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~ Abstract—A new coding and queue management algorithm block at a time. If playback can begin only after receiving a
is proposed for communication networks that employ linear fyll block, then high throughput would require a large delay
network coding. The algorithm has the feature that the encoding This raises the interesting question — can playback begin

process is truly online, as opposed to a block-by-block approach. . .
The setup assumes a packet erasure broadcast channel Withgven before the full block is received? In general, playback

stochastic arrivals and full feedback, but the proposed schemis IS possible till the point up to which all packets have been
potentially applicable to more general lossy networks with link- recovered, which we call thfont of contiguous knowledge
by-link feedback. The algorithm guarantees that the physical Traditionally, no incentive is placed on decoding a part of
queue size at the sender tracks the backlog in degrees of freedomthe message using a part of the codeword. In a streaming

(also called the virtual queue size). The new notion of a node licati h d di Id ket i g
“seeing” a packet is introduced. In terms of this idea, our application however, decoding older packets earlier resuc

algorithm may be viewed as a natural extension of ARQ schemes delay. Performance depends on not ohlyw much datas
to coded networks. Our approach, known as the drop-when-see transferred in a given time, but alsehich part of the data
algorithm, is compared with a baseline queuing approach called |n other words, we are more interested in packet delay than
drop-when-decoded. It is shown that the expected queue sizep .y delay. These issues have been studied by [5] and [6]
for our approach is O (12;) as opposed tof (ﬁ) for the  in a point-to-point setting. However, in a network settitige
baseline approach, wherep is the load factor. problem is not well understood. In related work, [7] and [8]
address the question of how many original packets are redeal
before the whole block is decoded. However, playback delay
Digital fountain codes ([1], [2]) are a well-known solutit®  depends on not just the number of recovered packets, but also
the problem of reliable communication over a packet erasuf order in which they are recovered.
channel. They have low complexity and require no feedback,Suppose we have full feedback, then reliable communica-
except to signal successful decoding of a block. Howeveipn over a packet erasure channel can be achieved using Au-
fountain codes do not extend readily to a network Setting)matic Repeat reQuest (ARQ) This Simp|e scheme achieves
Consider a two-link tandem network. If the middle nod@oo throughput, in-order delivery and the lowest possible
applies a fountain code on coded packets it has receivedpiket delay, and it is composable across links. In case of
far, this does not mean that the overall code from the sewdefdndem networks, this is the optimal solution. Howeveikin
the receiver will have the properties of a fountain codehin t by_||nk ARQ cannot achieve the multicast Capacity ofa gaher
sense, the fountain code approach is not composable aci@sgvork. The well-known butterfly network is an example.
links. A decode and re-encode scheme will be sub-optimal fesides, ARQ does not work well with broadcast-mode links
terms of delay as pointed out by [3]. because retransmitting a packet that some receivers did not
In comparison, the random linear network coding solutioget is wasteful for the others that already have it. In cattra
[4], is composable because it removes the need for decodiwork coding readily extends to broadcast-mode links and
at intermediate nodes. This solution ensures that with hlglﬂso achieves multicast Capacity of any network.
probability, the transmitted packet will have tienovation Our new scheme combines the benefits of network coding
guarantee property, i.e, it will bring new information to and ARQ byacknowledging degrees of freedom instead
every receiver, except in the case when the receiver a|re&f*yorigina| packets. (Here, degree of freedomefers to a
knows as much as the sender. Thus, every successful reteptigw dimension in the appropriate vector space.) This new
will bring a unit of new information. This scheme is showrframework allows the code to incorporate receivers’ states
to achieve capacity for the case of a multicast connection. of knowledge and thereby enables the sender to control the
However, both fountain codes and random linear netwoggolution of the front of contiguous knowledge. The scheme
coding have the problem of decoding delay. Both schemgfy thus be viewed as a first step in feedback-based control
are block-based. While this works for a file download settingf the tradeoff between throughput and decoding delay,galon
many applications today need to broadcast a continuouastrehe lines suggested in [9]. This new kind of feedback is also
of packets in real-time. The above schemes would segment {@ful in queue management, as it can be used to decide which
stream into blocks (also called generations) and process @yackets must be retained in the queue. The ultimate goal is to
_ _ use feedback to minimize both queue size and decoding delay.
This work is supported by DARPA ITMANET (grant no. 18870730362-

