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Information Spectrum Approach to Second-Order
Coding Rate in Channel Coding

Masahito Hayashi

Abstract—In this paper, second-order coding rate of channel
coding is discussed for general sequence of channels. The optimum
second-order transmission rate with a constant error constraint ¢
is obtained by using the information spectrum method. We apply
this result to the discrete memoryless case, the discrete memoryless
case with a cost constraint, the additive Markovian case, and the
Gaussian channel case with an energy constraint. We also clarify
that the Gallager bound does not give the optimum evaluation in
the second-order coding rate.

Index Terms—Additive Markovian channel, central limit the-
orem, channel coding, Gallager bound, information spectrum,
second-order coding rate.

I. INTRODUCTION

ASED on the channel coding theorem, there exists a se-

quence of codes for the given channel W such that the
average error probability goes to 0 when the transmission rate
R is less than CRM. That is, if the number n of applications
of the channel W is sufficiently large, the average error proba-
bility of a good code goes to 0. In order to evaluate the average
error probability with finite 7, we often use the exponential rate
of decrease, which depends on the transmission rate R. How-
ever, such an exponential evaluation ignores the constant factor.
Therefore, it is not clear whether exponential evaluation pro-
vides a good evaluation for the average error probability when
the transmission rate R is close to the capacity. In fact, many
researchers believe that, out of the known evaluations, the Gal-
lager bound [1] gives the best upper bound of average error
probability in the channel coding when the transmission rate is
greater than the critical rate. This is because the Gallager bound
provides the optimal exponential rate of decrease. In order to
clarify this point, we focus on the second-order coding rate in
channel coding, in which we describe the transmission length by
CEMn + Ryy/n. From a practical viewpoint, when the coding
length is close to CRMn, the second-order coding rate gives a
better evaluation of average error probability than the first-order
coding rate. In fact, the second error coding rate has been ap-
plied for evaluation of the average error probability of random
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coding concerning the phase basis, which is essential to the se-
curity of quantum key distribution [2]. Therefore, it is appro-
priate to treat the second-order coding rate from the applied
viewpoint as well as the theoretical viewpoint. In the case of
the discrete memoryless case, Strassen [3] derived the optimum
rate Ry for an arbitrary average error probability 0 < € < 1
using the Gaussian distribution. In this paper, we extend his re-
sult to more general cases, i.e., the discrete memoryless case
with cost constraint, the Gaussian additive noise case with the
energy constraint, and the additive Markovian case. Further, our
proof for the discrete memoryless case is much simpler than the
original one. Indeed, Strassen’s proof is difficult to follow be-
cause his proof is not so simple. In this paper, in order to treat
this problem from a unified viewpoint, we employ the method
of information spectrum, which was initiated by Han and Verdu
[4], and was mainly formulated by Han [5]. The second-order
coding rate is closely related to the method of information spec-
trum because Hayashi [6] treated this problem of fixed-length
source coding and intrinsic randomness using the method of in-
formation spectrum. Hayashi [6] discussed the error probability
when the compressed size is H(P)n + ay/n, where n is the
size of input system and H(P) is the entropy of the distribu-
tion P of the input system. In the method of information spec-
trum, we treat the general asymptotic formula, which gives the
relationship between the asymptotic optimal performance and
the normalized logarithm of the likelihood of the probability
distribution. In order to treat a special case, we apply the gen-
eral asymptotic formula to the respective information source and
calculate the asymptotic stochastic behavior of the normalized
logarithm of the likelihood. That is, in the information spec-
trum method, we have two steps, deriving the general asymp-
totic formula and applying the general asymptotic formula. With
respect to fixed-length source coding and intrinsic randomness,
the same relation holds concerning the general asymptotic for-
mula in the second-order coding rate. However, there is a dif-
ference concerning the application of the general asymptotic
formula to the independent and identical distributions. That is,
while the normalized logarithm of the likelihood approaches the
entropy H (P) in probability in the first-order coding rate, the
stochastic behavior is asymptotically described by the Gaussian
distribution in the first-order coding rate. In other words, in the
second step, the first-order coding rate corresponds to the law
of large numbers, and the second-order coding rate corresponds
to the central limit theorem.

In this paper, we treat the channel coding in the second-order
coding rate, i.e., the case in which the transmission length
is CV%Mn + a+/n. Similar to the aforementioned case, we
employ the method of information spectrum. That is, we
treat the general channel, which is the general sequence
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4948

iid./

stationary discrete

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 11, NOVEMBER 2009

General case

memoryless

W

Source coding | 1st order
& H(p) General + same = Optimum
Intrinsic Variance formula « method - rate
d
randomness | 2" order
Central limit thm.
Law of Large num.
1storder C ,
Channel w General « Same Optimum
coding formula « method rate

2nd order

VW

/

—

Most difficult part (Section VIII)

Central limit thm.

Fig. 1. Relationship between the present result and fixed-length source coding/intrinsic randomness. The — arrow describes the direct part, and the < arrow

describes the converse part.

{W"(y|z)} of probability distributions without structure.
As shown by Verdd and Han [14], this method enables us
to characterize the asymptotic performance with only the
random variable %log ‘?‘(72’(‘;)) (the normalized logarithm of
the likelihood ratio between the conditional distribution and
the nonconditional distribution) without any further assump-
tion, where W5..(y) o > . P (x)W"(y|x). Concerning
this general asymptotic formula, if we can suitably formulate
theorems in the second-order coding rate and establish an
appropriate relationship between the first-order coding rate and
the second-order coding rate, we can easily extend proofs con-
cerning the first-order coding rate to those of the second-order
coding rate. Therefore, there is no serious difficulty in estab-
lishing the general asymptotic formula in the second-order
coding rate. In order to clarify this point, we present proofs
of some relevant theorems in the first-order coding rate, even
though they are known.

In order to treat the special cases, it is sufficient to apply
the general asymptotic formula, i.e., to calculate the asymptotic
behavior of the random variable %log % The additive
Markovian case can be treated in the samepway as fixed-length
source coding and intrinsic randomness. However, other special
cases have other difficulties, which do not appear in fixed-length
source coding or intrinsic randomness. The first difficulty is the
optimization concerning the input distribution in the converse
part of the channel coding. This problem commonly appears
among three cases, i.e., the discrete memoryless case, the dis-
crete memoryless case with cost constraint, and the Gaussian ad-
ditive noise case with the energy constraint. In the discrete mem-
oryless case, the second-order coding rate corresponds to simple
application of the central limit theorem, while the first-order
coding rate corresponds to the law of large numbers. Hence, the
performance in second-order coding rate is characterized by the
variance of the logarithmic likelihood ratio, and the direct part
can be easily obtained in this case. This relationship is summa-
rized in Fig. 1.

However, there is another difficulty in the direct part for the
discrete memoryless case with cost constraint and the Gaussian
additive noise case with the energy constraint. In these cases, all
of the encoded signals have to satisfy cost constraint. This kind
of difficulty does not appear in the case of first-order coding rate
of both the discrete memoryless case with cost constraint and the
Gaussian additive noise case with the energy constraint. This is
because it is sufficient to construct the code whose average error
probability goes to zero in the case of the first-order coding rate
while it is required to construct the code whose average error
probability goes to a given threshold € in the case of the second-
order coding rate. We find a code satisfying the following: its
average error probability goes to zero and its average cost is less
than the constraint.

Then, there exists a subcode satisfying the following: its av-
erage error probability goes to zero and the costs of all encoded
signals are less than the constraint. However, the same method
cannot be applied when we find a code satisfying the following:
its average error probability goes to e and its average cost is
less than the constraint. In this paper, we directly construct a
code, in which the costs of all encoded signals are less than the
constraint.

Here, we describe the meaning of the second-order coding
rate. When the transmission length is described by nCRM +
V/n Ry, as shown in Section IX-A, the optimal error can be
approximately attained by random coding. Since it seems that
random coding cannot be realized, our evaluation seems to be
related to only the theoretical best performance. However, in
the quantum key distribution, it can be realized concerning the
phase bases [7], [2]. In such a setting, the coding length is on
the order of 10000 or 100000 [8]. In the quantum key distri-
bution, Hayashi [2] has applied the second-order coding rate to
evaluate the phase error probability, which is directly linked to
the security of the final key.

The remainder of this paper is organized as follows. In
Section II, we revisit the second-order coding rate in the sta-
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tionary discrete memoryless case, and discuss the second-order
coding rate in the stationary discrete memoryless case with
cost constraint. In Section III, the Markovian additive channel
is treated. In Section IV, the Gaussian additive noise case with
the energy constraint is considered. These results are shown in
Section X by employing the method of information spectrum.
In the present result, the performance of information transmis-
sion is discussed in terms of second-order coding rate using
two important quantities V;; and V;;, instead of the capacity in
the discrete memoryless case. In other cases, similar quantities
play the same role.

In Section V, we compare our evaluation with the Gallager
bound [1] in the second-order setting. In Section VI, the prop-
erties of V"v" and Vy;, are discussed. In Section VI-A, we dis-
cuss a typical example such that V‘}; is different from V{;;. In
Section VI-B, the additive properties concerning VV"[} and Vi,
are proved. In Section VII, the notations of the information spec-
trum are explained. In Section VIII, the performance of the in-
formation transmission is discussed in terms of the second-order
coding rate using the information spectrum in the general case.
That is, we present general formulas for the second-order coding
rate. In Section IX, the theorem presented in the previous section
is proved. In Section X, using general formulas for the second-
order coding rate, we demonstrate our proof of the second-order
coding rate in the stationary discrete memoryless case using our
general result concerning the second-order coding rate. In this
proof, the direct part is immediate. The converse part is the most
difficult considered herein because we must treat the informa-
tion spectrum for the general input distributions in the sense of
the second-order coding rate.

