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L&#-(1&? S(N ) 15 2"##'/ " (λ,R)A5&#-(1&?D /'?&('/
(λ,R) − S(N )D 1$ (3' '?2&/1?B "?/ /'2&/1?B $-?2(1&?5
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93' B&"# &$ (315 C"C') 15 ?&( (& B1F' (3' 2"C"21(@ )'B1&?5
&$ ?'(>&)+5 >1(3 )'5C'2( (& F")1&-5 /'."?/5a (3"( 15
"? 1?()"2("E#' C)&E#'. /-' (& 1(5 2&.E1?"(&)1"# ?"(-)'*
!"(3') >' >153 (& /'F'#&C 'H-1F"#'?2' )'#"(1&?531C5 E'A
(>''? 2"C"21(@ )'B1&?5 &$ ?'(>&)+5* P1F'? (3' 'I15('?2'
&$ " (λ,R)AS(N ) 5&#-(1&? $&) " ?'(>&)+ N D >' >153 (&
1.C#@ 5("('.'?(5 $&) (3' 'I15('?2' &$ " (λ′,R′)AS(N ′)
5&#-(1&? $&) " ?'(>&)+ N ′*

Z55-.'D $&) 'I".C#'D " ?'(>&)+ 2&?("1?5 "? '/B'
ē = [i, j]* 93' 1?C-( "?/ &-(C-( )"?/&. F")1"E#'5 ")'
X(V1(ē)) = X(i,s) "?/ Y (V2(ē)) = Y (j,r)* 93' ()"?51(1&?
C)&E"E1#1(@ $&) (3' ?'(>&)+ (3-5 $"2(&)5 "5O

p(y(j,r)|x(i,s))
∏

e∈E\{ē}

p(y(V2(e))|x(V1(e))). eSf

S93' E#&2+#'?B(3 n ."@ F")@ >1(3 λD RD "?/ N *

\'( "?&(3') ?'(>&)+ N ′ E' B1F'? >1(3 )"?/&. F")1A
"E#'5 (X̃(i,s), Ỹ (j,r)) )'C#"21?B (X(i,s), Y (j,r)) 1? N * Y'
3"F' )'C#"2'/ (3' #1?+ 23")"2(')1V'/ E@ p(y(j,r)|x(i,s))
>1(3 "?&(3') #1?+ 23")"2(')1V'/ E@ p̃(ỹ(j,r)|x̃(i,s))* Y3'?
I(Y (j,r);X(i,s)) ! I(Ỹ (j,r); X̃(i,s))D >' >"?( (& C)&F'
(3"( (3' 'I15('?2' &$ " (λ,R)AS(N ) 5&#-(1&? 1.C#1'5 (3'
'I15('?2' &$ " (λ′,R′)AS(N ′) 5&#-(1&?D >3')' λ′ 2"?
E' ."/' ")E1()")1#@ 5."## 1$ λ 2"?* L1?2' ?&/' j ?''/
?&( /'2&/' Y (j,r)D 23"??'# 2"C"21(@ 15 ?&( ?'2'55")1#@
" )'#'F"?( 23")"2(')1V"(1&? &$ (3' #1?+g5 E'3"F1&)* K&)
'I".C#' " P"-551"? 23"??'# $)&. i (& j .1B3( 2&?()1E-('
" )'"#AF"#-'/ '5(1."(1&? &$ (3' 1?C-( )"?/&. F")1"E#'a "
E1?")@ ')"5-)' 23"??'# (3"( )'C#"2'5 1( 2"??&( 1..'/1A
"('#@ /'#1F') (3' 5".' $-?2(1&?"#1(@*

