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Heterogeneity of biological materials, such as bone, tooth, and mollusc shells, plays a
key role in determining their mechanical performance (e.g. the strength, damage
tolerance, etc.). Here, we quantify heterogeneities in elasticity and inelasticity of bovine
cortical bone between 100 nm and a few microns and identify a characteristic length
scale (lc) of approximately 200 nm. Below lc the mechanical heterogeneity of bone is
pronounced and exhibits a strong nonlinear size-dependence, while above lc the
heterogeneity is much less. Such size-dependent heterogeneity beneﬁts the mechanical
performance of bone since it not only promotes the energy dissipation at nanoscale, but
also suppresses heterogeneity-induced stress concentration and strain localization at
larger length scales. This is one of the possible mechanisms functioning at multiple
length scales that make bone a well-designed tough natural material. Utilizing
experimentally measured data, systematic computational simulations were carried
out, showing that the heterogeneity in inelasticity, rather than elasticity, plays a
dominant role in promoting energy dissipation during deformation. Possible parameters
that determine the inelasticity heterogeneity (e.g. mean value and standard deviation of
heterogeneous yield stress) and therefore affect energy dissipation are investigated
under typical deformation modes of bone. The analysis presented suggests that there
exists an optimum ratio of macroscopic strength to elastic modulus for improving
energy dissipation under tension. All these ﬁndings are of great value to the design and
synthesis of improved bio-inspired composites.
Published by Elsevier Ltd.
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1. Introduction
Heterogeneity refers to the spatial variation of structure and properties in materials. Like most biological materials, bone is a
hierarchical structure and exhibits heterogeneity at multiple length scales (Lakes, 1993; Currey, 2005; Fratzl and Weinkamer,
2007). At small length scales (less than a few hundred nanometers) heterogeneity reﬂects the differences between individual
mineralized collagen ﬁbrils and, thus, depends on the internal ﬁbril structure such as molecular orientation, density, size,
and shape distribution of hydroxyapatite particles, organic–mineral interactions, etc. (Tai et al., 2007). At larger length scales
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(a few mm), for example within circumferential osteonal bone, heterogeneity exists due to the characteristics of the
mineralized ﬁbrils including their orientation, interfaces, and diameter distribution (Wagermaier et al., 2007). At even larger
length scale ( 10 s of mm), heterogeneity exists because of the periodicity of the osteonal lamellae (Gupta et al., 2006). The
detailed structure of the osteon has recently been elucidated via synchrotron X-ray texture measurements and is found to
consist of three-dimensional helicoids of mineralized collagen ﬁbrils (Wagermaier et al., 2007). Cellular remodeling processes,
which result in composite of ‘‘old’’ and ‘‘young’’ bone, are known to lead to microscopic and nanoscopic heterogeneity (Rho
et al., 2002). At the macroscopic level, the mechanical properties of bone are anatomically site-speciﬁc (Yeni et al., 2001;
Morgan et al., 2003) and vary spatially within a speciﬁc anatomical region (Pope and Outwater, 1974). Inspired by these
observations, different hypotheses (Phelps et al., 2000; Currey, 2005; Peterlik et al., 2005; Gupta et al., 2006) have been
proposed in an attempt to elucidate the possible beneﬁcial or detrimental effects of heterogeneity on the overall mechanical
performance of bone. Currently, it is still an open question as to whether heterogeneity is advantageous or disadvantageous to
the mechanical functioning of bone.
Within the context of particle or ﬁber-reinforced engineering composites, it has been well established that a spatially
heterogeneous composite microstructure could improve the effective strength and damage tolerance (Brockenbrough et al.,
1991; Shen et al., 1994, 1995; Fratzl and Weinkamer, 2007). Recently, it was found through nanoindentation and computational
simulations that nanoscale heterogeneity in bone promotes energy dissipation (Tai et al., 2005; Tai et al., 2007). Conversely,
mechanical heterogeneity can also introduce or exacerbate stress concentrations and strain localization (Suresh, 2001). The
shape, spatial distribution, and volume fraction of the constituent phases can strongly affect the overall mechanical performance
(Brockenbrough et al., 1991; Shen et al., 1994, 1995; Munch et al., 2008). Recent studies (Gao et al., 2003; Fratzl and Weinkamer,
2007; Bonderer et al., 2008) indicate that such stress concentration is mitigated when the size of the constituent phases is below
a critical dimension (estimated to be approximately 30–200 nm for typical biomaterials). Other characteristic sizes also exist at
different length scales and may also play functional roles in bone (Gupta et al., 2006; Kasiri and Taylor, 2008).
Hence, increased heterogeneity can have both positive and negative effects by promoting energy dissipation while
simultaneously introducing stress concentrations and strain localization. The mediation of these two conﬂicting impacts is
an essential question for the design of materials with superior mechanical performance. One conceivable way is to have
length scale-dependent heterogeneity, whereby at small length scales heterogeneity is pronounced enough to promote
energy dissipation, while at larger length scales heterogeneity is much reduced in order to mitigate stress concentrations
and strain localization. To investigate this hypothesis in a model biological material, here we examine the size-dependence
of heterogeneity in bone. Adult bovine tibial cortical bone (Fig. 1) was employed, of which the osteonal diameter is
100 mm, the thickness of the individual circumferential lamellae is  5 mm and the diameter of the individual
mineralized collagen ﬁbrils is  150 nm. Experiments were conducted within individual osteonal circumferential lamellae
at the length scales ranging from 100 nm to 2 mm. Moreover, although nanoscale heterogeneity in bone has been shown to
promote inelastic energy dissipation during deformation (Tai et al., 2007), the controlling factors and possible routes to
maximize this beneﬁcial effect have not been explored completely. In this paper, ﬁnite element analysis (FEA) is employed
to study the effects of elastic versus inelastic heterogeneity on energy dissipation. Parametric studies are carried out to
identify strategies that can maximize energy dissipation. It is expected that the basic concepts discovered in the present
study also apply to natural materials other than bone, and could serve as general guidelines for the design of bio-inspired
composite materials.

