above yield criteria were extracted
from the numerical models. For both yield models,
the material was assumed to possess isotropic proper-
ties, and appropriate flow potentials were assumed.
The detailed integration schemes of the constitutive
models can be found in [15]. The maximum total
strain under a sharp Berkovich indenter was expected
to exceed 10–20% and was confirmed in the compu-
tations. In all the numerical results presented in this
paper, a finite deformation analysis was consequently
employed. When the normal stress dependence coef-
ficient, a, [see equation (2)] is not zero, plastic flow
in the Mohr–Coulomb model is non-associated.
Therefore the exact tangent stiffness matrix is not
symmetric. In order to ensure the proper and efficient
convergence of the computations in this case, a non-
symmetric tangent stiffness matrix was used at each
iteration.

4. EXPERIMENTAL RESULTS AND ANALYSES

Figure 2 shows the variation of indentation load as
a function of indenter penetration depth into the met-
allic glass (during loading) from two series of inden-
tation experiments (to depths of 35 and 50 nm). The
nanoindentation results shown in Fig. 2 ensure suf-
ficiently small loads where only elastic deformation
is induced in the metallic glass. For a Berkovich
indenter, the relationship between load, P, and inden-
tation depth, h, has been established [16, 19] through
the elastic indentation stiffness, C, as:

P � Ch2 � 2.1891(1�0.21ni�0.01n2
i (3)

�0.41n3
i )E∗h2

where ni is Poisson’s ratio of the indented material

Fig. 2. Nanoindentation response of metallic glass during elas-
tic loading. Two series of experiments (distinguished by differ-
ent symbols) to depths of 35 and 50 nm, consisting of four and
six individual indents, respectively, are shown. The triangles
correspond to a maximum depth of indentation of 35 nm and

the circles correspond to a maximum depth of 50 nm.
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and E* is an effective modulus. This effective modu-
lus includes the elastic moduli of the specimen and
the indenter, (Es and Ei, respectively) and the corre-
sponding values of Poisson’s ratio (ns and ni,
respectively):

E∗ � �1�n2
i

Ei

�
1�n2

s

Es
��1

(4)

Using values of Ei = 1000 GPa and ni = 0.07 for the
diamond indenter, and Es = 96 GPa and ns = 0.36 for
the metallic glass [20], a value of 100 GPa was
obtained for the effective modulus from equation (4).
The corresponding predicted value for the elastic
indentation stiffness is 200 GPa from equation (3).
This predicted response is shown in Fig. 2 and is in
agreement with the loading portion of the two series
of indentation experiments.

Figure 3 shows the results of nanoindentation
experiments where the metallic glass was indented to
depths of 5 and 9 µm in two sets of indentation tests.
The unloading portion of the load–depth response is
also shown in Fig. 3 and the loading condition in this
figure is such that appreciable inelastic deformation
occurs. Figures 2 and 3 clearly illustrate the repro-
ducibility of nano- and micro-indentation data
obtained from multiple tests in this work.

Using known [20] elastic properties and yield
strength data for the metallic glass used in the present
indentation tests (i.e., elastic modulus of 96 GPa,
Poisson’s ratio of 0.36 and tensile yield strength of
1.9 GPa), finite element simulations were carried out,
employing the methods described in Section 3, to
generate predictions of indentation load versus pen-
etration depth curves assuming either the von Mises
or the Mohr–Coulomb yield criteria. For the latter,
the constants were established so as to satisfy macro-
scopic tensile yielding at 1.9 GPa while varying the

Fig. 3. Microindentation response of metallic glass during load-
ing and unloading. Two series of experiments to depths of 5
and 9 µm, consisting of five and eight individual indents,

respectively, are shown.

value of a [see equation (2)]. Numerical predictions
of the complete indentation load–displacement curves
(loading and unloading portions) for the elastic defor-
mation as well as the elastoplastic deformation,
extracted by assuming either the Mises or Mohr–Cou-
lomb criteria, are superimposed on the experimental
data in Fig. 3. From Fig. 3, it appears that the metallic
glass does not follow the von Mises criterion. The
load–depth prediction using a Mohr–Coulomb cri-
terion (with a = 0.13) follows the experimental
results more closely, suggesting the influence of a
normal stress component on yielding. This value of
a = 0.13 used in the FE simulation compares well
with the value of 0.11±0.05 previously reported by
Donovan [8] for Pd40Ni40P20 metallic glass.

