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Network coding
* Canonical example [ACLYO00]

by

b,

* No longer flows, but information

b, +b,



Randomized network coding

« The effect of the / Ly
network 1s that of a \
transfer matrix from
sources to receivers

X,

e To recover symbols at
the receivers, we
require sufficient Y ol v " ;
degrees of freedom — i = O Xy + 0, By + 05, X
an 1nvertible matrix in
the coefficients of all
nodes




Distributed random network coding

* The realization of the determinant of the matrix will be
non-zero with high probability 1f the coefficients are
chosen independently and randomly

1

« Probability of success over field F=~ 1 - m

* Randomized network coding can use any multicast
subgraph which satisfies min-cut max-flow bound for
each receiver [HKMKEQO3, HMSEKO03, WCJ03] for
any number of sources, even when correlated
[HMEKO04]




Robustness to failures and erasures

* For multicast recovery, the code 1n the interior
of the network need not be changed [KMOI,
HMKO03]

* What about packet erasures - probabilistic link
failures?




Erasure rehiability

€12 . Erasure probability on link (1, 2).
€ ,;- Erasure probability on link (2, 3).

End-to-end erasure coding:
— Capacity 1s (1 — €, Xl —&,, ) packets per unit time.

As two separate channels:
— Capacity is min(l — €15, 1 — € ) packets per unit time.
— Can use block erasure coding on each channel. But delay is a problem.



Random erasure approach

For erasures, correlated or not, we can in the multicast case deal
with average flows uniquely [LMEO4], [LMKO05], [DGPHEO4]:
— Nodes store received packets in memory

— Random linear combinations of memory contents sent out at every
transmission opportunity (without waiting for full block)

We obtain delay expressions using in effect a generalization of
Jackson networks for the innovative packets:

— Keep track of the propagation of innovative packets - packets whose
auxiliary encoding vectors (transformation with respect to the packets
injected into the node’s memory) are linearly independent across cuts

— For Poisson arrivals, propagation of innovative packets through any node
forms a stable M/M/1 queueing system in steady-state

Scheme can be operated ratelessly - can be run indefinitely until
successful reception



Network coding for cost




Network coding for cost




Network coding for cost

Cost of trees = 26



Network coding for cost

Cost of network coding = 23



Relation between network coding and
flows

(1,1,0)




Optimization

minimize f(z)

Z,

subject to z ¢

zij > ay) >0,
(t)
SIREEDS
{7l(i,5)€A} {7l(G,i)e A}

where

0,2@ = <

/

[LMHKO04]
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if 7 = s,
1f 2 =+t.

otherwise.



Optimization

For any convex cost functions [LRKMALOS]

The vector z 1s part of a feasible solution for the optimization
problem 1f and only 1f there exists a network code that sets up
a multicast connection in the graph G at average rate
arbitrarily close to R from source s to terminals 1n the set 7'
and that puts a flow arbitrarily close to z;; on each link (7, /)

Proof follows from min-cut max-flow necessary and
sufficient conditions

Polynomial-time
Can be solved 1n a distributed way

Steiner-tree problem can be seen to be this problem with extra
integrality constraints



Distributed approach

* Consider the problem

maximize Y., ¢'"(p'")

- '.t. 1 y s v -
Slll_)‘]CCt to Z teT P;ij') = Q43 7 (_y'l.]) = A.
'tl o ™) t 'I—; ".,' .. — -
pij = OFO® 7(i,j) e A tel,

where

: (t) (t
¢ (p'") = min E ]_),';.').l.',',i'.-').
PR L ij Vi

(i.7)EA

 We have that F'(t) is the bounded polyhedron of points x @ satisfying the conservation
of flow constraints and capacity constraints

[LRKMALO5]



Wireline examples

Network Approach Average multicast cost
2 sinks 4 sinks 8 sinks 16 sinks
Sprint (us) DST approximation 30.2 46.5 71.6 127.4
Network coding 22.3 35.5 56.4 103.6
Ebone (eu) DST approximation 28.2 43.0 69.7 115.3
Network coding 20.7 324 50.4 77.8
Tiscali (eu) DST approximation 32.6 49.9 78.4 121.7
Network coding 24.5 37.7 57.7 81.7
Abovenet (us)  DST approximation 27.2 42.8 67.3 75.0
Network coding 21.8 33.8 60.0 67.3

Obtained using Rocketfuel



Distributed approach

Consider a subgradient approach

Start with an iterate p[0] in the feasible set
Solve subproblem i1n previous slide for each ¢
in 7T