II. SECOND-ORDER CODING RATE IN STATIONARY DISCRETE
MEMORYLESS CHANNELS

As the most typical case, we revisit the second-order coding
rate of stationary discrete memoryless channels, in which we
use an n-multiple application of the discrete channel W (y | x),
which transmits the information from the input system X
to the output system ). That is, the channel considered
here is given as the stationary discrete memoryless channel
WX (i | Zn) S TT0, W (ys | 2:), where &, = (21, .., )
and %, = (y1,- .., Yn)- Note that, in this paper, Px P'(W x W)
denotes the product of two distributions P and P’ (two channels
W and W), and P>*™(W*™) denotes the product of n uses of
the distribution P (the channel W), i.e., the nth independent
and identical distribution (i.i.d.) of P (the nth stationary mem-
oryless channel of W). In this case, when the transmission rate
is less than the capacity CRM, the average error probability
goes to 0 exponentially, if we use a suitable encoder and the
maximum-likelihood decoder.

Let N,, be the size of the transmitted information. The en-
coder is a map ¢ from {1,..., N, } to X™, and the decoder is
given by the set of subsets {D 4oy of yn where D; corre-
sponds to the decoding region of 7 € { L., , N, }. Then, the
code is given by the triple (N,,, é, {D;} X7) and is denoted by
®,,. The average error probablhty P, ywxn(®y,) is described as

det 1
Pe7w’><n(¢n> - F (1 -
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where W,(y) = W (y | z). For simplicity, the size N,, is de-

noted by |®,,|. The performance of the code ®,, is given by the
pair of P.(®,,) and |®,,|. As stated by the channel coding the-
orem [9], the capacity is given by

CoM = max I(P, W)

= min maxD(W, 1
s L wax DOV Q) (1)

where P()) is the set of distributions on ), and

defzp

W(y|z)
1(P,W) defZP D(W, || Wp)
D(P||P') <Y P(x)log 1];((?).

The second equation of (1) was shown in Ohya—Petz—Watanabe
[15] and Hayashi—Nagaoka [16] with the quantum setting. For
areader’s convenience, its proof is given in Appendix I with the
DW.[|Q)

. def .
nonquantum setting. Thus, Qr; = argming, max,
satisfies

D(W, || Qar) < CRM. 2)

Throughout this paper, we choose the base of the logarithm to
be e.

Although the above channel coding theorem concerns only
the first-order coding rate of the transmission length log N,,,
our main focus is the analysis of the second-order coding rate.
When the transmission length log V,, asymptotically behaves as
nCM + a/n, the optimal average error is given by

CPM (a, CRM | W)

def .
= f lim P, yyxn(®
{<I>71£°11 { nl—r};o W ( )

hm T (log |®,,| — nCDM) > a} )

Fixing the average error probability, we obtain the following
quantity:

CPM (e,CM | W)

def DM
= sup { lim — (log|®,| — )
{q>'1}7010:1 n— oo \/_
hm P, ywn () < 6} . 4

We refer to this value as the optimum second-order trans-
mission rate with the error probability €. In order to treat the
second-order coding rate, we need the distribution function G
for the standard Gaussian distribution (with expectation 0 and
variance 1), which is defined by

() /; \/12_7re

In this problem, the quantity Vp

VPW‘*_“fZP ZW y) (10 W((Z))

—2* /2.

A Wp>)2
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plays an important role. By using these quantities,
CPM(a, CRM | W) and CPM(e, CRM | W) are calculated in
the stationary discrete memoryless case as follows.

Theorem 1 [3]: When the cardinality |X | is finite and
Py def argmax pI (P, W) exists uniquely, then

(a/VVruwr)

Ve, wG 1 (e). (6)

CPoM (a,CRM W) =G
CDM ( DI\/I | W)

When {W,.} is linearly independent by regarding distributions
as positive vectors, the map P — Wp is a one-to-one map.
Then, Py; & argmax pI(P,W) exists uniquely. However,
when {W,} is not linearly independent, argmaxpI(P, W) is
not necessarily unique. In order to treat such a case, we intro-
duce two quantities VV'['} and Vy;; and two distributions Pys4 and
Py

def

V+ = max VP w
Pey
_ dof
Viy = min Vp
W ™ pey

def
= argmax Vpw
pPey

Py

def .
= argmin Vp
Pey

P]u,

where ) < {P | I(P,W) = CRM}. In order to treat such a
case, Theorem 1 is generalized as follows.

Theorem 2 [3]: When the cardinality | X' | is finite and the
set V has multiple elements, (5) and (6) are generalized as

G <a/ V{{}) , a>0
OP (0, R W) =

G <a/ wl, a<0
VEG (e , e>1/2
CDM (E,Cll;?/M | W) _ 14 ( ) /
VirG™(e), e<1/2
More precisely, the direct part
G<a/1/VV}'}>7 a>0
CPM (a,CpM W) < (7
G<a/1/V7>, a<0
VVibGTe), €>1/2
cPM (e o) DM | W) w (¢), >1/ )
VVieG (), e<1/2

holds without any assumption, and the converse part

G<a/ a>0
M (a, CpM W)
G(a/\/VW>, a<0
+ 1
COM (e, CRM [17) A/ Vir G e), €>1/2
VigGL(e), e<1/2

holds with the assumption |X| < co.
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Next, consider the cost function ¢ : X — R. In this case, we
often assume that all codewords ¢(4) of the code ®,, belong to

the set
Z c(z;) < nK} .

def
=1

The maximum coding rate with the above condition is called the
capacity with the cost constraint, and is given by [10]

CcPM = I(P,W
W,e,K P:Eﬂ?ﬁ)g}( (P,W)
= min max J(P,Q,W)
QEP(Y) P:Epc(z)<K
where
def
J(P,Q, W)= Y P(a)D(W, || Q).

reX

In the same way to (3) and (4), we define the following values
with the cost constraint:

CM (0. CRM | W, e, K)

def .
= inf lim P, yyxn (P,
(B, L P )
1
lim — log |®,,| — nCRM) > a,
Supb(®,) C Xl | ©)
CPM (e, CRM | W, ¢, K)
def oM
= sup {hm —(log|fI> | — )|
(@), ln—oo VR
hm P, yyxn (®p) <
supp(,) € A} (10)
where supp(®,,) expresses the set {¢(1), ..., ¢(N)} foracode

® = (N, ¢,{D;} ;). We introduce two quantities V‘jv'( - and
Vu_c x and two distributions Par4 . x and Pyr— o i

def
|V = max Vpw
W,e,K PV
_ def .
Vi = min Vpw
W,e,K PEV. K >

def
PI\/[-I—,C,K = argmax VP,VV
PeV., k

def .
Pyr— o,k = argmin Vp
PeV. k

where Ve & {P|I(P,W) = CRM . Epc(x) < K}

Theorem 3: When the cardinality | X| is finite

a/\/ Vit a>0
CPM (a, CRM 1 | W, ¢, K) ( e K)
(a/ WrK) a<0
1/V+c “e), €e>1/2
CPM (e, CRM  |W, e, K) = ek
\/ VV[_/CK 6)7 E<1/2'
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More precisely, the direct part

CDM( []/?MK|WCK G(a/\/ WPK) a>0
’ ) (a/\/vu_/rk) a<0
(1D
[i+ _
CPM (e, O [ Woe K) > Wi O(0), €212

N/VM_/,C,KGA(G)» e<1/2.

(12)
holds without any assumption, and the converse part

(a/ VV?;CK) a0

(a/,/VV[_,CK) a<0

C]];DM ((17 C%%/I\g,K | VV/ c, K) Z

CDM ( ‘]%l\gk |W c, K) \/ W/,(‘,K (6)7 €2> 1/2
\/VvV[_/cK (6)7 6<1/2-

holds with the assumption |X| < oo.

Remark 1: When the sets X' and ) are given as general
probability spaces with general o-fields o(X') and o()), the
above formulation can be extended with the following def-
inition. The channel W is given by the real-valued function
from X' and o()) satisfying the following conditions: i) for
any © € X, W is a probability measure on }V; and ii) for any
F € o()), the function 2z — W, (F') is a measurable function
on X'. The probability measure P takes on values in X. Then,
the summands ) \, ( )and )y, W (y) are replaced by

[y P(dz) and [}, W, (dy), respectively. For any distribution
Q@ on ), the functlon I‘,?,P((‘;)) is replaced by the inverse of
Radon—Nikodym derivative

= (y) of Wp with respect to
W,.. In this extension, the direct parts (7), (8), (11), and (12)
are valid.

III. SECOND-ORDER CODING RATE IN ADDITIVE
MARKOVIAN CHANNEL

Next, we focus on the additive Markovian channel, in which
we assume that the additive noise obeys the transition ma-
trix Q(y|z) on the set X = {1,...,d}. Then, the channel
W (Q)" (7 | %) has the form [T7_, Q(y: — i | i1 — xi1).
where 49 — x¢ is the initial state so and the arithmetic is based
on mod d. For simplicity, we assume that the transition matrix

Q(y|z) is irreducible. Then, the mth marginal distribution
Q™ (x,) def > o n [T, Q(zi|xi_1) approaches the
stationary distribution Pg (), which is given as the eigenvector
of Q(y | z) associated with the eigenvalue 1 [12]. When the con-
ditional distribution Q(y | z) is denoted by Q. (y), the normal-
ized entropy of the distribution Q" (%) T, Qi | i)
goes to H( ) ef >-. Po(z)H(Q). Then, by defining the
capacity C{t™ in the same way as Cq™, the channel capacity
CAM is calculated as

CoM =logd — H(Q). (13)
Similarly to CPM(a, CRM |W) and CPM(e, CRM|W),
the  second-order  quantities ~C;M(a, CGM|W)  and

CAM(e, C5M| W) are defined for the additive Markovian
case. Then, the following theorem holds. In this problem, as is
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shown later, the mutual information attains the capacity when
the input distribution is the uniform distribution. So, when
the input distribution is the uniform distribution, the additive
Markovian version is the variance V(Q)

Q) E " Qy|2)Py(x)(~log Q(y| =)
+2 3" Qz19)Qy | ) Po()

z,Y,r

x (=logQ(z|y) — H(Q))(~log Qy | +) — H(Q))
which plays an important role. By using these quantities,
CI‘,M\’I(a,Cé;M | W) and CAM(G,CSM | W) are calculated in

the additive Markovian case as follows.

