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Abstract

Nanotwinned structures offer the potential to effectively enhance strength while preserving ductility and damage tolerance. In this
paper we present an analytical model for quantifying slip transfer across twin boundaries and for deriving the attendant flow stress
as a function of the twin lamellae size in nanotwinned face-centered cubic metals. The mechanistic models investigate how single or
piled-up screw and non-screw dislocations interact with twin boundaries, by establishing connections with the size dependence of the
activation volume. The models correctly predict the trends from a variety of independent prior experimental observations of the
dependence of flow stress on twin lamella size in nanotwinned copper. They also rationalize a number of observations made from
previous molecular dynamics simulations of the deformation of nanotwinned metals.
� 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The introduction of initially coherent and nanoscale
internal interfaces with thermal and mechanical stability
offers a means to enhance strength without compromising
ductility in metals [1]. An example of such internal inter-
faces is found in nanoscaled growth twins, typically tens
of nanometers in size, embedded within ultrafine grains
of several hundred nanometers average size. These nanotw-
ins can be introduced during the processing of metals
through such methods as pulsed electrodeposition [1,2].
Nanotwinned polycrystalline metals have been shown to
provide high strength while preserving ductility [2–5] as
well as damage tolerance during both fracture and fatigue
[6,7]. Despite current limitations in the production of
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large-volume structural metals and alloys comprising
nanotwins, existing reports point to the potential for nano-
twinned metals to achieve a more desirable combination of
strength, ductility and damage tolerance properties com-
pared to nanograined metals or traditional microcrystalline
alloys consisting of microscale twins [1–9].

Asaro and Suresh [10] developed a mechanistic model to
rationalize the strength and sensitivity of deformation to
the rate of loading in nanostructured metals. They postu-
lated that the emission of partial or perfect dislocations
from an existing boundary dislocation or a stress concen-
tration such as a crack at the corner of a sliding boundary
is a key mechanistic process influencing the overall
mechanical properties. This model was applied to rational-
ize the strength and rate sensitivity of deformation found in
experiments on nanocrystalline metals (with average grain
size in the sub-100 nm range) and nanotwinned copper
[1,3–5,9].
rights reserved.
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Mechanistic modeling of nanograins deals with intra-
granular dislocation extension [10]. In a further extension
of this approach, an analysis [11,12] of flow stress of nano-
twinned metals, as a function of both grain size and twin
thickness, was developed by incorporating intra-twin dislo-
cation extension. This analysis captured the size depen-
dence of flow stress in the form of a Hall–Petch-type
relationship [13,14]. When the flow stress is known, the
activation size (or activation volume) can be determined
from the following non-homogeneous nucleation model
as a function of grain size and twin thickness [11]:

rc ¼ a
G
s

b ln
rc

r0

� �
þ 1

� �
: ð1Þ

Here, G is the shear modulus, b is the magnitude of the
Burgers vector, the non-homogeneous nucleation factor
a < ah, where ah = 0.057 is the homogeneous nucleation
factor, and the activation volume V ¼ pr2

cb=2, where rc is
the activation size and r0 is the dislocation core cutoff
radius. Since the shear flow stress s is dependent on both
grain size and twin thickness, the activation size (activation
volume) also bears the same size dependence. The strain-
rate sensitivity is then evaluated as a function of character-
istic length scale from m ¼

ffiffiffi
3
p

kT=ðVMsÞ, where M is the
Taylor factor, k is the Boltzmann constant and T is the
absolute temperature. Here the role of the twin thickness
as a nanoscale characteristic length is similar to that of
the grain size. In Ref. [11], fitting experimental data of
the activation volume gives a = 0.006 for nanotwinned
Cu (nt-Cu). That analysis also shows a as the representa-
tion of stress concentration at the nucleation site with
respect to far-field stress (flow stress). The above value
for a indicates that the stress concentration factor is about
(a)

(b)

Fig. 1. (a) Schematic representation of the twinned polycrystalline structure in
(b) Orientation of associated slip planes and the coherent twin boundary. (c
constricted at the intersection with the twin boundary in activating cross-slip.
10 (i.e. ah/a � 9.57), which suggests that the shear stress at
the nucleation site is several times the flow stress.

