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Abstract

Frictional normal contact probing methods involving instrumented, depth-sensing indentation can be used to estimate the mechanical
properties of small-volume structures and materials such as thin films and components of micro-electro-mechanical systems. This paper
describes a new method for estimating the plastic properties, i.e. the yield strength and strain hardening exponent, of ductile materials
from the topography of scratches formed by a conical tip during an instrumented, depth-sensing frictional sliding test. The proposed
reverse analysis (or inverse analysis) uses dimensionless functions derived from computational simulations to extract plastic properties
from an instrumented scratch response performed on a standard, commercially available instrument. Sensitivity analysis indicates that an
experimental error of 5% in the scratch hardness or the pile-up height induces an error of <22% in the estimated strain hardening expo-
nent. Laboratory experiments illustrate how two aluminum alloy tempers of the same indentation hardness have significantly different
pile-up as a result of different strain hardening. Comparative results between the frictional sliding test and traditional tensile tests showed
reasonable agreement for a total of 11 metallic alloys evaluated. These results confirm the potential usefulness of the proposed method as
an engineering tool to probe plastic properties of small-volume materials and confined structures where it is difficult to obtain reliable
estimates of mechanical properties by other means.
� 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Mechanical tests such as the tensile test are employed
extensively to determine the yield strength and ductility
of metals. These tests are appropriate when a sufficient vol-
ume of homogeneous material is available for determina-
tion of mechanical properties using traditional methods.
These techniques for extracting mechanical properties,
however, are impossible or inappropriate when the elas-
to-plastic responses of small-volume ductile materials are
needed. Components can be too small or have local gradi-
ents in properties which are too steep for testing using tra-
ditional means. Examples of such components or systems
include free-formed devices, thin films, micro-electro-
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mechanical system structures, composites, coatings, for-
gings and welds.

Contact mechanics has evolved as an attractive method
for probing material properties of thin films and small-
volume structures because testing can be performed at mul-
tiple local length scales using polished metallographic sec-
tions. In recent years, researchers have developed
methods of estimating the yield strength and ductility of
metals using instrumented, frictionless normal indentation
[1–4]. The so-called forward problem predicts an indenta-
tion response, typically obtained as the variation in inden-
tation normal force P as a function of the depth of
penetration of the indenter tip into the material surface h

from a given set of elasto-plastic properties. By contrast,
the reverse algorithm estimates elasto-plastic properties
from depth-sensing indentation response (i.e. from a
knowledge of the loading and unloading portions of the
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P vs. h curves obtained experimentally) using algorithms
derived from computational simulations. In the indenta-
tion forward algorithms, small errors in the elasto-plastic
properties only lead to small uncertainties in predicting
indentation response.

The developed indentation reverse algorithms in general
provide reasonably accurate predictions of the reduced
modulus of elasticity (E�), but these predicting functions
are relatively sensitive to small experimental errors in eval-
uating yield strength and hardening [2,4,5]. Often, indenta-
tion test results with two or more sharp indenter geometries
are needed to provide accurate and unique predictions of
elasto-plastic properties [5–8], while, in general, experimen-
tal results obtained from a single spherical indenter geom-
etry can ensure unique extraction of plastic properties [5,9].
The representative plastic strain for deformation under a
sharp indenter is in the range 3–8% for a conical tip with
a total included angle of 140.6�, depending on the method
of analysis [2].

Frictional sliding in steady state is an alternative loading
condition where the instrument induces a lateral displace-
ment of a tip under a constant normal load. Different ana-
lytical models [10], test data [11–13] and computational
models [14–21] have been developed for the steady-state
flow of material. Analytical models have several limita-
tions, including difficulties in resolving the local strain field
and in accounting for the effects of plastic strain hardening
of the material on the scratch response. Previous test
results indicated a lack of correlation between the scratch
hardness and the indentation hardness [12].