C), Office of Naval Research (grant no. N00014-05-1-0197@)@BMANET [N this work, we mainly focus on the queue size. o
(Subcontract 060786) Consider a packet erasure broadcast channel. The solation i

I. INTRODUCTION



[4] requires the sender to generate a linear combinatiamgusip: ¢ p2) reaches A and B. Since A knows, it can also
potentially all packets of a generation that have arrivefaso decodep,. As for B, it has now seen (but not decodqs).
If feedback is used only to signal completion of a generatioAt this point, since A and B have se@n, the sender drops it.

then the sender will have to store the entire generatioit il

This is fine because, B will eventually decoglg (this happens

decoded. If instead, receivers ACK each packet upon degpdim slot 4), at which time it can obtaip;. Similarly, as shown
the sender can drop packets that all receivers have decodea.the table,po, ps andp4 will be dropped in slots 3, 5 and
However, even storing all undecoded packets may be subrespectively. However, the drop-when-decoded policy wil
optimal. Consider a situation where the sender hgmckets dropp; andps in slot 4, andps andpy in slot 6. Thus, our
and all receivers have received 1) linear combinations: new strategy clearly keeps the queue shorter. This is fdymal
(p1+P2), (P2+P3): ..., (Pun—1+Pn). NO packet can be de- proved in Theoreni]1 and Corollaky 3. Sectlon TV-A extends
coded by any receiver, so the sender cannot drop any packigis scheme to more receivers.
However, the backlog in degrees of freedom is just 1. It would 2) Implications of our new scheme:

be enough if the sender stores any one ofglie The degrees
of freedom backlog is also called the “virtual queue” ([10],
[11]). We ideally want the physical queue to track the viltua
gueue. Now, even if the receivers get degrees of freedom
at the specified rate, there will be a delay for decoding the
original packets. Hence, the drop-when-decoded schenie wil,
not achieve this goal. In this work, we show that we can
achieve this goal if we allow ACKs on degrees of freedom.

A. Our contribution and its implications

We propose a new online coding and queue update algo-
rithm that uses ACKs on degrees of freedom to guarantee thaf
the physical queue size at the sender will track the backlog
in degrees of freedom. We introduce the notion of a node
“seeing” a message packet, which is defined as follows. (Note ,
in this work, we treat packets as vectors over a finite field.)

Definition 1 (Seeing a packetA node is said to haveeen
a packetp if it has enough information to compute a linear
combination of the form’p + q), whereq is itself a linear
combination involving only packets that arrived afieiat the
sender. (Decoding implies seeing, as we can pjck 0.)

Our new scheme is called thdrop-when-seeralgorithm R
becausea packet is dropped if all receivers have seerTite
intuition is that if all receivers have seqw it is enough for
the sender’s transmissions to involve only packets beyond
After decoding these packets, the receivers can compated
hence obtairp as well. Therefore, even if the receivers have
not decoded, no information is lost by dropping it.

Whereas ARQ ACKs a packet upon decoding, our scheme
ACKs a packet when it is seen. We present a deterministic cod-

The uncertainty at a receiver can be restricted to a window
of packets that advances in a streaming manner and has
a stable size (namely, the set of unseen packets). Thus,
the encoding scheme is truly online. All packets are seen
in order, implying FIFO service at the sender’s queue.
The physical queue size is upper-bounded by the sum
of the degrees of freedom backlog between the sender
and receivers. Our scheme thus forms a natural bridge
between the virtual and physical queue sizes. It can be
used to extend results on the stability of virtual queues
such as [10], [11], [12] to physical queues.