A number of studies (see Ref. [1] for an overview) have
revealed that coherent internal twin boundaries within the
crystalline ensemble of Cu serve both as obstacles to dislo-
cation motion (thereby increasing flow stress) and as loca-
tions for nucleating and accommodating dislocations
(thereby enhancing ductility and facilitating work harden-
ing). In other words, these mechanistic phenomena associ-
ated with the interactions of dislocations with nanoscale
twin boundaries differ markedly from those of dislocations
in nanograined or microtwinned polycrystalline metals
(where the character and coherency of the internal bound-
aries are very different). How dislocations interact with the
twin boundaries by extending across the boundary, being
absorbed at the boundary or being transmitted across the
boundary to the slip plane of the adjacent twin lamella
are, therefore, processes that determine the evolution of
flow stress. These processes, in turn, strongly depend on
the twin thickness (or spacing or twin density within the
grain), which provides a characteristic structural length
scale. In analytical modeling [15,16] and atomistic simula-
tion [17–20] of cross-slip, the important dependence on
the structural size of deformation or activation volume
[1,8–12] of nanotwins was not analyzed.

In this paper, we develop an analytical model of slip
transfer in nanotwinned face-centered cubic (fcc) metals,
i.e. cross-slip to twin boundary and/or adjacent twin
lamella. We investigate scenarios entailing the impinge-
ment of nanoscale twin boundaries by a single screw/
non-screw dislocation and an array of screw/non-screw dis-
locations (pileup). The inter-twin flow stress for various
dislocation reactions at the twin boundaries is obtained
(c)

fcc metals showing a twin structure: d, average grain size; k, twin thickness.
) Partials bounded by stacking fault approach twin boundary. They are
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by evaluating the free energy change in the activation pro-
cess of slip transfer. We show that slip transfer in nanoscale
twins significantly depends on the twin thickness. The size
dependence is explicitly captured in analytical form
through the activation volume. The present model thus
provides a theoretical approach to evaluate the size-
dependent shear stress required for slip transfer at nano-
scale twin boundaries.

2. Slip transfer for screw dislocation

2.1. Model for screw dislocation

The coherent twin structure, slip plane orientation and
cross-slip process in a nanotwinned fcc metal are schemati-
cally illustrated in Fig. 1(a–c); associated slip systems are
shown in Fig. 2. In the pileup cross-slip model (Fig. 3(a)),
an array of screw dislocations is lined up against the twin
boundary; and under external loading, a partial dislocation
disassociated from the first screw dislocation is either
absorbed onto the twin boundary / = /1 or transmitted
onto the slip plane of the next twin lamella / = /2

(Fig. 1(b)). At the intersection of the original slip plane with
the twin boundary, the two partials which form the screw
dislocation BA are constricted in order to cross-slip
[15,16]. At the initiation of cross-slip, consider a small
half-circular partial dislocation loop with radius r moving
onto the twin boundary or the slip plane of the adjacent
twin lamella from the segment of constriction (Fig. 1(c)).
From Refs. [10,11], the energy of the cross-slipped
half-circular partial dislocation loop is given as
F 1 ¼ 0:3125Gb2

1r lnðr=r0Þ, where b1 is the magnitude of the
partial dislocation’s Burgers vector. The energy of the initial
partial dislocation segment before cross-slip, which
corresponds to the half-circular loop after cross-slip, is
taken to be the energy per unit length of a straight partial
Fig. 2. Perfect and partial dislocation configurations on associated slip
planes and the twin boundary. The Burgers vector is defined by the
clockwise Burgers circuit when sighting down the positive dislocation line
n (see Ref. [37]). For screw dislocation BA, the reaction at the twin
boundary is: cA (leading) + Bc (trailing) = c’B’ (leading) + A’c’ (trailing).
For non-screw dislocations DA and AD, the reactions are as discussed in
Section 3.
dislocation scaled by the initial segment length
2r : F 2 ¼ 2r½Gb2

1 lnðr=r0Þ=ð4pÞ�. Combining the above two
expressions, we obtain the energy change due to the length-
ening of the loop in the cross-slip process

F ¼ F 1 � F 2 ¼ 0:1533Gb2
1r ln

r
r0

� �
ð2Þ

It is noted that rigorous mathematical treatment of the
loop energy change, which is complicated and cumber-
some, is not sought; the fair approximation here leads to
a simple and clear form for inter-twin flow stress with the-
oretical predictions consistent with experimental data.

The free energy change for the cross-slip of the screw
dislocation pileup is [21]

DF ¼ Ur ln
r
r0

� H r
3
2 � r

3
2
0

� �
þ P r2 � r2

0

	 

þ 2Ur: ð3Þ

In Eq. (3), the first term on the right side is from the loop
energy change in Eq. (2) and U ¼ 0:1533Gb2