Recent research [18,20] showed that moderate changes
in the strain hardening of metals greatly influences the
topography of scratches obtained from a frictional sliding
test, and that the representative plastic strain for a conical
tip with an included angle of 140.6� is in the range 15–34%,
depending on the combination of yield strength and strain
hardening exponent. Previous results [18,20,21] showed
that the representative plastic strain during instrumented
frictional sliding tests is on the order of 5–10 times larger
than that in instrumented indentation tests. A detailed
comparison of the plastic deformation characteristics
between frictional sliding and indentation can be found
in Ref. [21]. Stress and strain distribution with or without
the presence of plasticity gradient during the instrumented
frictional sliding test under the indenter were obtained and
reported in Ref. [21]. These recent results also indicated
that the overall coefficient of friction in frictional sliding
has a limited dependence on the elasto-plastic properties.
A set of dimensionless functions were derived from exten-
sive computational simulations for predicting frictional
sliding response from a given set of elasto-plastic properties
and the adhesive friction coefficient [20], which effectively
established the forward analysis method for the frictional
sliding test (or the instrumented scratch test). The instru-
mented frictional sliding test, similar to the indentation
test, can be performed at a penetration depth as small as
5–10 nm [22,23], although at the same penetration depth
the instrumented frictional sliding experiment would
require a considerably larger sampling area and volume
(on the order of 20� compared with the indentation test
to achieve steady state) because of the sliding motion.
The related validation experiments were performed at
depths deep enough to avoid the penetration size effect
[18,20].

This paper describes and evaluates a new reverse algo-
rithm for the frictional sliding test for estimating the local
plastic properties of metallic alloys. This engineering
method uses the elastic properties of the material, the
scratch hardness and the normalized pile-up height as
inputs for calculations using dimensionless functions. The
resulting output is an estimate of the yield strength and
the strain hardening exponent of the metallic alloy. This
technique leads to yield strength results similar to those
obtained from instrumented indentation with a single
indenter, but the estimate of the strain hardening exponent
is relatively more reliable and accurate, as shown by both
sensitivity analysis and experiments using several different
metallic alloys.

2. Materials and methods

2.1. Frictional sliding test

Fig. 1 illustrates a frictional sliding test to obtain the
input data. The surface must be free of contaminants and
have a roughness whose scale (e.g. asperity height and
width) is small compared with the depth of penetration
of the indenter. The indenter used is a cone shape with
an included angle of 140.6�. This axisymmetric tip geome-
try is selected because the projected area of the indenter
impression as a function of the indentation depth is the
same as that for the standard Berkovich or Vickers inden-
ter tips. For the purpose of a frictional sliding test, sharper
tips (with a smaller total included angle) lead to a greater
risk of chip formation, but more blunted tips reduce the
magnitude of the plastic deformation. Other tip geometries
would require a re-evaluation of the numerical functions
described here.

After the tip is positioned at the targeted location on the
sample, the instrument applies a normal load, and the
indenter penetrates the surface. Subsequently, the tip
moves relative to the sample, or vice versa, to form a per-
manent scratch under a constant normal load. As previ-
ously described [18], the penetration depth initially
increases and then decreases until it reaches steady state,
in which the width of the residual scratch and the amount
of material pushed on each side of the indenter are con-
stant. In general, this steady-state travel distance is between
two and three times the width of the scratch.

On completion of the scratch, surface profilometry pro-
vides the average peak-to-peak width of the scar 2ar, where
ar is the residual contact radius, and the average residual
pile-up height hp. The residual scar depth hr is either
obtained directly by surface profilometry, if the scanning
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Fig. 1. (a) A section of a residual scratch profile where the pile-up height (hp), the residual penetration depth (hr) and the contact radius (ar) are indicated,
and (b) a schematic view of a conical indenter with an apex angle h. Also shown is the coordinate system for the analysis.

Fig. 2. Outline of steps involved in the frictional sliding reverse analysis
algorithm.
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tip is sharper than the scratching tip, or indirectly using the
tip geometry, if the scanning tip is the same as the scratch-
ing tip. These data provide the normalized pile-up height rp

and the scratch hardness HS using the traditional definition
of hardness [24–26]:

rp ¼
hp

hr

ð1Þ

and

H S ¼
2P
pa2

r

ð2Þ

where P is the applied normal load. In the absence of size
effects on material properties, these two parameters are
independent of the applied load or depth of penetration,
which simplifies the analysis and the predicting equations.

During the frictional sliding test, the control unit of the
indenter can monitor the lateral contact force using beam
deflection, capacitors or other methods. These data provide
insight into the plastic deformation process, but the engi-
neering method described here did not make particular
use of these additional data. As previously described [20],
the overall lateral contact force is influenced by material
plastic properties, but it is also driven by the intrinsic coef-
ficient of adhesive friction. Therefore, small changes in the
intrinsic coefficient of adhesive friction or typical measure-
ment variability could lead to errors in the predictions.

