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Abstract

We study the capacity of a binary multiple input multiple output (MIMO)
channel with interference. Interference is modelled as a non-linear relation between
the input and the output words of the system. Namely, we assume that the fad-
ing coefficients in the channel matrix are binary and drawn with i.i.d. Bernoulli
probabilities, and any element of the output word is given by the minimum value
(the AND function) of the input elements connected to that output. We find the
expected number of output codewords for a given dimension of the MIMO system
and interference level. Using this result and Jensen’s inequality, we derive an upper
bound on the capacity of this system. We show by numerical simulations that the
capacity upper bound is tight for most of the interference levels.

1 Introduction

1.1 Motivation

Multiple input multiple output systems (MIMO) have been shown to increase the capacity
of various channels [2, 5, 7]. The computation of the capacity as a function of the time-
varying channel parameters is in general a hard problem [4], even in the case of a single-
user MIMO channel. Most research in the field has concentrated on the case where the
channel coefficients are modelled as complex jointly Gaussian random variables. We study
a simple MIMO system where the channel is modeled by a non-linear relation between
the input and the output terminals.

Consider a MIMO system where the input and output words are binary, namely the
input word x ∈ BM and the output word y ∈ BN , where B = {0, 1}. The relationship
between the channel inputs and outputs is determined by a randomly chosen interference
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Figure 1: A MIMO system. The fading coefficient between input xi and output yj is
denoted by T (i, j) ∈ {0, 1}.

channel. More precisely, the channel is modelled as a channel matrix T ∈ B[M × N ],
in which the elements of the matrix T (i, j) represent the fading coefficients between the
input and output elements. Each matrix coefficient indicates whether a certain input
terminal is connected (matrix coefficient is 1) or not (matrix coefficient is 0) to a certain
output terminal. We call this system a binary MIMO system. Given a fixed channel matrix
T , the relationship between the channel input and the output is deterministic. Each
channel output is the minimum over all connected inputs.

A recurrent problem in the study of MIMO systems is interference. For most channel
models, little is known about the effect of various levels of interference on the performance
of the channel. We consider a system with an interference model that spans all the
intensity levels. Namely, in our model the interference level is modelled by the random
number of active links that are present between the input and the output.

1.2 Related Work

The extensive study of MIMO systems has been motivated by the pioneering work of
[2, 5, 7]. An outline of the state of the art in the field is provided in [4]. Gaussian random
matrices have been extensively studied (e.g. [6]) as a model for the channel matrix.

The work in this paper is most related to the study of the rank of random matrices
over finite fields [1, 3]. However, due to the non-linearity of our problem, we will see that
our setting is not solved by this theory.

1.3 Main Contributions and Outline of the Paper

We define a MIMO system with binary input and output words for which the interference
level is modelled by the number of connections that are present between the input and
the output terminals (the number of 1-s in the random channel matrix). We describe the
capacity of this system, and use Jensen’s inequality to upper bound the capacity by the
logarithm of the expected number of output words, for a given dimension of the system
and interference level.

Section 2 introduces the binary MIMO system we study in this paper and defines the
capacity of this system. In Section 3 we find the expected number of output words, from
which we derive an upper bound on the capacity. Section 4 illustrates with numerical
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Figure 2: A binary MIMO system.

simulations the correctness of our upper bound on the expected capacity, and the fact
that it is reasonably tight for most levels of interference. We conclude with Section 5.

2 Problem Setting

2.1 Channel Matrix

Consider a binary multiple input, multiple output (MIMO) system. For the sake of sim-
plicity, we will consider the problem when the number of inputs and outputs are equal
M = N , that is the channel matrix TN is a square matrix of dimension N . The entries
of the channel matrix TN belong to the binary set B = {0, 1}: TN ∈ B[N × N ]. These
entries specify the connectivity pattern of the channel. Namely, if the input terminal xi

is connected to the output terminal yj, then TN(i, j) = 1, and otherwise TN(i, j) = 0.
We consider the case of a random channel with interference. We model the randomness

of the channel fading as follows. The channel between the input bit xi and the output
bit yj is on with probability p (see Figure 2):

TN(i, j) =

{
1, w. p. p
0, w. p. 1 − p

As p varies between 0 and 1, we explore the full range from no connections and no
interference to total connection and complete interference. For simplicity, we assume that
channel connections are chosen independently.