1. In the third
term, P = pC/2, where C = CS (stacking fault energy) for
transmission and C = CT (twin boundary energy) for
absorption. In the fourth term, U is the constriction energy.
To drive the screw dislocations to enter the twin boundary
vicinity, the shear stress sms (far-field stress, Fig. 3(a)) acts
on the original slip plane with normal m (for the m–s–z

coordinate system, see Fig. 1(b)) and along the direction
of the Burgers vector BA shown in Fig. 2. The shear stress
to drive the cross-slipped half-circular loop is the near-field
stress, given by the mode III crack tip stress field [21],

sm0s0 ¼
KIIIffiffiffiffiffiffiffiffiffi
2pR
p cos

/
2

� �
; ð4Þ

where KIII ¼
ffiffiffiffiffiffiffiffi
2pk
p

sms with k being the twin thickness; / is
the orientation angle and R is the distance along the z’ axis
from the intersection of slip planes (for the m’–s’–z’ coordi-
nate system, see Fig. 1(b)). Substituting Eq. (4) into sm0s0b1s0 ,
Fig. 3. Mechanistic models for cross-slip in nanotwins. (a) Pileup
dislocation model. The far-field stress is related to the near-field stress
by the crack-type stress concentration, � 1=

ffiffi
r
p

. (b) Single dislocation
model. The far-field stress is related to the near-field stress by the ratio of
the non-homogeneous nucleation factor a to the homogeneous nucleation
factor ah.



Fig. 4. The shear stress required for the cross-slip of a screw dislocation
(inter-twin flow stress) is size-dependent. The single dislocation model
requires a higher inter-twin flow stress than the pileup model since the
pileup has higher near-field stress. Also plotted are the measured flow
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where b1s0 ¼ b1 cos 30
�

is the component of the partial’s
Burgers vector along the s’ axis, then integrating over the
initial half-circular area of cross-slip, we obtain the work
done by the shear stress in activation, the second term on
the right side of Eq. (3),Z

KIIIffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pr sin h
p cos

/
2

� �
b1s0dA

¼ 1:4KIII cos
/
2

� �
b1s0 r

3
2 � r

3
2
0

� �
¼ H r

3
2 � r

3
2
0

� �
; ð5Þ

where the area element for the half-circular area is
dA = rdrdh and 0 6 h 6 p. The factor on the left side of
Eq. (5), r sin h, is the distance between the area element
and the intersection of slip planes along the z’ axis. From
Eq. (5), H ¼ 1:98

ffiffiffiffiffiffi
pk
p

smsb1 cosð/=2Þ cos 30
�
.

Considering slip transfer as the non-homogeneous crea-
tion of a half-circular loop on the cross-slip plane, the
cross-slipped loop activates when the free energy change
reaches a maximum at the activation size: o DF/ o r = 0
at r = ra. Here ra is the activation size obtained from acti-
vation volume V as ra ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2V =ðpbÞ

p
, which depends on

both twin thickness and grain size d. Some representative
values of the activation volume for nt-Cu, which was char-
acterized in Fig. 7 of Ref. [11], are listed in Table 1. These
existing data are for a grain size d = 500 nm, but both the
flow stress from intra-twin dislocation extensions (intra-
twin flow stress) and the activation volume are weakly
dependent on the grain size in the case of d� k, as shown
in Ref. [11]. The above maximum condition leads to,

s ¼ 0:06725Gb1ffiffiffiffiffiffiffi
kra

p
cosð/=2Þ

1þ 1

2
ln

ra

r0e
þ raP

U
þ U

U

� �
: ð6Þ

Here s � sms, the required shear stress for cross-slip which
is hereafter referred to as inter-twin flow stress. The
absorption flow stress is obtained by taking / = /1, and
the transmission flow stress is obtained by taking / = /2,
in Eq. (6). For absorption, instead of / = /3, we choose
/ = /1, which, according to Eq. (4), has a larger driving
force than /3. In transmission, the second partial follows
the first; in absorption, when the first partial is activated,
both partials repel each other and move in opposite direc-
tions [17,18,22]. The first two terms inside the parentheses
in Eq. (6) represent the contribution of the loop energy
change to the inter-twin flow stress, whereas the last two
terms represent the contribution of the stacking fault
energy (or twin boundary energy) and the constriction
energy, respectively. Using the values of material parame-
ters given below in Section 2.2, it can be seen that the latter
contribution is as important as the former.

