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Abstract

In this paper, we consider different aspects of the probléoompressing for function computation
across a network, which we calletwork functional compressioin network functional compression,
computation of a function (or, some functions) of sourcested at certain nodes in a network is desired
at receiver(s), that are other nodes in the network. Theregfien of this problem has been considered
in the literature under certain restrictive assumptiomstigularly in terms of the network topology, the
functions and the characteristics of the sources. In thiepave present results that significantly relax
these assumptions. Firstly, we consider this problem foaruitrary tree network and asymptotically
lossless computation and derive rate lower bounds. We shaty for depth one trees with correlated
sources, or for general trees with independent sources,dularized coding scheme based on graph
colorings and Slepian-Wolf compression performs arklfratosely to rate lower bounds. For a general
tree network with independent sources, optimal compuiatiobe performed at intermediate nodes is
derived. We show that, for a family of functions and randomialzles called chain rule proper sets,
computation at intermediate nodes is not necessary. Wedim¢e a new condition on colorings of source
random variables’ characteristic graphs called ¢b#ring connectivity condition (C.C.C.)We show
that, this condition is necessary and sufficient for any edfle coding scheme based on colorings,
thus relaxing the previous sufficient zig-zag condition afsbiet al. We also show that, unlike entropy,
graph entropy does not satisfy the chain rule.

Secondly, we consider a multi-functional version of thislgem with side information, where
the receiver wants to compute several functions, with dffé side information random variables. We
derive a rate region and propose a coding scheme based om gwhgrings for this problem. Thirdly,
we consider the functional compression problem with feekb¥/e show that, in this problem, unlike

Slepian-Wolf compression, by having feedback, one mayerfdpm rate bounds of the case without
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feedback. These results extend those of Bakshil. Fourthly, we investigate the problem of distributed
functional compression with distortion, where computataf a function within a distortion level is
desired at the receiver. We compute a rate-distortion refo this problem. Then, we propose a
simple suboptimal coding scheme with a non-trivial perfante guarantee.

Our coding schemes are based on finding the minimum entrdpyirg of the characteristic graph
of the function we seek to compute. In general, it is shown bydialet al. that finding this coloring
is an NP-hard problem. However, we show that, depending emchiaracteristic graph’s structure, there
are some interesting cases where finding the minimum entrofmring is not NP-hard, but tractable
and practical. In one of these cases, we show that, by havingnazero joint probability condition
on random variables’ distributions, for any desired fumetifinding the minimum entropy coloring can
be solved in polynomial time. In another case, we show tlfidahd desired function is a quantization

function with a certain structure, this problem is also tahte.

Index Terms

Functional Compression, Distributed Computation, Skepélf Compression, Graph Entropy, Graph

Coloring, Feedback, Distortion.

I. INTRODUCTION

In this paper, we consider different aspects of the funefiacompression problem over
networks. In the functional compression problem, we woike ko compress source random
variables for the purpose of computing a deterministic fismc(or some deterministic functions)
at the receiver(s) when these sources and receivers ares mode network. Traditional data
compression schemes are special cases of functional cesnpme where their desired function
is the identity function. However, if the receiver is intsted in computing a function (or some
functions) of sources, further compressing is possiblethin rest of this section, we review
some prior relevant research and illustrate some resedralenges of this problem through

some motivating examples which will be discussed in theofailhg sections.

A. Prior Work in Functional Compression

We categorize prior work into the study of lossless funalotompression and that of func-

tional compression with distortion.
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Fig. 1. a) Functional compression with side information blistributed functional compression problem with two traitters
and a receiver c) An achievable encoding/decoding schemtndofunctional compression.

1) Lossless Functional CompressioBy lossless computation, we mean asymptotically loss-
less computation of a function: the error probability gaegéro as the block length goes to the
infinity.

First, consider the network topology depicted in Figlle wAasich has two sources and a
receiver. One of the sources is available at the receiverasitle information. Shannon was the
first one who considered this problem in [1] for a special caten (X, X,) = (X, X»)
(the identity function). For a general function, Orlitskpda Roche provided a single-letter
characterization in_[2]. In_[3], Doshi et al. proposed animai coding scheme for this problem.

Now, consider the network topology depicted in Figlhfe 1-hicvhhas two sources and a
receiver. This problem is a distributed compression probleor the case that the desired function
at the receiver is the identity function (i.¢.(X;, X2) = (X1, X3)), Slepian and Wolf provided a
characterization of the rate region and an optimal achievatbding scheme ir_[4]. Some other
practical but suboptimal coding schemes have been progos&tadhan and Ramchandran in
[5]. Also, a rate-splitting technique for this problem isvrdeped by Colemaet al.in [6]. Special
cases wheryf (X, X5) = X and f(X;, X3) = (X; + X3) mod 2 have been investigated by
Ahlswede and Korner in_[7], and Korner and Marton lin [8]spectively. Under some special
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Fig. 2. A general one-stage tree network with a desired fondt the receiver.

conditions on source distributions, Dos#ti al. in [3] investigated this problem for a general
function and proposed some achievable coding schemes.

Sectiong lI[ 10 and IV of this paper consider different asfseof this problem (asymptotically
lossless functional compression). In particular, we aieg@to answer to the following questions
in these sections:

« For a depth one tree network with one desired function atebeiver (as shown in Figure
[2), what is a necessary and sufficient condition for any a@pditheme to guarantee that the
network is solvable (i.e., the receiver is able to compugal@sired function)?

« What is a rate region of the functional compression problemaf depth one tree network
(a rate region is a set of rates for different links of the r@wnder which the network is
solvable)? How can a modularized coloring-based codingreehperform arbitrarily closely
to rate bounds?

« For a general tree network with one desired function at tlceiver (as shown in Figure
[3), when do intermediate nodes need to perform computatimh vehat is an optimal
computation to be performed? What is a rate-region for tkisvark?

« How do results extend to the case of having several desimectiuns with the side infor-
mation at the receiver?

« What happens if we have feedback in our system?

2) Functional Compression with Distortiorin this section, we review prior results in func-

tional compression for the case of being allowed to compwtediesired function at the receiver
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Fig. 3.  An arbitrary tree network topology.

within a distortion level.

First, consider the network topology depicted in Figlure, vdh the side information at the
receiver. Wyner and Ziv_[9] considered this problem for comiy the identity function at the
receiver with distortionD. Yamamoto solved this problem for a general functi{X,, X5) in
[10]. Doshi et al. gave another characterization of the deg#ortion function given by Yamamoto
in [3]. Feng et al.[[11] considered the side information peob for a general function at the
receiver in the case the encoder and decoder have some ntmsyation.

For the network topology depicted[ih 1-b and for a generatfion, the rate-distortion region
has been unknown, but some bounds have been given by BerdeYeamg [12], Barros and
Servetto[13], and Wagner et al. [14], where considered aipguadratic distortion function.

In Section Y of this paper, we answer to the following quesiio

« What is a multi-letter characterization of a rate-disttfunction for a distributed network

depicted in Figuréll-b?

« For this problem, is there a simple suboptimal coding scheased on graph colorings

with a non-trivial performance guarantee?

Remarks:

« Our coding schemes in Sectiohs [I-V] are based on finding anmim entropy coloring of a

characteristic graph of the function we seek to compute.elmegal, reference [15] showed



that, finding this coloring is an NP-hard problem. However,Section[ VI, we consider
whether there are some functions and/or source structunehwead to easy and practical
coding schemes.

« Note that, our work is different in techniques and the problgetup from multi-round
function computation (e.g.| [16] and [17]). Also, some refees consider the functional
computation problem for specific functions. For exampl®] [ibvestigated computation of
symmetric Boolean functions in tree networks and [20] arf8] ftudied the sum-network
with three sources and three terminals. Note that, in ounlpro setup, the desired function
at the receiver is an arbitrary function. Also, we are irgezd in asymptotically lossless or
lossy computation of this function.

In the rest of this section, we explain some research clgdlenf the functional compression

problem by some examples. In the next sections, we explaisetissues with more detail.

B. Problem Outline

In this section, we address some problem outlines of funatioompression. We use different
simple examples to illustrate these issues which will bda@rpd later in this paper.

Let us proceed by an example:

Example 1. Consider the network shown in Figuré 1-b, which has two seurodes and a
receiver. Suppose source nodes have two independent s@ndem variables (RVsX; and
X, such thatX; takes values from the seéf; = {z],2%, 23 21} = {0,1,2,3}, and X, takes
values from the seft, = {z1,22} = {0,1}, both with equal probability. Values of! for
different: and j are shown in Figuré 4. Suppose the receiver desires to camautinction
f(Xq, Xo) = (X7 4+ X3) mod 2.

If X; = 0 or X; = 2, for all possible values ofX,, we havef(X;, X;) = X,. Hence,
we do not need to distinguish betwedh = 0 and X; = 2. A similar argument holds for
X; =1 and X; = 3. However, casesX; = 0 and X; = 1 should be distinguished, because

for X, = 0, the function value is different wheki; = 0 than the one whenY; = 1 (i.e.,

f(0,0) =0 # f(1,0) = 1).

We notice that for each source random variable, dependirtgefunction at the receiver and

values of the other source random variable, we shaligtinguishsome possible pair values.
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Fig. 4. Characteristic graphs described in Exariple 1Gg&), b) Gx,.

In other words, values of source random variables wipokentially can cause confusion at
the receiver should be assigned to differeatles To determine which pair values of a random
variable should be assigned to different codes, we makephdoas each random variable, called
the characteristic graphor the confusion graptof that random variable [([1]/ [21]). Vertices of
this graph are different possible values of that randomatsei We connect two vertices if they
should be distinguished. For the problem described in Exafipthe characteristic graph of;
(calledGy,) is depicted in Figurél4-a. Note that we have not connectetices which lead to
the same function value for all values &%. The characteristic graph of; (Gx,) is shown in
Figure[4-b.

Now, we seek to assign different codes to connected vertigagch corresponds graph
coloring where we assign different colors (codes) to connectedcesitiVertices that are not
connected to each other can be assigned to the same or whifteiers (codes). Figurg 5-(a,b)
shows valid colorings fofx, andGy,.

Now, we propose a possible coding scheme for this exampigt, Mie choose valid colorings
for Gx, andGy,. Instead of sending source random variables, we send tlnéseng random
variables. At the receiver side, we use a look-up table topraenthe desired function value by
using the received colorings. Figure 5 demonstrates thdgngoscheme.

However, this coloring-based coding scheme is not nedgssarachievable scheme. In other
words, if we send coloring random variables instead of ssuandom variables, the receiver
may not be able to compute its desired function. Hence, wd seme conditions to guarantee

the achievability of coloring-based coding schemes. Wdagxghis required condition by an
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Fig. 5. a)Gx, b) Gx,, and c) a decoding look-up table for Example 1. (Differeteles written over graph vertices indicate
different colors.)

example.

Example 2. Consider the same network topology as explained in Examgleotvn in Figure
[I-b. Supposet; = {0,1} and X, = {0, 1}. The function values are depicted in Figlie 6-a. In
particular, f(0,0) = 0 and f(1,1) = 1. Dark squares in this figure represent points with zero
probability. Figure[6-b demonstrates characteristic gnapof these source random variables.
Each has two vertices, not connected to each other. Henceawassign them to a same color.
Figure[8-b shows these valid colorings féty, and Gy,. However, one may notice that if we
send these coloring random variables instead of source sandariables, the receiver would

not be able to compute its desired function.

Exampld_2 demonstrates a case where a coloring-based catiage fails to be an achievable

scheme. Thus, we need a condition to avoid these situafWdasnvestigate this necessary and
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Fig. 6. An example for colorings not satisfying C.C.C. (Bi#nt letters written over graph vertices indicate diiféreolors.)

sufficient condition in Sectionlll. We call this conditionetieoloring connectivity conditioror
C.C.C The situation of Exampleél2 happens when we have a discathextioring class (a
coloring class is a set of source pairs with the same coloeémh coordinates). C.C.C. is a
condition to avoid this situation.

Hence, an achievable coding scheme can be expressed asstofources send, instead of
source random variables, colorings of their random vaembvhich satisfy C.C.C. Then, they
perform source coding on these coloring random variablashEeceiver, by using these colors
and a look-up table, can compute its desired function.

However, we may need to consider coloring schemes of comjtaghhs of vector extensions

of the desired function. In the following, we explain thispapach by an example:

Example 3. Consider the network shown in Figuré 1-b. Suppdseis uniformly distributed
over &} = {0,1,2,3,4}. ConsiderX, and f(X;, X,) such that we have a graph depicted in
Figure[7 for G'x,. Figure[7 also demonstrates a valid coloring for this grajlet us call this
coloring random variablesc;xl. Hence, we havé{(c(;xl) ~ 1.52. Now, instead ofX, suppose
we encodeX; x X; (X?), a random variable witi25 possibilities 00,01, ...,44}). To make
its characteristic graph, we connect two vertices when astieone of their coordinates are

connected inGy,. Figure[8 illustrates the characteristic graph of? (referred byG%, and
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Fig. 7. Gx, described in Examplel 3. (Different letters written overgiravertices indicate different colors.)

called the second power of the graphx,). A valid coloring of this graph, calledgg( is shown

in this figure. One may notice that we use eight colors to ctiws graph. We have,
1
§H(CG§(1) ~ 1.48 < H(cgy, ) ~ 1.52. (1)

Example[ B demonstrates this fact that if we assign colorsdofficiently large power graph
of Gx,, we can compress source random variables more. In Sdcliavelshow that sending
colorings of sufficiently large power graphs of characterigraphs which satisfy C.C.C. followed
by a source coding (such as Slepian-Wolf compression) leads achievable coding scheme.
On the other hand, any achievable coding scheme for thidgaroban be viewed as a coloring-
based coding scheme satisfying C.C.C. In Sediibn II, wel glxplain these concepts in more

detail.