2.2. Predictive methodology

Fig. 2 summarizes the proposed frictional sliding reverse
algorithm. The method is based on the influence of the
plastic flow properties on the scratch hardness and the nor-
malized pile-up height. The material constitutive behavior
is isotropic with linear elasticity, which is captured by an
exponential plastic hardening law for the true flow stress

r ¼ ry 1þ E
ry

ep

� �n

ð3Þ

where ep is the true equivalent plastic strain, ry is the initial
yield strength, E is Young’s modulus of the material, and n

is the plastic strain hardening exponent. The elastic contri-
butions from the material and the indenter can be simpli-
fied using the reduced modulus [25].
E� ¼ 1� m2ð Þ
E

þ
1� m2

i

� �
Ei

� ��1

ð4Þ

where Ei and mi are Young’s modulus and Poisson’s ratio of
the indenter, respectively. For polycrystalline diamond, the
typical material of choice for the indenter tip, Ei = 1100 G-
Pa and mi = 0.07 are assumed.

For frictional sliding contact, independent functions can
be written for independent quantities such as the scratch
hardness HS, the pile-up height hp and the overall friction
coefficient ltot. By making the quantities dimensionless
and using the P theorem, the functions can be evaluated
numerically and then used for any specific material condi-
tion within the solution space. For a fixed cone angle h of
70.3�, the finite element results from a detailed parametric
study provided the following dimensionless functions
[18,20]
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Pa ¼
HS

ry

� �
¼ a1ðnÞ þ nCa1ðlaÞ½ � ry

E�
� 	 a2ðnÞþCa2ðlaÞ½ �

ð5Þ

Pb ¼
hp

hr

¼ rp

¼ Pb;RPðnÞCb;RPðlaÞ 1þ ry

X bðnÞCXbðlaÞE�
� �pbðnÞ

" #,

ð6Þ
and

Pc ¼
F t

P

� �
¼ ltot ¼ la þ Pc;RPCc;RPðlaÞ � la

� �


1þ ry

X cðnÞCX cðlaÞE�
� �� pcðnÞ

�
ð7Þ

where the subscript RP indicates the value of the function at
the limit of rigid plastic properties, and the variable Ft is for
the overall lateral force. All numerical closed-form solutions
to these sub-functions are listed in the Appendix A. The pro-
posed frictional sliding reverse algorithm is developed based
on the dimensionless functions Pa and Pb. Pc, which relates
to the friction response, is included here for completeness. Pc

could be used to solve the system of equations for a third un-
known such as the frictional coefficient la or the reduced
modulus E�, but it is not used here for the prediction because,
as described in Section 2.1, their inclusion would not im-
prove accuracy, but instead could possibly reduce accuracy.
E� can be easily obtained using the same instrument with the
indentation test. The frictional coefficient la can be obtained
using a procedure described in Ref. [20].

The algorithm requires the following information:

� Coefficient of adhesive friction la can be measured exper-
imentally using a nearly elastic contact between the same
material and a spherical tip [20], or other methods.
� Elastic properties for the tip and the material to com-

pute E� can be obtained from material data table and
the literature, from tensile tests or from instrumented
indentation.

The method is based on the following assumptions:

� The indenter is a nearly perfect cone with an apex angle
of 70.3�, which corresponds to a total included angle of
140.6�.
� Incremental theory of plasticity is valid, and there are no

size effects within the region of experimental measurement.
� The material plastic flow behavior is isotropic, and it

follows the power law per Eq. (3).

Under these conditions, the reverse algorithm outlined
in Fig. 2 uses the above dimensionless functions in the fol-
lowing form:

P0a H S;E�; n; lað Þ ¼ ry

E�
� 	

¼ HS

E�

� �
= a1ðnÞ þ nCa1 lað Þð Þ

� � 1= 1þa2ðnÞþCa2ðlaÞð Þ½ �

ð8Þ
and

P0bðP0a; n; laÞ ¼ rp ¼
hp

hr

¼ Pb;RPðnÞCb;RPðlaÞ 1þ P0a
X bðnÞCXbðlaÞ

� �� pbðnÞ
, #

ð9Þ

To solve this system numerically, P0a is inserted into P0b,
which allows P0b to be solved numerically by varying n to
match the experimental value of rp. As shown in Section 3,
the value of rp steadily decreases with increasing n, simpli-
fying the solution procedure. The value of n obtained is
then inserted in P0a to determine ry/E�. To solve this system
of equations numerically, the equations can be imple-
mented in a calculus spreadsheet by reserving columns
for the outputs and for each sub-function of n or la. A sin-
gle iteration loop is needed to solve P0b for n. The range of
conditions used to determine P0a and P0b using finite ele-
ment simulations is

ð4:8� 10�5Þn�1:22 <
ry

E�
� 	

< 5:5� 10�2
� �

e�5:11n;

where 0 6 n 6 0:5 ð10Þ

This range of material properties covers a wide variety of
engineering materials, but exceptional cases may fall out-
side this range. A solution that does not verify the above
inequality (Eq. (10)) could be inaccurate, because it would
be based on extrapolated regression functions.