In the single dislocation cross-slip model (Fig. 3(b)), the
second term on the right side of Eq. (3) is replaced with
Table 1
Twin-thickness-dependent activation volume (size) of nt-Cu.

k�0.5 (nm�0.5) 0.1 0.15 0.2 0.25 0.3
1/V (b�3) 0.0374 0.0454 0.0607 0.0827 0.1231
ra (b) 4.1257 3.7446 3.2385 2.7745 2.2741
�pð�sms cos /Þðb1 cos 30
� Þðr2 � r2

0Þ=2, where �sm0s0 ¼ �sms cos /
is the shear stress on the cross-slip plane. Since ra is the
required size for nucleation at non-homogeneous sites,
the ensuing shear stress �sms, extracted from a procedure
similar to that used to obtain Eq. (6), is the near-field stress
(see Fig. 3(b)). The far-field stress, i.e. inter-twin stress s, is
the near-field stress �sms divided by the stress concentration
factor, which, according to the analysis at the beginning of
the article, is the ratio of the homogeneous nucleation fac-
tor to the non-homogeneous nucleation factor (�9.57 for
nt-Cu). This procedure gives the inter-twin flow stress for
the single dislocation model,

s ¼ 0:11269Gb1a
raah cosð/Þ 1þ 1

2
ln

ra

r0e
þ raP

U
þ U

U

� �
: ð7Þ

The size dependence is entered into the single dislocation
model through the activation size ra, whereas the size
dependence is entered into the pileup model through both
ra and the crack-like stress concentration of dislocation
pileup represented by 1

ffiffiffi
k
p

singularity in Eq. (6). Eqs. (6)
and (7) show that, similar to intra-twin flow stress discussed
in Ref. [11], the inter-twin flow stress is linearly related to the
shear modulus and stacking fault energy (or twin boundary
energy). In addition, the inter-twin flow stress is linearly
related to the constriction energy.

2.2. Prediction for screw dislocation

The material properties of nt-Cu used for the prediction
are G = 50GPa, b = 0.255 nm and CS/(Gb) = 0.00425. In
the numerical calculation, the twin boundary energy
stress data of nanotwins in Ref. [2]. At the level of flow stress, both inter-
and intra-twin dislocation activities are expected. In the online version, the
pileup model (Eq. (6)) is plotted in red lines and the single dislocation
model (Eq. (7)) is plotted in green lines, where dashed lines represent
absorption and solid lines represent transmission. (For interpretation of
the references to colour in this figure legend, the reader is referred to the
web version of this article.)



Fig. 5. Typical free energy path for cross-slip at a nanotwin boundary.
The figure illustrates that cross-slip in nanotwins requires sufficient
activation energy to expand the loop in the cross-slip plane; the activation
size is several times the Burgers vector of the partial dislocations. The
energy barrier for the pileup model is lower than that for the single
dislocation model.

1 The Hirth lock is a sessile dislocation which results from the reaction
of two partials at the intersection of slip planes, similar to the manner in
which a Lomer–Cottrell lock forms. An example of the partial dislocation
reaction that produces a Hirth lock is: 1=6½�211� þ 1=6½2�11� ¼ 1=3½001�
(see Ref. [28]).
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CT = 0.5CS [23] and the constriction energy U = 0.13 eV/b
[24]. The core cutoff radius is taken to be the magnitude of
the partial dislocation’s Burgers vector, b1 ¼ b=

ffiffiffi
3
p

.
Fig. 4 shows the inter-twin flow stress predicted by the

pileup model and the single dislocation model for screw dis-
location. In Fig. 4, the curves for the pileup dislocation
model are plotted using Eq. (6); the curves for the single dis-
location model are plotted using Eq. (7). Here, dashed lines
are for absorption, / = /1, whereas the solid lines are for
transmission, / = /2. The flow stress for absorption is close
to the flow stress for transmission in the pileup model,
whereas the former is significantly larger than the latter in
the single dislocation model. This distinction arises because
the driving force term in the single dislocation model is pro-
portional to cos / such that the driving force for absorption
is much smaller than that for transmission. For other nano-
twinned materials (such as aluminum), atomistic simulation
shows absorption also occurs [20]. In Fig. 4, the predicted
order of magnitude for inter-twin flow stress and the pre-
dicted behavior for transmission vs. absorption are consis-
tent with those found in molecular dynamics (MD)
simulation [17], which was performed under similar external
loading and which showed that BA is transmitted to
c’B’ + A’c’. Experimental data of flow stress for nt-Cu [2]
as a function of the characteristic structural length (twin
thickness), k, are also given in the figure. Comparing these
data with the predictions of the inter-twin flow stress here
and the intra-twin flow stress given in Ref. [11], we observe
that both inter- and intra-twin dislocation activities are
expected when loading reaches the flow stress level in nt-
Cu. The inter-twin flow stress s we obtained through Eqs.
(6) and (7) is the theoretically predicted critical resolved
shear stress.

From Eq. (6), the criterion for transmission in the pileup
model is

1þ 1
2

ln ra
r0eþ

praCS
2U þ U

U

� �
cos /1

2

1þ 1
2

ln ra
r0eþ

praCT
2U þ U

U

� �
cos /2

2

< 1: ð8Þ

The criterion for absorption is to replace the sign “<” by
“>” in Eq. (8). For the single dislocation model, the criterion
is written by replacing /1/2 and /2/2 with /1 and/2, respec-
tively, where these angles come from the orientation-depen-
dent driving force such as Eq. (4). For the pileup model, the
ratio on the left side is close to one, as seen in Fig. 4.