Now, by another example, we explain some issues of the fumaiticompression problem over
tree networks.

Example 4. Consider the network topology depicted in Figlie 9. This ise# network with
four sources, two intermediate nodes and a receiver. Sggosirce random variables are
independent, with equal probability to be zero or one. Ineottvords, X; = {0,1} for i =

1,2, 3,4. Suppose the receiver wants to compute a parity check dm¢iix;, X,, X3, Xy) =
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Fig. 8. G% ,» the second power graph 6fx,, described in Examplel 3. Letters,...as written over graph vertices indicate
different colors. Two subsets of vertices are fully conadcif each vertex of one set is connected to every vertex irother
set.

(X1 4+ Xo+ X3+ X4) mod 2. Intermediate nodes are allowed to perform computation.

In Examplel 4, first notice that characteristic graphs of seuandom variables are complete
graphs. Hence, coloring random variables of sources aral égusource random variables. If
intermediate nodes act like relays (i.e., no computatioesparformed at intermediate nodes),

the following set of rates is an achievable scheme:

Ry;>1for1<j<4

R1]22f0r1§j§2 (2)

where R;; are rates of different links depicted in Figure 9.

However, suppose intermediate nodes perform some congngafAssume source nodes send
their coloring random variables satisfying C.C.C. (in tbése, they are equal to source random
variables because characteristic graphs are completeh, Hach intermediate node makes its
own characteristic graph and by using the received colackspa corresponding color for its

own characteristic graph and sends that color. The regebyeusing the received colors of
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Fig. 9. An example of a two stage tree network.

intermediate nodes’ characteristic graphs and a look-ble taan compute its desired function.
Figure[10 demonstrates this encoding/decoding schemethiexample, intermediate nodes

need to transmit one bit. Therefore, the following set oésat achievable:

Ry > 1. 3)

for different possiblei and j. Note that, in Examplél4, by allowing intermediate nodes to
compute, we can reduce transmission rates of some links.problem is investigated in Section
[Mfor a tree network where optimal computation to be perfednat intermediate nodes is derived.
We also show that for a family of functions and source rand@mables, intermediate nodes
do not need to perform computatiamd acting like relays is an optimal operation for them.

The problem of having different desired functions at theenegr with the side information is
considered in Sectidn lll. For this problem, instead of arabteristic graph, we compute a new
graph, called anulti-functional characteristic graphThis graph is basically an OR function of
individual characteristic graphs with respect to différemctions. In this section, we find a rate
region and propose an achievable coding scheme for thidgmnob

The effect of feedback on the rate-region of functional coespion problem is investigated in
Sectior 1V. If the function at the receiver is the identityéion, this problem is the Slepian-Wolf
compression with feedback. For this case, having feedbaek dot give us any gain in terms

of the rate. For example, referencel[22] considers both-eexr and asymptotically zero-error
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Fig. 10. Characteristic graphs and a decoding look-up tiisl&xample 4.

Slepian-Wolf compression with feedback. However, it is ti@ case when we have a general
function f at the receiver. By having feedback, one may outperform latends of the case
without feedback.

We consider the problem of distributed functional compmsswith distortion in Section
VI The objective is to compress correlated discrete souscethat an arbitrary deterministic
function of those sources can be computed at the receiveimvatdistortion level. For this case,
we compute a rate-distortion region and propose an acHealding scheme.

In our proposed coding schemes for different functional passion problems, one needs to
compute the minimum entropy coloring (a coloring randomalae which minimizes entropy)
of a characteristic graph. In general, finding this coloigign NP-hard problem(([15]). However,

in Section[Vl, we show that, depending on the charactergtéph’s structure, there are some
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interesting cases where finding a minimum entropy colorsxgat NP-hard, but tractable and

practical. Conclusions and future work are presented ini@e§/Il]

[I. FUNCTIONAL COMPRESSIONOVER TREE NETWORKS

In this section, we consider the problem of functional cossgion for an arbitrary tree
network. Suppose we havie possibly correlated source processes in a tree network,aand
receiver at its root wishes to compute a deterministic fiomcof these processes. Other nodes
of this tree (called intermediate nodes) are allowed togoerfcomputation to satisfy the node’s
demand. For this problem, we find a rate region (i.e., feagiates for different links) of this
network when sources are independent and a rate lower bobad sources are correlated.

The rate region of functional compression problem has be&eopen problem. However, it
has been solved for some simple networks under some speamditions. For instance| [3]
considered a rate region of a network with two transmitteis @ receiver under a condition on
source random variables. Here, we derive a rate lower boamdrf arbitrary tree network based
on the graph entropy. We introduce a new condition on caod@riof source random variables’
characteristic graphs called the coloring connectivitpdition (C.C.C.). We show that unlike
the condition used in_[3], this condition is necessary anificent for any achievable coding
scheme. We also show that, unlike entropy, graph entropg dog satisfy the chain rule. For
one stage trees with correlated sources, and general tidesndependent sources, we propose
a modularized coding scheme based on graph colorings torpedrbitrarily closely to this rate
lower bound. We show that in a general tree network case witkpendent sources, to achieve
the rate lower bound, intermediate nodes should performpotation. However, for a family
of functions and random variables, which we call chain-qideper sets, it is sufficient to have
intermediate nodes act like relays to perform arbitrarllysely to the rate lower bound.

In this section, after giving the problem statement andesgirig previous results, we explain

our main contributions in this problem.

A. Problem Setup

Considerk discrete memoryless random procesges;} >, ..., { X} }5°,, as source processes.
Memorylessness is not necessary, and one can approximatiece $y a memoryless one with an

arbitrary precision [23]. Suppose these sources are drawm finite setst; = {z}, 2%, ..., x‘fﬁ'},
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ooy X = {2k, 22, ...,9:',?’“'}. These sources have a joint probability distributigm, ..., ;). We
expressn-sequences of these random variablesXas= {Xi}=""1 . X, = {Xj}i=itn!
with the joint probability distributiorp(x;, ..., x;). Without loss of generality, we assurhe- 1,
and to simplify notationy will be implied by the context if no confusion arises. We refe
the i element ofx; asz;;. We usex;, x7,... as different-sequences dX ;. We shall omit the
superscript when no confusion arises. Since the sequeqnce., x;) is drawn i.i.d. according
to p(x1, ..., z), One can writep(x, ..., xg) = [ [y (@14, .\ Thi)-

Consider a tree network shown in Figlie 3. Suppose we ha@urce nodes in this network
and a receiver in its root. We refer to other nodes of this &reentermediate nodes. Source
nodej has an input random proce$s(;}2,. The receiver wishes to compute a deterministic
function f : X3 x ... x X, = Z, or f: AT x ... x A — 2", its vector extension.

Note that sources can be at any nodes of the network. Howsitegut loss of generality, we
can modify the network by adding some fake leaves to sourdesiwhich are not located in
leaves of the network. So, in the achieved network, sounmefaated in leaves (as an example,
look at Figure[1ll).

Also, by adding some auxiliary nodes, one can make sourcbks to the same distance from
the receiver. Hence, we consider source nodes to be in destgy. from the receiver. Consider
nodes of a tree with distande> 1 from the receiver. We refer to them as the stag# this
tree. Letw; be the number of such nodes. We refer to fHenode of thei'” stage asi;;. Its
outgoing link is denoted by;;. Suppose this node send$; over this edge with a rat&;; (it
maps length: blocks of ;;, referred to adMl;;, to {1,2, ..., 2" 1),

If this node is a source node (i.@.,,,,; for somej), thenM,; = enx,(X;), whereen; is
the encoding function of the sourge

Now, suppose this node is an intermediate node (ig.,i ¢ {1,dna}) With incoming
edgese(it1)1, -...andeg11),. We allow this node to compute a function (say(.)). Hence,
Mij = gij (M1, -, Mig1)g)-

The receiver has a decodewhich mapsr : [],;,, {1,...,2"™/} — Z". Thus, the receiver
computesr(Myy, ..., My, ) = r(enx, (X4), ..., enx, (Xy)). We refer to this encoding/decoding
scheme as an-distributed functional code. Intermediate nodes arenadtbto compute functions,
but have no demand of their own. The desired functf¢X, ..., X;,) at the receiver is the only

demand in the network. For any encoding/decoding schereepribbability of error is defined
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Fig. 11. a) Sources are not necessarily located in leavey la}dBing some fake nodes, one can assume sources are in leaves
of the modified tree.

as
P = Pr((x1, ..., Xx) : f(X1, .0, Xg) # 7' (enx, (X1), ..., enx, (Xx))]. (4)

A rate tuple of the network is the set of rates of its edges, &;;} for valid : andj). We say
a rate tuple is achievable iff there exist a coding schemeatipg at these rates so thgf' — 0

asn — oo. The achievable rate region is the set closure of the setl @ichievable rates.

B. Definitions and Prior Results

In this part, first we present some definitions used in fortmggour results. We also review

some prior results.

Definition 5. The characteristic graptix, = (Vx,, Ex,) of X; with respect toXs, p(z1, z2),
and functionf (X, X,) is defined as followsVy, = &; and an edggxi,z?) € X is in Ex,

iff there exists ar} € X, such thatp(z], zd)p(2%, 23) > 0 and f(z}, z3) # (23, xd).

In other words, in order to avoid confusion about the functfd X, X,) at the receiver, if
(z1,23) € Ex,, descriptions ofr{ and z? must be different. Shannon first defined this when
studying the zero error capacity of noisy channgls [1]. @itseausen [24] used this concept to
study a simplified version of our problem where one encalieso computef(X;) with zero
distortion. The characteristic graph &% with respect taX, p(z;, x2), and f(X;, X») is defined

analogously and denoted leyy,. One can extend the definition of the characteristic graph to
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the case of having more than two random variables. Supfgese., X, arek random variables
defined in Sectioh V-A.

Definition 6. The characteristic graplirx, = (Vx,, Fx,) of X; with respect to random variables
XoyeoriXpy p(21, ..y 7), @and f (X1, ..., Xy ) is defined as followst’y, = X; and an edgéz1, z3) €
X?is in E,, if there existzj € X; for 2 < j < k such thatp(z], zy, ..., 2)p(z], 23, ..., 2;) > 0

and f(xi,2d, ..., xt) # f(2%, 2, ..., 21).

Example 7. To illustrate the idea of confusability and the charactedgraph, consider two
random variablesX; and X, such thatXx; = {0,1,2,3} and X, = {0,1} where they are
uniformly and independently distributed on their own supfdSuppose (X1, Xs) = (X1 + X5)
mod 2 is to perfectly reconstructed at the receiver. Then, therattaristic graph ofX; with

respect toXs, p(z,22) = &, and f is shown in Figuré 4-a.
The following definition can be found in [21].

Definition 8. Given a graphGx, = (Vx,, Fx,) and a distribution on its vertice¥,, graph
entropy is

H X)) = i 1(Xy;
Gx, (X1) X1€Wr1n€11r“l(GX1) (Xq; W), (5)

wherel'(Gy,) is the set of all maximal independent setsbf, .

The notationX; € W, € I'(Gx, ) means that we are minimizing over all distributignis,, 1)
such thatp(wy, z;) > 0 implies z; € wy, wherew; is a maximal independent set of the graph
G, .

Example 9. Consider the scenario described in Example 7. For the charastic graph of X
shown in Figurd #-a, the set of maximal independent sel,is= {{0, 2}, {1,3}}. To minimize
I(X;Wh) = H(X,) — H(X,|[W,) = log(4) — H(X,|W;), one should maximizéf (X, |W;).
Because of the symmetry of the problem, to maxifig&,|W;), p(w;) must be uniform over
two possible maximal independent set&:qf . Since each maximal independentsetc 1, has
two X; values, thusH (X;|w;) = log(2) bit, and sincep(w;) is uniform, H(X,|W;) = log(2)
bit. Therefore,Hg, (Xi) = log(4) —log(2) = 1 bit. One can see if we want to encoda
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ignoring the effect of the functiofi, we needH (X;) = log(4) = 2 bits. We will show that, for
this example, functional compression saved ust in every2 bits compared to the traditional

data compression.

Witsenhausen [24] showed that the graph entropy is the nuimimate at which a single source
can be encoded so that a function of that source can be codhpitte zero distortion. Orlitsky

and Rochel]2] defined an extension of Korner's graph entrtsconditional graph entropy

Definition 10. The conditional graph entropy is

HGX1<X1‘X2) :Xlewlflellr"l(gxl)l(WI;Xl‘Xz). (6)
Wi—X1—Xso

NotationW; — X, — X5 indicates a Markov chain. IK; and.X, are independenfq[(;x1 (X1]X3) =
Hg, (X1). To illustrate this concept, let us consider an exampledveed from [2].