2.3. Experimental materials and properties

Materials tested for verification of the proposed method
included nickel, copper and aluminum alloys. A high purity
2000 series aluminum alloy AA 2524-T3 sheet metal prod-
uct 0.8 mm thick was selected to generate two materials
with the same indentation hardness, but different micro-
structures (obtained from the Aluminum Company of
America (Alcoa) Technical Center, Alcoa Center, Pennsyl-
vania). Tensile specimens machined from these sheets met
the dimensional requirements of ASTM E-8 [27] and had
the tensile axis oriented at 45� to the rolling direction in
order to probe the average properties. The specimens were
heat-treated at 190 ± 5 �C for different aging times. The
hardness and tensile properties measured after aging are
provided in Table 2. The stress–strain curves corrected
for machine/specimen compliance were consistent with
the permanent elongation of the specimens obtained by
marking and length variation measurements.

Cut sections for the frictional sliding tests were polished
mechanically with the rolling direction normal to the plane.
The final surface roughness was characterized using a Q-
Scope 250 (Quesant Instrument Corporation, Santa Cruz,
CA) atomic force microscope in non-contact mode.

Prior work provided detailed experimental description
and mechanical properties of the nickel alloys [18] and cop-
per alloys [20] used for the verification of the engineering



Table 1
Sensitivity analysis for the reverse algorithm.

D on ry for HS D on n for HS D on ry for hp/hr D on n for hp/hr

+5% �5% +5% �5% +5% �5% +5% �5%

n 6 0.1 7.9 �7.7 �11.8 12.1 14.4 �12.1 �21.9 21.1
0.1 < n 6 0.2 10.8 �10.0 �15.2 15.8 13.3 �12.8 �15.5 16.9
0.2 < n 6 0.35 11.3 �10.9 �11.3 10.8 12.8 �11.8 �12.6 13.3
0.35 < n 6 0.5 20.3 �11.6 �11.2 3.8 12.3 �11.3 �8.1 7.9
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Fig. 3. Chart for estimating the strain hardening exponent and the
normalized initial yield strength from the normalized scratch hardness and
the normalized pile-up height (la = 0.15).
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method described here. In all cases, the surface roughness
of the specimens was estimated to be <10 nm.

2.4. Experimental frictional test apparatus and parameters

All frictional sliding tests were with a conical diamond
indenter with an included angle of 140.6� and a tip radius
of 2 lm. For the conditions of penetration depth investi-
gated (�5–15 lm), the scale of experimentation was suffi-
ciently large to consider this indenter perfectly conical
and to neglect the penetration size effect. The wear of the
diamond tip was not significant in terms of tip radius
blunting. Testing was performed on a commercially avail-
able nanoindentation test system (Nanoteste, Micro
Materials Ltd., Wrexham, UK) under constant normal
load P, at a tip velocity of 10 lm s�1 and over a total dis-
tance of 1500 lm, which was sufficient to attain steady-
state conditions after �300 lm and then generate a region
of valid steady-state profile.

After the experiment, a series of at least 30 cross-sec-
tional residual profiles were obtained over the steady-state
sliding regime using a Tencor P10 profilometer (KLA-Ten-
cor, San Jose, CA). The profilometer was equipped with a
conical diamond probe which had an included tip angle of
90� and a tip radius of 2 lm. A typical procedure involved
the generation of five parallel scratches on each sample, fol-
lowed by 6–10 transverse scans going across these
scratches. The resulting data were treated with a computer
algorithm to correct for surface curvature, to isolate the
individual profiles and to calculate the profile
characteristics.