For then-receiver case, at mostpackets are involved in

the coded packet. This reduces the decoding complexity
and the overhead for storing the coding coefficients.
Currently our work proves queue size guarantees at the
sender in a single-hop packet erasure broadcast channel.
But we believe our algorithm is composable and can be
extended to a tandem network of broadcast links. As part
of future work, we aim to modify the algorithm for a
more general setup like the one in [13]. This would help
prove queuing guarantees at intermediate nodes as well.
We assume perfect feedback, but we expect that with
suitable changes, the algorithm can handle losses and
delay in the feedback. This is part of ongoing work.

As for decoding delay, we can say that if a receiver
receives a packet while it is a leader in terms of number of
received degrees of freedom, then it will be able to decode
all packets up to that point. Now, some seen packets might
be decoded even before a receiver becomes a leader. The
evolution of decoded packets needs further study.

ing scheme that guarantees that the coded packet, if réceiy@e scheme we proposed in [14] also showed that the physical
succe_ssfully, wouldsimultaneously cause each receiver to queue tracks virtual queues. However, unlike [14] our aurre
see its next unseen packetNow, seeing a new packetyork provides an explicit coding scheme that enables us to
translates to receiving a new degree of freedom (proved)latgyroye new results. In other work, [15] also combines feekbac
This means, the innovation guarantee property is satisfidd a,ng coding to address decoding delay. However, their notion

100% throughput can be achieved.

of delay ignores the order in which packets are decoded.

1) Example:Table[] gives an example of the proposed idegroreover, they do not consider a stream of stochastic dsriva

in a packet erasure broadcast channel with two receivers A
and B. The sender’s queue is shown after the arrival point

Il. THE SETUP

and before the transmission point of a slot. In each slot, theA sender wants to broadcast a stream of packets: to

sender picks the oldest unseen packet for A and B. If they aeeeivers over a packet erasure broadcast channel. Time is
the same packet, then that packet is sent. If not, their XGifotted. We focus on linear codes — every transmission is a
is sent. This rule will cause both receivers to see theirgilddinear combination of packets from the incoming stream. A

unseen packet. In slot Jn; reaches A but not B. In slot 2, node can compute any linear combination whose coefficient



Time | Sender's queue Transmitted packet| Channel state A B
Decoded Seen  but| Decoded Seen  but
not decoded not decoded
1 P1 P1 — A »B P1 - -
2 P1, P2 p1 ® p2 —A —B P1, P2 - - P1
3 P2, P3 P2 D P3 - A, —B P1, P2 - - P1, P2
4 P3 P3 - A — B P1, P2 - P1,P2, P3 -
5 P3, P4 P3 D Pa — A »B P1,P2 P3 P1,P2,P3 -
6 P4 P4 —A —B | pP1,P2,P3,P4 | - P1,P2:P3,P4 | -

TABLE |
AN EXAMPLE OF THE DROPWHEN-SEEN ALGORITHM

Slot number ¢ Point where state
variables are measured

—
/ N\ A

Point of Point of Point of Point of departure
arrival transmission feedback for physical queue

Fig. 2. Markov chain for the size of a virtual quede:=1—X; i :=1—p

gueue size for the baseline drop-when-decoded scheme and

Fig. 1. Relative timing of arrival, service and departurenp®iwithin a slot . -
the new drop-when-seen scheme, asymptotically as1~.

vector is in the span of the coefficient vectors of previously 1. ALGORITHM 1 — DROP WHEN DECODED
received coded packets. This leads to the following dediniti The coding scheme assumed is an online version of [4], with

Definition 2 (Knowledge of a node)rhe knowledge of a ,, preset generation size. The sender transmits a randeat lin
nodeis the set of all linear combinations of original packets,mpination of all packets currently in the queue. For any
that it can compute, based on the info.rmation it hgs rfaces‘mdreceiver, packets at the sender are unknowns, and eacheagcei
far. The coefficient vectors of these linear combinatiorrsnfo packet is an equation in these unknowns. Decoding can happen
a vector space called theowledge spacef the node. whenever the difference between the number of equations and