The typical free energy path, i.e. the free energy change
vs. the cross-slipped half-circular loop size, is shown in
Fig. 5. The activation energy shown in the figure falls into
the range obtained from atomistic simulation [18]. For the
single dislocation model, cross-slip needs to overcome a
steeper energy barrier to acquire the required activation
energy. In reality, the activation energy for the pileup case
is expected to be higher than predicted because of the ideal-
ization of crack-like singularity for an array of dislocations.
In general, the constriction energy in Eq. (3) should include
a point constriction energy term U0, i.e. 2rU + U0 [16]. The
constant term for point constriction does not alter the
inter-twin flow stress, which is obtained in maximizing the
free energy change (taking derivative) of Eq. (3). For the
free energy path in Fig. 5, a large value of U0 shifts the
two curves up, but does not change the difference of them.

For very small twin thicknesses (<15 nm), strength soft-
ening (see Refs. [2,12]) occurs such that the trend of theo-
retical prediction becomes different from the experimental
data (the far left side of Fig. 4). Strength softening at very
small twin thicknesses may be caused by the nucleation of
dislocations on the twin boundary [25], a different deforma-
tion mechanism.

3. Slip transfer for non-screw dislocation

3.1. Model for non-screw dislocation

Obeying the conservation of Burgers vectors [26], the
cross-slip of non-screw dislocations to a twin boundary
and/or the next twin lamella is possible. The reactions for
60� dislocation at the twin boundary have been discussed
previously in MD simulation [27]. For nt-Cu, MD shows
that the non-screw dislocation DA (=cA (leading) + Dc
(trailing)) under shear stress acting along the dislocation’s
Burgers vector is transferred to one 90� twinning partial,
Cd, and two partials on the next slip plane, c’D’ (lead-
ing) + A’c’ (trailing) (see Fig. 2). For the case of reverse
dislocation AD (=cD (leading) + Ac (trailing)), the reac-
tion with the twin boundary results in a 30� partial c’A’

on the next slip plane and a Hirth lock (1/3[001]; see
Ref. [28])1 with a mismatch (1/9[1 11]) at the intersection.
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Since the two partials on the original slip plane are recom-
bined before cross-slip, it can be easily seen that the energy
criterion (Frank rule) in the above two reactions for non-
screw dislocations is not violated. We evaluate the inter-
twin flow stress for non-screw dislocations DA and AD

by generalizing the approach for screw dislocation in the
previous section.

For DA, the required shear stress for cross-slip activates
the partial Cd on the twin boundary and the leading partial
c’D’ on the slip plane of adjacent twin lamella. The shear
stresses on the respective slip planes to drive the two par-
tials are those along the Burgers vectors of the two 90� par-
tials, resolved from smz ¼ s cos 30

� ¼
ffiffiffi
3
p

s=2 on the original
slip plane, where s, as shown in Fig. 2, is along the direc-
tion of DA. For the pileup model, these shear stresses for
cross-slip are the near-field stresses, calculated from the
mode II crack tip stress field [21,29],

sm0z0 ¼
KIIffiffiffiffiffiffiffiffiffi
2pR
p 1

4
cos

/
2

� �
þ 3

4

� �
cos

3/
2

� �� �
; ð9Þ

where KII ¼
ffiffiffiffiffiffiffiffi
2pk
p

smz. Taking the orientation angles for
absorption and transmission (Fig. 1(b)), we obtain, from
Eq. (9), the shear stress along Cd, sT ¼ KII=

ffiffiffiffiffiffiffi
2pr
p

=
ffiffiffi
3
p

; the
shear stress along c’D’, sS ¼ 4

ffiffiffi
2
p

KII=
ffiffiffiffiffiffiffi
2pr
p

=9. The work
done by the external loading is the integration of sTb1 + sS-

b1 over the initialized half-circular area of cross-slip on
both slip planes, such that the free energy change is