2.2 Interference Model

We model interference by a scenario where the output is given by the minimum value of
the connected inputs. Namely, we assume that for a given input word x = (x1, . . . , xN),
the output word y = (y1, . . . , yN) is determined as follows:

yj =
N∏

i=1

x
TN (i,j)
i , j = 1 . . . N.

If the inputs connected to a given output are identical, then that output is received
without change. If the inputs differ, then interference occur, and a 0 is received. If there



are no connected input terminals, then by convention the output takes the value 1.
Note that the dual model, when interference is produced by an input bit 1 (namely,

if at least an input 1 is connected to the output then that output is 1, and otherwise it
is 0), yields the same capacity as that achieved by the above stated model.

2.3 Expected Capacity

The goal of this work is to find the expected capacity of the binary MIMO system with
interference introduced in the previous sections. Since the channel is deterministic, the
capacity equals the maximal entropy at the channel output. As a result, the capacity for
a given transition matrix TN equals the logarithm (in base two) of the maximal number
M(TN) of distinct outputs on the given channel. We here calculate the expected capacity
C(p,N), where the expectation is taken over the realizations of the random channel
matrix:

C(p,N) = ETN
[log M(TN)] .

For simplicity of notation, we will omit the subscript in the expectation. We illustrate
the procedure for finding the capacity with the following example.

Example 1 We refer to the example in Figure 3, which illustrates a realization of the
channel matrix for a system with two inputs and two outputs. The channel matrix in this
example is:

T2 =

(
1 0

1 1

)
.

The output words (the columns on the right-hand side) corresponding to the input
words (the columns on the left-hand side) are as follows:

x1 0 0 1 1 → 0 0 1 1 y1

x2 0 1 0 1 0 0 0 1 y2

For this example, there are M(T2) = 3 possible output words when the input word
spans the set B2. The capacity for channel T2 equals the logarithm of the number of output
words log M(T2) = log 3. The expected capacity is E [log M(T2)] over the realizations of
the connection matrix T2. Note that for a given N and p ∈ (0, 1), the realization of the
matrix TN can take any value in the whole set BN2

. The probability that matrix TN takes
on a particular value depends on p.

At first sight, it seems possible that the solution of this problem can be found using the
theory of random matrices over finite fields [3]. Namely, one could attempt to write the
system in a matrix form as y = TNx, and find the solution for the expected capacity as
the expected value of the matrix rank. However, it is easy to see that our problem is non-
linear, since the outputs are not a linear function of the inputs (namely, in our setting,
the function that determines the outputs is AND rather than XOR). For instance, in the
example in Figure 3, the logarithm of the number of output words is log 3, and different
from the rank of the channel matrix, which is 2.

Note that finding the capacity is simple for the two extreme cases p = 0 and p = 1 (see
Figure 5). On one hand, if p = 0, then with probability 1 there is no connection between
the input and the output, and thus the only possible output word, regardless of the input
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Figure 3: An example with two inputs and two outputs.

word, is y = (1, . . . , 1)T . Thus, the capacity is C(0, N) = E [log 1] = 0. On the other
hand, if p = 1, then all the inputs are connected to all the outputs with probability 1, and
thus, the only two possible output words are y = (0, . . . , 0)T corresponding to any input
word except x = (1, . . . , 1)T , and y = (1, . . . , 1)T corresponding to x = (1, . . . , 1)T . Thus,
the capacity in this case is C(1, N) = E [log 2] = 1.

For p ∈ (0, 1), finding the capacity is not trivial. Intuitively, when p is small, few
connections are made between the input and the output, and thus the chances of having
many possible different words at the output increase with p. Passing past a certain value
p0 though, the number of words for p > p0 starts to decrease due to the increased inter-
ference. In general, for a given N , there is an optimal probability p0(N) that maximizes
the capacity C(p,N).

3 Determining an Upper Bound on the Capacity

In this section, we find the expected number of output words E [M(TN)]; log E [M(TN)]
provides an upper bound on the capacity, since by Jensen’s inequality:

C(p,N) = E [log M(TN)] ≤ log E [M(TN)] .