Fig. 1. Optical microscopy images of polished bovine cortical bone: (a) transverse section (cut perpendicularly to the long axis of bone) and (b)
longitudinal section (cut parallel to the long axis of bone). Indentation measurements in this study were conducted within the osteonal regions
schematically indicated by the white boxes.
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2. Size-dependent heterogeneity in bone and its characteristic length scale
To quantify the heterogeneity of bone at multiple length scales, both atomic force microscope(AFM)-based
nanoindentation (Tai et al., 2007) and instrumented nanoindentation were conducted in ambient conditions. Adult
bovine compact bone from the region between the tibial metaphysis and the diaphysis was cut down to 5 mm cubic
specimens using a diamond-impregnated annular wafering saw (Isomet 5000, Buehler, Inc., Lake Bluff, IL, USA) running at
400–600 rpm with constant phosphate buffered saline (PBS, IS = 0.15 M, pH 7.4) irrigation. Longitudinal sections (cut
parallel to the long bone axis) and transverse sections (cut perpendicular to the long bone axis) were polished using a
metallographic polishing wheel (Buehler, at  100 rpm) and aluminum oxide polishing disk with successively smaller
particle grit sizes: 9, 3, 1, 0.3, 0.1, and 0.05 mm (South Bay Technologies Inc.) as well as a microcloth disk (Buehler). Samples
were rinsed copiously with deionized (DI) water followed by ultrasonication in DI water between polishing intervals.
To quantify the heterogeneity at the nanoscale, AFM-based nanoindentation experiments were carried out with a
constant load of 5 mN and 100 nm inter-indent spacing on 2 mm  2 mm areas in the ambient environment (21.5 70.7 1C
and 50% relative humidity). The maximum indentation depth was evaluated to be o40 nm at a 5 mN maximum load (for
 90% of all of the experimental data) with an average of 30 nm (Tai, 2007; Tai et al., 2007), which corresponds to an
average contact diameter of 56 nm. Using the three-dimensional model speciﬁed in Tai et al. (2007), the estimated plastic
zone size was found to be  1.6 times the contact diameter. The Oliver–Pharr method (Oliver and Pharr, 1992) was
employed to estimate the mechanical properties (indentation modulus and hardness) from the force–depth curves. The
spatial distribution of modulus and hardness was mapped using bilinear extrapolation from 20  20 discrete
measurements. Eight sets of modulus maps and hardness maps were obtained. Among them, four map sets are from
the ‘‘axial direction’’ with indentation loading parallel to the long bone axis, and the other four are from the ‘‘transverse
direction’’ with indentation loading perpendicular to the long bone axis. Fig. 2(a) and (b) shows two typical modulus maps
corresponding to axial and transverse directions, respectively, with related hardness maps being shown in Fig. 2(c) and (d).
The degree of heterogeneity in bone is often described by the coefﬁcient of variation (COV), namely the ratio of the
standard deviation to the mean of the property. The COVs for the eight modulus maps range from 0.26 to 0.46 with an
average value (7standard deviation) of 0.3570.07, while the COVs for the related eight hardness maps range from 0.17 to
0.32 with an average value (7standard deviation) of 0.2270.05. Hence, both modulus and hardness exhibit considerable
heterogeneities at the nanoscale, with the maximum and minimum values approximately one order of magnitude apart. In
addition to heterogeneity, our results also show anisotropy. The average stiffness in the axial direction is 12.9 74.8 GPa,
while that in the transverse direction is only 8.6 73.7 GPa. The ratio between them is around 1.5, in agreement with the
orientation-dependent indentation modulus reported in the literature (Ciarelli et al., 2000). It should be pointed out that
the minimum inter-indent spacing or spatial resolution (for this experiment, 100 nm) is determined by the size of the
plastic zone, which is controlled by the probe sharpness, the material properties of the sample, and the force resolution of
the instrument (lower maximum loads result in a reduced size of the plastic zone). To quantify heterogeneity at even lower
length scale, experiments using sharper probes are needed.
To quantify the heterogeneity at larger length scales, instrumented nanoindentation experiments were carried out
using a Triboindenter (Hysitron, Inc., Minneapolis, MN, USA) with a Berkovich diamond indenter tip (Tai et al., 2005).
Experiments were performed under displacement control at four different maximum indenter penetration depths: 50, 100,
200, and 300 nm. For each maximum indentation depth, ﬁve sets of indentation tests were performed along the axial and
transverse directions, respectively. The corresponding contact diameters at the maximum load obtained using the
calibrated tip area function are 372, 692, 1291, and 1898 nm, respectively. Using the FEA indentation model speciﬁed in
Dao et al. (2001), the estimated plastic zone size was found to be  1.2 times the contact diameter. A total of 41  3
indentations with a 0.5 mm spacing were performed at 50 nm maximum depth; 31  3 indentations with a 1 mm spacing
were performed at 100 nm maximum depth; 21  3 indentations with 2 and 3 mm spacings were performed at 200 and
300 nm maximum depth, respectively.
Based on the nanoindentation measurements above, the modulus COVs at different effective sampling length scales are
shown in Fig. 2(e), open diamond symbols. The effective sampling length scale is given as the contact diameter at the
maximum load multiplied by a correction factor. Here the correction factor is taken as the ratio of the plastic zone size
versus the contact diameter. The variation of COV with the effective sampling length scale observed in this dataset can be
well described by an exponential decay function:
COV ¼ aexpðl=lÞ þ C