We obtain a new updated price

Use projection arguments to relate new price
to old

Use duality to recover coded flows from price



Distributed approach

pij[n +1] := arg min ¢ p,_ Z(v(t) pu)[n] + O[n]x (t)[n]
teT

for each (7,7) € A, where F;; is the |T'|-dimensional simplex

Bij = {Z' Z o) =ay;, v > O}

teT

and #[n] = 0 is an appropriate step size

pij[n + 1] is set to be the Euclidean projection of
pij[n] + 6[n]xij[n] onto Py



Recovering the primal

Problem of recovering primal from approximation of
dual

Use approach of [SC96] for obtaining primal from
subgradient approximation to dual

The conditions can be coalesced 1nto a single
algorithm to iterate in a distributed fashion towards
the correct cost

There 1s inherent robustness to change of costs, as 1n
classical distributed Bellman-Ford approach to
routing



Wireless case

Wireless systems have a multicast advantage
Omnidirectional antennas: i — j implies i — k “for free”

Same distributed approach holds, with some modification to
the conditions to take into account multicast advantage
without double counting transmission




Wireless results

e Random multicast connections in random
networks

— MIP algorithm of Wieselthier et al. (MONET, 2002)
— Significant energy use improvement

Network size/ Average multicast energy

Approach 2 sinks 4 sinks 8 sinks 16 sinks
20 nodes

MIP algorithm 30.6 33.8 41.6 47.4
Network coding 15.5 23.3 29.9 38.1

40 nodes

MIP algorithm 24.4 29.3 35.1 42.3

Network coding 14.5 20.6 25.6 30.5



Distributed operation

32----[_-_4._-_]-_-_] = wl we e we dm wm owm oweem o we o wel em omm o o wh oo o
: : ; ;| *+++++ cost from original primal recovery

| == cost from modified primal recovery

| *=+= optimal cost value
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Average cost of random 4-terminal multicasts in 30-node wireless
networks, using the decentralized subgraph optimization algorithms and
centralized MIP algorithm. For modified primal recovery method. N, = 30.



Distributed operation

Network size | No. of terminals Average multicast energy
MIP Centralized Decentralized subgraph opt.
subgraph opt. 25 50 75 100
2 26.8 16.2 16.8 | 164 | 163 | 16.3
30 nodes 4 31.9 21.8 240 | 22.7 | 223 | 22.1
8 37.7 264 30.2 | 283 | 27.7 | 274
2 244 14.4 150 | 145 | 145 | 144
40 nodes 4 29.3 19.1 219 | 203 | 198 | 19.6
8 35.1 254 30.5 | 29.2 | 28.0 | 274
2 22.6 12.4 13.1 | 126 | 125 | 125
50 nodes 4 27.3 17.4 20.7 | 189 | 18.2 | 18.0
8 32.8 233 299 | 27.7 | 264 | 25.7




Mobility

+= 1+ optimal cost values

v Original primal recovery

= = modified primal recovery : :
e B R

—+— MIP cost values
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~ Average cost of a random 4-terminal multicast in a 30-node mobile
wireless network, with Ng = 50. For the modified primal recovery method,
we used N, = 20 and for the look-back primal recovery method, we used
.L'\!ra = -)O.



Further directions

Intersection of signal processing and network coding

Instantiating correlated data coding [HMEKO04] and decoding

[CMEOS] — generalization of Slepian-Wolf distributed
compression to the network

Interference 1ssues

Creating protocols for distributed optimization — analogy with
relation of Distributed Bellman-Ford and OSPF

Convergence time 1ssues

Pricing issues

Delay 1ssues 1n erasure networks [LMEO4]
Dynamic aspects - DP formulation [LMKO35]
Non-multicast [KRTO05]

Data dissemination, gossip [DM04]

Limited codes [LMOS5]

Robustness to Byzantine failures [HLKMEKO04]



Extensions

Can be extended to any strictly convex cost
Primal-dual optimization
Asynchronous, continuous-time algorithm

Question: how many messages need to be
exchanged for costs to converge?



Wireline examples

Network Approach Average multicast cost
2 sinks 4 sinks 8 sinks 16 sinks
Sprint (us) DST approximation 30.2 46.5 71.6 127.4
Network coding 22.3 35.5 56.4 103.6
Ebone (eu) DST approximation 28.2 43.0 69.7 115.3
Network coding 20.7 324 50.4 77.8
Tiscali (eu) DST approximation 32.6 49.9 78.4 121.7
Network coding 24.5 37.7 57.7 81.7
Abovenet (us)  DST approximation 27.2 42.8 67.3 75.0
Network coding 21.8 33.8 60.0 67.3

Obtained using Rocketfuel




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