Example 11.Whenf(Xy, X») = Xy, Hgy, (X1|X2) = H(X3]X2).

To show this, consider the characteristic graph’gf, denoted asr x,. Sincef (X1, Xs) = X,
then for everyz} € X, the set{z} : p(z%,z}) > 0} of possiblez! are connected to each other
(i.e., this set is a clique afry,). Since the intersection of a clique and a maximal indepetde

set is a singletonX, and the maximal independent d9é&} containing.X; determineX;. So,

Hle (Xl‘Xz) = Xlewrlnelll"l(le)I(Wl;X1|X2>
Wi—X1—Xso
= H(Xl‘Xg) — max H(Xl‘Wl,XQ) (7)

X1€W1€F(GX1)
= H(X;p|X>).

Definition 12. A vertex coloring of a graph is a functioa@;x1 (X1) : Vi, —» NofagraphGy, =
(Vx,, Ex,) such that(z1,27) € Ex, impliesca, (z1) # cay, (27). The entropy of a coloring
is the entropy of the induced distribution on colors. Hewgia, (21)) = p(cg&(1 (cay, (1)),
wherecg, (cay, (21)) = {21 : cay, (41) = cay, (1)} for all valid j. This subset of vertices with
the same color is called a color class. We refer to a colorifgoly minimizes the entropy as a

minimum entropy coloring. We us&;, as the set of all valid colorings of a grapH, .
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Example 13. Consider again the random variabl&, described in Examplgl 7, whose char-
acteristic graphGy, is shown in Figurd 4-a. A valid coloring fo'y, is shown in Figure
B-a. One can see that, in this coloring, two connected vestiare assigned to different col-
ors. Specificallyca, (X1) = {r,b}. S0, p(cay, (¢7) = r) = p(x] = 0) + p(z; = 2), and
plcay, (1) = b) = p(x}y = 1) +p(a} = 3).

We define a power graph of a characteristic graph as follows:

Definition 14. Then-th power of a graplGx, is a graphGy, = (Vy,, E%,) suchthatVg = A7
and (x,x}) € E%, when there exists at least onesuch that(zj;, 27;,) € Ex,. We denote a

valid coloring of G% by cay, (Xy).

One may ignore atypical sequences in a sufficiently largegparaph of a conflict graph and

then, color that graph. This coloring is called @noloring of a graph and is defined as follows:

Definition 15. Given a non-empty setl C X, x &X,, definep(zy,z2) = p(xy1, x2)/p(A) when
(x1,m9) € A, and p(z,y) = 0 otherwise.p is the distribution over(z,z,) conditioned on
(z1,x9) € A. Denote the characteristic graph &f; with respect taX,, p(x1, z2), and f(X;, Xs)
as Gx, = (Vx,, Ex,) and the characteristic graph ok, with respect toX;, p(x1,x2), and
f(X1,X,) asGx, = (Vx,, Ex,). Note thatEy, C Ex, and Ex, C Ex,. Suppose(A) > 1 —e.
We say thatg, (X1) andcg,, (X2) are e-colorings of Gy, and G,, if they are valid colorings
of Gy, and Gy,.

In [25], the Chromatic entropyof a graphGy, is defined as

Definition 16.

HY (X)) = min Hicay (X1)).

Gy, is an e-coloring of G x,

The chromatic entropy is a representation of the chromatimober of high probability sub-

graphs of the characteristic graph. In [3], the conditicrtalomatic entropy is defined as

Definition 17.

HE  (X1]X) = Hcay, (X1)|X2).

. min
Gy, is an e-coloring of G'x,
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Regardless ot, the above optimizations are minima, rather than infimaabse there are
finitely many subgraphs of any fixed graghy,, and therefore there are only finitely many
e-colorings, regardless af

In general, these optimizations are NP-hard|([15]). Bupesheling on the desired functiof
there are some interesting cases that they are not NP-hardlisbuss these cases in Section
V1]

Korner showed in[[21] that, in the limit of large, there is a relation between the chromatic

entropy and the graph entropy.

Theorem 18.

1
lim ~H (X1) = Hey, (X0). 8)

n—oo N

This theorem implies that the receiver can asymptoticalipgute a deterministic function of
a discrete memoryless source, by first coloring a suffigjelatige power of the characteristic
graph of the source random variable with respect to the fomctnd then, encoding achieved
colors using any encoding scheme which achieves the entvopypd of the coloring RV. In
the previous approach, to achieve the encoding rate clogeafth entropy ofX;, one should
find the optimal distribution over the set of maximal indeghent sets of~y, . But, this theorem
allows us to find the optimal coloring af% , instead of the optimal distribution on maximal
independent sets. One can see that this approach modsléineesncoding scheme into two
parts, a graph coloring module, followed by a Slepian-Wolinpression module.

The conditional version of the above theorem is proven in [3]

Theorem 19.

.1
lim —Hé§1 (X1|X2) = HGXl (X1|X2) (9)

n—oo M

This theorem implies a practical encoding scheme for thélpro of functional compression
with side information where the receiver wishes to compfit&’, X5), when X, is available
at the receiver as the side information. Orlitsky and Rodheaed in [2] thatHg, (X1|X>)
is the minimum achievable rate for this problem. Their prasés random coding arguments

and shows the existence of an optimal coding scheme. Th@dhe presents a modularized
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encoding scheme where one first finds the minimum entropyricgl@f % for large enough
n, and then uses a compression scheme on the coloring randaablggsuch as Slepian-Wolf
[4]) to achieve a rate arbitrarily close t&d (c(;;(1 (X1)|X3). This encoding scheme guarantees
computation of the function at the receiver with a vanishpngbability of error.

All these results considered only functional compressidth side information at the receiver
(Figure[1-a). Consider the network shown in Fighte 1-b. kveh a network with two source
nodes and a receiver which wishes to compute a function otheces’ values. In general,
the rate-region of this network has not been determined.éddew [3] determined a rate-region
of this network when source random variables satisfy a ¢mmdcalled the zigzag condition,
defined below.

We refer to thee-joint-typical set of sequences of random variab¥s ..., X, as7”. k is

implied in this notation for simplicityZ” can be considered as a strong or weak typical set

([23)).

Definition 20. A discrete memoryless sourfeX?, X4)};en With a distributionp(x,, x,) satisfies
the zigzag condition if for anyand somer, (x1, x3), (x2,x3) € T, there exists somex?, x3) €
T such that(x?, x%), (x},x3) € T for eachi € {1,2}, and (x};,23;) = (a1, 23;") for some

i € {1,2} for eachj.

In fact, the zigzag condition forces many source sequerbés typical. We first explain the
results of [3]. Then, in Section 11{C, we compute a rate-wegwithout the need for the zigzag
condition. Then, we extend our results to the case of hakisgurce nodes.

Referencel[3] shows that, if the source random variablesfgahe zigzag condition, an
achievable rate region for this network is the set of allgdatet can be achieved through graph
colorings. The zigzag condition is a restrictive conditishich does not depend on the desired

function at the receiver. This condition is not necessauy,dufficient.

C. A Rate Region for One-Stage Tree Networks

In this section, we want to find a rate region for a general dagestree network without
having any restrictive conditions such as the zigzag carditConsider the network shown in
Figure[2 withk sources.
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Definition 21. A path with lengthm between two pointsZ, = (zi,2),...,71), and Z,, =
(22,23, ..., 27) is determined byn — 1 points Z;, 1 < i < m such that,
i) P(Z;) >0, forall 1 <i<m.

i) Z; and Z;,, only differ in one of their coordinates.
Definition[21 can be generalized to twelength vectors as follows.

Definition 22. A path with lengthm between two point&, = (x},x3,...,x;) € T, and
Z,, = (x3,x3,...,x2) € T" are determined byn — 1 pointsZ;, 1 < i < m such that,
) Z, €Tl forall 1 <i<m.

i) Z; and Z; ., only differ in one of their coordinates.
Note that, each coordinate &; is a vector with lengtm.

Definition 23. A joint-coloring family J- for random variablesX, ..., X; with characteristic
graphs Gx,,...Gx,, and any valid coloringggxl,...pgxk, respectively is defined a$. =
{51, ..., j*} wherej’ is the collection of point§z’,z%, ..., 2}*) whose coordinates have the
same color (i.e.j! = {(x’f,x?, RIS N o L I Cax, (1) = CGx, (), ..., CGx, (22F) =
Cax, (:cﬁf)}, for any validiy,..4,, andly,..l;). Eachj! is called a joint coloring class where;,

is the number of joint coloring classes of a joint coloringridy.

We say a joint coloring clasg is connected if between any two points i) there exists a
path that lies inj’. Otherwise, it is disconnected. Definition] 23 can be exmedsr random
vectorsX,,....X; with characteristic graph§% ... G, , and any valide-coloringsCG%1 e Gy

respectively.

Definition 24. Consider random variableX, ..., X;, with characteristic graphg-y,, ..., Gx,,
and any valid coloringsegy , ..., Gy, - We say a joint coloring clasg! € J. satisfies the
Coloring Connectivity Condition (C.C.C.) when it is contegtor disconnected parts gf have
the same function value. We say colorings , ..., cc,, satisfy C.C.C. when all joint coloring

classes satisfy C.C.C.

C.C.C. can be expressed for random vect¥ss ..., X, with characteristic graph& , ...,

Gk, and any valide-coloringscey, , ..., cay , respectively.
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f(X1,X2) f(X1,X2)

Fig. 12. Two examples of a joint coloring class: a) satigfyiD.C.C. b) not satisfying C.C.C. Dark squares indicate tsoin
with zero probability. Function values are depicted in thetye.

Example 25. For example, suppose we have two random varialleand X, with characteristic
graphsGyx, and Gy,. Let us assumeg, and gy, are two valid colorings ofGy, and Gx,,
respectively. Assume;, (r1) = cay, (27) andegy (13) = cay, (23). Suppose! represents this
joint coloring class. In other words;! = {(z%,z})}, for all 1 <i,5 < 2 whenp(zi, z}) > 0.
Figure[12 considers two different cases. The first case iswe;, z3) = 0, and other points
have a non-zero probability. It is illustrated in FigulelE2-One can see that there exists a
path between any two points in this joint coloring class. ®ds joint coloring class satisfies
C.C.C. If other joint coloring classes ef;, and cc,, satisfy C.C.C., we says, andcg,,
satisfy C.C.C. Now, consider the second case depicted iard-i§2-b. In this case, we have
p(xi,23) = 0, p(z3,x3) = 0, and other points have a non-zero probability. One can se¢ th
there is no path betweefx!, z3) and (2%, 23) in j!. So, though these two points belong to a
same joint coloring class, their corresponding functionues can be different from each other.
Thus,;! does not satisfy C.C.C. for this example. Therefatg, andcc,, do not satisfy C.C.C.

Lemma 26. Consider two random variableX’; and X, with characteristic graphs7x, and
Gx, and any valid colorings:c, (X;) and cg,, (X2) respectively, whereg, (X») is a triv-
ial coloring, assigning different colors to different viegs (to simplify the notation, we use
CGx, (X2) = X, to refer to this coloring). These colorings satisfy C.C.G$OQ\CG§1 (X;) and
Cay, (x9) = X, satisfy C.C.C., for any.
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Proof: First, we know that any random variablg by itself is a trivial coloring ofG x, such
that each vertex ofx, is assigned to a different color. Sé; for cq, (X1) andcg,, (X2) = X
can be written as/c = {3}, ..., jo” } such thatj} = {(z},}) : cay, (z}) = 0;}, whereo; is a
generic color. Any two points in! are connected to each other with a path with length one.
So, j! satisfies C.C.C. This arguments hold for ajjyfor any validi. Thus, all joint coloring
classes and therefores . (X1) andcgy, (Xz) = X, satisfy C.C.C. The argument f@[;;{l (X1)

and coy, (X3) = Xy is similar. [ |

Lemma 27. Consider random variables(;, ..., X with characteristic graphs7x,, ..., Gx,,
and any valid coloringsc, , ..., Cax, with joint coloring classJc = {j’ : i}. For any two
points (x},...,x}) and (2%, ..., 2%) in j%, f(xl,...,xl) = f(2%,...,2%) if and only if ;' satisfies
C.C.C.

Proof: We first show that if;’ satisfies C.C.C., then, for any two pointsi, ..., z;) and
(22, ...,22) in ji, f(x1,..,2}) = f(23,...,27) . Sincej’ satisfies C.C.C., eithef(x],...,z}) =
f(2%,...,23), or there exists a path with length — 1 between these two point = (a1, ..., z})
and Z,, = (23, ...,23), for somem. Two consecutive point¥; and Z,,, in this path, differ
in just one of their coordinates. Without loss of generalgyppose they differ in their first
coordinate. In other words, suppoge = (27!, z%...,x)*) and Z; ., = («]°,2%*...,2]*). Since
these two points belong tfi, cy, (z]') = cay, (21). If f(Z;) # f(Z;11), there would exist an
edge between’' andz)’ in Gy, and they could not have the same color. $07;) = f(Z;41).
By applying the same argument inductively for all two conge® points in the path between
Zy and Z,,, one can geff(Z,) = f(Zs) = ... = f(Zn).