ð1Þ

where l is the relevant effective sampling length scale, l is the characteristic length scale beyond which the level of
heterogeneity as quantiﬁed by COV is quickly reduced to a relatively small base value C, and a is a constant. The best ﬁtting
function, as shown by the dash-dotted line (Fig. 2e), has an R2 of 0.997 and the related characteristic length scale lind is
estimated to be 228 nm.
The mechanical property measured via indentation can be approximately interpreted as the volumetric mean of the
property within the vicinity of the indented region. A simpler alternative methodology, rather than the above experimental
approach, can be used to derive the size-dependent heterogeneity. In the following, this methodology is illustrated using
the nanoscale heterogeneity maps of Fig. 3(a)–(d).
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Fig. 2. Typical modulus maps ((a) and (b)) and hardness maps ((c) and (d)) reduced from AFM-based nanoindentation conducted on 2 mm  2 mm areas.
(a) and (c) correspond to the cases with indentation direction parallel to the long bone axis (axial loading), while (b) and (d) correspond to the cases with
indentation direction perpendicular to the long bone axis (transverse loading). Bilinear extrapolation was used to obtain a continuous spatial distribution. Open
diamond symbols with error bars in (e) show the size-dependent COV of modulus evaluated by nanoindentation tests at different effective sampling sizes; the
1st diamond symbol is taken from AFM-based nanoindentations while the rest are from nanoindentations using a Berkovich tip. Solid square symbols with
ﬁtting lines in (e) show size-dependent COVs calculated from the AFM-based nanoindentation maps, where solid lines are from axial loading cases and dashed
lines are from transverse loading cases; here the effective sampling size l is taken to be the length of a side of the sampling square.