We compute the expectation by considering separately each possible output word
y ∈ BN . Note that

E [M(TN)] = E

[∑
y

I(TN ,y)

]

where I(TN ,y) is 1 if there exists an input x to channel TN that yields output y, and
0 otherwise. We thus need to find the expected probability of appearance Py(p,N) =
E[I(TN ,y)] of the output word y, and then obtain the expected number of output words
by computing:

E [M(TN)] =
∑
y

Py(p,N). (1)

Note that another possible approach would be to attempt to compute the number
of output words M(TN) for each realization TN of the channel matrix, and then to sum
over the possible realizations of the channel matrix, while weighting by the corresponding
probability of appearance PTN

of that realization:

E [M(TN)] =
∑
TN

PTN
· M(TN). (2)

The reason to choose our approach is that we are able to compute formula (1) by
calculating each of its 2N terms in a structured manner. On the contrary, there are 2N2

terms in formula (2), and there is no clear way to derive a structured strategy to compute



those terms. Namely, even the change of a single element in a realization of the channel
matrix TN may radically change the set of output words, which renders the computation
of (2) difficult. As we will see, studying instead the probability of appearance of output
words simplifies the problem.

The main result of this paper is stated in the following theorem:

Theorem 1 The expected number of output codewords for an N -dimensional binary
MIMO system in which each element of the channel matrix TN is generated i.i.d. as
1 with probability p and 0 with probability 1 − p, is:

E [M(TN)] =
N∑

k=0

(
N
k

) N∑
s=0

(
N
s

)
(1− (1−p)k)s(1−p)k(N−s)(1− (1−p)N−s)N−k. (3)

Proof: First, we separate the terms in (1) into N + 1 terms, grouping together
all output words that contain exactly k 1-s and N − k 0-s, where k = 0 . . . N . Note
that Py(p,N) is constant for all y with k 1-s and N − k 0-s, due to the symmetry of
the problem. We denote the probability of each such string by Pk and, without loss of
generality, compute Pk by analyzing the probability of the string y = (1, . . . , 1, 0, . . . , 0)T

that contains 1-s in the first k positions and 0-s in the last N − k positions. There are(
N
k

)
possible words with k 1-s; thus we can rewrite (1) as:

E [M(TN)] =
N∑

k=0

(
N
k

)
Pk. (4)

We state now the main idea behind computing Pk. Given the output word y =
(1, . . . , 1, 0, . . . , 0)T with k 1-s in its first k positions and 0-s in its remaining positions,
let D denote the set of indices j such that column j of matrix TN contains a 1 in one or
more of its k first positions. The set D describes all positions in the input vector that are
connected to one or more of the first k positions in the output vector. Therefore achieving
output y requires xj = 1 for all j ∈ D. Let DC = {1, . . . , N} − D. For the given y to be
achievable, each of the last N − k output terminals must be connected to at least one of
the inputs in DC . Setting xj = 0 for all j ∈ DC then achieves the desired result.

We provide the following example to clarify this reasoning.

Example 2 Suppose N = 4, and the realization of the channel matrix is:

T4 =

⎛
⎜⎜⎝

1 1 0 1

0 1 0 0

0 0 1 0

1 0 1 0

⎞
⎟⎟⎠ .

Suppose the desired output word is y = (1, 1, 0, 0)T (so k = 2). Set D contains the
indices of all columns that contain 1-s in their first k = 2 rows; thus D = {1, 2, 4}). The
remaining column indices correspond to input values that can be set to 0. Each of the
0 outputs (in positions 3 and 4) must be connected to at least one of the inputs in
DC = {3}. Thus achieving output y requires a 1 in column 3 of rows 3 and 4. Since
this constraint is met, output y is achievable.

In contrast, if the desired output word is y′ = (0, 1, 0, 1)T , the index set corresponding
to row 3 is completely covered by the union of index sets corresponding to rows 2 and
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Figure 4: Consider an output word y with k 1-s (left). The channel matrix TN (right)
is represented by its rows. The sets of column indices {Al}k

l=1 correspond to the 1-s in
the output word. The union set D = ∪k

l=1Al contains the column indices highlighted
by arrows. The sets of column indices {Bm}N−k

m=1 correspond to the 0-s in the output
word. The condition for y to be a valid output word is that each set {Bm}N−k

m=1 should
contain at least one element in DC (those elements are indicated by circles).