Figure 4(a) is a representative optical micrograph
showing an impression from a 9 µm deep indentation.
The characteristic circular patterns around such
indents constitute “pile-up” and an SEM image show-
ing the inherent topology is shown in Fig. 4(b). The
surface uplift of the pile-up, characterized using a
profilometer, is shown in Fig. 4(c). The representative
indent in Fig. 4(a) is surrounded by characteristic cir-
cular patterns. The SEM image in Fig. 4(b) and the
profilometry results in Fig. 4(c) clarify that the fea-
tures around the indent are not cracks but represent
overlapping layers of displaced material as a result of
the indenter. For non-strain hardening materials, the
plastically displaced material is expected to flow up
to (and “pile-up” against) the faces of the indenter
due to the incompressibility of plastic deformation.
This is particularly true in the case of metallic glasses
given their tendency to deform in an elastic-perfectly-
plastic manner. Hence, the pile-up observed around
indents is consistent with the macroscopic stress–
strain response. The corresponding deformation fea-
tures on the impression from the indenter face are
shown in Fig. 5. This SEM image was obtained by
tilting the sample so as to facilitate such an obser-
vation. Concentric shear bands on an impression from
the indenter face are seen in this micrograph. Figures
6(a) and (b) are SEM images that further examine the
structure of the shear bands generated by indentation.
These bands are a result of the tendency of metallic
glasses to deform in a highly localized manner, even
at these scales. Figures 6(a) and (b) show representa-
tive wavy, flowing patterns in the pile-up that are
indicative of viscous flow. Elevations in temperature
due to adiabatic heating can aid in the formation of
such patterns. Thermodynamic calculations based on
the conversion of stored elastic strain energy to adia-
batic heating of the shear band region estimate highly
localized surges in temperatures exceeding the melt-
ing point during macroscopic tension tests [21].

5. DISCUSSION

The dependence of yield strength on the normal
stress acting on the slip plane necessitates that the slip
plane deviate from the plane of maximum resolved
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Fig. 4. (a) Optical micrograph of a 9 µm deep Berkovich indent. (b) Overlapping bands in pile-up around
indent. (c) Asymmetric trace across indent using a profiler.

Fig. 5. Shear bands on impression from Berkovich indenter
face.

Fig. 6. (a) and (b) Structure of shear bands showing wavy and flowing patterns.

shear stress in equation (2) [22]. Taking the effective
loading stress as

teff � tc � asn, (5)

the Mohr–Coulomb yield criterion [equation (2)] can
be expressed as

teff � k0. (6)

When the specimen is subject to a uniaxial compress-
ive stress �s (s�0), equation (6) can be rewritten as

teff � ssinqcosq�assin2q � k0, (7)
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where q is the angle between the slip plane and the
loading axis. Taking the derivative of teff with respect
to q gives

∂teff

∂q
� s(cos2q�asin2q). (8)

The minimum effective loading stress, teff, is
obtained when

∂teff

∂q � s(cos2q�asin2q) � 0. (9)

If a = 0, solving equation (9) gives q = 45°; if
a = 0.13, q = 41.3° is predicted. Due to the absence
of strain hardening, the specimen is expected to
experience strain localization immediately after the
initial yielding along the slip plane [23]. Recently
microscopic observations of a compression test speci-
men were made in an Zr41.25Ti13.75Cu12.5Ni10Be22.5

alloy after its failure [24]. The experimentally
observed angle (�42°) between the shear bands and
the loading axis appears to agree with this value of
41.3°. Here we note that the inclination of the bands
at the instant they form may differ from the incli-
nation measured after unloading because of the large
elastic recovery on unloading. Nevertheless, the value
of a, used to formulate an overall constitutive
response to describe the multiaxial deformation of
metallic glass under an indenter, appears to correctly
predict the evolution of shear bands in a uniaxial test.