If ;¢ does not satisfy C.C.C., it means that there exists at l@astpbints Z; and 7, in j!
such that no path exists between them with different functialues. As an example, consider
Figure[12-b. Hence, the function value is the same in a jaidring class iff it satisfies C.C.C.

[

Lemma 28. Consider random variableX,, ..., X;, with characteristic graphs7y , ..., Gk,
and any valide-coloringSng(l, o Cay with the joint coloring class/c = {j’ : i}. For any two
points (x3, ..., x;) and (x3,...,x3) in 7%, f(x1,...,x3) = f(x3,...,x3) if and only if ;. satisfies
C.C.C.
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Proof: The proof is similar to Lemma_27. The only difference is to uke definition
of C.C.C. forcay , ... cay - Since ! satisfies C.C.C., eithef(x1,...,x}) = f(x3,...,x2), Or
there exists a path with length — 1 between any two pointZ; = (xi,...,x;.) € 7" and
Z, = (x}, ..,x2) €T"in j, for somem. Consider two consecutive poinfs andZ,,, in this
path. They differ in one of their coordinates (suppose thiéerdin their first coordinate). In
other words, supposg; = (x}',xJ2....x}*) € T" andZ;,, = (xI°,xI*...,x}¥) € T™. Since these
two points belong toi!, cq,, (x]') = cay, (xI°). If f(Z;) # f(Z;41), there would exist an edge
betweenx]' andx’ in G%, and they could not get the same color. Thi&Z;) = f(Z;41). By
applying the same argument for all two consecutive pointhénpath betwee, andZ,,, one
can getf(Z,) = f(Zy) = ... = f(Z,,). The converse part is similar to Lemra 27. n

Next, we want to show that, if\; and X, satisfy the zigzag condition given in Definition
(20, any valid colorings of their characteristic graphsssatC.C.C., but not vice versa. In other

words, we want to show that the zigzag condition used in [3ufficient but not necessary.

Lemma 29. If two random variablesX; and X, with characteristic graphs-x, and G'x, satisfy
the zigzag condition, any valid colorings, andcg,, of Gx, andGx, satisfy C.C.C., but not

vice versa.

Proof: SupposeX; and X, satisfy the zigzag condition, ang;, andcc, are two valid
colorings of Gx, and Gy,, respectively. We want to show that these colorings satixfy.C.
To do this, consider two point&el, z3) and (22, 22) in a joint coloring clasgi. The definition
of the zigzag condition guarantees the existence of a path lemgth two between these two
point. Thus,cGX1 and CGx, satisfy C.C.C.

The second part of this Lemma says that the converse parttisug To have an example,
one can see that in a special case considered in Lémima 26,dblosings always satisfy C.C.C.

without having any condition such as the zigzag condition. [ ]

Definition 30. For random variablesXy, ..., X; with characteristic graphs+y,, ..., Gx,, the

joint graph entropy is defined as follows:

. . 1
Gx, (X1, s Xi) £ lim  min —H(c@(1 (X1), -y Cay, (X%)) (10)

n—oo can ,....Ccan. N
GX17 ’GX

.....

in which cay, (X1)y ey cay, (X}) aree-colorings ofG% , ..., G%, satisfying C.C.C. We refer
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to this joint graph entropy a#/c, ., where S = {1,2,....k}. Note that, this limit exists

i€S

because we have a monotonically decreasing sequence labbeldsv. Similarly, we can define

the conditional graph entropy.

Definition 31. For random variablesXy, ..., X; with characteristic graphs7x,, ..., Gx,, the

conditional graph entropy can be defined as follows:

Hey, ., (X1, oo Xil Xig1, o, Xi)
: 1
2 nh_)rgo min EH(CG;L(l (Xl), ey CG?(@' (XZ')|CG;L(Z_+1 (Xi+1), vy Cg&k (Xk)) (11)
where the minimization is ovegs (X1)y e Cay, (X4), which aree-colorings ofG% , ..., G%,

satisfying C.C.C.
Lemma 32. For k& = 2, Definitions’ID and 31 are the same.

Proof: By using the data processing inequality, we have

: : 1
Hle (Xl‘Xg) = lim min _H(CGSLH (X1>|CG;L(2 (Xg))

n—oo cqan  ,Can
G%, °C%, n

1
= i in —H (cgn (X1)|Xs).
Jim, min - cog, (X)X

Then, Lemma 26 implies thaz;;(1 (X1) anch;(Q (x2) = X, satisfy C.C.C. A direct application
of Theoren{ 1B completes the proof. [ |
Note that, by this definitionthe graph entropy does not satisfy the chain rule
SupposeS (k) denotes the power set of the dét 2, ..., k} excluding the empty subset. Then,
for any S € S(k),
Xg2{X;:ic S}

Let S° denote the complement 6fin S(k). ForS = {1, 2, ..., k}, denoteSc as the empty set. To
simplify notation, we refer to a subset of sourcesXy. For instanceS(2) = {{1}, {2}, {1, 2}},
and forS = {1,2}, we write Hiq },.,(X;) instead ofHg, cy, (X1, X2).
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Theorem 33. A rate region of the network shown in Figure 2 is determinedh&ge conditions:

VS € S(k) = > Ry > Higy s (Xs| Xse). (12)

ies
Proof: We first show the achievability of this rate region. We alsogmse a modularized en-
coding/decoding scheme in this part. Then, for the conyeveeshow that no encoding/decoding
scheme can outperform this rate region.
1)Achievability

Lemma 34. Consider random variableX;, ..., X, with characteristic graphg7 , ..., G,

and any valide-colorings(zggil, o COY satisfying C.C.C., for sufficiently large. There exists
ficag (X)) x % cay, (Xi) — 2" (13)
such thatf(cay (x1), iy, (00)) = f(x1, i), for all (xi, ., xi) € T2

Proof: Suppose the joint coloring family for these coloringsjis = {j’ : i}. We proceed
by constructingf. Assume(x!,....x}) € ji and cay, (x1) = o1,y .y cay, (x}) = oy. Define
floy, .op) = f(x!, ..., xb).

To show this function is well-defined on elements in its suppee should show that for any
two points(xi, ..., x3) and (x?, ..., x3) in T, if cay, (x1) = cay, (x2), o Cay (x}) = cay, (x2),
then f(x],...,x}) = f(x3, ..., x}).

Since cay, (x1) = cay, (x3), ... Cay, (x}) = Cay, (x2), these two points belong to a joint
coloring class such ag. SincecG;(l, e GGy satisfy C.C.C., by using Lemnial28(x1, ..., x;) =
f(x2,...,x2). Therefore, our functiory is well-defined and has the desired property. u

Lemma 34 implies that, givestcolorings of characteristic graphs of random variablédsa
ing C.C.C. at the receiver, we can successfully compute éiseetl functionf with a vanishing
probability of error as: goes to infinity. Thus, if the decoder at the receiver is gicetors,
it can look upf based on its table of. The question remains of at which rates encoders can

transmit these colors to the receiver faithfully (with a lpability of error less than).

Lemma 35. (Slepian-Wolf Theorem)
A rate-region of the network shown in Figuré 2 wheteXy, ..., X;) = (Xi,..., X}) can be
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determined by these conditions:

VS € S(k) = > Ry > H(Xs|Xs.). (14)
ies

Proof: See [4]. [ ]
We now use the Slepian-Wolf (SW) encoding/decoding schemacbieved coloring random

variables. Suppose the probability of error in each decade8W is less thant. Then, the
total error in the decoding of colorings at the receiver ssléhane. Therefore, the total error

in the coding scheme of first coloringy, ..., G%,, and then encoding those colors by using

SW encoding/decoding scheme is upper bounded by the sumraré @n each stage. By using

Lemmas 34 and 35, the total error is less thamnd goes to zero as goes to infinity. By

applying Lemma_35 on achieved coloring random variableshaee,

1
VS eS(k) = > Ry > —H(cay |cag ), (15)

Xge
ieS

where Cay s and Cay ., are e-colorings of characteristic graphs satisfying C.C.C. §husing
Definition[31 completes the achievability part.

As an example, look at Figufé 1-c. This network has two sonomes and a receiver. Source
nodes compute-colorings of their characteristic graphs. These cola@isgould satisfy C.C.C.
Then, an SW compression is performed on these colorings.réteiver, first, perform SW
decoding to get the colors. Then, by using a look-up tableait find the value of its desired
function (As an example, look at Figulré 5).

2) ConverseHere, we show that any distributed functional source cgdicheme with a small
probability of error inducesg-colorings on characteristic graphs of random variablésfgang

C.C.C. Suppose > 0. Define F* for all (n,¢) as follows,

Fr={f: Prif(Xy,...X;) # f(Xq, ..., Xp)] < €} (16)

In other words, 7" is the set of all functions equal t6 with e probability of error. For large
enoughn, all achievable functional source codes areAf. We call these codesachievable

functional codes.

Lemma 36. Consider some functiori : A} x ... x X, — Z. Any distributed functional code
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which reconstructs this function with zero error probatyilinduces colorings o'y, ,...Gx,

with respect to this function, where these colorings sat3iC.C.

Proof: To show this lemma, let us assume we have a zero-error distdidunctional code
represented by encodeesy,, ..., eny, and a decoder. Since it is error free, for any two
points (z1,...,z¢) and (23, ..., 22), if p(xi,...,2}) > 0, p(x%,...,22) > 0, enx, (z1) = enx, (z3),

. eny, (z}) = enx, (z7), then,

flxy,nxy) = f(23, ..., 27) = ' (enx, (z}), ..., enx, (z}.)). a7

We want to show thatny,, ...,enx, are some valid colorings @ x,, ..., Gx, satisfying C.C.C.
We demonstrate this argument far,. The argument for other random variables is analogous.
First, we show thatny, induces a valid coloring ofix,, and then, we show that this coloring
satisfies C.C.C. Let us proceed by contradictionerfy, did not induce a coloring o7y, ,
there must be some edge (fy, with both vertices with the same color. Let us call these
verticesz{ and z?. Since these vertices are connecteddR,, there must exist dzl, ..., z})
such that,p(xi, 23, ..., 20 )p(a?, ), ..., zt) > 0, enx, (z]) = enx, (2?), and f(z}, 23, ..., 2}) #
f(x? 2, ... xt). By takingz} = 22, ..., z}. = 27 in (I7), one can see that it is not possible. So,
the contradiction assumption is wrong afdy, induces a valid coloring olr x, .

Now, we should show that these induced colorings satisfy.@©.@ it was not true, it would
mean that there must exist two point}, ..., z}) and (2%, ..., z7) in a joint coloring clasg’ such
that there is no path between themjjinSo, Lemma 27 says that the functirean get different
values in these two points. In other words, it is possible dwelyf (1, ...,z}) # f(23,...,73),
wherecg, (71) = cay, (1), - cay, (T}) = cay, (¢}), which is in contradiction with{17). Thus,
these colorings satisfy C.C.C. [ |

In the last step, we should show that any achievable funaticode represented %" induces

e-colorings on characteristic graphs satisfying C.C.C.

Lemma 37. Consider random variableX;, ..., X;. All e-achievable functional codes of these

random variables induce-colorings on characteristic graphs satisfying C.C.C.

Proof: Supposey(xi, ..., xx) = r'(enx, (x1), ..., enx, (xx)) € F is such a code. Lemnial36

says that a zero-error reconstructionyaghduces some colorings on characteristic graphs satisfy-
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() (b)

Fig. 13. (@) A simple tree topology. (b) A completed tree.

ing C.C.C., with respect tg9. Suppose the set of all pointg;, ..., x;) such thaty(xy, ..., xx) #

f(x1,...,x;) be denoted by. Sinceg € F, Pr|C] < e. Therefore, functiongnx,, ..., enx,

restricted toC are e-colorings of characteristic graphs satisfying C.C.C. dafinition). [ |
Lemmad 36 and 37 establish the converse part and complefdbé [ |
If we have two transmittersk(= 2), Theoreni 38 can be simplified as follows.

Corollary 38. A rate region of the network shown in Figure 1-b is determibgdthese three

conditions:

Ry > Hegy (X1]X2)
Ria > Hgy, (Xa|Xy) (18)

Ry +Ri2 > Hay ey, (X1, Xo).

D. A Rate Lower Bound for a General Tree Network

In this section, we compute a rate lower bound of an arbittiey network withk correlated
sources at its leaves and a receiver in its root (see Figur@/8)refer to other nodes of this
tree as intermediate nodes. The receiver wishes to compd&teaministic function of source

random variables. Intermediate nodes have no demand of diei, but they are allowed to
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perform computation. Computing the desired functiomt the receiver is the only demand of
the network. For independent sources, we propose a moziedadoding scheme to perform
arbitrarily closely to derived rate lower bounds.

First, we propose a framework to categorize any tree netsvand their nodes.

Definition 39. For an arbitrary tree network,

« The distance of each node is the number of hops in the pathebetthat node and the
receiver.

o d,.. 1S the distance of the farthest node from the receiver.

« A complete tree is a tree such that all source nodes are intanigd,,,, from the receiver.