DF ¼ 2Ur ln
r
r0

� H 	 r
3
2 � r

3
2
0

� �
þ P 	ðr2 � r2

0Þ þ 2Ur: ð10Þ

Here, H 	 ¼ 2:068
ffiffiffiffiffiffi
pk
p

sb1 and P	 = p(CS + CT)/2. Eq. (10)
is similar to Eq. (3) in Section 2 for the pileup model of
screw dislocation, but here two half-circular loops on two
cross-slip planes, one for Cd and another for c’D’, are eval-
uated. Maximizing DF in Eq. (10) with respect to r at the
activation size ra leads to the inter-twin flow stress for DA,

s ¼ 0:1115Gb1ffiffiffiffiffiffiffi
kra

p 1þ 1

2
ln

ra

r0e
þ raP 	

2U
þ U

2U

� �
: ð11Þ

For AD in the pileup model, the Hirth lock and mis-
match are sessile and thus inactive during the cross-slip,
and the cross-slip of the partial c’A’ shown in Fig. 2 acti-
vates the slip transfer process. In this case, the shear stress
s on the original slip plane is along the direction of AD.
To calculate the work done by shear stress on the cross-
slipped half-circular loop, the partial and shear stress on
the next slip plane are projected to the two perpendicular
directions, A’B’ and c’D’, to calculate the work done along
these two directions separately; these are then summed up.
It is seen that the model III crack tip stress field drives the
dislocation component along the direction of A’B’, whereas
the model II crack tip stress field drives the dislocation com-
ponent along the direction of c’D’. From Eq. (4), the shear
stress along the direction of A’B’ is sS1 ¼ 2

ffiffiffi
2
p

KIII=
ffiffiffiffiffiffiffi
2pr
p

=3,
where KIII ¼ �

ffiffiffiffiffiffiffiffi
2pk
p

s=2. From Eq. (9), the shear stress
along the direction of c’D’ is sS2 ¼ 4

ffiffiffi
2
p

KII=
ffiffiffiffiffiffiffi
2pr
p

=9, where
KII ¼ �

ffiffiffiffiffiffiffiffi
2pk
p

ð
ffiffiffi
3
p

=2Þs. The Burgers vector’s components
of the partial c’A’ along the directions of A’B’ and c’D’

are �
ffiffiffi
3
p

b1=2 and �b1/2, respectively. Thus, the work done
by the external loading in activation is the integration of
�

ffiffiffi
3
p

sS1b1=2� sS2b1=2 over the initialized half-circular area
of cross-slip. In this case, the free energy is in the same form
as that in Eq. (3), but with different H. Evaluating the work
done by external loading, we obtain H ¼ 1:347

ffiffiffiffiffiffi
pk
p

sb1. The
inter-twin flow stress for the non-screw dislocation AD is
then obtained by maximizing the free energy change,

s ¼ 0:0855Gb1ffiffiffiffiffiffiffi
kra

p 1þ 1

2
ln

ra

r0e
þ raP 1

U
þ U

U

� �
: ð12Þ

Here, P1 = pCS/2.
The approach for the single non-screw dislocation is

similar to that in Section 2 for the single screw dislocation,
evaluating resolved shear stresses on the cross-slip planes
based on the shear stress on the original slip plane. The
mathematical steps are given in Appendix A. The resulting
inter-twin flow stresses are

s ¼ 0:2282Gb1a
raah

1þ 1

2
ln

ra

r0e
þ raP 	

2U
þ U

2U

� �
; ð13Þ

for dislocation DA and

s ¼ 0:2282Gb1a
raah

1þ 1

2
ln

ra

r0e
þ raP 1

U
þ U

U

� �
; ð14Þ

for dislocation AD.
For AD, the sessile dislocations left at the twin bound-

ary can block subsequent incoming dislocations. The asso-
ciated dislocation accumulation near the twin boundary
will lead to strain hardening, while further reactions are
needed for incoming dislocations and sessile dislocations
to initiate any subsequent slip transfers. For DA and screw
dislocations, because there are no sessile dislocations left at
the twin boundary, more slip transfers through the same
reactions discussed earlier are favorably expected. This fact
suggests that different characters of dislocations at the twin
boundary may result in different deformation behaviors.

The above discussion for screw and non-screw disloca-
tions focuses on nt-Cu. For the other nanotwinned fcc
materials, dislocations at the twin boundary can exhibit
different reactions, as shown by MD simulations in Refs.
[17,27]. Furthermore, there have been no data for twin-
thickness-dependent activation size ra for nanotwinned
materials other than nt-Cu. Future studies of slip transfer
in other nanotwinned metals could be carried out based
on the analytical approach discussed here when the data
of twin-thickness-dependent activation size for these mate-
rials become available.