Suppose we need to determine the heterogeneity of bone at a sampling length scale, l= 200 nm, a volumetric (areal for
current 2D case) average of a 200 nm  200 nm region within a map shown in Fig. 2 can be taken as a virtual
‘‘measurement’’ of its local effective property. After randomly taking sufﬁcient number (n) of such virtual ‘‘measurements’’,
the COV at the length scale of 200 nm can be evaluated. If we consider 100 nm, the inter-indent spacing of AFM-based
nanoindentations, as the smallest representative/effective sampling size in Fig. 2(a)–(d), this methodology can be extended
to any sampling length scale l 4100 nm. Here we only considered cases with l = m  100 nm, where m is the integer greater
than 1. Without affecting the COV evaluation, we forced the four sides of a sampling square to align with the sides of the
100 nm  100 nm grids, so that an exhaustive set of virtual measurements can be easily taken. Considering the limited map
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Fig. 3. Schematics of the ﬁnite element models used for simulations: (a) 4-point bend model and (b) 2D indentation model. The material properties
within the shaded areas were assigned the experimentally extracted (heterogeneous) values and those outside the shaded areas were assumed
homogeneous and elastic, and assigned as the effective average elastic modulus.

size (2 mm  2 mm) of the data shown in Fig. 2(a)–(d), m cannot be too large; otherwise, a sufﬁcient number of virtual
measurements (n) cannot be ensured.
Taking m from 1 to 10, the solid colored symbols in Fig. 2(e) show the variation of COVs of modulus (elasticity) as a
function of the effective sampling length scale, l, spanning from 100 nm (n = 400) to 1 mm (n =100). Eight maps including
Fig. 2(a) and (b) were considered. Here, the COVs derived from all eight maps decrease monotonically as the length scale
increases. The size-dependence of COVs using this methodology ﬁts well with Eq. (1) with R2 ranging from 0.981 to 0.996,
as shown by the solid and dashed lines for axial and transverse cases, respectively. For the four axial modulus maps, the
axial
average characteristic length scale is evaluated to be lmap ¼ 213 7 40 nm; for the four transverse modulus maps,
trans
all
lmap ¼ 221 780 nm; and for all eight maps, lmap ¼ 220 7 56 nm. This compares reasonably well with lind = 228 nm
evaluated using the experimental nanoindentation data.
Here, we mainly discussed the size-dependence of the heterogeneity in modulus (elasticity). A similar trend is observed
from the heterogeneity of hardness (inelasticity). It is clear that bone exhibits size-dependent heterogeneity in both
elasticity and inelasticity. There exists a characteristic length scale lc E200 nm below which the heterogeneity is much
more pronounced with strong size-dependence while above this characteristic size the effective heterogeneity is much
lower. Noting that the type-I collagen ﬁbrils of the adult bovine tibial cortical bone is 150 nm in diameter (Tai et al.,
2005), and the extracted characteristic length lc (Fig. 2e) is about 1–2 times the size of collagen ﬁbrils.
3. Effect of elastic versus inelastic heterogeneity on energy dissipation
Bone, as a material with nanoscale heterogeneity, has been shown to promote energy dissipation in comparison to a
homogeneous material with equivalent effective properties (Tai et al., 2007). It was shown above that heterogeneity exists
in both elasticity and inelasticity. A fundamentally important question thus arises. What are the relative contributions of
elastic heterogeneity versus inelastic heterogeneity to the promotion of energy dissipation during deformation? The
experimentally measured modulus and hardness maps allow us to investigate this question via parametric ﬁnite element
computations. Considering the typical deformation modes of bone, a 2D plane-strain four-point bend model and a 2D
indentation model were created, as shown in Fig. 3. The material properties within the shaded 2 mm  2 mm areas were
assumed elastic–perfectly-plastic and assigned as the heterogeneous properties obtained from AFM-based nanoindentation. It has been shown that for a strain hardening/softening law, the elastic–perfectly-plastic average yield stress