« An auxiliary node is a new node connected to a leaf of a tree iantkases the leaf’s
distance by one. The added link is called an auxiliary linke Teaf in the original tree to
which is added an auxiliary node is called the actual noderesponding to that auxiliary
node. The link in the original tree connected to the actuallenés called the actual link
corresponding to that auxiliary link.

. For any given tree, one can complete it by adding some cotisecauxiliary nodes to its
leaves whose distances are less th@n,. The achieved tree is called the completed tree

and this process is called tree completion.

These concepts are depicted in Figuré 13. Auxiliary nodgléncompleted tree network act
as intermediate nodes. Note that, all functions that may drepcited in auxiliary nodes can
be gathered in their corresponding actual node in the @aigiee. So, the rate of the actual
link in the original tree network is the minimum of rates ofr@sponding auxiliary links in the
completed tree. Thus, if we compute the rate-region for tmepeted tree of any given arbitrary
tree, we can compute the rate-region of the original treerdfore, in the rest of this section,

we consider the rate-region of completed tree networks.

Definition 40. Consider a completed tree network withsource nodes in distancé,,,, from
the receiver. Nodes in distanédrom the receiver are called th&" stage of the treew; is the
number of nodes in thé" stage.=,; is a subset of source random variables whose paths to the
receiver have the lastcommon hopsz;; is called source variables of nodg;. A connection

set of a completed tree is defined s = {s. : 1 <i < dpas}, Wheres, = {Z;; : 1 < j < w;}.



32
Note that, any completed tree can be expressed by a connesgio

For example, consider the network shown in Figure 13-b.dtsection set isSt = {s}, s?}
such thats! = {(X1, X»), X3} ands? = { X, X5, X3}. In other words =, = (X1, Xs), 21 =
X3, 291 = X1, 290 = X5 and=y3 = X3. One can see thdl; completely describes the structure
of the tree.

We have three types of nodes: source nodes, intermediats raodl a receiver. Source nodes
process their messages and transmit them. Intermediatesnoah compute some functions
of their received information. The receiver processes #weived information to compute its
desired function. For example, consider the network shawRigure[18-b. Random variables
sent through linksesy, eso, €23, €17 and eyp are Moy, Mss, Mo, My, and My, such that
My = g11(May, May), and My = gia(Mas).

1) A Rate Lower BoundConsider node:;; of a tree. LetS(w;) be the power set of the set

{1,2,...,w;} ands; € S(w;) be a non-empty subset ¢t 2, ..., w;}.

Theorem 41. A rate lower bound of a tree network with the connection$get= {s! : i} can

be determined by these conditions,

vsi 6 S(wl) == ZRU Z H[GEiZ}zEsi (Elsz

VISE

forall i =1,...,|Sr| whereZ;,, = [Z]jes, and Zie = { X1, .., Xp P\ {Zis, }-

Proof: In this part, we want to show that no coding scheme can owparthis rate region.
Consider nodes in théth stage of this networky,; for 1 < j < w,. Suppose they are directly
connected to the receiver. So, the information sent in limkthis stage should be sufficient to
compute the desired function. Suppose their parent nogeské¢heir information without doing
any compression. So, by direct application of Theotein [33) ¢an be derived. This argument
can be repeated for all stages. Thus, no coding scheme cparfunm these bounds. [ |

In the following, we express some cases under which we caie\aclthe derived rate lower
bound of Theorerh 41.

2) Tightness of the Rate Lower Bound for Independent Saulcethis part, we propose a
functional coding scheme to achieve the rate lower boun@gp8se random variableX,, ...,

X} with characteristic graph&% , ..., G%, are independent. Assum@;{l, o Cay, A€ valid
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e-colorings of these characteristic graphs satisfying C.(he proposed coding scheme can
be described as follows: source nodes first compute colrirfignigh probability subgraphs of
their characteristic graphs satisfying C.C.C., and thenfoom source coding on these coloring
random variables. Intermediate nodes first compute theemps! coloring random variables, and
then, by using a look-up table, find corresponding sourceegbf their received colorings. Then,
they computes-colorings of their own characteristic graphs. The coroesiing source values
of their received colorings form an independent set in thaplyr If all are assigned to a single
color in the minimum entropy coloring, intermediate nodeadsthis coloring random variable
followed by a source coding. But, if vertices of this indegent set are assigned to different
colors, intermediate nodes send the coloring with the loweopy followed by source coding
(Slepian-Wolf). The receiver first performs a minimum epyralecoding ([28]) on its received
information and achieves coloring random variables. Tlienses a look-up table to compute
its desired function by using achieved colorings.

To show the achievability, we show that, if nodes of eachestagre directly connected to
the receiver, the receiver could compute its desired fonctConsider the node;; in the i-th
stage of the network. Since the corresponding source valfids received colorings form an
independent set on its characteristic gragh, () and this node computes the minimum entropy
of this graph, it is equivalent to the case where it would irec¢he exact source information,
because both of them lead to the same coloring random verigbl if all nodes of stagewere
directly connected to the receiver, the receiver could aamis desired function and link rates

would satisfy the following conditions.

Vs; € S(wz) — Z Rij > H[GEiz}ze%(EiSi)' (20)

JESsi
Thus, by using a simple induction argument, one can seehbagirbposed scheme is achiev-
able and it can perform arbitrarily closely to the deriveterbbwer bound, while sources are

independent.

E. A Case When Intermediate Nodes Do not Need to Compute

Though the proposed coding scheme in Sedtion 1I-D2 can perfobitrarily closely to the

rate lower bound, it may require computation at intermedraides.
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Definition 42. Supposef(Xy, ..., X) is a deterministic function of random variablés,....X;.

(f, X1, ..., X) is called a chain-rule proper set when for arye S(k), Higy J;cs = Hay, (Xs)-

i€S

Theorem 43.In a general tree network, if sources,,...,.X;. are independent random variables
and (f, Xy, ..., X}) is a chain-rule proper set, it is sufficient to have internageinodes as relays

to perform arbitrarily closely to the rate lower bound memed in Theorerh_41.

Proof: Consider an intermediate nods; in the:-th stage of the network whose correspond-
ing source random variables a’é, wheres € S(k) (i.e., X, = =;;). Since random variables

are independent, one can write rate bounds of Thedrém 41 as,

Vs; € S(wz) — Z Rij > H[Gziz}zesi(EiSi)' (21)

JES;
Now, consider the outgoing link rate of the nodg. If this intermediate node acts like a
relay, we haveR,; = H[GX,L-]ieS(Xs) (sinceX, = =;;). If (f, X, ..., X}) is a chain-rule proper set,

we can write,

Rij = Higy ies(Xs)

ics
= HGXS (XS)

— He., (). (22)

For any intermediate node;; wherej € s; ands; € S(w;), we can write a similar argument
which lead to conditions (21). As mentioned in Theofem 4Jpadorm arbitrarily closely to the
rate lower bound, this node needs to compress its receivedriation up to the ratéls, (X).

If this node acted as a relay and forwarded the receivednrdton from the previous stage,
it would lead to an achievable ratdj,_ ¢, (X,) in the next stage, which in general is not
equal toHg, (X,). So, this scheme cannot achieve the rate lower bound. Howiéfer any

s € S(k), Hy, ., cx,

lower bound by having intermediate nodes as relays. [ |

(Xs) = Ha,, (X,), this scheme can perform arbitrarily closely to the rate

In the following Lemma, we provide a sufficient condition toegantee that a set is a chain-rule

proper set.

Lemma 44. SupposeX; and X, are independent and(X, X,) is a deterministic function. If
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Fully

Connected
Xo! Parts Xo2
Gx1 Gx1

Fig. 14. An example ofi x, x, satisfying conditions of Lemmla®#4, wheti has two members.

for anyz} andz2 in X, we havef (z¢, z1) # f(2), z%) for any possible and j, then,(f, X1, X5)

is a chain-rule proper set.

Proof: We show that under this condition any colorings of the grégh x, can be expressed
as colorings ofGx, andGx,, and vice versa. The converse part is straightforward sscany
colorings of Gx, andGx, can be viewed as a coloring 6fy, x,.

Consider Figuré_14 which illustrates conditions of this hean Under these conditions, since
all z, in X, have different function values, graghy, x, can be decomposed to some subgraphs
which have the same topology &&y,, corresponding to each, in X,. These subgraphs are
fully connected to each other under conditions of Corolily Thus, any coloring of this graph
can be represented as two colorings(df, and Gx,, which is a complete graph. Hence, the
minimum entropy coloring of7y, x, is equal to the minimum entropy coloring ¢ x,, Gx,).
Therefore,He, cy, (X1, X2) = Hay, , (X1, X2). u

Il. MuULTI-FUNCTIONAL COMPRESSION WITHSIDE INFORMATION

In this section, we consider the problem of multi-functibc@mpression with side information.
The problem is how we can compress a soukceo that the receiver is able to compute some
deterministic functionsf;(X,Y1), ..., fu(X,Y,,), whereY;, 1 < i < m, are available at the
receiver as side information.

Sectior ) only considers the case where the receiver degireompute one function (m=1).
Here, we consider a case where computation of several @nsctwith different side information

is desired at the receiver. Our results do not depend on thelfat all desired functions are in
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X——» ENCODER ——» DECODER [ »RikY

i

Yi Y, Yn

Fig. 15. A multi-functional compression problem with sidgarmation.

one receiver and one can apply them to the case of havingategeeivers with different desired
functions (i.e., functions are separable). We define a newceq@ named thenulti-functional
graph entropywhich is an extension of the graph entropy defined by Korng@l]. We show
that the minimum achievable rate for this problem is equah® conditional multi-functional
graph entropy of the source random variable given side imddions. We also propose a coding

scheme based on graph colorings to achieve this rate.

A. Problem Setup

Consider discrete memoryless sources ({&X;}°; and {Y;'}°, ) and assume that these
sources are drawn from finite sef$ and ), with a joint distributionpy(z, y;). We express
n-sequence of these random variablesXas= {X'}:=/"""1 and Y, = {V;}I=""~! with joint
probability distributionp(x,yx). Assumek = 1,...,m (we havem random variables as side
information at the receiver).

The receiver wants to compuite deterministic functiongy, : X' xY, — 2 or f, : X" <Y —
27, its vector extension. Without loss of generality, we assum 1 and to simplify notations,
n will be implied by the context. We have one encoderk andm decoders, ..., r,, (one for

each function and its corresponding side information).delecen y maps
eny : X" — {1,...,2"}, (23)
and, each decodet, maps

e {120 < {127 — 2 (24)
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The probability of error in decodingj, is

Pl = Pr((x,yx) : fe(X,¥1) # re(enx (%), yr)], (25)

and, the total probability of error is

Pr=1-Ja-r). (26)

k
We declare an error when we have an error in computation afeat lone function. A rat& is

achievable ifP — 0 whenn — oco. Our aim here is to find the minimum achievable rate.

B. Main Results

Prior work in the functional compression problem considezage when computation of a
function is desired at the receiver (m=1). In this sectior,s@nsider a case when computation
of several functions is desired at the receiver. As an exaymgansider the network shown in
Figure[15. The receiver wants to computefunctions with different side information random
variables. We want to compute the minimum achievable rate¢his case. Note that our results
do not depend on the fact that all functions are desired in receiver and one can extend
them to the case of having several receivers with differesirdd functions (i.e., functions are
separable.).

First, let us consider the case of = 2. Then, we extend our results to the case of arbitrary
m. In this problem, the receiver wants to compute two deteistimfunctions f;(X,Y;) and
f2(X,Y3), whereY; andY, are available at the receiver as side information. We wisfinid
the minimum achievable rate for this problem.

Let us callGx , = (V, Ey,) the characteristic graph of with respect toY;, p;(z,y:) and
fi(X, Y1), andGx s, = (V,Ey,) the characteristic graph ok with respect toYs, ps(z, ys)
and f5(X, Y3). Now, defineGx f, s, = (V. Ey, 4,) such thatEy, , = Ey, |J Ey,. In other words,
Gx 1,5, is theor function of Gx 5, andGx s,. We callGx y, ;, themulti-functional characteristic
graphof X.

When we deal with one function, we drgpfrom notations (as in Sectidnl Il).

Definition 45. The multi-functional characteristic grapix s, , = (V, Ey, f,) of X with respect
to Y1, Ya, pi(x, 1), p2(x,y2) ,and fi(z, y1),f2(x, y2) is defined as follows:
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Fig. 16. A source coding scheme for multi-functional consgien problem with side information.

V = X and an edge(z;,x2) € X? is in Ey, 4, iff there exists ay; € Y, such that
pi(z1,y1)pi(z2,11) > 0 and fi(zy,41) # fi(xe,91) or there exists ay, € ), such that
P2(21,y2)p2(22, y2) > 0 @nd fao(z1,12) # falwa, y2) -

Similarly to Definition[18, we define theulti-functional graph entropys follows:

Theorem 46.

1
Hey, , (X) = lim ~HY,  (X). (27)

n—oo N, X, f1,f2

The conditional multi-functional graph entropgan be defined similarly to Definitidn 19 as

follows:

Theorem 47.