3.2. Prediction for non-screw dislocation

Fig. 6 is a plot of the inter-twin flow stress predicted by
the single dislocation model and pileup model for DA and
AD. The pileup dislocation model and single dislocation
model for DA are plotted in dashed lines using Eqs. (11)
and (13), respectively; the pileup dislocation model and



Fig. 6. The shear stress required for cross-slip of non-screw dislocation
(inter-twin flow stress) is size-dependent and higher than that of screw
dislocation. The required shear stress for the 60� dislocation AD is
different from that for DA because their reactions with the twin boundary
are different. Also plotted are the measured flow stress data of nanotwins
in Ref. [2]. In the online version, the pileup model is plotted in red lines for
DA (Eq. (11)) and AD (Eq. (12)); the single dislocation model is plotted in
green lines for DA (Eq. (13)) and AD (Eq. (14)). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web
version of this article.)
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single dislocation model for AD are plotted in solid lines
using Eqs. (12) and (14), respectively. Compared to the
inter-twin flow stress obtained for the screw dislocation in
Fig. 4, this figure shows that the shear stress required for
cross-slip of a non-screw dislocation is higher than that
for a screw dislocation. This is consistent with the fact that
the crystallographic nature of screw dislocations is more
favorable for slip transfer. Despite this, the inter-twin flow
stresses in Figs. 4 and 6 are of the same order of magnitude,
and are within a comparable range to the flow stress data.
As in Fig. 4, for very small twin thicknesses (<15 nm), the
trend of the theoretical prediction on the far left side of
Fig. 6 becomes different from the experimental data because
the strength softening at very small twin thicknesses is
caused by mechanisms other than slip transfer induced
strengthening. For the single dislocation model, the magni-
tude of the inter-twin flow stress in Fig. 6 appears to be
smaller than the prediction from MD simulation [27], and
this may be due to the higher strain rate imposed in the
MD simulation. In addition, the constriction energy used
in our calculation for the non-screw dislocation case is the
one obtained for screw dislocation [24]. A simple estimate
in Appendix B shows that the constriction energy for a
non-screw dislocation can be much higher than that for a
screw dislocation. In view of these factors, our predictions
are consistent with the flow stress data [2] and MD simula-
tion results for screw and non-screw dislocations [17,18,27].

4. Concluding remarks

The current study considers the interactions of either a
dislocation pileup or a single dislocation with a twin
boundary. When initial dislocations are away from the
twin boundary area, additional stress is needed to push
them into the vicinity of the twin boundary to overcome
the long-range repulsive force [30]. As the transmitted dis-
location loop extends extensively across the slip plane of
adjacent twin lamella, dislocation glide in the nanotwin
would eventually be governed by the intra-twin flow stress
model [11]. For twins in microcrystalline materials [31],
their size dependence for slip transfer does not appear to
be as important as that found in nanotwins, since the acti-
vation volume for microcrystalline materials is much larger
than that for nanocrystalline and nanotwinned materials
such that microtwins exhibit much smaller strain-rate sen-
sitivity, as seen in Refs. [10,11,32].

For a single crystalline nanotwinned copper with only
one twin system, our theoretical framework naturally con-
tains the load orientation dependence through the resolved
shear stress. The inter-twin flow stress s we obtained in
Eqs. (6), (7), (11)–(14) is the theoretically predicted critical
resolved shear stress for each case. For a general applied
load represented by stress tensor T, the critical condition
for slip transfer may be written as m 
 T 
 b/|b| = s, where
m is the unit normal of the original slip plane and b is
the Burgers vector. In the results shown in Figs. 4 and 6,
we compare the analytical results with the size-dependent
experimental results performed using random-textured
nanotwinned copper samples. These samples have a macro-
scopically isotropic plastic behavior due to the random
texture. A standard Taylor factor (M = 3) is taken for
the polycrystalline random-textured nanotwinned copper
to correlate the macroscopic yield strength with the resolve
shear stress at the single crystal level. For the polycrystal-
line nanotwinned copper that has a strong texture
(e.g. columnar-grained nanotwinned copper [33]), depend-
ing on the externally applied stress state, both the
inter-twin flow stress studied here and the intra-twin flow
stress studied in Ref. [11] are expected to contribute to
the plastic flow, while their respective contributions are
strongly orientation dependent. The detailed analyses
involving both inter- and intra-twin dislocation activities
are suggested in a future effort using the presented theoret-
ical framework.

In this paper, we have described a mechanistic model for
the slip transfer of dislocations in nt-Cu. The size-depen-
dent slip transfer process is introduced into the present
model through a size-dependent activation volume. The
model is shown to correctly predict the dependence of flow
stress of nt-Cu on the nanotwin lamella size. When the acti-
vation volumes of other fcc metals containing nanotwins
become available, the present analysis can be applied to
examine various other dislocation reactions [27,34] occur-
ring at twin boundaries and their consequences for defor-
mation and strain hardening. Such future studies could
also address the size dependence of slip transfer in other
twinned crystal structures, e.g. body-centered cubic and
hexagonal close-packed metals [35], and in other types of
twinning, such as deformation twins [35,36].
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Appendix A. Model for single non-screw dislocation