prediction is more suitable given that the parameters are manageable and that the nanoindentation behavior can still be
captured (Tai, 2007). Materials outside the shaded area were assumed homogeneous and elastic and assigned as the
average elastic properties of the shaded heterogeneous region. For the shaded heterogeneous region, the Young’s modulus
E is evaluated directly from the load–depth curves with a reasonable estimation of the Poisson’s ratio. In order to evaluate
the yield stress sy, Tai et al. (2007) took a constant elastic-limit-strain assumption and thus correlated E and sy through
sy = eyE, where ey is determined from the indentation force–depth curves. In the present study, a different approach was
taken so that sy would not depend on E. Assuming that the yield stress is correlated with the hardness through sy = cH,
where c is a constant ranging from 0.3 to 0.6 (Pharr and Bolshakov, 2002; Feng et al., 2007) and commonly taken as 1/3
(Gouldstone et al., 2007), sy maps can be readily evaluated from the hardness H maps. After assigning a set of E and sy
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maps into the heterogeneous region of the FEA models, the energy dissipation of bone during deformation can be
R
quantitatively assessed now. Here energy dissipation is deﬁned as the plastic dissipation energy ( V sy dep ). Assuming four
sides of a heterogeneous microstructure has the same chance to undergo external load; three additional cases can be
derived from each simulation case proposed above just by 901, 1801, and 2701 rotations of the examined heterogeneity
map set. Here two original axial map sets (out of four) and two original transverse map sets (out of four) were selected for
detailed parametric study, thus a total of 4  (2+ 2) =16 cases were studied.
In order to decouple the contributions of heterogeneities in elasticity and inelasticity to energy dissipation, for each
simulation case three virtual control cases were considered. The ﬁrst control case incorporates the heterogeneity of sy but
assumes homogeneous E. Conversely, in the second control case sy is assumed homogeneous, while the heterogeneity of E
is incorporated. In the third control case, both E and sy were assumed homogeneous. In each control case, the
homogeneous properties were taken as the volumetric average of the heterogeneous counterpart. Given load, the energy
dissipation D for each control case and the original case was computed. Comparative studies of D between four cases (one
original and three controls) can help to identify the individual contributions of elastic heterogeneity and inelastic
heterogeneity to energy dissipation.
Fig. 4 shows the relative change of energy dissipation induced by the heterogeneities in E and sy. While Fig. 4(a) and (c)
is based on the 4-point bend model, Fig. 4(b) and (d) is obtained from the 2D indentation model. Here each data point
represents the mean value of the 16 cases. In order to determine whether the heterogeneities in E and sy can cause
statistically signiﬁcant variations in energy dissipation, one-sample t-Test was carried out by using Origin (OriginLab
Corporation, Northampton, MA, USA). This test assessed whether the mean relative change in energy dissipation is greater
than 0 (the alternative hypothesis in t-Test) or, in other words, heterogeneity leads to enhanced energy dissipation. The
error bars in Fig. 4 denote 95% conﬁdence intervals with the p-values shown aside. Therefore, at the 0.05 signiﬁcance level,
low values of p ( o0.05) suggest statistically signiﬁcant enhancement in energy dissipation, while high values of p ( Z0.05)
imply no signiﬁcant improvement.
It can be seen from Fig. 4(a) that in the 4-point bend model elastic heterogeneity causes an average of  5% decrease,
rather than an increase, in energy dissipation, no matter the inelastic properties are spatially heterogeneous or
homogeneous. The p-values are around 0.8 or even higher, showing no statistically signiﬁcant increase in energy
dissipation for the cases studied in Fig. 4(a). It is particularly interesting to note that there are ﬁve cases with p-values