3. Results and discussion

3.1. Predicting functions for reverse analysis

The solution method is fully explained with two equations
(Eqs. (8) and (9)) and two unknowns: the initial yield
strength ry and the strain hardening exponent n. Fig. 3 illus-
trates the dependence of each equation on the unknowns for
a fixed adhesive friction coefficient la = 0.15. The ordinate is
plotted on a logarithmic scale to improve the visual represen-
tation of the yield strength (ry/E�) for soft materials. All
curves have a steadily decreasing slope, but the slopes for
the rp curves are more negative than the slopes for the
ry/E�curves. Because of this difference in slope, a curve of
fixed rp intersects a curve of fixed HS/E� at a single point.
The coordinates for this intersection point correspond to
the solution for n and ry, the unknowns. With this approach,
the solution for a given set of input variables is unique within
the parameter space studied. The chart in Fig. 3 provides a
direct approximation for n and ry using elastic properties
and frictional sliding test data, but solving Eqs. (8) and (9)
numerically provides more precision in the prediction.

Eq. (8) for ry/E� provides additional insight into the
dependence of the scratch hardness on plastic properties.
Fig. 4 shows stress–strain curves for materials with the
same normalized scratch hardness (HS/E�=0.2) using Eq.
(8) with an adhesive friction coefficient la = 0.15. This fric-
tion coefficient was obtained through a procedure discussed
elsewhere [20]. The curves intersect at values of plastic
strain >25%. It is shown that the normalized pile-up height
rp can vary significantly between metals of same normal-
ized scratch hardness.

3.2. Sensitivity analysis

The solution varies with the experimental values of HS

and rp. Table 1 shows how a variation of 5% in the input
parameters influences the solution to Eqs. (8) and (9).
The values reported in each cell of this table were the max-
imum found for all permitted values of ry/E�. The effect of
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a 5% variation is at most 22%. For example, the table indi-
cates that a variation of 5% in an input parameter will
change the prediction of the strain hardening exponent in
the range 0.125–0.175 if the true strain hardening exponent
is 0.15. This level of variability is adequate for many engi-
neering applications.

The predictive method is based on known and fixed val-
ues of the friction coefficient la, whose determination is
subject to experimental uncertainty; it may vary with sur-
face preparation. To test the effect of this variation,
Fig. 5 shows the variation in the solution for an average
value of la = 0.14 and a variation of ±25%. The result
shows that rp and HS/E� remain within 6% of their original
values for la = 0.14. Therefore, variability in the estima-
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tion of la is less critical for the overall accuracy of the pro-
posed method than the variability in the input parameters
ry/E� and rp.

3.3. Experimental verification

Laboratory testing confirmed the trends predicted by
the dimensionless functions. Fig. 6 compares the residual
cross-sectional profiles from frictional sliding experiments
on two aluminum alloys with the same indentation hard-
ness. One specimen was in T3 temper (quenched and natu-
rally aged), while the other was over-aged to the same
indentation hardness. The profiles from the as-received
specimen present a lower and blunted pile-up, which is pri-
marily due to the higher strain hardening exponent. These
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Table 2
Comparison between the predictions from the reverse analysis and the experimental values; the data for pure Cu, Cu–Zn and pure Ni are from previous
work [18,20].

Experimental Predicted properties Properties from tension Variation between predicted
and measured properties (%)

HS (GPa) hp/hr r0.2% (MPa) n r0.2% (MPa) n r0.2% n

Al (as-received) 1.3 0.54 220 0.18 180 0.21 18 �17
Al (aged) 1.1 0.79 330 0.08 370 0.05 �12 38
Cu (450 �C) 0.66 0.7 145 0.13 135 0.13 7 0
Cu (600 �C) 0.62 0.57 44 0.27 58 0.23 �32 15
Cu (700 �C) 0.60 0.51 28 0.29 35 0.28 �25 3
Cu–Zn (450 �C) 1.13 0.44 45 0.35 59 0.32 �31 9
Cu–Zn (600 �C) 0.95 0.3 15.5 0.41 12.9 0.44 17 �7
Cu–Zn (700 �C) 0.81 0.28 7.0 0.45 7.8 0.45 �11 0
Ni (nc) 4.42 0.84 1600 0.02 1723 0.02 �8 0
Ni (ufc) 2.63 0.76 850 0.06 804 0.07 5 �17
Ni (mc) 1.35 0.63 170 0.19 201 0.18 �18 5
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differences in the relative shape of the profiles could trans-
late into a different resistance to tribological damage. A
lower and more blunted profile may reduce the amount
of material removal in a subsequent tribological event.