The sender has one physical queue with no preset sigaowns involved becomes zero. This difference is essen-
constraints. We use the notion of a virtual queue to reptesglyy the backlog in degrees of freedoire., the virtual queue
the backlog in degrees of freedom between the sender &g Thys successful decoding at a receiver happens when
receiver. There is one virtual queue for each receiver. the corresponding virtual queue becomes eﬂlmyhenever

Definition 3 (Virtual queue):The size of thej™ virtual 5 receiver is able to decode in this manner, it informs the
queue is defined to be the difference between the dimensiony@figer. Based on this, the sender tracks which receivees hav
the knowledge space of the sender and that ofjtheeceiver. gacoded each packet, and drops a packet if all receivers have

Arrivals: Packets arrive into the senders physical queygscoded it. We assume the field size is large enough to ignore
according to a Bernoulli process of rate An arrival at the the probability that the coded packet is not innovative. \We n
physical queue translates to an arrival at each virtual gueustdy the behavior of the virtual queues in steady state. Let

Service: The channel accepts one packet per slot. Each Q(t) := Size of the physical queue at the end of slot
receiver receives the packet with no errors with probabjlit Q,(t) := Size of thej*" virtual queue at the end of slot
or an erasure occurs with probability — 11). Erasures occur Figure[2 shows the Markov chain fay; (t). If p < 1, the chain

independently across receivers and across slots. Res@®@8r s positive recurrent. Its steady state distribution isegivby

detect erasures. We assume the innovation guarantee yrop@ig}: 7, = (1 — a)a*, k > 0, wherea = A(i_i)- Thus, the

the virtual queue. Thus, in each slot, every virtual queue -
is served independently with probability. Service of the lim EO. ()] — (1) . P 1
physical queue will depend on the queue update scheme used. 1m0 @50 JZ::OMJ 1-n (1-p) @)

Feedback:In Algorithm 1, feedback is sent when a window | he phvsical . der thi h
of packets is decoded, in order to indicate successful degod Next, we analyze the physical queue size under this scheme.

For Algorithm 2, the feedback is needed in every slot tbet T be the time an arbitrary arrival in steady state spends

indicate an erasure. We assume perfect delay-free feedbacRk the physical queue before departure, excluding the slot i

Timing: Figureld shows the relative timing of various event\éfh'Ch the arrival occurs. The packet will not dep_art “’F“‘“‘*a.
within a slot. For simplicity, we assume that the transnoissi virtual queue has become empty at least once since its larriva

unless erased by the channel, reaches the receivers bedgre k,et D; b]f‘; th?htlme until the Ine'l)'(fg eﬂrr\piylng Of_ géh w(rjtual
send feedback for that slot, and feedback from all receiveﬁ;ui E le)r‘ : Qew \;a\llrn\f/a. ?ED = max; D; and so,
reaches the sendeefore the end of the same sldhus, the | 2 E[D;]. Hence, we focus ofE[D)].

feedback incorporates the current slot's reception also. it may be possible to find some unknowns even before the viruelg

Let p := A/u. In what follows, we will compare the expectethecomes empty. However, this is a higher order effect and werdgit.




We condition on the new arrival seeing stale = k before

Corollary 2: The number of packets seen by a receiver is

joining the queue. Then, the state at the end of the slot éqgual to the dimension of its knowledge space.

which the packet arrives, is if the channel is ON in that slot

Definition 4 (Witness):We denote the unique linear combi-

and(k+1) otherwise. NowD; is simply the first passage timenation guaranteed by Corollary 1 &¥;(px), the witness for
from the state at the end of that slot to state 0. It can be shoveteiver; seeingpx.

that the expected first passage time from state state O for

u > 0 is given byl', o = ;ﬁx Now, due to the property

The central idea of the new algorithm is to keep track
of seen packets instead of decoded packets. After each slot,

that Bernoulli arrivals see time averages (BASTA) [17], thevery receiver informs the sender whether an erasure agurr
arrival sees the same distribution fQ; as the steady stateusing perfect feedback. The aim is to use this feedback to

distribution given above. We can then fifit}D,] thus:

E[D;] = > P(New arrival sees state)E[D; |Statek]
k=0

oo 1 _
= > k[0 + (1= ) Thpa0] g
k=0

o

_r
(1—p)?