:-) C)&&$ /&'5 ?&( 1?F'?( " 2&/1?B 523'.'* 7?5('"/D
>' /'.&?5()"(' " ('23?1H-' $&) &C')"(1?B "?@ 2&/1?B
523'.' $&) N &? (3' ?'(>&)+ N ′* L1?2' (3')' 'I15(5
" 2&/1?B 523'.' $&) N (3"( "231'F'5 "?@ C&1?( 1? (3'
1?(')1&) &$ R(N )D (315 C)&F'5 (3"( R(N ) ⊆ R(N ′)*
L1?2' >' /&?g( +?&> (3' $&). &$ "? &C(1."# 2&/' $&)
N D &-) .'(3&/ .-5( >&)+ $&) "## C&551E#' 2&/'5 &? N *
K&) 'I".C#'D 1( .-5( 5-22''/ 'F'? >3'? (3' 2&/' $&) N
15 (1.'AF")@1?B* Z5 " )'5-#(D >' 2"??&( "CC#@ (@C12"#1(@
")B-.'?(5 "2)&55 (1.'* Y' 1?()&/-2' 1?5('"/ " ?&(1&? &$
5("2+1?B 1? &)/') (& 'IC#&1( "F')"B1?B ")B-.'?(5 "2)&55
.-#(1C#' -5'5 &$ (3' 5".' ?'(>&)+ ?&( "2)&55 (1.'*

93' N A$&#/ 5("2+'/ ?'(>&)+ N 15 (3' ?'(>&)+ N )'A
C'"('/ N (1.'5* 93-5 N 3"5 N 2&C1'5 &$ '"23 F')('I
v ∈ V "?/ N 2&C1'5 &$ '"23 '/B' e ∈ E* L1?2' .-#(15'(5
e?&( 5'(5f /'52)1E' (3' F')(12'5 "?/ '/B'5 &$ N D (3'
5("2+'/ ?'(>&)+ 15 ?&( " ?'(>&)+ "?/ ?'> /'"?1(1&?5
")' )'H-1)'/* Y' 2"))@ &F') ?&("(1&? $)&. N (& N

-51?B -?/')#1?'5* L& W (i→j) ∈ W(i→j)def
=(W(i→j))N

15 (3' F'2(&) &$ .'55"B'5 $)&. i (& j "?/ X(i)
t ∈

X (i)def
=(X (i))N "?/ Y (i)

t ∈ Y(i)def
=(Y(i))N ")' (3' (1.'A

t F'2(&)5 &$ 23"??'# 1?C-(5 "?/ &-(C-(5 "( ?&/' i* Y'
-5' ")B-.'?( " (& /'?&(' (3' "A(3 #"@') &$ (3' 5("2+a
$&) 'I".C#' W (i→j)(") 15 (3' .'55"B' $)&. i (& j 1?
#"@') "* L1?2'W(i→j)def

=(W(i→j))N D (3' )"(' R(i→j) $&)
" 5("2+'/ ?'(>&)+ 15 /'"?'/ "5 (log |W(i→j)|)/(nN)*
9315 ."+'5 )"('5 2&.C")"E#' E'(>''? N "?/ N *

N3!;8@8B; P \'( N E' (3' N A$&#/ 5("2+'/ ?'(>&)+ $&) "
?'(>&)+ N * Z E#&2+#'?B(3An 5&#-(1&? S(N ) (&N 15 " 5'(
&$ '?2&/1?B "?/ /'2&/1?B $-?2(1&?5O

X(i)
t : (Y(i))

t−1
×

∏m
j=1 W

(i→j) → X (i)

Ŵ (j→i) : (Y(i))
n
×

∏m
j=1 W

(i→j) → W(j→i).

Y' 2"## S(N ) " (λ,R)A5&#-(1&?D /'?&('/ (λ,R)−S(N )D
1$ Pr(W (i→j) %= Ŵ (i→j)) < λ $&) "## i, j*



N3!;8@8B; Q 93' )"(' )'B1&? R(N ) ⊂ R
m(m−1)
+ &$N 15

(3' 2#&5-)' &$ "## )"(' F'2(&)5R 5-23 (3"( " (λ,R)−S(N )
5&#-(1&? 'I15(5 $&) "?@ λ > 0 "?/ "## N 5-$"21'?(#@ #")B'*

$I3B73K M !"(' )'B1&?5R(N ) "?/R(N ) ")' 1/'?(12"#D
"?/ $&) '"23 R ∈ 1?((R(N )) (3')' 'I15( (2−Nδ,R) −
S(N ) 5&#-(1&?5 (3"( 23"??'# 2&/' (3' .'55"B'5 "?/ (3'?
"CC#@ (3' 5".' 5&#-(1&? 1?/'C'?/'?(#@ 1? '"23 #"@') &$N *