- H(Q))?

Theorem 4: The relations
AM AM
Op (a, CQ | W)
CAM (67 CSM | W)

= G(a/VV(Q))
- @

hold.

Remark 2: It seems strange that Theorems 2 and 3 have sepa-
rate treatment for ¢ > 0 and ¢ < 0 while Theorem 4 has no such
treatment. The separate treatment is caused by the nonunique-
ness of the distribution P realizing the capacity. However, in the
additive memoryless channel case, the uniqueness holds. That
is, only the uniform distribution realizes the capacity. A similar
fact holds for the additive Markovian case.

IV. SECOND-ORDER CODING RATE IN GAUSSIAN CHANNEL

In this section, we consider the case of additive Gaussian
noise. In this case, both of the input system and the output
system are glven by [R? and the output distribution W, (y) is

givenby —— S5 fora given variance IV of noise. If there
isno restrlction for input signal, the capacity diverges. Hence, it
is natural to consider the cost constraint. Consider the cost func-
tion ¢(x) 4 42 and the maximum cost S. Then, the maximum

mutual information maxp.g,»2<s I(P, W) is attained when P

is equal to Py () def les

z2 .
e~ 25, In this case

z? S
1 S N N
D(W, | Wp,,) = 5 log (14 5 ) + N a9
2(1+ —
(%)
Then, the capacity is known to be [9], [11]
1 S
G _ - _ il
CNs= P:£}2§SEI(P, W) = 5 log <1 + N)
Since )
- Wa(y)
log ——— — D(W, || W W (y)d
| (1o g = DOV W) ) Wt
S? z2
2197
_ Nty

21—}—52
N

Vp,,,w is calculated as

Ve, w =
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Since the cardinality of R is infinite, the assumption of Section II
does not hold. That is, we cannot apply Theorem 3. However,
the following theorem holds.

Theorem 5: Define the quantities C' (a, CF 5| N, S) and
C%(e,CF 5| N, S) in the same way as (9) and (10). Then

G (a,C§s 1N, S) = G (a/ Ve )
ce (67 C]?;,S | N, S) =V VPM,VVG_I(G)

V. COMPARISON WITH THE GALLAGER BOUND

At first glance, the Gallager bound [1] seems to work well
for evaluating the average error probability, even when the
transmission length is close to nCWM This is because this
bound gives the optimal exponential rate when the coding
rate is greater than the critical rate. In this section, we clarify
whether the present evaluation or the Gallager bound [1] pro-
vides a better evaluation when the transmission length is close
to nCM. For this analysis, we describe the transmission length
by nCy; by + v/nRs. Let us compare the present evaluation with
the Gallager bound, which is given by

Py (®5) < n(Rster() (15
v () LI 0 ¢ (19

1+s
8y, (ZP@W y>—> .

Since the present evaluation is essentially based on Verdu and
Han’s method [14], this comparison can be regarded as a com-
parison between Verdd and Han’s evaluation and the Gallager
bound. Next, we substitute nCHM + /n Ry into nR. Then

min
D, :| D, |[<enF

where

Pp(s) LR

n(Rs+9p(s)) _ gnmino<s<i(CpMlst JZstir(s))

min e
0<s<1

Taking the derivatives of ¢ p(s), we obtain

d1/)p($)

—I(P,W
ds |._o (P, W)
d%/)p(S)
TPV Vpy.
i |, PW
When CPM = I(P,W)
R
OMs + \/—%s + ¢p(s)
Ro 1%
‘],?Ms + = \/_ —I(P,W)s + W 2
Ry Vew o
_ Vew . Ry 2_ R}
2 \/ﬁVp,w' 2nVp,w )

Therefore, as is rigorously shown in Appendix II, when Ry < 0
2

2VP,VV

lim n min <CDMs+ &s—i—d)p(s)) = - . (16)

n—oo 0<s<1 \/ﬁ
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Probability
o o o
= o

o
.
N

2 4
(V=Vy)

Ry //Vy

Fig. 2. Comparison between the present evaluation and the Gallager bound.
The solid line indicates the Gallager bound, and the dotted line indicates the
present evaluation.

Next, we set P as Py;_. Then, the Gallager bound yields
R3

CPM (Ry, CRM W) < e *w

a7

for any R < 0. That is, the gap between our evaluation and the
Gallager bound is equal to the difference between

3
_ 2 -
e 2 /2 dx 2V

F and e

Vv Vw

Although the former is smaller than the latter, both exponential
rates coincide in the limit Rs — 00. Since we can consider that
the Gallager bound gives the trivial bound for Ry > 0, both
evaluations are illustrated in Fig. 2.

Next, we consider the same comparison for the additive Mar-
kovian case. Substitute 1 to n in (15). Then, the Gallager’s in-
equality

min P, w(®) < min (R s+vr(s))
O: || <eR 0<s<1

(18)

holds for any channel W, any input distribution P, and any
real positive number R’. Substituting X'™ and the additive Mar-
kovian channel Q™ (¥,, — &), the uniform distribution into X,
W(y|z), and P, we obtain

Yp(s) = nhg.n(s)

where

5| 20

Youm(s) =

Thus, by substituting nR into R/, inequality (18) yields that

min n(Bstven(s) - (19)

D, Py | <en B PF‘"’V(Q)H(Q) )< min e

0<s<1

Since the asymptotic first and second cummulants of the
random variable log Q" (%, ) are —H(Q) and V(Q), we have

log | - Q"(#,)" 7

Tn

—H(Q)t'/n+ @t’z +o(t?)
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ast’ — 0. Since =1-L+°5 © 4 o(%), substituting

1+¢— \/_

n

—t+ f + o(f) into ', we obtain

()

= —ty/nlogd + <1 + L)

><<—H(Q)<t+\/2_ (%)) Vn+ V(@ )t2+o(t2)>
= (~logd+ H(Q ))t\/_+v(2Q)t2—|—o( t?).

Substituting anM + v/nRy and ﬁ into nR and s in the ex-
ponent of (19), we have

§

<CAMs + %s + wQ,n(s))

=n (o e (7))
Vi)

= Rot + —

V(@) Ry \°  R3
- (”V(Q)) T W(Q)

Therefore, when Ry < 0, choosing s =

t2 + o(t?)

- 4o(t?).

_R2 .
HEN we obtain
min

o | o | <e"CSM+ﬁR2

Pew(q)r (@) < e 2@

which has the same form as (17).

In both cases, when —3 < R, < 2, the difference is not so
small. In such a case, it is better to use the present evaluation.
That is, the Gallager bound does not give the best evaluation in
this case. This conclusion is opposite to the exponential evalua-
tion when the rate is greater than the critical rate. Han [5] calcu-
lated the exponential rate of the present bound, and found that
it is worse than that of the Gallager bound.!

Moreover, a similar conclusion was obtained in the low-den-
sity parity-check (LDPC) case. Kabashima and Saad [13] com-
pared the Gallager upper bound of the average error probability
and the approximation of the average error probability by the
replica method. That is, they compared both thresholds of the
rate, i.e., both maximum transmission rates at which the respec-
tive error probability goes to zero. In their study [13, Table I],
they pointed out that there exists a nonnegligible difference be-
tween these two thresholds in the LDPC case. This information
may be helpful for discussing the performance of the Gallager
bound.

VI. PROPERTIES OF VI AND V.
A. Example

In this section, we consider a typical example, in which Vv'v'? is
different from Vy;,. For this purpose, we choose two parameters
q1,q2 € [0,1] satisfying

0<2p-¢2<1
2 —
gr) - MEIFIEDZ ) o a1 - 1) 20

IThis description was provided in the original Japanese version, but not in the
English translation.
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where h(x) L _rlogz — (1 — z)log(1 — x). According to
the following three conditions i), ii), and iii), we define the five
joint distributions Wy, Wy, W3, Wy, and W;5 on two random
variables A = 0,1 and B = 0, 1. In the following, Q*(Q?)
denotes the marginal distribution of A concerning A(B).

i) Uniformity on A

All distributions are assumed to satisfy
W(0) =1/2.

ii) Same marginal distribution on B for¢ = 1,2

Two random variables A = 0,1 and B = 0,1 are not

independent in Wy and W5, but W, and W5 have the same

marginal distribution on B. That is

B|A
Wl 40]1) = g2
w2 14010) = 2¢1 — g2

BlA

w4 0]0) =
BlA

w4 0)1) =

where QP 14(i| ) is the conditional distribution of B =
1 given A = j when the joint distribution is given by Q.
Thus, Wy and W, satisfy

W (0) = q1.

iii) Independence between A and B for ¢ = 3,4, 5.
Due to condition (20), there exist two solutions for z in
the following equation because d(z || ¢1) is monotone in-
creasing in (g1, 1) and is monotone decreasing in (0, ¢ ):

h(g2) + h(2q1 — q2)

WP (0) =

h(q1) — 5 =d(z | q1)
where

def 1—=x

d(xly) = log = +(1—x)10g1_y

Letting p; and ps be these two solutions, we define three
distributions W3, Wy, and W3, in which two random vari-
ables A = 0,1 and B = 0, 1 are independent, by

W, (0)

=p1, WP (0) = po, WE(0) = .