If the chain is positive recurrenp(< 1), we can use Little’s
law to find steady state expected physical queue 0] =
AE[T] > AE[D;]. This leads to the following result:

ensure the sender stores just enough data to be able tq satisf
the innovation guarantee property. The two main parts of the
algorithm are the coding and queue update modules.

The coding module computes a linear combinaggmhich
will cause any receiver that receives it, to see its oldesean
packet. First, the sender computes each receiver's kngeled
space using feedback and finds its oldest unseen packet. Only
these packets will be involved ig, and hence we call them
the transmit set A receiver can cancel packets involvedgn
that it has already seen, by subtracting suitable multipfes
the corresponding witnesses. Therefore, the coefficiemtg f

Theorem 1: The expected size of the physical queuesiould be picked such that for each receiver, after cargelin

(1-p)2 )"

IV. ALGORITHM 2 — DROP WHEN SEEN

steady state for Algorithm 1 iQ (#)

the seen packets, the remaining coefficient of the oldegtams
packet is non-zero. Theordrh 3 proves that this is possiltie if
field size is at leask. With two receivers, the coding module

Algorithm 2 was briefly introduced in Sectin IFA. The al-is a simple XOR based scheme (see Tdble I). The coding
gorithm uses the notion of reduced row echelon form (RREﬁiodme read"y |mp||es the f0||owing queue update rU[kop
of a matrix in representing the knowledge of a receiver. The packet if all receivers have seen it, since the coding
definition and properties of the RREF can be found in [18].module will not use it ever again.Also, while computing

Let V' be the knowledge space of some receiver. Suppagr knowledge spaces of the receivers, the sender only needs

m packets have arrived at the sender so far. Themust be
a subspace df;* and can be represented usinglian (V) x
m matrix overF, whose rows form a basis df. Multiple

to track the projection of these spaces on dimensions diyren
in the queue. Thus, the algorithm can be implemented in an
incremental manner and the complexity tracks the queue size

representations are possible depending on the basis chosen o ]

However, if we insist that the matrix must be in RREF, wé&- The formal description of the algorithm

get a unique representation. This unique RREF basis can b&he drop-when-seen algorithnThe algorithm works with
obtained by performing a Gaussian elimination on any othére RREF bases of the receivers’ knowledge spaces. The
basis matrix. In the RREF basis, the first nonzero entry of angpresentation is in the form of coefficient vectors in teohs

row is called gpivot Any column with a pivot is called pivot

column The number of pivot columns equals the number of 1) |nitialize matricesB;,

nonzero rows, which igim[V]. Thek'" packet to have arrived
at the sender is said to have imdexk and is denotegy. The
columns are ordered so that colufmaps to packepy. The

next theorem connects the seen packets and the RREF basig)

Theorem 2: A node has seen a packet with inklékand
only if thek*" column of the RREF basiB of the knowledge
spaceV of the node is a pivot column.

Proof: The ‘if’ part is clear. For the ‘only if’, suppose

column k£ of B does not contain a pivot. In any linear

combination of the rows, rows with pivot after columin
cannot contribute anything to columh. Rows with pivot

before columrk will result in a nonzero term in some column

to the left of k. So the first nonzero term of any vector ih
cannot be in columi, i.e., px could not have been seem

Corollary 1: If receiverj has seen packety, then it knows
exactly one linear combination of the forpx + q such that
q involves onlyunseenpackets with index more thain

the current queue contents and not the original packetrstrea

..., B, to the empty matrix.

2) Incorporate new arrivals:Suppose there ara new
arrivals. Add the new packets to the end of the queue.
Appenda zeros to every row in eacB;.