%"##$& R(N ) ⊆ R(N )O K&) "?@ R ∈ 1?((R(N )) "?/
λ > 0D (3')' 'I15(5 " (λ,R) − S(N ) 5&#-(1&? (& N * \'(
n E' 1(5 E#&2+#'?B(3* Y' E-1#/ " E#&2+#'?B(3 nN 5&#-(1&?
S(N ) $&) N E@ 1.C#'.'?(1?B (3' N #"@')5 &$ (1.' 5('C
t &$ S(N ) 1? (1.'5 (t − 1)N + 1, . . . , tN 1? N * L1?2'
S(N ) 5"(15"'5 (3' 2"-5"#1(@ 2&?5()"1?(5 "?/ &C')"('5 (3'
."CC1?B5 $)&. S(N ) &?N D S(N ) "231'F'5 (3' 5".' )"('
"?/ '))&) C)&E"E1#1(@ &? N "5 S(N ) "231'F'5 &? N *

R(N ) ⊇ R(N )O \'( R ∈ 1?((R(N ))D "?/ "I 5&.'
R̃ ∈ 1?((R(N )) $&) >3123 R̃(i→j) > R(i→j) $&)
"## i, j* L'( ρ = mini,j(R̃(i→j) − R(i→j))* K&) )'"A
5&?5 (3"( >1## E'2&.' 2#'") #"(')D >' 5''+ " 5&#-(1&?
>1(3 '))&) C)&E"E1#1(@ λ "?/ E#&2+#'?B(3 n 5"(15$@1?B
maxi,j R̃(i→j)λ + h(λ)/n < ρ* L-23 " 5&#-(1&? 15
B-")"?(''/ (& 'I15( 51?2' R̃ ∈ 1?((R(N )) 1.C#1'5 (3"(
(3')' 'I15(5 " (λ, R̃) − S(N ) 5&#-(1&? $&) "?@ λ > 0*
K1I " (λ, R̃) − S(N ) 5&#-(1&?* 9& "F&1/ 2&?$-51&? E'A
(>''? (3' (")B'( )"(' R "?/ (3' 5&#-(1&?g5 31B3') )"('
R̃D #'( W (i→j) "?/ Ŵ (i→j) /'?&(' (3' .'55"B'5 "?/
(3'1) )'2&?5()-2(1&?5 "( )"(' R̃(i→j)* 93' .'55"B'5 "?/
)'2&?5()-2(1&?5 "( (3' (")B'( )"(' ")' U (i→j) "?/ Û (i→j)*
\'( 2&/' S(N ) E' (3' 5&#-(1&? "231'F'/ E@ "CC#@1?B
(3' (λ, R̃) − S(N ) 5&#-(1&? 1?/'C'?/'?(#@ 1? '"23 #"@')
&$ N * 93'? (W (i→j)("), Ŵ (i→j)("))D " ∈ {1, . . . , N}D
2&?5(1(-('5N -5'5 &$ " /152)'(' .'.&)@#'55 23"??'# $)&.
i (& j* Y3'? (3' 1?C-( 15 -?1$&).#@ /15()1E-('/D (3' .-(-"#
1?$&)."(1&? E'(>''? (3' 23"??'# 1?C-( "?/ (3' 23"??'#
&-(C-( 5"(15"'5 I(W (i→j)("); Ŵ (i→j)(")) > nR̃(i→j) −
(λnR̃(i→j) + h(λ)) E@ K"?&g5 1?'H-"#1(@* K&) '"23 (i, j)
>' ?&> "CC#@ " -?1$&).D )"?/&. (2N(nR(i→j)), N)A
23"??'# 2&/' "2)&55 (3'N -5'5 &$ (315 23"??'#* 93' 23"?A
?'# 2&/'g5 '?2&/') ."C5 U (i→j) (& W (i→j)* L1?2' (3'
2&/'g5 )"(' nR(i→j) 15 5()12(#@ #'55 (3"? (3' 23"??'#g5 .-A
(-"# 1?$&)."(1&?D C)'215'#@ I(W (i→j)("); Ŵ (i→j)(")) −
nR(i→j) > nρ − (λnR̃(i→j) + h(λ)) > 0* ZCC#@1?B
(3' 5()&?B 2&/1?B (3'&)'. B1F'5 "? '))&) C)&E"E1#1(@ #'55
(3"? 2−Nδ D >3')' δ 15 "? 1?2)'"51?B $-?2(1&? &$ (3' B"C
mini,j [I(W (i→j)("); Ŵ (i→j)(")) − nR(i→j)]*