Free volume or dilatation models [25, 26] proposed
to describe deformation in such glasses involve the
accumulation of free volume during localized shear-
ing. Consequently, such deformation mechanisms
would be expected to be pressure sensitive and
depend on the hydrostatic component of the applied
stress. Thus, we expect the observed normal stress
dependency to arise from such a pressure depen-
dency. However, direct measurements have so far
indicated that the pressure dependency of the yield
strength of a metallic glass is small [8, 9]. While we
conclusively establish that the yielding cannot be
described by a von Mises criterion and involves a nor-
mal stress component, we cannot conclude whether
the normal stress dependence is distinct from any
pressure dependency that may exist. The reason for
this uncertainty arises due to the possibility of chang-
ing the predicted load–depth response by

1. modifying the value of a, or
2. by incorporating an additional pressure sensitive

term i.e., a term proportional to (s1 + s2 + s3)/3
in equation (2).

This is quantitatively illustrated in Fig. 7 wherein two
load–depth responses, from FE simulations with
a = 0.10 and 0.13, are shown and the difference could

Fig. 7. Load depth response as predicted from finite element
simulations using a Mohr–Coulomb criterion with a = 0.13 and

0.10.

be corrected by a combination of normal and/or press-
ure sensitive terms in the yield criterion. It is clear
that the effect of these normal stress or pressure
dependent terms in the yield criterion on common
deformation modes is small.

The computational simulations were also used to
assess the extent of pile-up around the indenter. An
experimentally observed profile is compared with
computational results in Fig. 8. Despite using macro-
scopic stress–strain data and a continuum-based
approach, we note that the simulation captures the
experimentally observed pile-up reasonably well. The
circular patterns that constitute pile-up are distinct in
that they are incomplete. Again, the finite-element
simulations were used to examine the stress fields
around the imprint of the indenter in order to examine
this distinctive feature. Figure 9(a) shows the con-
tours (in plan view) of the normalized Mises equival-
ent stress on the surface of the specimen after
unloading the indenter (following a 9 µm indentation
experiment). Figure 9(b) is the corresponding figure

Fig. 8. Experimental profile of pile-up compared with finite
element simulation.
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Fig. 9. Plan view of contours corresponding to (a) the Mises equivalent stress and (b) the Mohr–Coulomb
effective stress [equation (5)] on the surface of the specimen upon unloading after a 9 µm deep indentation
experiment. The position of the indenter along with (c) a micrograph scaled to the size of the simulation is

also shown.

showing the normalized effective stress [equation
(5)]. The position of the indenter is also shown, along
with an optical micrograph [Fig. 9(c)] scaled to corre-
spond to the size of the simulation. The residual stress
fields do indeed predict a circular plastic zone around
the imprint and importantly, this zone is not complete
as seen in the form of lower stresses at the indenter
corners. The dashed lines in the computational predic-
tions correspond to the locations of the local
maximum effective stresses at which the shear bands
would be expected to nucleate. Note the good agree-
ment between the predicted shapes, sizes and
locations of shear bands around the indents and those
observed experimentally. It should also be noted here
that the above simulations of the pile-up do not
depend on the choice of either the von Mises or the
Mohr–Coulomb yield criterion, suggesting again that
the normal stress dependence is not sufficiently large
to affect the local shear band characteristics around
the indents.

However, a continuum FE approach cannot predict
multiple, overlapping concentric rings in the pile-up,
which are expected to be discrete in their origin. The
existence of these multiple rings is consistent with
serrated plastic flow observed during macroscopic
tests [27, 28]. Such yield drops are expected to corre-
spond to the formation of new shear bands. It is there-

fore possible that the generation of new shear bands
and/or secondary shear bands from primary shear
bands result in the observed overlapping concentric
rings. On examining and simulating the observed fea-
tures following indentation, it can be summarized that
they are consistent with mechanisms observed in
macroscopic tests and arise due to a combination of
discrete and continuum phenomena.