4, and thus there is no input word that can generate the desired y′. However, given the
symmetry of the problem, there exists another realization of the matrix T4, obtained by
swapping rows 1 and 4, that happens with the same probability, and for which the word
y′ can be produced at the output, while the word y can not; it is thus enough to study the
probability of appearance for only one of the two words.

We now formalize this idea. Fix k, and denote the following sets of output indices
corresponding to a realization of the matrix TN (see Figure 4):

• {Al}k
l=1 the sets of column indices Al = {j : TN(l, j) = 1}, each set corresponding

to one of the first k rows of the matrix TN .

• {Bm}N−k
m=1 the sets of column indices Bm = {j : TN(m + k, j) = 1}, each set

corresponding to one of last N − k rows of the matrix TN .

Note that the actual values of {Al}k
l=1 and {Bm}N−k

m=1 are statistically independent,
since the elements of the matrix TN are drawn independently.

Using this notation D = ∪N
l=1{Al}, then D is a random set of indices, of maximum size

N , and each of the indices in the set {1, . . . , N} belongs to the set D with i.i.d. Bernoulli
distributions generated by biased coin tosses of probability q. In order to compute q, we
observe that the probability that a given column index does not belong to any of the sets
{Al}k

l=1 is (1 − p)k, and thus:
q = 1 − (1 − p)k. (5)

Further, we rewrite Pk, by summing over all the possible sizes s = 0 . . . N of the set
D, weighted by the probability that the set D has size s:

Pk =
N∑

s=0

(
N
s

)
· qs(1 − q)N−s · Ps(B � D,∀B), (6)

where we denote by Ps(B � D,∀B) the probability that none of the sets {Bm}N−k
m=1 is

included in the set D, given that the size of D is s. Thus Ps(B � D,∀B) is the probability



that each of the 0 outputs is connected to one or more of the 0 inputs (that is, the columns
in DC).

Denote by Ps(B � D) the probability that the set B is not included in the set D,
given that the size of D is s. Then we can rewrite equation (6) as:

Pk =
N∑

s=0

(
N
s

)
qs(1 − q)N−s

N−k∏
m=1

Ps(Bm � D)

=
N∑

s=0

(
N
s

)
qs(1 − q)N−sPs(B1 � D)N−k. (7)

Now, the random set B1 is not included in the set D if there exists at least one
element in B1 that is not in the set D of size s. The probability that set B1 does not
contain any of the N − s elements not belonging to D is (1 − p)N−s, and thus:

P (B1 � D) = 1 − (1 − p)N−s. (8)

By combining equations (7) and (8) we obtain that:

Pk =
N∑

s=0

(
N
s

)
qs(1 − q)N−s(1 − (1 − p)N−s)N−k. (9)

Finally, by combining (5) and (9) into (4) we get the result of the theorem.

4 Numerical Simulations

In Figure 5 we plot the simulated capacity curve and its upper bound obtained by both
simulations and our theoretical formula (3), where N = 10 and the simulation results
are obtained by averaging over 40 instances. Note that the upper bound is reasonably
tight for most regions of the capacity curve, the reason being that the distribution of
the number of words is narrow for most values of p, and thus the Jensen inequality is
rather tight as well. From the results in Figure 6, we conjecture that the maximum value
of the upper bound of the capacity for a given dimension N is a linear function1 of N ,
maxp(log E[M(TN)]) = aN , where the linear coefficient is a ≈ 0.64. Figure 7 shows how
the optimal value for the probability p0(N), for which the maximum normalized value of
the upper bound is attained, moves towards zero as N increases. This suggests that the
optimal p is inversely proportional with a sub-unitary power of N .

5 Conclusions

We studied a binary MIMO system with interference, where the level of interference is
given by the number of links present between the input and the output terminals. We
derived an upper bound on the capacity, valid for all the interference intensity levels,
and illustrated our results with numerical experiments. Future work includes the study
of more complex networks of terminals.

1The irregularity of the plotted curve is due to the maximal resolution for the probability p chosen
in the simulations.
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