Y' 3'?2'$&)(3 )'5()12( &-) "(('?(1&? (& 5&#-(1&?5 S(N )
(3"( ")5( 23"??'# 2&/' .'55"B'5 "?/ (3'? "CC#@ (3' 5".'
5&#-(1&? S(N ) 1?/'C'?/'?(#@ 1? '"23 #"@') &$ N * b@
93'&)'. SD (3')' 15 ?& #&55 &$ B'?')"#1(@ 1? (315 )'5()12A

(1&?* 9315 "?/ (3' 1*1*/* -?1$&). 23&12' &$ 2&/'>&)/5
1? (3' 23"??'# 2&/' /'51B? ."1?("1?5 (3' /'51)'/ 1*1*/*
5()-2(-)' "2)&55 #"@')5* :-) ")B-.'?( '.C#&@5 )"?/&.
2&/1?B "( .-#(1C#' J-?2(-)'5D 23&&51?B (3' 1?5("?2'5 &?#@
&?2' "## 2&/'5 ")' 1? C#"2'* eL'' 93'&)'. W*f

Y' ?&> $&2-5 &? (3' ")5( $"2(&) 1? eSfD ('.C&)")1#@
/)&CC1?B 5-C')52)1C(5 (i, s) "?/ (j, r) "?/ )'$'))1?B (&
)"?/&. F")1"E#'5 X,Y "?/ (3'1) )'"#1V"(1&?5 x, y $&)
E)'F1(@*

=&?51/') " (2−Nδ,R)AS(N ) 5&#-(1&? (3"( "CC#1'5 (3'
5".' 5&#-(1&? S(N ) 1? '"23 #"@') &$ N * \'( pt(x, y) =
pt(x)p(y|x) E' (3' /15()1E-(1&? 1.C&5'/ E@ S(N ) "2)&55
(3' 23"??'# p(y|x) "( (1.' t* \'( A(N)

ε,t E' (3' 2&))'5C&?/A

1?B J&1?(#@ (@C12"# 5'(* ;'"?' B(N)
ε,t (λ̄)

def
= {(xN , yN ) ∈

A(N)
ε,t : Pr(∪a,b{W (a→b) %= Ŵ (a→b)}|(Xt, Y t) =

(xN , yN )) " λ̄}* 93' C)&E"E1#1(@ 1? B(N)
ε,t (λ̄) )'5-#(5

$)&. (3' &C')"(1&? &$ S(N ) &? N *

03KK: O 7$ (3')' 'I15(5 &$ " (2−Nδ,R)AS(N ) 5&#-(1&?
$&) " 5("2+'/ ?'(>&)+ N D (3'? $&) N 5-$"21'?(#@ #")B'U

|B(N)
ε,t (λ̄)|/|A(N)

ε,t | < (m22−N(δ−2ε))/((1 − ε)λ̄).

%"##$& \'( E =
⋃

a,b{W
(a→b) %= Ŵ

(a→b)
}* 93'?

Pr(B(N)
ε,t (λ̄)∩E) ! Pr(A(N)

ε,t ∩E) ! Pr(E) ! m22−Nδ

E@ (3' -?1&? E&-?/ "?/ #'.." "55-.C(1&?* e93' "55-.CA
(1&? 15 F"#1/ $&) )"('5 R &$ 1?(')'5( E@ 93'&)'. S*f 93-5

m22−Nδ " Pr(E|B(N)
ε,t (λ̄)) Pr(B(N)

ε,t (λ̄))

> λ̄|B(N)
ε,t (λ̄)|2−N(H(X,Y )+ε) |A

(N)
ε,t |

|A(N)
ε,t |

.