Metals (both in single crystalline and polycrystal-
line form) exhibit periodic displacement bursts asso-
ciated with the nucleation and propagation of dislo-
cations at essentially constant loads during load-
controlled indentation [13, 29]. The first displacement
burst appears to occur when the maximum shear
stress at the indenter tip is of the order of the theoreti-
cal shear strength of the material. The punching of
arrays of dislocation within the grains surrounding the
indentation has also been directly observed in trans-
mission electron microscopy studies of indented
polycrystalline Cu films [13, 30]. For the case of the
metallic glass and the chosen indenter no such dis-
placement bursts were observed, despite the onset of
deviation from the predicted elastic response. Here
we note that we distinguish between the existence of
characteristically consistent displacement bursts (such
as those previously observed in polycrystalline
metals) and displacement discontinuities or “pop-ins”
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(such as those previously observed in Ref. [31]). This
suggests that plasticity events in metallic glasses,
when constrained by surrounding undeformed
material and subject to multi-axial loading (as in dur-
ing indentation), can occur at length scales below the
resolution of existing instrumentation (0.5 nm) and
can be contrasted with bursts during indentation of
crystalline metals that typically involve displacements
between 5 and 15 nm using a similar indenter [13].

The obvious lack of dislocation nucleation and
propagation in metallic glass is expected given the
lack of any long-range order in these materials. How-
ever, it is interesting to observe this reduced length
scale associated with the initiation of plasticity in
metallic glasses. This can be directly contrasted with
macroscopic tests of metallic glasses where a single
shear band propagating catastrophically in a tensile
test specimen fails with almost no plastic strain. An
equivalent compressive test specimen can exhibit
plastic strains of over 2.5% (above the 2% elastic
strains) due to the formation of multiple shear bands
[17] that are constrained by the applied compressive
stress. Thus, while instabilities occur as displacement
bursts during the small scale deformation of crystal-
line metals under an indenter, large scale deformation
usually involve the suppression of these instabilities
resulting in plasticity. On the contrary, while no dis-
placement bursts are observed in metallic glass during
small scale indentation tests, macroscopic tests (in the
absence of geometrical constraints) usually involve
limited plastic deformation due to unstable shear band
propagation. This points to the existence of a strain
energy accommodation mechanism in metallic glass
that chooses between nucleation and propagation of
shear bands and consequently results in multiple shear
bands or a few dominating shear bands. It is therefore
reasonable to expect that varying the indenter tip
size/geometry may favor a few dominating shear
bands and result in the observation of displacement
bursts.

Constrained deformation underneath the indenter
can also result in local crystallization in regions of
high inelastic deformation, which in turn can lead to
local density changes. Electron diffraction patterns in
regions immediately beneath the indentation in the
amorphous metal appear to validate such a hypothesis
[32]. Furthermore, local adiabatic heating due to con-
strained deformation can assist the crystallization of
the metallic glass.

6. CONCLUSIONS

By recourse to instrumented indentation of
Zr41.25Ti13.75Cu12.5Ni10Be22.5 bulk metallic glass over
nano- and micro-scales, the following conclusions
are made:

1. The predicted elastic load–depth response is in
close agreement with experiments.

2. On comparing the load–depth relationship corre-

sponding to elastoplastic deformation with FE
simulations, it is established that the material does
not follow the von Mises criterion as previously
suggested [17, 18]. The observed experimental
results are consistent with FE simulations using a
Mohr–Coulomb yield criterion, suggesting the
influence of a normal stress component.

3. For the indenter used, the transition from elastic
to elastoplastic behavior is mostly gradual (within
the resolution of existing instrumentation) and is
characteristically devoid of consistent displace-
ment bursts, such as those previously observed in
polycrystalline metals. On comparing this gradual
transition from elastic to elastoplastic behavior
with the phenomenon of catastrophic shear band
propagation in macroscopic tests, it is expected
that varying the indenter tip size/geometry may
favor a few dominating shear bands and result in
the observation of displacement bursts.

4. A continuum FE based approach successfully
simulated distinctive, incomplete circular patterns
in the pile-up that exists around an indent follow-
ing unloading.
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