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StatusQuo:
Network coding capacitiesare well-understood for somedemands.
Little theory is developed for generaldemands:

! Negativeresults.
! Suboptimal bounds.
! Network scalinglaws.

NewInsights:
Givenan arbitrary solution for an arbitrary network, we try to show
that there existsan equivalent(in terms of rates) matroidal
solution. This may result in:

! A better understandingon which tools to apply. The set over
which a solution is soughtcan be much smallerand more
structured.

! Conclusionsregarding very generalnetworks.
! Usageof known resultsfrom matroid theory.

Important: Only an existenceproof is required.Oncesucha result
is established,we may limit our attention (and the toolbox we use)
to matroidal solutions.



Polymatroids,MatroidsandEntropy Vectors

! For a randomvector X n overa Þnite alphabet, the entropy
function h mapseachsubsetα ! N = { 1, 2, . . . , n} to R+.

! Thus, eachrandom vector is mapped to a point in RP (N),
calledan entropy vector, whereP(N) is the power set of N.

! All thesepoints satisfy:
1. h(φ) = 0,
2. h(I ) " h(J) for I ! J ! N,
3. h(I ) + h(J) # h(I $ J) + h(I %J) for I , J ! N.

Hence(N, h) is a polymatroid with groundset N and rank h.
! Integer-valuedpolymatroidswith a rank function boundedby

the cardinality h(I ) " |I | are called matroids.



The Main AchievementSought:
Conjecture
Any arbitrary network solution can be approximatedwith arbitrary
precision(in terms of rates) by a matroidal solution overa possibly
larger alphabet size.

That is, the entropy of any set of bits on the network is an integer.

Consequence
When seeking a solution for a network, we can limit the search to
matroidal solutions.

Notes:

! The conjectureaboveaimsat arbitrary randomvectors,
independentof any network setting or topology. In a sense,at
the basisof the result standsa density result for distributions.

! Previousresultsregarding countablesetsof entropy vectors
which are densein the set of all entropy vectors can point out
both actual methods and generalplausibility.



How it Works
! Approximate the original distribution by a dyadic distribution,

with an excessentropy of at most 2 bits regardless of the
alphabet size.

! Extendthis result to show that all marginal distributionscan
alsobe madedyadic, with a negligibleexcessentropy as the
alphabet sizeincreases.

! Dyadic distr ibutions translateto rational entropies, hence
integerentropiesfor su"ciently large block size.

! The Hu!man code of a dyadic distribution generatespurely
symmetricand independentbits.

! Sincethe conditionalentropiesare alsoapproximatedwith an
arbitrary precision,the resultingsolution is also
implementable.

AssumptionsandLimitations

! We assumethe links are noiseless(the commonnetwork
coding setting).

! Large alphabet sizemeanslarge block length, hencea large
delay.

! We assumeeachsourceis i.i.d. and that the operationsin the
nodesare memoryless.



Initial Results
The following two theoremsmay lead to the requireddyadic
approximation:

Theorem
Any multivariate distribution overÞnite alphabets can be
approximatedby a dyadic distribution, with an excessentropy of at
most 2 bits regardlessof the alphabet size.

Theorem
Any point in the convexhull of K dyadic multivariate distributions
can be approximatedwith an arbitrary precisionby a dyadic
distribution.

Using the theorem below, though, it is possibleto show that each
network solution hasan integer-valuedpolymatroid approximation:

Theorem
The set of rational entropy vectors is densein the coneof all
entropy vectors. Namely, any randomvector X n can be
approximatedby ÷X n suchthat H( ÷X! ) & Q for any
α ! { 1, 2, . . . , n} .



Tools

! Presenteachmulti-variable
distribution overa Þnite alphabet
as a multi-dimsionalcube.

! Approximate (in terms of entropy)
the cube by severalcubes,each
havingall non-empty entriesequal
to somenegativepower of two.

! Split eachplane in the cube such
that the row sums,columnsums
and total sumare powersof two.

If thesestepsare donecarefully, the
excessentropy may be negligibleas the
block sizeincreases.



CaseStudy: just onelink...
Assumethe simplestnoiselesscoding problembetweena source
and a destination. Canwe construct an asymptotically optimal
encoder which sendsonly purelysymmetric and i.i.d. bits?
Note: the asymptoticsare in the rate, not the bitsÕdistribution!
Answer: Yes.

! Usea block of n sourcesymbols (entropy = nH).
! Code the sourceaccording to its approximating dyadic

distribution (entropy " nH + 2).
! At the decoder, apply a deterministic function to recoverthe

original source.



Future Work
Endof Phase:

! Continuethe proof:
! Show whetherour proposedapproximation indeedhas

negligibleredundancy, and whetherdyadic marginalsresult not
only in i.i.d. bits per source,but alsoacrossthe network.

! Show whethernegligiblysmall conditional entropiesindeed
result in an implementablesolution.

! Extendthe result to non-i.i.d. sourcesand non-memoryless
nodes.

! Discussconcrete exampleswherethe existenceof a matroidal
solution solvesa problemor changesour perspectiveon it.

! Extendour understanding of subclassesof matroids and their
relation to network solutions.

Community Challenge:

! Generalizeknown randomcoding techniquesto matroidal
solutions.

! Apply the resultsto di!erent networking problems,suchas
noisynetworks.