93'? |A(N)
ε,t |2−N(H(Xt,Yt)−ε) > Pr(A(N)

ε,t ) > 1 − ε $&)
#")B' N E@ (3' Z4Q B1F'5 (3' /'51)'/ )'5-#(*

93' 1?C-( Xt (& 23"??'# p(y|x) 1? N -5-"##@ )'5-#(5 1?
" J&1?(#@ (@C12"# &-(C-( Y t* Y' ")B-' 1? 93'&)'. W (3"(
(3' $-?2(1&?"#1(@ &$ N )'."1?5 -?23"?B'/ 1$ >' )'C#"2'
p(y|x) E@ "?@ &(3') .'"?5 (& C12+ " J&1?(#@ (@C12"# Y t*

$I3B73K P \'( ?'(>&)+5 N "?/ N̂ E' /'"?'/ "5

N =
(

X (1,1) × · · ·× X (i,s) × · · ·× X (m,dout(m)),

p(y(j,r)|x(i,s))
∏

e∈E\{ē}

p(y(V2(e))|x(V1(e))),

Y(1,1) × · · ·× Y(j,r) × · · ·× Y(m,din(m))
)

UY' -5' |A| (& /'?&(' 2")/1?"#1(@ &) F&#-.' /'C'?/1?B &? (3'
"#C3"E'( &$ A* Y' "55-.' '?()&C@ H(X, Y ) < ∞ 1? E&(3 2"5'5*



N̂ =
(

X (1,1) × · · ·× X̂ (i,s) × · · ·× X (m,dout(m)),

δ(x(i,s) − y(j,r))
∏

e∈E\{ē}

p(y(V2(e))|x(V1(e))),

Y(1,1) × · · ·× Ŷ(j,r) × · · ·× Y(m,din(m))
)

,

>3')' (X̂ (i,s), δ(x̂(i,s) − ŷ(j,r)), Ŷ(j,r)) 15 " E1( C1C' (3"(
?&15'#'55#@ ."C5 R > C

def
= maxp(xi,s) I(X(i,s);Y (j,r))

E1(5 $)&. 1(5 1?C-( (& 1(5 &-(C-( "( '"23 (1.' 5('C* 93'?
R(N ) ⊆ R(N̂ )*

%"##$& \'( N "?/ N̂ E' (3' 5("2+'/ ?'(>&)+5 $&) N
"?/ N̂ * L1?2' R(N ) = R(N ) "?/ R(N̂ ) = R(N̂ ) E@
93'&)'. SD 1( 5-$"2'5 (& C)&F' R(N ) ⊆ R(N̂ )* K&) "?@
R ∈ 1?((R(N )) "?/ "?@ λ > 0D (3')' 'I15(5 " (λ,R)A
S(N ) 5&#-(1&? $&) ?'(>&)+ N * Y' C)&F' (3"( (3')' "#5&
'I15(5 " (λ̂,R)AS(N̂ ) 5&#-(1&? $&) "## λ̂ > 0*

b@ 93'&)'. SD R ∈ 1?((R(N )) 1.C#1'5 (3"( (3')' 'I15(5
" (2−Nδ,R)AS(N ) 5&#-(1&? $&) N (3"( "CC#1'5 (3' 5".'
5&#-(1&? S(N ) 1? 'F')@ #"@') &$ N * \'( pt(xN , yN ) =
∏N

#=1 pt(x#, y#) E' (3' /15()1E-(1&? &$ (X(i,s)
t, Y

(j,r)
t)

-51?B 5&#-(1&? S(N ) &? N * \'( n E' (3' E#&2+#'?B(3
&$ S(N )* K&) '"23 t ∈ {1, . . . , n}D )"?/&.#@ /'51B?
" 5&-)2' 2&/' (αN,t,βN,t) >1(3 2NR 2&/'>&)/5 /)">?
1*1*/* "22&)/1?B (& pt(yN ) =

∑

xN∈XN pt(xN , yN ) "?/
"? '?2&/') αN,t (3"( ."C5 '"23 xN (& "? 1?/'I k $&)
>3123 (xN , βN,t(k)) ∈ A(N)