0.2

0.06

Heterogeneous σ y

0.1
0.0

p=0.99
p=0.998

p=0.94
p=0.998

p=0.89
p=0.99

-0.1

p=0.78
p=0.995

-0.2
-0.3

(D hetE-D homE)/D homE

(D HetE-D HomE)/D HomE

Homogeneous σ y

0.3

0.4

σy/H

0.5

0.00

p=0.48
p=0.66

p=0.30

p=0.53
p=0.85

p=0.81
p=0.99

p=0.82

-0.02

-0.06

0.6

0.3

0.4

σy/H

0.5

0.6

0.60
Homogeneous E
Heterogeneous E

0.60
0.45

p=1.1e-6
p=4.5e-6

0.30

p=1.8e-7
p=6.4e-6

p=1.4e-7
p=3.8e-5

p=2.5e-5
p=4.9e-5

(D hetY-D homY)/D homY

(D HetY-D HomY)/D HomY

Heterogeneous σ y

0.02

-0.04

0.75

0.15

Homogeneous σ y

0.04

Homogneous E
Heterogeneous E

0.45
0.30
0.15

p=0.0008
p=0.0008

p=0.0032
p=0.0043

p=0.0011
p=0.0025

p=0.0014
p=0.0017

0.00
0.00

0.3

0.4

0.5

σy/H

0.6

0.3

0.4

0.5

0.6

σy/H

Fig. 4. Relative changes of inelastic energy dissipation due to heterogeneity in elastic modulus ((a) and (b)) and inelastic yield strength ((c) and (d)) for
different values of sy/H. (a) and (c) are the results from the 4-point bend model, while (b) and (d) are from the 2D indentation model. Here each data point
stands for the mean value of the 16 subcases. Error bars denote the 95% conﬁdence interval of the mean. One-sample t-Test was performed with the
alternative hypothesis being that energy dissipation of the designated heterogeneous variation is greater than that of its effective homogeneous
counterpart. The high p-values in (a) and (b) show that at the 0.05 level elastic heterogeneity does not signiﬁcantly enhance energy dissipation, while the
low p-values in (c) and (d) indicate that at the 0.05 level inelastic heterogeneity leads to statistically signiﬁcant promotion in energy dissipation.
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greater than 0.95. If we now test the reverse hypothesis that heterogeneity leads to reduction in energy dissipation,
all these ﬁve cases indeed show statistically signiﬁcant reduction (po0.05 with respect to the temporarily reversed
alternative hypothesis) in energy dissipation (  5–10% decrease). In the 2D indentation model, the average differences in
energy dissipation resulted from elastic heterogeneity are found to be limited within a narrow range of  2%, as shown in
Fig. 4(b). No statistically signiﬁcant increase in energy dissipation is identiﬁed since p Z0.3 for all cases in Fig. 4(b). Results
in Fig. 4(a) and (b) suggest that elastic heterogeneity of bone alone could not facilitate statistically signiﬁcant increase in
energy dissipation during the deformation modes we studied.
In contrast, Fig. 4(c) shows that for the 4-point bend model inelastic heterogeneity can increase energy dissipation up to
48%. Here, all cases show p-values less than 5  10  5, suggesting that increases in energy dissipation due to inelastic
heterogeneity are statistically signiﬁcant. Similarly, Fig. 4(d) indicates that inelastic heterogeneity can cause a statistically
signiﬁcant (p o0.005) increase in energy dissipation for 2D indentation model. The average increase in energy dissipation
reaches up to 15–30%. Moreover, Fig. 4(c) and (d) also show that energy dissipation due to inelastic heterogeneity increases
with increase in sy/H. Within the reasonable range of 0.3 o sy/Ho0.6, at least a 15% enhancement can be achieved for both
4-point bend and 2D indentation models. Therefore, Fig. 4 suggests that inelastic heterogeneity, rather than elastic
heterogeneity, plays the dominant role in promoting energy dissipation in bone at least under the deformation modes
examined here. This interesting result may arise from the fact that the inelastic deformation of any particular point in
material is coupled with its local surrounding environment, which is quite different from a homogeneous material to a
heterogeneous material. In a homogeneous material under indentation, for example, deformation is highly localized under
the indenter and, hence, regions at the interior of the deformation zone will exhibit conﬁnement effects. Further spreading
of inelastic deformation would be mitigated. In a heterogeneous material, however, the deformation is more diffuse,
thereby giving rise to more energy dissipation.
4. The effect of inelastic property heterogeneity on energy dissipation
Having shown that nanoscale inelastic heterogeneity promotes energy dissipation in bone, it is more important to
advance further to identify parameters that facilitate maximum energy dissipation. Setting the experimentally extracted
maps of inelastic properties as the base microstructural design, variations of inelastic heterogeneity near the base design
are created to evaluate the impact of tuned heterogeneity on energy dissipation. Here we mainly focus on the variations of
two important parameters that determine the COV of inelasticity, namely the standard deviation and the mean value of
heterogeneous sy. Taking the heterogeneous sy maps obtained from experimental hardness H maps through assumed
correlation sy =0.3H as the base designs, variations of standard deviation and mean value of sy can be achieved by
ori
ori
snew
¼ sori
y þ aðsyi sy Þ
yi