1
Hey g, 4, (XY) = lim EH&LML (X[Y), (28)

n—00 f2

whereGY ;, ., is then-th power ofGx y, r,. Now, we can state the following theorem.

Theorem 48. Hg, , . (X[Y1,Y>) is the minimum achievable rate for the network shown in

Figure[13 whenm = 2.

Proof: To show this, we first show thakx > Hg, , . (X|Y1,Y2) is an achievable rate

(achievability), and no one can outperform this rate (coswk To do this, first, we show that
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any valid coloring ofG? ,, , for anyn leads to an achievable encoding-decoding scheme for
this problem (achievability). Then, we show that every aghble encoding-decoding scheme
performing on blocks with length, induces a valid coloring of’ ; ., (converse).
Achievablity: According to[[3], any valid coloring ofy , leads to successfully computing
of f1(X,Y,) at the receiver. If:(;%f1 is a valid coloring ofG’ ; , there exists a function, such
thatrl(c(;g(’f1 (X),Y:) = f1(X, Y1), with high probability. A similar argument holds fa¥y .
Now, assume tha:tGSz("flij is a valid coloring ofG},fth. Since,E;?1 C E} 4, andE]?2 CE} 4,
any valid coloring ofG ;, ,, induces valid colorings foG% , and G ;. Thus, any valid
coloring of G% ;, ;, leads to successful computation £{X, Y:) and f5(X, Y>) at the receiver.
So, T leads to an achievable encoding scheme (i.e. there exisfumaiionsr; and r,
(X), Y1) = fi(X, Y1) and ra(cay ,  (X), Ya) = f2(X,Y>), with high

X, f1,f2

such tha'[rl(c(;%m2
probability.).

When the receiver wants the whole information of the soundenSlepian and Wolf proposed
a technique in[[4] to compress source random variablep to the rateHd (X|Y) whenY is
available at the receiver. Here, one can perform Slepiati-@dmpression technique on the
minimum entropy coloring of large enough power graph andtigetgiven bound.

Converse: Now, we show that any achievable encoding-degadiheme performing on blocks
with lengthn, induces a valid coloring of , . . In other words, we want to show that if there
exist functionseny, r; andr, such thatr(enx(X),Y:) = fi(X,Y;) andry(enx(X),Ys) =
f2(X,Y3), enx(X) is a valid coloring ofG% ; ;.

Let us proceed by contradiction. df.x (X) were not a valid coloring ot ;, . , there must
be some edge 7 , with both vertices with the same color. Let us call these twediges
x; and x, which take the same values (i.enx(x;) = enx(x2)), but also are connected.
Since they are connected to each other, by definitioﬁ?f@j}hh, there exists a/; € ), such
that p; (x1,y1)p1(x2,y1) > 0 and fi(x1,y1) # fi(x2,y1), Or there exists &, € ), such
that po(x1, y2)p2(x2,y2) > 0 and fo(xy,y2) # fi(x2,y2). Without loss of generality, assume
that the first case occurs. Thus, we haveg,ac ) such thatp;(xi,y1)pi(x2,y1) > 0 and
fix1,y1) # fi(xe,y1). SO, ri(enx(x1),y1) # ri(enx(xz),y1). Sinceenx(x1) = enx(xz),
then,r; (enx(x1),y1) # r(enx(x1),y1). But, it is not possible. Thus, our contradiction assump-
tion was not true. In other words, any achievable encodiepding scheme for this problem

induces a valid coloring oy ;, ,, and thus completes the proof. [ |
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Now, let us consider the network shown in Figlré 15, wherer¢loeiver wishes to compute

m deterministic functions of source information having soside information.

X|Y1, ..., Y,,) is the minimum achievable rate for the network shown
in Figure[I5.

The argument here is similar to the caserof= 2 given in Theoreni_48. We only sketch
the proof. One may first show that any colorings of multi-filmeal characteristic graph oX
with respect to desired functions (i.€&x f, ... 1,,) leads to an achievable scheme. Then, showing
that any achievable encoding-decoding scheme inducesoar@lonGx f, . s, completes the

proof.

V. FEEDBACK IN FUNCTIONAL COMPRESSION

In this section, we investigate the effect of having fee#tbat the rate-region of the functional
compression problem. If the function at the receiver is tthentity function, this problem is
Slepian-Wolf compression with feedback. For this casejrgafeedback does not improve rate
bounds. For example, reference [[22] considers both zeor-@nd asymptotically zero-error
Slepian-Wolf compression with feedback. However, for aggahdesired function at the receiver,

having feedback may improve rate bounds of the case witlemdifack.

A. Main Results

Consider a distributed functional compression problenmhwito sources and a receiver de-
picted in Figuré 1I7-a. This network does not have feedbac&ektiorill, we derived a rate-region
for this network. In this section, we consider the effect afing feedback on the rate-region of
the network. For simplicity, we consider a simple distrémihetwork topology with two sources.
However, one can extend all discussions to more generaloneswof the type considered in
Sectiong I and1lI.

Consider the network shown in Figure]17-b. If the desiredcfiom at the receiver is the
identity function, this problem is Slepian-Wolf compresswith feedback. For this case, having
feedback does not change the rate region ([4] and [22]). Meweavhen we have a general

function at the receiver, by having feedback, one may impithie rate bounds of Theordm] 38.

Theorem 50. Having feedback may improve rate bounds of Thedrem 38.
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X | |

f(X1,Xz)

Fig. 17. A distributed functional compression network ajhwut feedback b) with feedback.

Proof: Consider a network without feedback depicted in Figure 1WaSection[l, we
showed an achievable scheme where sources send their mineantropy colorings of high
probability subgraphs of their characteristic graphsségtig C.C.C., followed by Slepian-Wolf
compression. This scheme performs arbitrarily closelyate bounds derived in Theordm] 38.
Now, we seek to show that, in some cases, by having feedbamxk,can outperform these
bounds. Consider source random variab¥gsand X, with characteristic graph&x, andGxy,,

respectively. SUppos8.ni» andS.,  are two sets of joint colorings of source random
G, %%, T, s

variables defined as follows,

1
S omin = arg min —H(cgn ,can )
O, Gy (CG§1 7CG§2)€CG§1 ><CG§2 n X1 X,
i 1
o = arg min —H(cgn ,can ). (29)
X1 %, (CG’;H 70@;(2)600;(1 XCG’;(2 n Xt UK
satisfying C.C.C.
Now, consider the case Whéigmm NSel m = = (), i.e., suppose a Gn € ch%n -
’ X177 Xo

X X177 Xo

does not satisfy C.C.C. Thus, C C. C restricts the link satesr of any achlevable scheme,

because! (cg,z" G%) <H (CG?(1 ,G,;(Q) for any c’m" ay, € Semin ., and cGn ay, € Sel oy g,

L . in X1 X2 X2
Choose any two joint coloring Gy Gy, € 5033270322 and ch{l,G& € Sc/ oy ok, Suppose
set A contains all pointgx;, x,) such that their corresponding colors in the jOII’It coloratgss
of c"“" e do not satisfy C.C.C. Now, we propose a coding scheme wittbl@ek which can
2

outperform rate bounds of the case without having feedblickources know whether or not
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Fig. 18. An example of the proposed feedback scheme. a) Singe Ax,, sourceX; sends 0. Sinc&z € Ax,, sourceXs
sends 1. b) The receiver forward signaling bits to the s@urtaen, sources can use the coloring sche@‘;(ié an
1 2

they have some sequencesAnthey can switch betweeafgb;(” gn_andcga n in their coding
177 X2 177 X2
scheme with feedback. Sindé(cg,)%(’i,(;%) < H(c’G;(fG;(Q), this approach outperforms the one
without feedback in terms of rates. In the following, we msa possible feedback scheme.
Before sending each sequence, sources first check if thipilesees belong td or not. Say
Ax

similarly. One can see that C Ay, x Ax,. So, instead of checking if a sequence isdior not,

. is the set of allx; such that there exists g, such that(x;,x;) € A. Ay, is defined
by exchanging some information, sources check if the sesgubalongs tod x, x Ax, or not. In
order to do this, sourc&; sends a one to the receiver whene Ay, . Otherwise, it sends a zero.
Source X, uses a similar scheme. The receiver exchanges these hitg fesidback channels.
When a source sends a one, and receives a one from its feedhackel, it usef;’G)n(l’G;(2 as
its joint coloring. Otherwise, it use%f{i cy, in its coding scheme. Depending on which joint
coloring scheme has been used by sources, the receiver wsgseaponding look-up table to
compute the desired function. Hence, this scheme is adiieevAn example of this scheme is
depicted in Figuré_18.

Since the length of sequences is arbitrarily large, one gaore these four extra signaling

bits in rate computation. If we did not have feedback, adogrdo Theoreni_38,
1 /
Ri1+ Rz > gH(CG§17G§2). (30)

Say P, = Pr|[(x1,x2) € Ax, x Ax,]. Thus, for the proposed coding scheme with feedback,
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we have,
1 min
R, + R{, > g[PaH<C/G;L(1,G5L(2) +(1- Pa)H(CG§1,G§2)] (31)

where R/, is the transmission rate of sourc¢evith feedback. Thus,

(Rl + RD) = [Ri + Ria) > = (1= Po)[H (G gy ) = H(coy )] (32)

S|

The right-hand side of (32) represents a gain in link sumsrate having feedback. When,
P, # 1 and C@ﬁﬁ,a;g #+ c’G&l’G;{Q, this is strictly positive, which means the proposed coding
scheme with feedback outperforms the one without havinglfeek in terms of rate bounds.
For the identity function at the receive.zzr‘gg,)i(’z7(;;(2 = c’G;(1 Gy, and the proposed coding scheme
with feedback does not improve rate bounds. Note that, feridbentity function at the receiver,
Slepian-Wolf compression can perform arbitrarily closelymin-cut max-flow bounds. [ ]

Note that, in a general network, for cases where the minimotrogy colorings of sources

satisfy C.C.C., it is not known whether or not feedback caprowe rate bounds.

V. A RATE-DISTORTION REGION FORDISTRIBUTED FUNCTIONAL COMPRESSION

In this section, we consider the problem of distributed fiomal compression with distortion.
The objective is to compress correlated discrete sourc#sasan arbitrary deterministic function
of those sources can be computed up to a distortion leveleatdbeiver. In this section, we
derive a rate-distortion region for a network with two tramt$ers and a receiver. All discussions
can be extended to more general networks considered ino8sidii and 11l.

A recent result is presented inl[3] which computes a ratemdien region for the side
information problem. The result in[[3] gives a charactdima of Yamamoto’s rate distortion
function [10] in terms of a reconstruction function. Heres extend these results to the distributed
functional compression problem. In this case, we computate-distortion region and then,
propose a practical coding scheme with a non-trivial pentorce guarantee. Note that this

proposed characterization is not a single letter charizetesn.

A. Problem Setup

Consider two sources as described in Sedfion] V-A. The recemants to compute a deter-

ministic functionf : X; x X, — Z or f: X' x A — Z", its vector extension up to distortion
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D with respect to a given distortion functioh: Z x Z — [0, 00). A vector extension of the

distortion function is defined as follows:

n

d(z1,22) = % Z d(z1i, 22i), (33)

i=1
wherez;,z, € Z". As in [9], we assume thad(z,2,) = 0 if and only if z; = 2. This
assumption causes vector extension to satisfy the samenydape.,d(z;,z,) = 0 if and only
if z1 = 7).
Consider the network depicted in Figure 1-b. The sourcesdmtheir data at rateB;; and
Ry by using encodersny, andeny,, respectively . The receiver decodes the received data by
using decoder. Hence, we have:

enx, : X — {1,..., 2"}
enx, : Xgt— {1,...,2"02}

and a decoder maps,
ro {1, 2m Y {1 2nie) oy Zn

The probability of error is

Pen = Pr[{(XhX?) : d(f(XhX?)vr(enXl <X1)7 enx, (X2))) > D}]

We say a rate paifRR;;, R12) is achievable up to distortiof if there existeny,, eny, and
r such thatP” — 0 whenn — oc.

Our aim is to find feasible rates for different links of thewetk shown in Figuréll-b when
the receiver wants to compuf& X, X,) up to distortionD.

B. Prior Results

In this part, we overview prior relevant work. Consider thetwork shown in Figuréll-a.
For this network, in[[10], Yamamoto gives a characterizata§ a rate-distortion function for

the side information functional compression problem (i), is available at the receiver). The
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TABLE |
RESEARCH PROGRESS ON NONZERDISTORTION SOURCE CODING PROBLEMS

Problem types f(Xy, Xo) = (X, X5)  Generalf (X, X»)

Feng et al.[[11]
Side information Wyner and Ziv [9] Yamamota [10]
Doshi et al. [3]

Coleman et al. [6]
Berger and Yeung [12] *
Barros and Servetto [13]

Wagner et al.[[14]

Distributed

rate-distortion function proposed in [10] is a general@atof the Wyner-Ziv side-information

rate-distortion function [9]. Specifically, Yamamoto gsvihe rate distortion function as follows:

Theorem 51. The rate distortion function for the functional compressiproblem with side
information is

R(D) = min I(Wl,X1|X2)
peP(D)

where P(D) is the collection of all distributions ori}; given X; such that there exists a
g W xX— Z SatiSfyingE[d(f(Xl,Xg),g(wl,Xg))] <D.