ε,t \ B(N)
ε,t (λ̄) 1$ "F"1#"E#'*

Y' ?&> )-? S(N ) &? N̂ E@ ."CC1?BX(i,s)
t (& X̂(i,s)

t =
αN,t(X(i,s)

t) E'$&)' ()"?5.1551&? E@ ?&/' i "?/ ."CC1?B
Ŷ (j,r)

t (& Y (j,r)
t = βN,t(Ŷ (j,r)

t) "$(') )'2'1C( E@ ?&/' j*

Y' &$$') (3' $&##&>1?B "?"#@515 $&) (3' '))&) C)&E"E1#1(@*
93' 'IC'2("(1&? 15 &F') "## )"?/&. 2&/' /'51B?5*

E Pr
(

∪(a,b){W
(a→b) %= Ŵ (a→b)}

)

!

[

n
∑

t=1

E Pr((X(i,s)
t, Y

(j,r)
t) %∈ A(N)

ε,t \ B(N)
ε,t (λ̄),

(X(i,s)
t′ , Y

(j,r)
t′) ∈ A(N)

ε,t′ \ B(N)
ε,t′ (λ̄),∀t′ < t})

]

+E Pr(∪(a,b){W
(a→b) %= Ŵ (a→b)},

(X(i,s)
t, Y

(j,r)
t) ∈ A(N)

ε,t \ B(N)
ε,t (λ̄)∀t ! n). eUf

\'( Kt(xN , yN ) = 1 1$ (xN , yN ) ∈ A(N)
ε,t \ B(N)

ε,t (λ̄)
"?/ 0 &(3')>15'* 8&(' (3"( (1 − ab)k ! 1 − a + e−bk

"?/ pt(yN ) > p(yn|xn)2−N(I(X(i,s)
t ;Y (j,r)

t )+3ε) $&) "##
(xN , yN ) ∈ A(N)

ε,t RShD \'.."5 Sh*]*UD Sh*]*WTD >3')'
I(X(i,s)

t ;Y (j,r)
t ) ! C 15 (3' .-(-"# 1?$&)."(1&? $&)

pt(x, y) = pt(x)p(y|x)* 93'? ('). t 1? (3' 5-. 15 "( .&5(
∑

xN∈XN

Ep̂t(x
N )(1 −

∑

yN

pt(y
N )Kt(x

N , yN ))2
NR

<
∑

xN

p̂t(x
N )(1 −

∑

yN

p(yN |xN )Kt(x
N , yN )

+e−2N(R−I(X(i,s);Y (j,r))−3ε)

),

>3')' p̂t(xN ) 15 (3' C)&E"E1#1(@ &$ xN "( (1.' t 1?
(3' B1F'? 5&#-(1&?* 93' 'IC&?'?(1"# B&'5 (& V')& 51?2'
R > C* 93' )'."1?1?B /1$$')'?2' B&'5 (& V')& E@ (3'
Z4Q 1$N 3"5 ?& 2@2#'5 "?/ E@ "?"#@515 &$ (3' C)&E"E1#1(@
(3"(X(i,s)

t 15 "(@C12"# >3'? (X(i,s)
t′ , Y

(j,r)
t′) ∈ A(N)

ε,t′ \

B(N)
ε,t′ (λ̄) $&) "## t′ < t &(3')>15'* Y' E&-?/ (3' #"5(
('). 1? eUf E@ 26εNnλ̄/(1 − ε)n E@ ")5( E&-?/1?B (3'
/15()1E-(1&? p̂t(yN |xN ) $&) '"23 )"?/&. 5&-)2' 2&/'*

L1?2' (3' 'IC'2('/ '))&) C)&E"E1#1(@ >1(3 )'5C'2( (& (3'
J&1?( /15()1E-(1&? &F') "## 2&/'5 2"? E' ."/' ")E1()")1#@
5."##D (3')' 'I15(5 " 51?B#' 1?5("?2' &$ (3' 2&##'2(1&? &$
2&/'5 (3"( /&'5 "( #'"5( "5 >'##*

'3K:7D O b@ 93'&)'. WD >3'? R < CD >' 2"? )-? "?@
5&#-(1&? S(N ) &? N̂ E@ 5&-)2' 2&/1?B "2)&55 (3' #"@')5a
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