ð2Þ

and
ori
snew
¼ sori
yi
yi þ bsy
ori
yi

ð3Þ
ori
y ,

new
yi

s
stands for the
respectively. Here s is the i-th individual yield stress in the original base map with mean value s
i-th yield stress after modiﬁcation, and a and b are two constants controlling the extent of the introduced variations.
Apparently, the variation deﬁned by Eq. (2) alters the standard deviation by a factor of a, while keeping the mean value
unchanged. On the contrary, the variation given by Eq. (3) adjusts the mean value by a magnitude of bsori
y , while keeping
the standard deviation unchanged. Simulations based on these two types of variations allow us to evaluate the inﬂuences
of the standard deviation and the mean value of the yield stress on energy dissipation separately. Ignoring the relatively
small contributions of elastic heterogeneity on energy dissipation as demonstrated above, elasticity is assumed
homogeneous and unchanged by taking the modulus as the mean value of the related experimental modulus map. As in
Section 3, 16 heterogeneous cases including 4 original designs and 12 rotated derivatives are examined here.
Fig. 5(a) and (b) plots the variations of energy dissipation as a function of the standard deviation of sy with the mean
value of sy unchanged. Each of the 16 cases studied is individually plotted in two ﬁgures. Curves with the same color
correspond to four orientations (01, 901, 1801, and 2701 rotations) of the same map. In general, inelastic energy dissipation
increases with increase in standard deviation of sy no matter which simulation models were adopted. It should be pointed
out that there is actually a limit on how much one can increase Std.(sy) following Eq. (2), since an overmuch increase in
Std.(sy) will bring the lowest yield strength within the sy map down to zero or a negative value.
Fig. 5(c) and (d) depicts the energy dissipation variations as a function of the mean value of sy with Std.(sy) unchanged.
Again, each of the 16 cases studied is plotted individually in these ﬁgures. In Fig. 5(c), each curve shows a peak within the
investigated parameter space, indicating that there is a possible optimum sy =E ratio for facilitating energy dissipation. The
estimated optimum sy =E from these 16 modeling cases is 0.03770.006, while the sy =E ratio from the experimental base
microstructures is 0.027 70.009 (taking sy/H as 0.3). Considering that the reasonable range of sy/H is actually 0.3 o sy/
Ho0.6, bone might have selected the optimal ratio of sy =E to achieve the maximum energy dissipation. However, under a
compressive loading condition simulated by the 2D-indentation model, the results are quite different. As shown in
Fig. 5(d), on average the extent of energy dissipation increases with decrease in sy =E, although not every individual case
follows the same trend. Likewise, there is also an apparent limit on how much one can decrease sy =E following Eq. (3),
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Fig. 5. Variation of enhancement in energy dissipation versus standard deviation ((a) and (b)) and mean value ((c) and (d)) of the inelastic yield stress
normalized with E. (a) and (c) are the results from 4-point bend model, and (b) and (d) are the results from 2D indent model.

since an overmuch decrease in sy will force the lowest yield strength within the sy map down to zero or a negative value.
The difference between Fig. 5(c) and (d) implies that the enhancement of energy dissipation with respect to the mean yield
strength depends heavily on the stress state or loading mode experienced by the material. Therefore, heterogeneity in bone
might be designed to have a sy =E ratio that maximizes energy dissipation under a local stress state resembling that ahead
of a Mode-I crack under tension. Under a compressive loading condition, a general increase in trend in energy dissipation is
observed with decrease in sy =E.
5. Discussion and summary
In this paper, we quantiﬁed the size-dependence of heterogeneity of bovine cortical bone. To better understand the
size-dependence of COV shown in Fig. 2(e), an idealized square model is constructed, as shown in Fig. 6(a): a two-phase
composite model material with basic building block sizes of aR and aS for the hard/stiff and soft/compliant phases,
respectively. These basic blocks construct the hard phase and soft phase clusters with sizes LR and LS, respectively. As
shown in Fig. 6(b), the effective sampling size (e.g. the maximum indenter contact diameter) is marked with l. For an
idealized case with square-shaped constituents (LR = LS =L) alternately populated within the region of interest, COV can
be calculated as a function of the effective sampling size l using the methodology introduced earlier in Section 2. Assuming
ER/ES = 10 and taking any suitable choices of aR r L and aS rL, Fig. 6(b) shows the calculated variation of COV versus the
sampling size l for L= 150, 500, and 1000 nm. It can be seen from Fig. 6(b) that the alternating square structure with
L= 150 nm shows a sharp COV transition at the probing size 200–250 nm. Such sharp transitions happen at much larger
scales for the cases with L= 500 nm and 1000 nm. This suggests that for length scale larger than the sizes of the most basic
structural building blocks, the size-dependence of the heterogeneity in the composite can be altered by changing the size
of phase clusters. That is, given the sizes of the basic building blocks one can achieve the same heterogeneity at different
length scales simply by adjusting the size of phase clusters. For example, Fig. 6(b) shows that we can achieve COV= 0.4 at
scales 150, 400, and 800 nm taking the cluster sizes L= 150, 500, and 1000 nm, respectively. The two-phase composite
model is an idealized approximation meant to explore trends in size-dependent heterogeneity and homogenization. While
bone can be considered to be a two-phase composite with rigid (mineral) and compliant (organic) phases with a
complicated hierarchical microstructure, the geometry and spatial arrangement of the phases departs from that assumed
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basic building blocks
with dimensions aR and aS
aR

aS

effective sampling
size dimension l
l
soft phase cluster
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COV

hard phase cluster
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l (nm)
Fig. 6. (a) Schematic of a two-phase composite material with basic building block sizes of aR and aS for the hard and soft phases, respectively. These basic
blocks can form hard and soft phase clusters with sizes LR and LS, respectively. The effective sampling size dimension of a probe (e.g. an indenter tip) is
denoted by l. (b) Calculated variation of COV as a function of probing size l for an idealized case with square shaped constituents (LR = LS = L) is alternatively
populated. Here modulus ratio of the two phases is assumed as ER/ES = 10 and L is taken as 150, 500, and 1000 nm, respectively.