This is an extension of the Wyner-Ziv rate-distortion rég@]. Further, the variablél; €
['(Gx,) in the definition of the Orlitsky-Roche rate, Definitibn| 1@, (ariable over the indepen-
dent sets of7x,) can be seen as an interpretation of Yamamoto’s auxiliargbke, 1V, for the
zero-distortion case.

A new characterization of the rate distortion function gidey Yamamoto was discussed in
[3]. It was shown in[[3] that finding a suitable reconstruntfoinction, f, is equivalent to findy
on W, x X, from Theorem 51. Lef,, (D) denote the set of all functioryén AT XA — 2T
such that

lim E[d(f(Xy1,Xa), fn(X1,X2))] < D,

n—oo

and let7 (D) = U,,ex Fm(D). Also, letGy, ; denote the characteristic graphXif with respect
to X, p(x1,x3), and f for any f € F(D). For eachm and all functionsf € F(D), denote

for brevity the normalized graph entrog%,gHGXl f(X1|X2) as HGX1 f(X1|X2). The following
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theorem was given in_[3]:

Theorem 52. A rate distortion function for the network shown in Figlilealcan be expressed
as follows:

A X1|X5).
feF(D)

Xl,f(

The problem of finding an appropriate functignis equivalent to finding a new graph whose
edges are a subset of the edges of the characteristic gragtaph parameterization bl was
proposed in[[3] to look at a subset #f(D). The resulting bound is not tight, but it provides a
practical technique to tackle a very difficult problem.

Define the D-characteristic graph of; with respect toXs,, p(zi,z5), and f(X;, Xs), as
having vertices/ = X} and the pair(z{, z?) is an edge if there exists somé € X, such that
p(xt, 2d)p(a?, 23) > 0 andd(f(z}, 21), f(22,2})) > D. We call this graph a&'y, (D). Because
d(z1,22) = 0 if and only if z; = z,, the 0-characteristic graph is the characteristic graph (i.e.,

Gx,(0) = Gy,). The following corollary was given i [3]:

Corollary 53. The rate ey (p) (X1]X>) is achievable.

C. Main Results

This section contains our contributions in this problemr @im is to find a rate-distortion
region for the network shown in Figufd 1-b. Recall the Yam@wm@te distortion function
(Theorem 5ll) and Theorem152. These theorems explain a rsttartdin function for the side
information problem. Now, we are considering the case whenhave distributed functional
compression.

Again, for anym, let F,,(D) denote the set of all function, : X" x X" — Z™ such that

lim E[d(f(X1, Xz), fm(X1,X5))] < D.

n—oo

In other words, we consider blocks ofm-vectors; thus, the functions in the expectation above
will be on 7" x X5, Let F(D) = U,,,cn Fm(D). Let G, ; denote the characteristic graph of
X with respect toX,, p(x;,x2), andf for anyf € F(D) and GXM; denote the characteristic
graph ofX, with respect taX,, p(x;, x,), andf for any f € F(D). For eachn and all functions
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f € F(D), denote for brevity normalized graph entropiméé—[(;xl_ (X1]|Xs) asHg, (X1]X32),

! !
%HGXQ,f(Xz‘Xl) aSHGXQTfA(XQ‘Xl) and %Hle,f7GX2,f<X1’X2> asHq;. .c¢ f<X1,X2>.

X1,f77 X2,

Now, for a specific functiory € F(D), defineR;(D) = (R{l(D), R{,(D)) such that,

Y,
=5
V

Hg  (X1|X3) (34)

X1.f

Y
55
Y,

He. (X2]Xq)

Xo,f

R+ R, > Hg X1, Xo).

Xl,vaXQ,f(

Theorem 54. A rate-distortion region for the network shown in Figure lisbdetermined by
Ujerm) B (D).

Proof: We want to show thatJ;» ) R;(D) determines a rate-distortion region for the
considered network. We first show this rate-distortion sags achievable for any € F(D),
and then we prove every achievable rate region is a subregdidnconverse).

According to Theorenl 382;(D) is sufficient to determine the functiofi(X,, X,) at the
receiver. Also, by definition,

lim E[d(f(X1,Xz), f(X1,X2))] < D.

n—oo

Thus, for a specifig € F(D), R;(D) is achievable. Therefore, the union of these achievable
regions for differentf € F(D) (i.e., Ujerw) Bj(D)) is also achievable.

Next, we show that any achievable rate region is a subrediQi;0 ,, R;(D). Assume that
we have an achievable scheme in which sourancodes its data teny, (X;) and source
encodes its data ten x, (X3). At the receiver, we computdenx, (X;), enx,(Xs)). Since itis an
achievable scheme up to distortifh there exists’ € F(D) such that(eny, (X,), eny, (Xs)) =
f(Xl,Xg). Thus, considering Theorem138, this achievable rate4distoregion is a subregion
of Ujcrp) B(D). This completes the proof. u

Next, we present a simple scheme which satisfies Thebrém g#inAthe problem of finding
an appropriate functiorf is equivalent to finding a new graph whose edges are a subsie¢ of
edges of the characteristic graph of random variables. Wutvates Corollary 55 where we
use a similar graph parameterization by Our scheme is as follows:

Define the D-characteristic graph of; with respect toXs,, p(zi,z5), and f(X;, Xs), as
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having vertices/ = X, and the pairz}, z?) is an edge if there exists somé € X, such that
p(xi, zd)p(z?, xd) > 0 andd(f(z1, xd), f(z3,23)) > D. Denote this graph a8, (D). Similarly,
we defineGy, (D). Following Corollary{58 and Theorem 154, we have the follayvidorollary:

Corollary 55. For independent sources, if the distortion function is anoetnd (R, R12)

satisfies the following conditions, thefR?;;, Ri») is achievable.

Rll

v

Heay (py2)(X1) (35)
Hey,(n/2)(X2)

Riy+ R > Hey (0/2).6x,(0/2)(X1, X2).

R12

v

Proof: From Theoreni_38, by sending colorings of high probabilithgnaphs of sources’s
D /2-characteristic graphs satisfying C.C.C., one can achieeaate region described ih (35).
For simplicity, we assume the power of the graphs is one.riSxas to an arbitrary power are
analogous. Suppose the receiver gets two colors from so(segc; from sourcel, andc, from
source2). To show that the receiver is able to compute its desiredtion up to distortion level
D, we need to show that for evefy|, ;) and(z7, 23) such thaCe, (p/2)(21) = Cay, (p/2)(27)
and Cg,_ (p2)(13) = Cay,(nj2)(3), we haved(f(z1,23), f(27,23)) < D. Since the distortion

function d is a metric, we have,

d(f(xy, xp), f(af, 23)) + d(f (a1, 23), f (a7, 23))
D/2+ D/2 =D. (36)

d(f (@1, 23), f(a1,23))

IN

N

This completes the proof. [ |

VI. POLYNOMIAL TIME CASES FORFINDING THE MINIMUM ENTROPY COLORING OF A

CHARACTERISTIC GRAPH

In this section, we consider the problem of finding the minimentropy coloring of a char-
acteristic graph. This problem arises in the functional paession problem where computation
of a function of sources is desired at the receiver. We censdlsome aspects of this problem

in Sections[[ll{\] and proposed some coding schemes. Inetlppsposed coding schemes, one



49

needs to compute the minimum entropy coloring (a coloringloan variable which minimizes
the entropy) of a characteristic graph. In general, findimg toloring is an NP-hard problem
(as shown by Cardinal et al. [15]) . However, in this sectiame, show that depending on the
characteristic graph’s structure, there are some intagesiases where finding the minimum
entropy coloring is not NP-hard, but tractable and pratticeone of these cases, we show that,
having a non-zero joint probability condition on randomiables’ distributions, for any desired
function f, makes characteristic graphs to be formed of some nonaparg fully-connected
maximal independent sets. Therefore, the minimum entrofiyring can be solved in polynomial
time. In another case, we show that, if the function we seealotopute is a type of quantization
functions, this problem is also tractable.

We also consider this problem in a general case. By usingniarffor Lempel-Ziv coding
notions, we heuristically relate finding the minimum enyramloring to finding the maximum
independent set of a graph. While the minimum-entropy @adpproblem is a recently studied
problem, there are some heuristic algorithms to solve aqmiately the maximum independent
set problem.

We proceed this section by stating the problem setup. Thenexplain our contributions to

this problem.

A. Problem Setup

In some problems such as the functional compression probdameed to find a coloring
random variable of a characteristic graph which minimizes entropy. The problem is how to
compute such a coloring for a given characteristic graph.

Given a characteristic grapfiy, (or, its n-th power,G% ), one can assign different colors
to its vertices. Suppos€, Is the collection of all valid colorings of this graph. Among
these colorings, one which minimizes the entropy of the rimdprandom variable is called the

minimum-entropy coloring, and we refer to it lmgﬁg

cg”;’i =argmin  H(cgy, ). (37)

CGXl GCle

The problem is how to comput%@i givenGyj,.
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Wy Wa

(a) (b)

Fig. 19. Having non-zero joint probability distribution) enaximal independent sets cannot overlap with each otlés (t
figure is to depict the contradiction) b) maximal independsats should be fully connected to each other. In this figarsglid
line represents a connection, and a dashed line means neatmmexists.

B. Main Results

In general, finding:’gj{’i is an NP-hard problem[([15]). However, in this section, weestigate
cases where this coloring can be computed in polynomial,tadepending on the characteristic
graph’s structure. In one of these cases, we show that, bindva non-zero joint probability
condition on random variables’ distributions, for any dedi function, findingc’g;’i can be
solved in polynomial time. In another case, we show thathé function we seek to compute
is a quantization function, this problem is also tractabMe also consider this problem in a
general case. By using Huffman or Lempel-Ziv coding notjame heuristically relate finding
the minimum entropy coloring to finding the maximum indepamidset of a graph.

For simplicity, we consider functions with two input randmariables, but one can extend all
discussions to functions with more input random variablesttwo.

1) Non-Zero Joint Probability Distribution ConditionConsider the network shown in Figure
[I-b. Source random variables have a joint probability distion p(z;,x2), and the receiver
wishes to compute a deterministic function of sources, (f.€X;, X5)). In Sectiorill, we showed
that, in an achievable coding scheme, one needs to computienum entropy colorings of
characteristic graphs. The question is how source nodesarapute minimum entropy colorings
of their characteristic graphGy, andGx, (or, similarly the minimum entropy colorings 6ty
and G%,, for somen). For an arbitrary graph, this problem is NP-hard ([15]).wdwer, in
certain cases, depending on the probability distributiothe desired function, the characteristic

graph has some special structure which leads to a tractelwere to find the minimum entropy
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coloring. In this section, we consider the effect of the aaibty distribution.

Theorem 56. Suppose for al(xy, z5) € X1 X Xs, p(x1,z2) > 0. Then, maximal independent sets
of the characteristic grapli-x, (and, itsn-th powerGy , for anyn) are some non-overlapping
fully-connected sets. Under this condition, the minimuritopy coloring can be achieved by

assigning different colors to its different maximal indegent sets.

Proof: Supposd’(Gy,) is the set of all maximal independent sets(df,. Let us proceed
by contradiction. Consider Figure]19-a. Suppesendw, are two different non-empty maximal
independent sets. Without loss of generality, assufrendz? are inw,, andz? andz? are inws.
These sets have a common elemehtSincew; andw, are two different maximal independent
sets,z} ¢ wy, andx? ¢ w;. Sincer] andz? are inwy, there is no edge between themdy, .
The same argument holds fof andz?. But, we have an edge betweeh and z$, becauseu,
andw, are two different maximal independent sets, and at leasé¢ thigould exist such an edge
between them. Now, we want to show that it is not possible.

Since there is no edge betweeh and z?, for any i € X,, p(xi,zd)p(z?, x}) > 0, and
f(zt,zd) = f(«2,2)). A similar argument can be expressed fdr and z3. In other words,
for any 2} € Xy, p(2?, 2d)p(23, ) > 0, and f(2?,2}) = f(23,2)). Thus, for allz € A,
p(x1, z3)p(2}, x3) > 0, and f(x1,z3) = f(x3, x}). However, sincer] and z? are connected to
each other, there should existzd € X, such thatf(z1,z3) # f(x}, 1) which is not possible.
So, the contradiction assumption is not correct and thesemtaximal independent sets do not
overlap with each other.

We showed that maximal independent sets cannot have oseviipeach other. Now, we want
to show that they are also fully connected to each other.iAdai us proceed by contradiction.
Consider Figure 19-b. Supposeg andw, are two different non-overlapping maximal independent
sets. Suppose there exists an elementdn(call it #?) which is connected to one of elements
in w; (call it 1) and is not connected to another elementwef(call it #2). By using a similar
discussion to the one in the previous paragraph, we may shatittis not possible. Thus;?
should be connected tef. Therefore, if for all(xy, z5) € X; x X, p(x1,x2) > 0, then maximal
independent sets @fx, are some separate fully connected sets. In other wordspthplement
of Gx, is formed by some non-overlapping cliques. Finding the mumn entropy coloring of

this graph is trivial and can be achieved by assigning diffeicolors to these non-overlapping
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f(x1,X2)

X' X x° » Xz
1 1 2/ /
/./ 3/
3/

X4
X412 1
X13 1 4
Xi A/

Fig. 20. Having non-zero joint probability condition is eassary for Theoref $6. A dark square represents a zero pligbab
point.

fully-connected maximal independent sets.