Transmission: If the queue is empty, do nothing; else
computeg using the coding module and transmit it.
Incorporate channel state feedback:

For every receivej = 1 to n, do:

If receiverj received the transmission, include the coef-
ficient vector ofg in terms of the current queue contents,
as a new row inB;. Perform Gaussian elimination.
Separate out packets that all receivers have seen:
Update the following sets and bases:

S; = Set of indices of pivot columns aB;

Sa = Nj_,S; (set of packets seen by all receivers).
New B; Sub-matrix of currentB; obtained by
excluding columns irbx and corresponding pivot rows.
6) Update the queueDrop the packets with indices ifia .

4)

5)



7) Go back to step 2 for the next slot. Corollary 3: The expected size of the physical queue in
The coding module: steady state for Algorithm 2 i©® (ﬁ)
Let {uy,us, ..., un} be the set of indices of the oldest unseen V. CONCLUSIONS ANDEXTENSIONS
packets of the receivers, sorted in ascending ordexs, :
since the oldest unseen packet may be the same for someomparing Theorer]1 and Corollaiy 3, we see that the
receivers). Exclude receivers whose oldest unseen paukets dqueue size for the new Algorithm 2 is significantly lower than
not yet arrived at the sender. LB{u;) be the set of receivers Algorithm 1. Algorithm 2 allows the physical queue size to
whose oldest unseen packepi&_ We now present the CodingtraCk the virtual queue size. This extends stability anceoth
module to select the linear combination for transmission. queuing-theoretic results on virtual queues to physiceligs.
1) Loop over oldest unseen packets We believe the pr.opos.ed scheme'wnl be robust to delayed
For j — 1 to m, do: or Io_ssy feedback, just like conventlonz_;\I ARQ. The scheme
All receivers inR(u;) have seen packets,, for i < ;. _re_ad|ly extc_ands to a tree of_broadcast Imks_, with no mergers,
Now, ¥r € R(u,), find y, i— ij aiwr(l;u)a where if mtermed@te npdes use witness packets in place of aigin
W, (pu,) is thei witness for reééii/er seeinglloui. Pick packet;. With swtable.ch_anges, we expect it to extend teroth
a; € Fy such thaiy; is different from the coefficient of topologies as well. This is part of futurg work.
pu n 3. fo each € Rl o haue proposed & el exension of A0 for o
2) Compute the transmit packet: g := 3.i—; @iPu, feedback on degrees of freedom to control the tradeoff batwe

Theorem 3: If the field size is at least then the coding 5 ghput and decoding delay, by dynamically adjustire th
module picks a linear combination that will cause any reeeiv extent to which packets are mixed in the network.

to see its oldest unseen packet upon successful reception.

Proof: First we show that a suitable choice always exists REFERENCES
for a;. Forr € R(u1), yr = 0. So pickay = 1. For j > 1, [1] M. Luby, “LT codes in Proc. of 43rd Annual IEEE Symposium on
|R(uj;)|<(n—1). Evenif eachy, for r € R(u;) has a different Foundations of Computer Scienddovember 2002, pp. 271-282.

‘i - ; : [2] A. Shokrollahi, “Raptor codes,” irProc. of 2004 |EEE International
coefficient for p,;, that covers only(n — 1) different field Symposium on Information Theory (ISIT 200aYly 2004.

elements. Ifg > n, then there is a choice left i, for o;.  [3] P Pakzad, C. Fragouli, and A.” Shokrollahi, “Coding suies for

Vi, Vr € R(uj), receiverr knowsyr_ Now, g andyr have the line networks,” in Proc. of 2005 IEEE International Symposium on
s T Information Theory (ISIT 2005R005.

Same coefﬂme.n.t for all packets with index I?S‘?’ th@n and a [4] D. S. Lun, M. Médard, and M. Effros, “On coding for reliable commu-

different coefficient forp,;. Hence,g — y, will involve py, nication over packet networks,” #i2nd Annual Allerton Conference on

and only packets with index beyom;_ Sor can Seepy;- ] Communication, Control, and Computin§eptember — October 2004.