From the construction, we can check that

h(g2) + h(2¢1 — q2)

D(W; || W) = hlar) - >

2y

for ¢ = 1,2, 3, 4. Consider the subsets of joint distributions

def

2y = {Q[Q"(0) = 1/2}
25 {Q € 2/Q"(0) = a1}
2, 5{Q € 201 Q71(0]0) = Q%1 (0| D).
Then, Z; N 25 = {W5}. Hence, the relationship among 2, Z1,

Zo, Wy, Wy, W3, Wy, and Wij is illustrated in Fig. 3.
Then, the following lemma holds.

Lemma 1:

argmax min D(W,. || Q) = argmax min D(W,. || Q) (22)
Q r=1,2 Qezy r=1,2

argmax min D(W,, || Q) = argmax min D(W,. || Q). (23)
Q r=34 QEZ r=3,4

Its proof is given in Appendix III.
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Therefore, (21) implies that

argmax _min D(W Q)=

and
max min D(Ws || Q) = max min D(W, || Q)
— h(q) — h(q2) + h2(2(h — q2)
max min D(W, [| Q) = max min D(W. || Q)
= h(q) — hlaz) + h2(2q1 — q2).

That is, the capacity of the channel x = 1,2,3,4 — W, is
calculated as

CiM = mgx z=ql_i2n3 4D(Ww || Q)

— h(q) - h(q2) + h2(2fh - 92)‘

Then, the set V is given by the convex hull of P =

(1/2,1/2,0,0) and P’ = (0,0, =22 =PL)  Thy,
V/\P+(1—)\)P’,W = )\VP,W + (1 - /\)Vp/ w. When

Vew < Vpw
Vit = Verw, Viy = Vew.
Otherwise
Vit =Vew. Viy = Vprw.
Our numerical analysis (Fig. 4) suggests the relation Vpyw <
Vprw
B. Additivity

The capacity satisfies the additivity condition. That is, for
any two channels {W,(y)} and {W. (y')}, the combined
channel {(W x W), . (y,y") = Wo(y)W.,(y')} satisfies the
following:

CDM _ CI];?/M +

DM
‘/‘/'XWI —_— C‘/‘/'/ .

Similarly, as mentioned in the following lemma, VV"[} and Vi,
satisfy the additivity condition.

Lemma 2: The equations

V\;rfo' = V‘jv— + V\+’ 24
Vit w = Viv + Vi, (25)
hold.
Proof of Lemma 2: We choose the distributions () and Q'
as
QL argmin max D(W,. || Q)
Q xr
Q argmin max D(W., || Q").
Q' x’
Then

Q x Q' = argmin maXD(WI x WL 1Q").
Q/I
Assume that a distribution P with the random variables z and
2’ satisfies the following:

> Pz, )Wo x WS =Q x Q'

x,x!

(26)
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Fig.3. 2o, 241, 25, Wy, W, W3, Wy, and Wis.

I(P,W x W') = CEM + CPM. (27)
Then, the marginal distributions P; and P, of P concerning x
and z’ satisfy

I(Py, W) = CRM I(Py, W') = CR!

which implies

D(W. || Q) = Cy™, D(

1@ =Cw!

for x € supp(P;) and =" € supp(F), where supp(P) denotes
the support of the distribution P. Hence

Vewxw: = ZP&:&: ZW )
Q) og W)
8 (log QW) T Q) >
_zpm D(W.1|Q) + DWW, 1 Q")
= ZP z,z ZW (¥
AT og W)Y’
" ((l : Q(y)) <1 G
Wely),  Wo ()
PRS00 Q) )
_zpm (DOV. Q2 + DL || Q')?
+zD<Wz IIQ)D( L1Q))

Wz(y) ’ Wa )\
: <<10g Q(y) ) " <10g Q'(y') ) )
- D(W.[|Q)* = D(W,, | Q")?
=Ve,w+ Ve, w.

Therefore, when the conditions (26) and (27) are satisfied, the
maximum of Vp v xw is equal to VJ + V‘;ﬁ,, which implies
(24). Similarly, we obtain (25). O

The same fact holds with the cost constraint. The capacity
with the cost constraint satisfies the additivity condition. That
is, for any two cost functions c and ¢’ for channels {W,(y)} and
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Fig. 4. Comparison between V; = Vp w (dotted line) and Vo = Vp/ g (solid line).

{W., (y")}, the combined cost (¢ + ¢’)(z, ') def

satisfies the following:

c(z) + ()
DM DM DM
Cwisw ere k1K = Cwex + Owr o k1
The quantities VJC x and Vi, . satisfy the additivity
condition.

Lemma 3: The equations
(28)
(29)

+ _ v+ +
Vivsw et K4k = Ve T Vv o ko

Vivswr eter K4k = Ve T Vv o ko
hold.

This lemma can be proven in the same way as Lemma 2 by
replacing the definitions of ) and @’ by

DW. | Q)

max g P(x
P:Epc(z)<K

/ def
@’ = argmin ma

i P'(z"YD
o P’:E,,/c’(i(’)gK’; (=)D

NOTATIONS OF THE INFORMATION SPECTRUM

def .
@ = argmin
Q

WLl Q).
VIL

A. Information Spectrum

In this paper, we treat general channels. First, we focus on two
sequences of probability spaces { X, }22_; of the input signal and
those {),}52; of the output signal, and a sequence of prob-
ability transition matrixes W def {W"(y|z)}s2,. We also
focus on a sequence of distributions on input systems P =
{P™}22 ;. The asymptotic behavior of the logarithmic likeli-

def

hood ratio between W (y) ef W™(y|x) and Wi, (y) =

> wex, P (@)W (y | z) can be characterized by the following
quantities:

dcf— n Wﬂ()
L(R|P,W) = Tin ZP {—lgW<R}

IG Xy
I(c| P,W) = sup{R|L,(R|P,W) < ¢}
=inf{R|I,(R|P,W) > ¢}

for 0 < e < 1.Focusing on a sequence of distributions on output

<

systems Q ef {Q™}22,, we can define
Jp(R | P7 Q7 W)

def —— 1 W (y)
= lim E P ()W) {—log z
n—oo cen, ( ) n Qn(y)

J(c|P,Q.W) = sup{R| J,(R|P,Q.W) < ¢}
—inf{R| J,(R| P,Q,W) > ¢}
for0 < e < 1.

When the channel W™ is the nth stationary discrete memory-
less channel W*™ of W (y | «) and the probability distribution
P = {P"} is the nth i.i.d. P*" of P, the law of large num-
bers guarantees that I(e | P, W) coincides with the mutual in-
formation I(P,W) = >, P(2)W.(y)log e (y)

R For a more
detailed description of asymptotic behavior, we focus on the
second-order n” for 3 < 1 concerning the coding length. In
order to characterize the coefficient of the second-order n”, we
introduce the following quantities:
I%(Ry, Ry | P,W)

of =— W

* fim Z P"(a:)Wf{ <log - (y) —77R1> <R2}

=T We.(y)

1’6(67 Ry | P7 W)

def

= sup {Ry | I](Ry, Ry | P,W) < ¢}

=inf{Ro [IJ(Ry, Ry | P,W) > €}
for0 < e < 1. When 8 = %, the superscript 3 is abbreviated.
Similarly, J(Ra, Ry | P,Q, W) and J’(e, Ry | P,Q, W) are
defined for 0 < € < 1. When W is W* = {W*"} and P
is P* = {P*"}, the second order of the coding length is nz
and the central limit theorem guarantees that —- (log “,f ((Jy))

nl (P, W)) asymptotically obeys the Gaussian distribution with
expectation 0 and variance

I

Therefore, when b = %, using the distribution function F' for
the standard Gaussian distribution, we can express the above
quantities as follows:

(P, W)> g

I(Evl(Pv W) |PX7WX) = VP,W’G_1(6)' (30)

In the case of additive channels, we focus on the limiting be-
havior of the entropy rate of the distributions @ = {Q™}5%,
describing the additive noise. Similarly to the above, we define
the following:

Hy(RIQ) ™ tm 3 Q"{—log@"( ) < }

n—oo
z€X,
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H(e|Q) < sup{R| Hy(R|Q)<c}=inf{R|H,(R|Q)>¢}
H,(R2,R1|Q)

def lim Z Q”{

n—o00
reEX,

—log Q" (z) — nRy) < Rz}

HP (e, Ry | Q) ' sup { Ro | H}/(Ra, i Q) < ¢}
= inf {Ry |[H} (R, R1|Q) > ¢}

for 0 < e < 1. Asis discussed in [6, Sec. VII], when @ is given
by a Markovian process Q(y | ) and 3 = 3, the relationships

H (el ) H(Q ) 31
H(e, HQ)|Q) = VV(Q)G™ (32)
Hy(R2, H(Q)| Q (RQ/\/ ) (33)

hold.
B. Stochastic Limits

In order to treat the relationship between the above quantities,
we consider the limit superior in probability p—lim,, _, ~, and the
limit inferior in probability p—lim,, which are defined by

p— Tim Z,|p, “inf{a| lim Po{Z, > a} =0}

— lim Z,|p, isup{a| hmP{Z <a} =0}.

n—oo

In particular, when p—lim,_ . Z,
Zn|p, = a, we write

P, = p— h_mn—>oo

p— lim Z,|p, =a

n—oo

The concept p— lim,, , . can be generalized as

e—p— lim 7, |p, —esup{a| hmP{Z <a} <€}

n—oo

From the definitions, we can check the following properties:

e—p— lim Z,+Y,|p, >e—p—lim Z,|p, +p— lim Y, |p,

(34
e—p— lim Z,+Y,|p, <e—p—lim Z,|p, +p— hmY Ip,
(35

where P, is a joint distribution of two random variables Z,, and
Y,.. As shown by Han [5], the relation

P (z)
. >0 36
Pr(z) pn G0

. 1

holds for & > 0 and any two sequences P = {P"} and P’ =
{P™'} of distributions with the variable .