This argument also holds for any power 6fy,. Supposex;j, x; and x} are some typical
sequences imty. If x] is not connected tox and x3, it is not possible to have? and x?
connected. Therefore, one can apply a similar argumentaeeghe theorem fof , for some
n. This completes the proof. [ ]

Here are some remarks about Theoieh 56:

« If the characteristic graph satisfying conditions of Theo(56 is sparse, its power graph
would also remain sparse (a sparse graph withertices is a graph whose number of edges
is much smaller thaf*2=1),

« The conditionp(xy, z2) > 0, for all (x1, z5) € X} x X, is a necessary condition for Theorem
[56. In order to illustrate this, consider Figurd 20. In thismple,z], 2? andz? are in A},
and 3, ¥3 andx3 are in X,. Supposep(x3,z3) = 0. By considering the value of function
f at these points depicted in the figure, one can see thétyin z? is not connected ta;
andx3. However,z1 andz? are connected to each other. Thus, Thedrei 56 does not hold
here.

« The condition used in Theorem]56 only restricts the proltgidistribution and it does not
depend on the functiori. Thus, for any functionf at the receiver, if we have a non-zero
joint probability distribution of source random variablgsr example, when source random

variables are independent), finding the minimum-entrodgrany is easy and tractable.
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2) Quantization Functionsin Section[VI-B1, we introduced a condition on the joint prob
ability distribution of random variables which leads to agific structure of the characteristic
graph so that finding the minimum entropy coloring is not Nffeh In this section, we consider
some special functions which to lead to some special grapictates.

An interesting function is a quantization function. A natuguantization function is a function
which separates th&; — X, plane into some rectangles such that each rectangle cormgso
a different value of that function. Sides of these rectamigie® parallel to the plane axes. Figure
[21-a depicts such a quantization function.

Given a quantization function, one can extend differen¢sidf each rectangle in thg, — X,
plane. This may make some new rectangles. We call each of théamction region Each
function region can be determined by two subsetstofand X,. For example, in Figure 21-b,

one of the function regions is distinguished by the shaded.ar

Definition 57. Consider two function regiond’! x X and X7 x X}. If for any z} € X and
2?2 € X2, there existr such thatp(zi, z3)p(2?, 1) > 0 and f(z1, 2}) # f(2%, 1), we say these

two function regions are pairwis&’;-proper.

Theorem 58. Consider a quantization functiofi such that its function regions are pairwise
Xi-proper. ThenG'y, (and G, for anyn) is formed of some non-overlapping fully-connected
maximal independent sets, and its minimum entropy colociaigy be achieved by assigning

different colors to different maximal independent sets.

Proof: We first prove it forGy,. SupposeX]! x X;, and X7 x X} are two X,-proper
function regions of a quantization functigh) where X! # X?2. We show thatY! and X? are
two non-overlapping fully-connected maximal independsets. By definition X! and X? are
two non-equal partition sets of;. Thus, they do not have any element in common.

Now, we want to show that vertices of each of these partitets are not connected to each
other. Without loss of generality, we show it faf. If this partition set ofX; has only one
element, this is a trivial case. So, suppageand z? are two elements int!. By definition
of function regions, one can see that, for arlye X, such thatp(z}, x)p(z3, z3) > 0, then
f(xi,2d) = f(2?, 2}). Thus, these two vertices are not connected to each other, ipppose

23 is an element int2. Since these function regions aig-proper, there should exist at least



54
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(a) (b)

Fig. 21. a) A quantization function. Function values areictegd in the figure on each rectangle. b) By extending sides of
rectangles, the plane is covered by some function regions.

one zj € AXs, such thatp(zi, z})p(x?, z) > 0, and f(x},zd) # f(23 2}). Thus,zi and x?
are connected to each other. Therefotg, and X? are two non-overlapping fully-connected
maximal independent sets. One can easily apply this argutoesther partition sets. Thus, the
minimum entropy coloring can be achieved by assigning wffe colors to different maximal
independent sets (partition sets). The proofdds , for anyn, is similar to the one mentioned
in TheorenT 56. This completes the proof. [ |
Note that withoutX-proper condition of Theorein 58, assigning different celtr different
partitions still leads to an achievable coloring schemewéieer, it is not necessarily the minimum

entropy coloring. In other words, without this conditionaximal independent sets may overlap.

Corollary 59. If a function f is strictly monotonic with respect t&;, and p(z;,z5) # 0, for

all z; € & andx, € &, then,Gy, (and, Gk, for anyn) is a complete graph.

Under conditions of Corollary_%9, functional compressiovesl not give us any gain, be-
cause, in a complete graph, one should assign differentctbodifferent vertices. Traditional
compression wherg is the identity function is a special case of Corollary 59.

3) Minimum Entropy Coloring for an Arbitrary GraphFinding the minimum entropy coloring
of an arbitrary graph (called the chromatic entropy) is N#Pah([15]). Reference [15] showed

that, even finding a coloring whose entropy is Witk(ib— ¢)logm of its chromatic entropy
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is NP-hard, for anyg > 0, wherem is the number of vertices of the graph. That is a reason
we introduced some special structures on the charactegsdph to have some tractable and
practical schemes to find the minimum entropy coloring. Wltases investigated in Sections
VI-B1l and[VI-B2 cover certain practical cases, in this parg want to consider this problem
without assuming any special structure of the graph. Inqadar, we show that, by using a notion
of an empirical Huffman coding scheme or a Lempel-Ziv codscgeme, one can heuristically
relate finding the minimum-entropy coloring problem and ifigdthe maximum independent set
problem. While the minimum-entropy coloring problem is aawrtly studied problem, there are
some heuristic algorithms to solve the maximum independenproblem|([29].

SupposeGy, is the characteristic graph of;. Without loss of generality, in this section,
we considern = 1. All discussions can be extended @& , for anyn. Supposep(z;) is the
probability distribution ofX;. Let us define the adjacency mattik = [a;;] for this graph as
follows: a;; = 1 whenz? and x{ are connected to each other Gy,, otherwise,a;; = 0. One
can see that the adjacency matrix is symmetric, with all zenoits diagonal. Aone in this
matrix means that its corresponding vertices should beyasdito different colors.

Let us define a permutation matriX with the same size ofl. This matrix has only @nein
each of its rows and columns. The matfd P* would be a matrix such that rows and columns
of A are reordered simultaneously, with respect to this periomtanatrix 2. For any valid
coloring, there exists a permutation matix such thatP AP! has zero square matrices on its
diagonal. This reordering is such that, vertices with theeaolor are adjacent to each other
in PAP!. Each of these zero square matrices on the diagon&l P! represents a maximal
independent set, or equivalently a color class. One canhsgdhere exists a bijective mapping
between any valid coloring and any permutation maftixvhich leads to have some zero square

matrices on the diagonal d?AP".

Example 60. For an example, consider the coloring of the graph depictedrigure[7. This
coloring leads to the following® AP! matrix:
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00 D, D,
PAP! = 0 0 (38)
D, Dy
00

D, Dy 0

where D;, i = 1,2,3 are non-zero matrices. Each of zero square matrices on thgodial
represents a color class, or a maximal independent set efgtdaph. The permutation matrik

in this case is,

(39)

>

I
o o R o o
o~ o o o
o o o o =
o o o = o
_ o o o o

Now, we want to take the probability distribution into acotuTo do this, we repeat each
vertexx} in the adjacency matrixy; times, such tha% = Z—] for any valid: andj. We call
the achieved matrix, the weighted adjacency matrix and t@eindy A,,. The above argument
about the permutation remains the same. Any valid colorarglie represented by a permutation
matrix P such thatP A,, Pt has some zero square matrices on its diagonal. Since wesegpithe
probability distribution of each vertex as its number ofetfons in A,,, the proportional sizes
of zero square matrices on the diagonalfofl,, P! represent the corresponding probability of
that color class. In other words, a color class of a largen sguare matrix has more probability
than a color class with a smaller zero square matrix.

Now, one can heuristically use Huffman coding techniquertd & coloring (or its correspond-
ing permutation matrix) to minimize the entropy. To do thig first find a permutation matrix
which leads to the largest zero square matrix on the diagafn@l4,, P*. Then, we assign a color
to that class, and eliminate its corresponding rows andneiotu We repeat this algorithm till all
vertices are assigned to some colors. One can see thatditidirlargest zero square matrix on
the diagonal ofP A, P! is equivalent to finding the maximum independent set of algralote
that, it is a heuristic algorithm, and does not necessagdgin to the minimum entropy coloring.

The other point is that, here, we have assumed that the phtpalstribution of X is known.
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If we do not know this probability distribution, one can use empirical distribution, instead
of the actual distribution. In that case, using a Lempel-Zading notion instead of Huffman

coding leads to a similar algorithm.

VIlI. CONCLUSIONS ANDFUTURE WORK

In this paper, we considered different aspects of the fanaticompression problem where
computing a function (or, some functions) of sources is réésat the receiver(s). The rate
region of this problem has been considered in the literatunger certain restrictive assump-
tions, particularly in terms of the network topology, the¢tions and the characteristics of the
sources. In this paper, we significantly relaxed these ag8ans. In Sectiof ]I of this paper, we
considered this problem for an arbitrary tree network angngsotically lossless computation
and derived rate lower bounds. We showed that, for one stagenetworks with correlated
sources, or for general trees with independent sourcese tlogver bounds are tight. For these
cases, we proposed a modularized coding scheme based dnapiapings and Slepian-Wolf
compression which performs arbitrarily closely to rate dovibounds. Optimal computations
that should be performed at intermediate nodes are derfeech general tree network with
independent sources. We showed that, for a family of funstiand random variables called
chain rule proper sets, computation at intermediate naastinecessary. We also introduced a
new condition on colorings of source random variables’ aberistic graphs called the coloring
connectivity condition (C.C.C.) and showed that, unlike tondition mentioned in Doslet al.,
this condition is necessary and sufficient for any achievablding scheme based on colorings.
We also showed that, unlike entropy, graph entropy does atatfyg the chain rule.

The problem of having different desired functions with sid®rmation at the receiver was
considered in Sectionlll. For this problem, we defined a newcept named multi-functional
graph entropy, an extension of graph entropy defined by &ota the multi-functional case.
We showed that, the minimum achievable rate for this probhgth side information is equal
to conditional multi-functional graph entropy of the soaircandom variable given the side
information. We also proposed a coding scheme based on gphings to achieve this rate.

In Sectior 1V, we investigated the effect of having feedbaunkhe rate region of the functional
compression problem. If the function at the receiver is tlemtity function, this problem reduces

to the Slepian-Wolf compression with feedback, for whiclvihg feedback does not increase
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the rate. However, we showed that, in general, feedbackrogrove rate bounds.

The problem of distributed functional compression witht@aigon was investigated in Section
VI The objective is to compress correlated discrete souscethat an arbitrary deterministic
function of those sources can be computed within a distotggel at the receiver. In this case,
we computed a rate-distortion region for this problem whschot a single letter characterization.
Then, we proposed a simple suboptimal coding scheme witmaraal performance guarantee.

In these proposed coding schemes, one needs to computertreum entropy coloring of a
characteristic graph. In general, finding this coloringnsNP-hard problem [([15]). However, in
SectionVl, we showed that depending on the characteristiplgs structure, there are certain
cases where finding the minimum entropy coloring is not NRhlaut tractable and practical. In
one of these cases, we showed that, by having a non-zergo@bability condition on random
variables’ distributions, for any desired function, finglithe minimum entropy coloring can be
solved in polynomial time. In another case, we showed thahei desired function is a type of
guantization functions, this problem is also tractable.

For possible future work, one may consider a general netwoplology rather than tree
networks. For instance, one can consider a general multesomulticast network in which
receivers desire to have a deterministic function of sowscelom variables. For the case of
having the identity function at the receivers, this problismvell-studied in[[26], [[27] and [28]
under the name of network coding for multi-source multicastworks. Reference [28] shows
that, random linear network coding can perform arbitracilysely to min-cut max-flow bounds.
To have an achievable scheme for the functional version isf ghoblem, one may perform
random network coding on coloring random variables sanhgfyC.C.C. If receivers desire
different functions, one can use colorings of multi-funo@l characteristic graphs satisfying
C.C.C., and then use random network coding for these cgoandom variables. This achievable
scheme can be extended to disjoint multicast and disjoitticast plus multicast cases described
in [27]. This scheme is an achievable scheme; however itti@ptmal in general. If sources are
independent, one may use encoding/decoding functiongedkefor tree networks at intermediate
nodes, along with network coding.

Throughout this paper, we considered asymptotically &sssbr lossy computation of a func-
tion. For possible future work, one may consider this probfer the zero-error computation of

a function which leads to a communication complexity prabl®©ne can use tools and schemes
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we have developed in this paper to attain some achievab&rsehin the zero error computation

case.
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