Laboratory testing also verified the quantitative predic-
tive capability of the method. The predicted results were
compared with tensile test data on pure nickel, pure copper
and a single phase brass alloy, in addition to the aluminum
alloy presented in this study. These materials constituted a
wide range of grain sizes. Table 2 presents the predictions
from the reverse analysis along with tensile test data. The
difference between the experimental measurements and
the predictions from the proposed method is generally
<20%. Only two cases out of 22 had a variation >20%.
In those two cases, the variation remained <40%. These
experimental findings are consistent with the results from
the sensitivity analysis using the dimensionless functions
P0a and P0b.

Both the frictional sliding tests and the dimensionless
functions showed that the scratch hardness and the pile-
up height correlate with the strain hardening exponent.
As a result, the method described here can provide a range
and/or a comparative ranking of materials with respect to
their strain hardening exponent.

4. Concluding remarks

From an analysis of dimensionless functions and the
experimental verification described in the present paper,
the following conclusions are drawn:

1. Two materials with the same indentation hardness can
form significantly different scratch hardness and pile-
up behavior during frictional sliding.

2. A new reverse (or inverse) algorithm is proposed for
extracting plastic properties from instrumented scratch
response using dimensionless functions derived from
computational simulations. It is demonstrated that the
plastic properties of metals can be predicted using fric-
tional sliding results obtained from commercially avail-
able instrumented, depth-sensing scratch test
equipment. Provided that the elastic properties and con-
tact properties are known, the normalized hardness and
the normalized pile-up height are sufficient to determine
the plastic strain hardening exponent and the initial
yield strength.

3. The method proposed here is sensitive to experimental
errors. A variation of 5% in the value of the normalized
hardness or the normalized pile-up height can result in
an error of up to 22% in the prediction of the strain
hardening exponent.

4. Experimental errors associated with variations in the
adhesive coefficient of friction between the indenter tip
and the material have a relatively smaller effect on the
predicted values for the yield strength and the strain
hardening exponent.

5. Using this frictional sliding test, the yield strength
and the strain hardening exponent can be extracted
uniquely and with a reasonable accuracy without
requiring the use of two or more indenter geometries.
Here, known values of E� and la are prerequisites.
The reduced modulus E� can be easily obtained using
the same instrument with the indentation test. The
frictional coefficient la can be obtained using a pro-
cedure described in Ref. [20], but a precise determina-
tion is not critical. It is also noted that Pc in Eq. (7)
could be used to solve the system of equations for a
third unknown such as the frictional coefficient la or
the reduced modulus E�.

6. Using the same instrumentation and calibration, the
frictional sliding test can be used to identify small vari-
ations in strain hardening exponent.

7. The frictional sliding test can also be performed in con-
junction with standard instrumented, depth-sensing,
frictionless normal indentation on the same instrument,
with one or more tip geometries, to enhance significantly
the accuracy of the extracted elasto-plastic material
properties.
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Appendix A. Numerical functions

P0aðH S;E�; n; laÞ ¼
ry

E�
� 	

¼ H S

E�

� �
=ða1ðnÞ þ nCa1ðlaÞÞ

� � 1= 1þa2ðnÞþCa2ðlaÞð Þ½ �

ð8Þ

with

a1ðnÞ ¼ 3:32� 5:79nþ 2:8n2 ð8:1Þ
Ca1ðlaÞ ¼ 0:12� 0:64= 1þ e30ðla�0:1Þ� �

ð8:2Þ

a2ðnÞ ¼ 0:07� 1:283nþ 0:248n2 ð8:3Þ
Ca2ðlaÞ ¼ 0:006� 0:0278= 1þ e25ðla�0:1Þ� �

ð8:4Þ

P0bðP0a; n;laÞ ¼ rp ¼
hp

hr

¼ Pb;RPðnÞCb;RPðlaÞ



1þ P0a
X bðnÞCXbðlaÞ

� �� pbðnÞ
#

ð9Þ

with

Pb;RPðnÞ ¼ 0:904� 1:684nþ 1:987n2 � 2:722n3 ð9:1Þ
Cb;RPðlaÞ ¼ 0:909þ 0:627la ð9:2Þ
X bðnÞ ¼ 0:0378� 0:2129nþ 1:145n2 � 3:34n3

þ 3:54n4 ð9:3Þ

CXbðlaÞ ¼ 0:651þ 1:21la þ 7:61l2
a ð9:4Þ

pbðnÞ ¼ �0:68 lnðnþ 0:02Þ ð9:5Þ
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