By wusing this concept, I(e|P,W), J(e|P,Q,W),
I?(e, Ry | P,W), and J?(e, Ry |P,Q,W) are character-
ized by

W2 (y)
Wpa(y)

I(e|P,W) = e—p— lim —log

n—oo N Ppn wn
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1 wn
J(e|P,Q,W) = e—p— lim — log fb(y)
n—oo 1 Q (y) Ppn wn
I°(e, Ry | P,W)
Wi (y)
= e—p— lim —(log = —nR)
n—oo nﬁ WP"( ) Ppn wn
Jﬁ(67Rl |P7Q,W)
1 wh
= e—p— lim —(log n(y) —nRy)
n—oo ’ Q (y) Ppn wn

Substituting W2, and Q™ into P™ and P™ in (36), and using
(34), we obtain
I(c|P,W) < J(c| P,Q,W)
Iﬁ(€7Rl |P/W) S Jﬁ(ele |P7Q/W)

Since 1 — Hy(R|Q) = lim,_, . Q"{1logQ"(z) < —R},
H(e|Q) is characterized as
—H(e|Q) = —inf{R|H,(R|Q) = €}

=swp(-RIL - Hy(R1Q) < 1-c)
=(1-¢)—p— lim —loan( ) lon. (37)

Similarly

_Hﬂ(ev Ry | Q)

=(1—-¢)—p— lim L@,(log Q" (z)+nRy) (38)

n—oo M Qn

In the following, we discuss the relationship between the afore-
mentioned quantities and channel capacities.

VIII. GENERAL ASYMPTOTIC FORMULAS
A. General Case

Next, we consider the e capacity and its related quantity,
which are defined by

Cp(R|W)
e . - . 1
f inf { lim P.wn(®y,)| im —log|®,| > R}
{¢7I}0071 n—o0o n—oo N
Cle|W)

e .1 —
def sup { lim —log|®,|| im P.yn(®,) < e} .
{(I)”}n , Un—oo n n—oo

Concerning these quantities, the following general asymptotic
formulas hold.

Theorem 6 [14], [16]: The relations

Cp(R|W) =inflimI,(R—~|P,W)
P 410
=infsuplim J,(R—~|P,Q,W) (39
P Q ~10
C(e|W)=supl(e|P,W)
P
(40)

=supinf J(e|P,Q, W)
P Q

holdfor0 < e< land0 < 8 < 1.



HAYASHI: INFORMATION SPECTRUM APPROACH TO SECOND-ORDER CODING RATE IN CHANNEL CODING

Remark 3: Historically, Verdd and Han [14] proved the first
equation in (40). Hayashi and Nagaoka [16] established the
second equation in (40) with e = 0 for the first time, even for
the classical case, although their main topic was the quantum
case. The relation (39) is proven for the first time in this paper.

Next, we proceed to the second-order coding rate. As a gen-
eralization of (3) and (4), we define the following:

CJ(Ry, Ry |W)

def . —
e f lm P.yyn (9,
oy, | noee” W (@)
. 1
nlg{;o m(10g|(1’n| —nRy) > R2} 41)
CP(e, Ry | W)
d

e . 1
L sup { lim 7(log|¢’n| —nRy)
{cbn}io:1 n—oo 1

lim Py (®,) < e}. (42)

Similar to Theorem 6, the following general formulas for the
second-order coding rate hold.

Theorem 7: The relations
CPl(Ry, Ry |W) = 1%f5%1§(R2 —7,R1| P,W)
= inf sup 11?01 JJ(Ry —~,Ry | P,Q. W)

P qQ ~
(43)
C%(e, Ry |W) = supI°(e, Ry | P,W)
P
= Sup lgf Jﬁ(@ Rl | P7 Q7 W) (44)
P

holdfor0 < e< land0 < B < 1.

Indeed, Theorem 7 has greater significance than generaliza-
tion. This theorem provides a unified viewpoint concerning the
second-order asymptotic rate in channel coding and the fol-
lowing merits. First, it shortens the proof of Theorem 3. Second
it enables us to extend Theorem 3 to the case of cost constraint.
Third, it yields the extension to Gaussian noise case, which has
continuous input signals. Fourth, it allows us to extend the same
treatment to the Markovian case with the additive noise.

B. Cost Constraint

We focus on a sequence of cost function ¢ = {¢,, }32 ; where
¢ 1s a function from A, to R. In this case, all alphabets are
assumed to belong to the set

def
Xn,c,K = {Q? e X,

ch(m) < nK}.

That is, our code {®,,} is assumed to satisfy that supp(®,,) C
X e, i . Then, the capacities with cost constraint are given by

CP(R | W7 C, K)

© inf {m Pen (@)

{q>77}7010:1 n— oo

1
lim —log|®,| > R,

n—oo n

4957
Supp((I)n) - Xn,c,K}
C(e|W,e,K)
e 1 S
def sup { lim —log|®,|| lim P.wn(®,) <k,
{@71}20:1 — 00 n—oo
Supp(q)n) C Xn,c,K}
Cg(R% Rl | W7 C, K)
def . o
== f 1 PP yn (I)'n.
it { T P (@)
. 1
nli»_n;o n—ﬁ(log|(1>n|—nR1) > Rs,
supp(®,,) C ch,K}. (45)
C’H(E, Rl | W7 C, K)
def . 1
= sup lim — (log|®,,| — nR
{@,,,}301{%00 —5(log|@y] = nRy)|
E Pe,"V” ((I)n) S €,
Supp((I)n) - Xn,c,K}~ (46)

Concerning these quantities, the following general asymptotic
formulas hold.

Theorem 8: [5], [16]: The relations

Co(R|W,c,K) = P:supp(li’nfCX B} 1;?01 I,(R—~|P,W)
= infsuplim J,(R—~|P,Q,W) 47)
P Q ~vl0
Ce|W,e,K) = sup I(e| P,W)
P:supp(P,)CXyn o,k
= sup inf J(e| P,Q,W) (48)

P:supp(P,)C Xy o ik

holdfor0 < e<land0 < < 1.

Remark 4: Historically, Han [5] proved the first equation in
(48). Hayashi and Nagaoka [16] established the second equation
in (48) with ¢ = 0 for the first time, even for the classical case,
although their main topic was the quantum case. The relation
(47) is proven for the first time in this paper.

Similar to Theorem 7, the following general formulas for the
second-order coding rate hold.

Theorem 9: The relations

Og(R27 Rl | W7 C, K)
= inf lmIJ(Ry — v, Ry | P, W)

P:supp(P,,)CXp .k 710

= inf suplim J?(Ry —~v, Ry | P,Q, W
P:supp(P,)CXy o,k Qp’le P( 2 v 1| Q, )

(49)
Cﬂ(ev Rl | W7 C, K)
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= sup I°(e, Ry | P,W)

P:supp(Pn)CXp o,k

= sup inf J%(e, Ry | P,Q, W) (50)

P:supp(Pr)CXn o K
hold for 0 < € < 1.

The above theorems can be regarded as special cases of The-
orems 6 and 7 by substituting the set &, . x into the set &,.
Hence, it is sufficient to show Theorems 6 and 7.

C. Additive Case

Next, we consider the case where the channel is given as a
sequence of additive channel W(Q) = {W"(Q™)(y|z) =
Q"(y — x)} on the set X™ with the cardinality d. Verdd and
Han proved the following theorem.

Theorem 10: [14]: The relations
Co(R|W(Q)) = 1 ~lim H,(logd — R+7|Q)

Cle|W(Q))
hold for 0 < e < 1. This theorem and (55) imply (54).

(G

=logd— H(1—¢€|Q) (52)

Remark 5: Verdu and Han proved (52) in the case of ¢ = 0
at [14, eq. (7.2) ]. Other cases are proven at the first time in this

paper.

Similar to Theorem 10, the following formulas for the
second-order coding rate hold for general additive channels.

Theorem 11: The relations

CP(Ry, Ry |[W) =1—1lim H (=Ry + v,logd — R1 | Q)
710

(53)

(54)

CP(e,Ry|W)=—-—HP(1-¢logd — R, | Q)

hold for 0 < € < 1. Hence, we obtain Theorem 4 from (32) and
(33).

Now, using Theorems 6 and 7, we prove Theorems 10 and 11.

Since W7 (y) = Q™(y — z), we have
1w
I(e|P,W) = ¢—p— lim —log ;”(U)
n—oo M A7) P—
< e—p— lim —log W} (y)
n—oo T Ppn jyn
+ p— lim —log Wpa(y) (55)
n— oo Ppn wn
1
< e—p— lim —logQ"(z)| +logd
n—oo Qn
—logd— H(l —¢|Q) (56)

where (55) and (56) follow from (35) and (37), respectively.
Since the equality holds when P™ is the uniform distribution,
we obtain
supI(e|P,W)=1logd — H(1—¢|Q)
P

which implies (52). Similarly, we can show (54).
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Since p—mn_,oo%l log Wg. (y) |Wn < d, we have
hm Z P (x

Py "{llg Wty ))<R}

W (1
> lim Z P (z)W} {E log W' (y) +logd < R}
r€Xy,

= lim Q

n—oo

" {% logQ"(z) < R — logd}

=1- lim Q" {%llogQ"(x) < logd—R}

n—oo

which implies that

I,(R|P,W)>1—-Hpy(logd — R|Q).

Thus, we obtain (51). Similarly, we obtain (55).