: : : E. Martinian, “Dynamic information and constraints in soel and
Theoreni 2 |mpl|es that Seeing an unseen packet CorreSpor{a]S channel coding,” PhD Thesis, Massachusetts Institute chielogy,

to receiving an unknown degree of freedom. Hence, Theorem pept. of EECS, Sep. 2004.
essentially says that the innovation guarantee property (6] A. Sahai, “Why delay and block length are not the same thovgchan-

fofi ; : nel coding with feedback,” ifProc. of UCSD Workshop on Information
satisfied and hence the scheme is throughput optimal. Theory and its Applications. Invited PapeFeb. 2006.
. . . . [7] S. Sanghavi, “Intermediate performance of rateless cbitesProc. of
B. Connecting the physical and virtual queue sizes 2007 IEEE Information Theory WorkshoBeptember 2007.

. . . [8] A. Beimel, S. Dolev, and N. Singer, “RT oblivious erasum@recting,”

We will need the foIIowmg notation: in Proc. of 2004 IEEE Information Theory Workshdpctober 2004.
S(t) Set of packets arrived at sender till the end of glot [9] C. Fragouli, D. S. Lun, M. Mdard, and P. Pakzad, “On feedback for
V(t)

Sender’s knowledge space after incorporating the network coding,” inProc. of 2007 Conference on Information Sciences

. . L 1S(t)] and Systems (CISS 200Kjarch 2007.
arrivals in slotz. This is simply equal td, [10] T. Ho and H. Viswanathan, “Dynamic algorithms for multitasith
V](t) = Receiverj’s knowledge space at the end of stot intra-session network coding,” iA3rd Allerton Annual Conference on
— o ; Communication, Control and Computing005.
Sj (t) = Set of packets receiver has seen till end of slat [11] A. Eryilmaz and D. S. Lun, “Control for inter-session werk coding,”
Lemma 1: ForSy, So,..., Sk (k > 1), subsets of a sef: in Proc. of NetCod2007.
[12] J. Sundararajan, M. Btard, M. Kim, A. Eryilmaz, D. Shah, and
k R. Koetter, “Network coding in a multicast switch,” iAroc. of IEEE
S| = [Ny Sil <> (IS = 1Si]) ) INFOCOM, 2007.
=1 [13] D. S. Lun, “Efficient operation of coded packet netwgitihD Thesis,

Massachusetts Institute of Technology, Dept. of EECS, 20%6.
We omit the proof. We apply this lemma on the s&t$) and [14] J. Sundararajan, D. Shah, and M.ed&rd, “On queueing in coded

_ . . networks — queue size follows degrees of freedom,Pmc. of IEEE
SJ (t), j=1 ton. Since the queue holds packets not seen by all Workshop on Information Theory for Wireless Networksdy 2007.

receiversQ(t) = |S(t)| —| N7—q S;(t)|. Also, from Corollary [15] L. Keller, E. Drinea, and C. Fragouli, “Online broadtag with network
2, |S;(t)| = dim[V;(t)]. Hence the RHS of Eqn(2) becomes[,16] SOCf]m?_‘,” 'r; P:\C/ch-tr?f NetFCC‘C’%OOr?-, ¢ Aoolied Probabilitv. Vol 2

n . . . . : . . J. Aunter,Mathematcal lechniques O pplie robability, Vol. £,
Z.ﬂ’:l [d?m[V(t)]. —_dzm[Vj (t)]]’ which is the sum of virtual Discrete Time Models: Techniques and ApplicationdNY: Academic
gueue sizes. This implies the next theorem. Press, 1983.

Theorem 4: For Algorithm 2, the physical queue size at tH&/] H. Takagi,Queueing Analysis, Vol. 3: Discrete-Time Systerisnster-

- . . dam: Elseviser Science B. V., 1993.

sender is upper-bounded by the sum of the virtual queue. si

. . a M. Artin, Algebra Englewood Cliffs, NJ: Prentice-Hall, 1991.
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