For the single non-screw dislocation DA shown in
Fig. 2, the free energy expression is the same as Eq. (10),
but with a different driving force term (the second term
on the right side). To obtain this driving force term, we
evaluate the resolved shear stresses along c’D’ on the next
slip plane and Cd on the twin boundary, from the shear
stress acting along the Burgers vector DA on the original
slip plane s. The shear stress acting on c’D’ is
sS ¼ 17

ffiffiffi
3
p

s=162 and the shear stress acting on Cd is
sT ¼ 7

ffiffiffi
3
p

s=18. The work by the external loading W in acti-
vation is the integration of ðsS þ sT Þb1ah=a (the factor ah/a
denotes the stress concentration at non-homogeneous
nucleation site as discussed in Section 2) over the initialized
half-circular area of cross-slip,

W ¼ p
2

7
ffiffiffi
3
p

18
þ 17

ffiffiffi
3
p

162

 !
b1ahs

a
ðr2 � r2

0Þ: ðA1Þ

Replacing the second term on the right side of Eq. (10) by
the above expression and maximizing the free energy
change at the activation size ra, we obtain the inter-twin
flow stress in Eq. (13).

For single non-screw dislocation AD, the free energy
expression is the same as Eq. (3), but with a different driv-
ing force term (the second term on the right side). To
obtain this driving force term, we evaluate the resolved
shear stresses along A’B’ and c’D’ on the next slip plane
from the shear stress acting along the Burgers vector AD

on the original slip plane s. The shear stress along the direc-
tion of A’B’ on the next slip plane is sS1 = �7/18s, and the
shear stress along the direction c’D’ on the next slip plane is
sS2 ¼ �17

ffiffiffi
3
p

s=162. The Burgers vector’s components of
the partial c’A’ along the directions A’B’ and c’D’ are
�

ffiffiffi
3
p

b1=2 and �b1=2, respectively. So, the work by the
external loading W in activation, considering stress concen-
tration at the nonhomogeneous nucleation site ah/a, is the
integration of ð�

ffiffiffi
3
p

sS1b1=2� sS2b1=2Þah=a over the initial-
ized half circular area of cross-slip,

W ¼ p
2

7
ffiffiffi
3
p

36
þ 17

ffiffiffi
3
p

324

 !
b1ahs

a
ðr2 � r2

0Þ: ðA2Þ

Replacing the second term on the right side of Eq. (3) by
the above expression and maximizing the free energy
change at the activation size ra, we obtain the inter-twin
flow stress in Eq. (14).
Appendix B. Estimation of constriction energy

We estimate the constriction energy from dislocation
theory. According to Ref. [38], for a straight dislocation,
the energy change for the leading partial to extend a dis-
tance d is

DE ¼ �2E12 ln
d
r0

þ CSðd� r0Þ: ðA3Þ

Here, E12 = Kijb1ib2j. For the coordinate system on the ori-
ginal slip plane shown in Fig. 1 (formed by the indicated
axes m, s and z), the dislocation line is parallel to the s axis;
the coefficient Kmm = Kzz = G/(4p(1 � m)), with m being
Poisson’s ratio; Kss = 1/(4p); and Kij = 0 for i – j. b1i and
b2i (i = 1,2,3) are the projections of the leading and trailing
partials’ Burgers vectors onto the m–s–z axes, respectively.
The equilibrium distance of the leading and trailing
partials, d0, is obtained from oDE/od = 0, which gives

d0 ¼
2E12

CS
: ðA4Þ

Considering that the separation of the two partials is con-
stricted to d from d0, the energy change required for this
process is

DE1 ¼ �2E12 ln
d
d0

þ CSðd � d0Þ: ðA5Þ

Using the relation CS = 2E12/d0. from Eq. (A4), Eq. (A5) is
rewritten as

DE1 ¼ �2E12 ln
d
d0

� d
d0

þ 1

� �
: ðA6Þ

Eq. (A6) is similar to that used for discussion in Ref. [24].
From Eq. (A6), the larger the coefficient E12, the larger the
constriction energy. We compute E12 for the screw disloca-
tion BA and non-screw dislocation DA in Fig. 2. In the
m–s–z coordinate system, for BA, b1 = Bc = b0; b=2;�b=
ð2

ffiffiffi
3
p
Þc and b2 = cA = b0; b=2; b=ð2

ffiffiffi
3
p
Þc, which gives

E12 = Gb2/(32p) (with the Poisson’s ratio taken as m = 1/

3). For DA, b1 = Dc = b0; 0; b=
ffiffiffi
3
p
c and b2 = cA = b0;

b=2; b=ð2
ffiffiffi
3
p
Þc, which gives E12 = Gb2/(16p). The above

two values for E12 suggest that the constriction energy
for non-screw dislocation can be much larger than that
for screw dislocation.
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