Remark 6: When the sets &, and ), are given as general
probability spaces with general o-fields o(X,,) and o(},,), the
above formulation can be extended with the following defini-
tion. The nth channel W™ is given by the real-valued function
from X,, and o(}),,) satisfying the following conditions: i) for
any ¢ € X,,, W} is a probability measure on },,, and ii) for
any F' € o(Y,), W(F) is a measurable function on &,,. P
and @ take values in sequence of probability measures on X,
and Y,, respectively. Then, the summands ) ., P"(z) and
> yey, Wi (y) are replaced by [, P"(dz) and fy W” (dy),

respectively. For any distribution ) on )/, the function ? o) (?(f)’)

is replaced by the inverse of Radon-Nikodym derivative
%(y) of @ with respect to W,'. In the above definitions,
infp, supp, infg, and supg are given as the infimum and
supremum among all sequences of probability measures on
{0}, and {V,}52 ;. The following proof is also valid in

this extension.

IX. PROOF OF THE GENERAL FORMULAS FOR THE
SECOND-ORDER CODING RATE

In this section, we prove Theorems 6 and 7. That is, for the
reader’s convenience, we present a proof for the first-order
coding rate, as well as that for the second-order coding rate.

A. Direct Part

We prove the direct part, i.e., the inequalities

Cp(R|W) < inf lim I(R—~|P,W) (57)
Cle|W) > upI( | P, W) (58)
CP(Ry, Ry |W) < mfhmlf’(R2 v, Ri|P,W) (59
CP(e, Ry |W) > supI (e, Ry | P,W). (60)

For arbitrary R, using the random coding method, we show that
there exists a sequence of codes {®,,} such that * log |®,| —
R and lim,,_, o P. wn (®,) < I,(R|P,W). This method is
essentially the same as Verdd and Han’s method [14].

First, for N,, def ”R_"S/Q , we focus on the random variables
Z1,...,Zn, subject to the distribution P™. We assume that the
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random variable Z; is independent of the random variable Z;
for © # 7. Then, we define the code ® n. 7. R with the size N,,
depending on the random variable Z, (Zl, v IN, ). W
generate the encoder ¢(Z,,), in which z € Xn is chosen as
¢(Zn)(1) when Z; = x. The decoder {D, 3 } " is chosen by
the following inductive method:
W o
def | 1 o(Z) (@)
Dz pn=<—-log——"""—>R D.

L,Z'n,,R { n Wg"l (y) \ J.L=J1 j’Zﬂ

Thus, the average error probability is evaluated as

EZ,IP&W”((I)nZ R)
<Ez N~ N, Z ¢(Zn )
(y) ¢
oz Y o

1 wn
— log
n % W)
¢>(Z )(])
WE. (y

PRSP LWL ERTEL
SPLN, 2 ez |0 BT W ()
N, im1 wn . (y)
1 1 (Zn)(5)
1B, — wr 08— 2R
Zn N, i=1 Jz:; #Z)@) n WE. (y)

1w
_an(x)wg{—l = () gR}
- n We.(y)
1 N, i—1
TN, L 1E2n (E d»(zn)(i))
i=1 j=

The second term is evaluated as

N, i—1 wn - (U)
- 1 $(Z)()
N lelE ( ¢(z,1)(z>>{ IOgWZR

K J
1 Ny( W (y) }

_ P(z “log > R
N Z { W3g. (v)

_ BAWE (e > Wh.(y)}

B2
< %B*WR < ¢ — 0.

Any two sequences {a,} and {b,} satisfy the inequality
lim, o0can + b, < lim,—ooa, + lim,—oob,. Hence,
imn By Pown(®, 5 ) <  L(R|P,W) be

VZrL‘r
cause Tim,—oo 3, P™(2)W{ L log e (Ejy)) < R} =
— R

I,(R|P,W). Thus, the convergence +log |N,, |

implies the inequality C,,(R|W) < infp I,,(R| P, W).
Next, in order to prove (57), for any sequence P, we construct

a code ®,, such that EMOOPQ,WH(@)”) < lim., o I,(R —
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v|P,W). For any k, we choose the integer N such that
EZnPevW”((I)n,Zn,R—l/k) < I,(R - 1/k|P,W) + 1/ for
Vn > Nj. Then, for any n, we choose k(n) to be the maximum
k satisfying n > Nj. Then, k(n) — oo as n — oo. Thus,
E; ®, 5 R_i/kn) 80s to limy o], (R — v|P,W), and
+ log |(I)n2 ,R—1/k(n)
mequahty C (R|W) < infplimy o I,(R
(57).

For proving (59), we choose N,, = e . Substi-
tuting nR; + n® Ry into n.R in the above discussion, we denote
the code (I)n,Zn,R by ¢ ,- Then

kg, Pewr (‘I’n,zn,m,m)

1
< Z P (z)W]) {m <log

+ &e*(anﬂlﬁRﬂ_

| goes to R. Hence, we obtain the
— [P, W), i

nRy +n’3 R> _nP/2

.
n,Zn,R1,R

Wi~ (W)
4)(271)(2) i
n——an <Rs

Wi (y) ) }

2
Since
_nBl2?
%e—(ner-n‘@Rz) < € =0
1 | Nx |
nf 08 Tenkr T R

we obtain the inequality CJ(Ra, Ri|W) < infpIf(Rs,
R, |P,W).

For any k, we choose the integer N such that
EZnP57W"(¢n,2n,R1,R2—1/k) < I;*?(Rz - 1/k7R1 |P7W) +
1/k for Vn > Ny. Then, defining k(n) similarly, we obtain

E; @, 7 mine ik — lmyol)(Re — o, Ry |P,W),
and

1 |(I)n,Zn,R1,R271/k(n) |

7 log o — Rs.
Hence, we obtain the inequality C{f (Ra, Ry |W) <

infplim, o I;?(Rg —v, R |P,W), ie., (59).

For an arbitrary number R < supp I (¢ | P, W), there exists
a sequence of input distributions P such that I, ( )<e
Therefore, the inequality (58) holds. Similarly, we can show the
inequality (60).

B. Converse Part

Next, we prove the converse part, i.e.,
Cp(R|W) > infsuplim J,(R — v | P,Q,W) (61)
P Q ~10
C(e|W) < sup igf J(e|P,Q, W) (62)
P
Cf(Ry, Ry |W) > infsuplim J))(Ry — v, Ry | P,Q, W) (63)
P Q ~10

CP(e, Ry |W) < sup igf J%(e,Ri | P,Q, W) (64)
P

which completes our proof, because the other inequalities
inflim I,(R —~v|P,W)<infsuplimJ,(R—~v|P,Q,W
nflim I,(1 — v | P, W) <ing uplim W(R=7|P,Q W)

supI(e| P,W) > supinf J(e|P,Q, W)
P P Q
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inf lim 15(122 — v, Ry | P,W)

< 1nf sup hm Jﬁ(Rz
P Q

sup I (e, Ry |P./ W) > supinf J?(e, R | P,Q, W)
P P @

_’77R1|P7Q7W)

are trivial based on their definitions. In the converse part, we
essentially employ Hayashi and Nagaoka’s [16] method. We
choose an arbitrary sequence of codes {®,}52 ;. Let R be
lim, .. L log|®,|. Assume that the code ®,, consists of the
triplet (Nn,qﬁ, {D,}lz ). Then, for any sequence of output
distributions @ = {Q™}52, and any real v > 0, the inequality

SHNTAES

zeX"
(65)

e‘/‘n

en(R—7)

Ny,

holds, where Pg, is the empirical distribution for the |®,,|

points (45(1(), cees O(NR)).

n
e Y

Since — 0, the relation hmn_,ooPe wn (®n) >
J,(R — | P',Q,W) holds for any Q, where P = {Ps, }.
Thus, hmn_,ooPe,Wn((I) ) > supg lim o J, (R —
v|P',Q,W). Therefore, lim,—ccPeywn(®,) >

inf p supg lim o J,(R — | P',Q, W), which implies (61).

Now, assume that lim, ,.P. w~(®,) = € Since
e, 0, (65) implies that R — v < J(c|P,Q,W).
Thus, R — v < suppinfgJ(e|P,Q,W). Since v is an
arbitrary positive real number, R < suppinfg J(e|P,Q, W),
which implies (62).

Next, consider the case in which lim,, -1 —5 log |n R1| = R».
Replacing R — v by Ry + n 1(Ry — fy) in (65) we ob-
tain M — 0. Thus, hmn_,ooPe wn(®n) >
infp supg hm'le JP(Ry — v,R1|P,Q,W), which implies
(63). Replacing Ry + Ron®~'into R — ~ in (65), similar to
(62), we can show (64).

The inequality (65) is shown as follows. We focus on the in-
equalities )

W;‘(i)(Di) — M QM(Dy)

< Wi ({W&i)(y) — ey })
— e Qn ({ ¢()(U)—enRQ (y) 2 })

< Wi ({Wr?(v:)( )= Q" (y 0})
Wg(i)(y)

_W¢(){ log ——2—~ "(y) ZR'}

where the first inequality follows from the fact that any
two distributions P and ) and any positive constant a
satisfy maxp[P(D) — aQ(D)] = P{P(w) — aQ(w) >
0} — aQ{P(w) - aQ(w) > 0}.

Thus

1— Poyyn (@)

N,
N
w2 Wao(Ps)

i=1
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1 &
S N_n 3 enR Qn(DL)
Wi ()
b (4)
enR’
= 1
N, +
1 wn
-y P%(a:)wg{— 2(1/) < R’}
e Q"(y)

which implies (65).

X. PROOF OF THE STATIONARY MEMORYLESS CASE

In this section, calculating the second-order information spec-
trum quantities in the stationary memoryless case with § = %,
we prove Theorems 2, 3, and 5.