in the model, and hence, a direct quantitative comparison with experimental data is precluded. However, the model does
provide signiﬁcant scientiﬁc information on qualitative trends of the effect of phase volume fraction, cluster size, and
cluster aspect ratio on heterogeneity via parametric assessment. Within the 50–500 nm length scale, the bone tissue can be
considered consisting of a more rigid ﬁbrillar space and a relatively compliant extra-ﬁbrillar space (Hellmich and Ulm,
2003). For wet tissue densities ranging from 1.7 to 2.3 g/cm3, the estimated extra-ﬁbrillar volume fraction ranges from 0.3
to 0.7 (Hellmich and Ulm, 2003). If we take the typical mammalian cortical bone density to be  1.8–2 g/cm3 (Lai et al.,
2005; Tai, 2007), the extra-ﬁbrillar volume fraction would be given as  0.5–0.6. In addition to the 0.5 volume fraction and
square shape shown in Fig. 6(a), we have performed a parametric study using this idealized composite model with
different volume fractions (1/3 to 2/3) and cluster aspect ratios (up to 1:5) and found a similar general trend, i.e. there is a
sharp COV transition at probing size  200–300 nm.
For bone, taking the collagen ﬁbril’s diameter (  150 nm in the bone samples tested in the present study) and its axial
repeat length ( 67 nm) as the reference for the basic building block size, this simple model suggests that nature has the
freedom to build a microstructure with various characteristic heterogeneity sizes larger than 200 nm. However, in order to
achieve both high strength and optimum ﬂaw tolerance, as pointed out earlier in the introduction, there should be an
upper limit ( 30–200 nm) on the phase cluster feature size (Gao et al., 2003). Considering the hierarchical structural
feature of bone (Fratzl and Weinkamer, 2007), other characteristic sizes are expected to exist at different length scales.
Indeed, in a recent study (Gupta et al., 2006) a larger characteristic length scale due to the periodicity of the osteonal
lamellae was identiﬁed at a higher level. With the length scale covered in this paper, we would not be able to capture
higher length scale mechanisms. There are many possible energy dissipation mechanisms that exist in bone at various
length scales (Tai et al., 2005; Bonderer et al., 2008), e.g. debonding of mineral–organic interfaces, collagen ﬁbril shear,
crosslink scission, denaturation and failure of collagen ﬁbrils, crack formation and propagation, mineral displacement,
deformation and structural phase transformation, viscous stretching of the organic component, and rupture of self-healing
sacriﬁcial bonds. In this paper, the additional mechanism of nanoscale heterogeneity is explored, which is expected to act
in parallel with and be coupled to other mechanisms. For example, yielding within each localized spatial region ultimately
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will be controlled by one of the above listed molecular-level mechanisms. Spatial heterogeneity can, for example, result in
conﬁnement and constraint which may enhance how molecular-based plasticity progresses.
In summary, the results obtained in the present study suggest that a nanoscale characteristic size exists in bone. Sizedependent heterogeneity is much more pronounced below this critical size and stays relatively low beyond this size. This
characteristic size is estimated to be around 200 nm, which is on the order of 1–2 times the diameter of individual collagen
ﬁbrils. Detailed computational simulations incorporating experimentally measured nanoscale heterogeneities show that
the heterogeneity of inelasticity, rather than elasticity, plays the dominant role in promoting energy dissipation in bone.
The substantial mechanisms for this phenomenon require further investigations. Nevertheless, one important contributing
factor emerging from this work is that the natural heterogeneity found in bone can extend plastic deformation over larger
distances from a notch tip or indenter tip, thereby resulting in considerably larger inelastic zones in comparison to its
corresponding homogenous case (Tai et al., 2007). A parametric study suggests an optimum sy =E ratio for improving
energy dissipation under a local stress state resembling that ahead of a Mode-I crack-like notch. Our ﬁndings suggest that
the size-dependent inelastic heterogeneity identiﬁed in bone is advantageous for its mechanical performance since it
promotes energy dissipation at nanoscale and simultaneously reduces the heterogeneity-induced stress concentration and
strain localization at higher length scales. These results also provide useful guidelines for designing bio-inspired, spatially
heterogeneous nanocomposites with superior mechanical performance. The enhanced energy dissipation due to nanoscale
heterogeneity may serve as one additional toughening mechanism among many possible mechanisms functioning at
different length scales for bone.
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