A. Proof of Theorem 2

In this section, using Theorem 7, we prove Theorem 2 when
the cardinality |X| is finite. For this purpose, we show the fol-
lowing relations in the stationary discrete memoryless case, i.e.,
the case in which W2 (/) = W2 " (§n) = ef [T, Wa, (y;) for
Zn = (z1,-..,2,) and §,, = (Y1, .., Yn). In this section, ab-
breviating CRM as C, we will prove that

inflim I,( Ry — P
inflim p(R2 —7,C|P,W)

G <R2/\/VTT,> L Ry>0

< (66)
G (Rg/ VV[_,> , Ry <.
and
infsuplim J,(Ry —v,C | P,Q, W)
P Q ~10
G <R2/ V;{,) , Ry>0
> (67)
G <R2/ VW_/> , Rs <O.

The situation of (66) is illustrated by Fig. 5. Showing both in-
equalities and using Theorem 7, we obtain

G<R2/ V‘;$>7 Ry >0

¢ (1)

Since the right-hand side of (68) is continuous with respect to ¢,
(68) implies that

Cp(Rz, By |W) = (68)

V};,), Rs < 0.

a1 (e),

V+
\/7G (e),

That is, we can show Theorem 2.

e>1/2
(6R1|W _/
e<1/2.
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Normal distribution
with variance Vv;

) - . !
Fig.5. Limiting behavior of —— <log W Xn( )

T nC) and the Gaussian dis-

tribution with the variance V73,

In fact, when P is the i.i.d. of Py;4 or Py, I(e,C' | P,W)
is equal to \/VT;ZF’l(e) or \/VT/‘_,F’l(e). Thus, (66) holds.
Therefore, the achievability part (the direct part) of Theorem 2
holds. Therefore, it is sufficient to prove the converse part (67).

We focus on the set 7;, of empirical distributions with n out-
comes. In this proof, using empirical distributions, we divide
the probability space X™ into two parts, i.e., the main part and
the marginal part. Its cardinality |7},| is evaluated as |1, | <
(n + 1)!*1. In this proof, we use the distribution

def 1
Qn Z WP)Xn _|_ ])Cln
L T+1 = T+ 1
and the sets
V. P 1(P,W) > C - ¢}

Q, = {7, € X" [ep(in) € Ve}
where () is given in Section II and ep(Z,,) is the empirical
distribution of Z,, € X™".
Since Qf(7n) > s Wep(.)

“(Yn) and QF(Fn) >

1 W2 (i)
Ppnjyxn { — logmn—_, -
ren {\/ﬁ < ()

€N,
1 WX ()

P (Z wxn{—=[log—=""_nC|<R
"2, TP, { n(Og b ")s
r€QS U

1 WX (i
Z P (Z WXn — log%
2\ Vo B @ (7)

+log(|Tn|+1)—nC>§R}

+ ) P(E,)P

T, €N

L (g Wal W)
w/in \/ﬁ (ch(fn))xn(gn>

—|—10g(|Tn|+1)—nC>§R}.
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When &, € V¢
1 W ()
i <log Wep(z) ™ () nC)
= Vep@a),w < max Vew
wxn L <log ;”n (¥1n)
“nov/n (Wep(zy) ™" (i)
= L (nI(ep(x), W) + log(T,] + 1) — nC)

NG
—e/n

_ log(|T,] +1)
— \/ﬁ

where Ep and V p denote the expectation and the variance under

the distribution P. Thus, Chebyshev inequality implies

E

+log(|T,,|+1) —nC’)

W
Py = log#—klog(ﬂﬂ I+1)—nC|<R
#n \/E (Wep(fn,)) (y )
maxp Vpw
>1- ’ .
oy PR

Define the quantity

W (y)
Qu(y)
When Z,, € V., the inequality

Py xn s logW—(Jn)+10g(|T|+l) nC| <R
2\ VA \ " @@
("n)

>P ! 1 )
> P\ " @@

Tn

2
Vi & EpEy, (1og —D(WznczM)) .

+log(|Tn| + 1)

—nI(ep(fn>,W>) < R} (69)
holds. Since the random variable
WXn —»n n W )
1 mnx(ny ) — Zlog T; (yz)
(@) () — 7 (Qn)(yi)
has the variance nVep(m )W
1 W (§n)
Pxn ¢ — | log “7—1—1095 T, +1
Wan {ﬁ( Q) (i) (1T +1)
S R
—nl(ep(Z,), W) | <R}—G| ——
!
V:ep(fn),ﬂ/
— 0 (70)
as n goes to infinity. Since the random variable
1 VVan (yn) _ n "V¢7(yi) . .
B GGy = 2= 108 Gy I8 written as

a cornblnatlon of finite number of random variables
{log m}reb this convergence is uniform concerning
Z,,. Further

R R

G| ——— ] > Jgni\I;l G| —
AV 3 /
‘/ep(z ), W € VIID,VV

(71)
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Hence, from the combination of (69), (70), and (71), for any Z;‘zl c¢(z;). In this section, abbreviating C‘?,M as C, we will
6 > 0, there exists NV > 0 such that forn > N prove that
Wxm(y inf limI,(Ry —v,R, | P, W
Py xn { (10g © )XTE Z +log(ITn|+1)—nc> SR} Pisupp(Pn)C¥ e, 710 p(f2 =7 B )
Tn M n

(R2/ WCK> Ry >0

R < (72)
>1£ré1\I)1G - G(R2/ VV[_,C_K)7 Ry <0
\Vew and o
Therefore
inf SuphmJ (Ry —v,R1|P,Q,W)
W_?(n(—» ) Pqupp(Pn)C Xy e K Q v10
P g 4 —= [log —22 ) o) < R
/n v () (RQ/ WcK) Re >0 .
y G (Ro/\[Viroxc) B2 <.
n maxp Vpw
> P Q) | 1= loe(IT 1 Showing both inequalities and using Theorem 9, we obtain
g(ITnl +1)
R + E\/ﬁ — T
R,/ w K) Ry 20
nOCY i R Cp(Ra, Ry |W, ¢, K) = ( <
+ P" (@) min G =] » G(RZ/ Vw—,cK), R, < 0.
Vew - (74)
R Since the right-hand side of (74) is continuous with respect to €,

> min G

Pev. \/m - (74) implies that

Vb kGHe), e>1)2
where )¢ is the complement of 2 (e, Ri|W,c,K) = —

. C ? b -
Thus ! \/ VivexG7H(e), e<1/2.

That is, we can show Theorem 3.

L log szn(?jn) —nC) <R The inequality (73) can be proven in the same way as (67)
NG Q Q™ (7n) = by replacing T, and Qs by the set of empirical distributions

111’11 PPn JWxn

R Tperx 2 {P € T,|Epc(z) < K} and Q.0 k. Therefore,

> }3?3 G (V—> — 6. the converse part of Theorem 3 holds. Therefore, it is sufficient
‘ W to prove the direct part (72).

For any distribution P satisfying Epc(Z,) < K, we

. .  m
Since 6 > 0 and ¢ > 0 are arbitrary, when @ = {Q¢} choose the closet empirical distribution P, € T, k.

Let P = {P"} be the uniform distributions on the set
1(R.C|P.Q.W) Tp, def {Z, € X" |ep(#,) = P,}. Itis sufficient to show that
P ) » &
1 W2 (i
_ T P e {T (10g zn((y)> _n0> . R} L(R.C|P,W) <G (R/\/Vew). (75)
" Since
G<R/ VW>, R>0
> mina< R ) _ P (70) < ILI(P) " () a6
) Vo (myim). ner
we have

which implies (67) because of the continuity of the right-hand L(R,C|P,W)

side. Xn (=
1 Wz ()
= lim Pprypxn{ — [log—2""_nC | <R
"o T { "< Wi ") S
B. Proof of Theorem 3 1 WX (7,
< Tim Ppo ypund —= [log 22— —log|T| —nC| < R
In this section, using Theorem 9, we prove Theorem 3 when A L { n Og’(an)X" G og|Tn| =m0 )_ }

the cardinality |X'| is finite. For this purpose, we show the fol- R
lowing relations in the stationary discrete memoryless case,i.e., < G
. . n (= xn def Vp w
the case in which W2 (7,) = WZX"(#.) = Ilizy Wa, (i) v b
for Z, = (xq,... xn) and ¥, = (y1,.--,Yn), and ¢, (%) =  which implies (75).
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In order to prove (75) without condition |X'| < oo, we choose
a sequence of input distributions { Pik) 172, with finite supports
such that
P (k) S Tn,c,K

1(PY w) — I(P,W)

max
P:Epc(z)<K

V.

+
Pik),VV — VVV,C,K'

Choose the distribution P" as the uniform distributions on the
setI" 1 . Then, instead of (76), the relation

P(n
f 1 Xn
P(#,) < (n+1)"" <P(”“)> (7)

holds. Since Ln log(n+1)"" goes to zero, the same discussion
as (77) yields (75).
C. Proof of Theorem 5

As is shown in Section X-B, we obtain the direct part, i.e.,

C% (a,C55|N,S) <G (a/\/VpM,W) .

n

Hence, when ¢, (Z,) = >, «;, it is sufficient to prove

inf sup hmJ ,(Re —v,R1 | P,Q, W)

P:supp(P,)CXp,c,s Q
> G (a/,/VPM,W) . (8)

For the following discussion, we define the empirical distribu-
tion ep(Z,,) in the continuous case

b

=1

h

ba,

S|

where 8, is the delta measure at z.. In the following discussion,
we use the distribution

def 1 1 X
?/ = _(WPM) 5 (WPAI.e) "
e 1 __ =2
Py e | S €0
27(S —¢€)

and the sets

Ve dﬁf{P|E 2 < S —¢€}

Q, < {Z, € X"|ep(Z,) € Ve}

where we obtain

Ppn yyxn {L <log We," () _ nC) < R}
’ vn Qy ()
= > P"(fn)PWM{L <10ngXnn(:") nc>§R}
B @ | Vi U (Fn)
+ P"(Z,)Py x{\}_ (10g { (_,n) nC’)SR}
e Fn n U( )

2 ) P

€,

+ ) P,

e

When #,, € V¢, the random

Xn
7 (Un

has the expectation

1
VVXR ———

L log—y)
\/ﬁ (WPMe)Xn(y )
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1 1 w2
Vi Wy ) ()

+10g2—n0) SR}.

variable

+log2 — nC)

[[#a]l* S —e
1 [n S —e€ N N
— | =1 1 n
Vn 20g< + N +2 1+S—e
N
"o (142 +10g 2
20g N 8
S
log2 _ Vi~ L+ 5
< - 5 log ———
Vo2 S
and the variance
(S—=e?  lZl* (S—¢?  _S—c¢
2 2
N2 + niN N2 + N

5 1+S—e 2
N

5 1+S—e 2
N

Thus, Chebyshev inequality implies

Py

Tn

[

(5—¢)® 5—
T 2n_NE

>1-

2(1—1—51;6)2 — 1

1+%  log2
R-I—ﬁlog S]L— o8
2 1+ 55 Vn

When z € V., under the n-variable Gaussian distribution Wf "
WX (§n+En)

/
En

the random variable log ey

Wry, X (T En) is calculated to be

1 ST, 1?2 22, - Fn Zall? S
TS (— ”;\’,2” + Ny n N” > 10g<1—|—N>.
The expectation is

II:f;\zfll2 B % . S
2<1+£> +§10g<1+ﬁ>
N
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and the variance is

sz 7.
M—— + 44—
"N TN
5\ 2
411+ —
(1+%)
The random variable
1 WI ("Jn‘f‘xn)
— | log n
\/ﬁ (WPM) (yn + mn)
| |*

S
| B
N N n S
N N Piee (142
2(1+ S 2 Og( " N>
N
converges to the normal distribution when n goes to infinity.

Due to the property of Gaussian distribution, this convergence
is uniform when ||z|| is bounded. Hence

1 Wz " (Yn
Pyxn ¢ —= log#—l—log?—nc <R
Fn \/ﬁ (WPM) (gn)

>P, L lo ;”(“) + log 2
WENVE T W) )
A
N N n
— - = <
S 210g<1+N> R
2 1+N
(79)
and
.
R<O0
G
, R>0
(80)

Similarly to (70), we obtain the uniform convergence

1 W><'n.
1 7, (0n) +log 2

P‘/‘/YX” O ﬁ
- (VVPM)>< (yn)
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— 0.

81

4 (1 + N)
Therefore, the combination of (79), (80), and (81) yields that

177;) — nC) < R}

lim P ! log zxn('
m n Wxn § ——= =
nsoo P W \/— Qn (

¢

v

2n§,i +4n%
( a1+ %)

Since € > 0 is arbitrary, when Q@ = {Q7},}

JP(R7C|P7Q/W)
1 log W ()
Ve Qe

which implies (78).

XI. CONCLUDING REMARKS AND FUTURE STUDY

We have obtained a general asymptotic formula for channel
coding in the sense of the second-order coding rate. That is,
it has been shown that the optimum second-order transmission
rate with the error probability € is characterized by the second-
order asymptotic behavior of the logarithmic likelihood ratio be-
tween the conditional output distribution and the nonconditional
output distribution. Using this result, we have derived this type
of optimal transmission rate for the discrete memoryless case,
the discrete memoryless case with a cost constraint, the additive
Markovian case, and the Gaussian channel case with an energy
constraint. The performance in the second-order coding rate is
characterized by the average of the variance of the logarithmic
likelihood ratio with the single letterized expression. When the
input distribution producing the capacity is not unique, it is char-
acterized by its minimum and its maximum. We give a typical
example such that the minimum is different from the maximum.
Furthermore, both quantities have been verified to satisfy the
additivity.
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The main results of this study are as follows. While the ap-
plication of the information spectrum method to the second-
order coding rate was initiated by Hayashi [6], his research
indicated that there is no difficulty in extending general for-
mulas to the second-order coding rate. Therefore, in the i.i.d.
case, the second-order coding rate of the source coding and
intrinsic randomness are solved by the central limit theorem.
However, channel coding cannot been treated using the method
of Hayashi [6] except for the additive noise case with no cost
constraint because the present problem contains the optimiza-
tion concerning the input distribution in the nonadditive noise
case. In the converse part, we have to treat the general sequence
of input distributions. In order to resolve this difficulty, we have
treated the logarithmic likelihood ratio between the conditional
output distribution and the distribution )7;, which is introduced
in Section X-A.

Furthermore, we can consider the quantum extension of our
results. There is considerable difficulty concerning noncommu-
tativity in this direction. In addition, the third-order coding rate
is expected but appears difficult. The second order is the order
\/n, and it is not clear whether the third order is a constant
order or the order log n. This is an interesting problem for future
study.

APPENDIX 1
PROOF OF THE SECOND EQUATION OF (1)

Recall the following minimax theorem.

Lemma4: Consider two vector spaces V; and V5 and consider
areal-valued function f(vy,vy) with the domain V7 x V. If f is
convex with respect to vo and concave with respect to vy, then
(see [17, Ch. VI, Prop. 2.3])2

max min V1,V = min max U1,V
U1651U2€52f( b 2) v2€5201651f( b 2)

where S; and S5 are convex subsets of V; and V5.

Since J(P Q7 W) - I(P7 W) = D(WP ” Q) > 0
I(P,W) = mingepy) J(P,Q,W). The joint convexity
of the divergence implies that Q +— D(W,||Q) is convex.
Thus, Lemma 4 can be applied. Therefore, we obtain

max I(P,W) =

P max min J(P,Q,W)

PeP(X)QeP(Y)

min  max J(P,Q,W)
QEP(Y) PEP(X)

= D(W,
Qg;;?y)gleaf (W2 [1Q).

Now, the second equation of (1) is proved.

APPENDIX II
PROOF OF (16)

For a given R < 0, we prove (16). Since d;l (s) > 0, the
function ) p is convex. Choosing s,, such that

Ry  dyp _ dyp  d?ip
ORY + T2 = =T (s) = =52 (0) - /0 O (i

2This relation holds even if V; is infinite dimensional, as long as S is aclosed
and bounded set.
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we have the relation
Ry  d*p
—_— = — ——(t)dt.
vn /0 ds? *)

Then, the minimum of CRMs + \/—s + 1 p(s) is attained when

(82)

§ = 8y. Since dw” (s) is continuous and bounded, s, ap-
proaches zero as n goes to infinity. More precisely, (82) implies

Sn 2
Ry=— lim \/_/ dwp t=— hm(\/_sn)dwp( 0).
That is
lim (vns,) 2_R2
n—oo d ’l/}P
72 (0)

When the function €(u) is chosen to be d U (u) — dip (0),
e(u) approaches zero as u goes to zero.
Thus, we have

(CQ,MS + \};%s + 1/)p(s)>

<C’DM Sn \]/zzsn +1/1p(sn)>

=n < / dZQ/’P t>

2 Sn t
— JiiRas, + n%n dd;/;’ 0) +n / / () dudt
JO J0O

_ R%
=
2402 (0)
which implies (16).

n min
0<s<1

APPENDIX III
PROOF OF LEMMA 1

For this proof, we define the maps £4 and £p as
(4Q)(a,b) = PA(a)QP 4 (b]a)
(E5Q)(a.0) € PP)Q* P(alb)

where P4(0) = 1/2 and P2(0) = ¢;. When the distribution
Q' satisfies that Q'* = P4, the following Pythagorean-type
inequality holds:

DQQ) =

Similarly, when the distribution @)’ satisfies that ()’ B _ PB,
the following Pythagorean-type inequality holds:

D(QQ) =

D(Q'€4(Q)) + D(EA(Q)IQ).  (83)

D(Q'|Es(Q)) + D(EBQIQ)- (84

Define
def
Qar = EBo&yo0---

~~

2k

OEBO(C:,%Q

def
Qak41 = Ea0Epo&y0---
2k+1

OEBOEAJQ.
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Then, D(Qak+1||Q2k) =  D(EaQak||€aQo2r-1) <
D(Q2k]|Q2k—1), and D(Q2x]|Q2:—1) < D(Qor—1]|Q2r—2)-
For any Q' € Z;, we have

DQIQ) = D@ + Y. DQulQur)
ie., B
5" D@2 1) < D@Q)
which implies -
3 D(Qu@ie) < D@Q).

ol
Il

1

Thus, D(Qr||Qr—1) converges to zero. Therefore, there exists
a distribution (), such that ), — (). Hence

D(Q'|Q) = D(Q'|Qx) + Y D(QrllQr-1)
k=1

which implies (22).
Further, for any P, € Z,, we assume that () satisfies
Q* = P*. Since the concavity of log implies the inequality

log 3>, PA(a)QP14(b]a) > 32, PA(a)log QP14(b| a), the
following Pythagorean-type inequality holds:

DT
-3 pita
—22%
- rt

)log QB (b)

D(P||Q) = Y (b) log Q(a, b)

) log Q*(a)

7 (0)1og Q%14 (b a)

) log Q*(a)
+ZP2

)logQB'A(bla)

_ZP2
—ZZP2
(192||132 x PP) +ZP2
-2 P
:D(bPZHPz xPQ)

+ ZPQB(b) logZPA
— ZPA

> D(Py|| Pt x Py )-

) log QF (b)

(b)log Q7 (b)

(a)log QP14 (b a)

(@)QP14(b|a)

)log QB 14(b]a)
(85)

Combination of (84) and (85) yields (23).
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