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Abstract

We show that any k-wise independent probability distribution on {0, 1}" O(m2'22_‘/E/ 10y.
fools any boolean function computable by an m-clause DNF (or CNF) formula on n
variables. Thus, for each constant e > 0, there is a constant ¢ > 0 such that any
boolean function computable by an m-clause DNF (or CNF) formula is m~¢-fooled by
any clog? m-wise probability distribution. This resolves up to an O(logm) factor the
depth-2 circuits case of a conjecture due to Linial and Nisan (1990). The result is equiv-
alent to a new characterization of DNF (or CNF) formulas by low degree polynomials.
It implies a similar statement for probability distributions with the small bias prop-
erty. Using known explicit constructions of small probability spaces having the limited
independence property or the small bias property, we directly obtain a large class of
explicit PRG’s of O(log? mlogn)-seed length for m-clause DNF (or CNF) formulas on
n variables, improving previously known seed lengths.
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1 Introduction

If 11 is a probability distribution on {0,1}" and ¢ : {0,1}" — {0,1} is a boolean function,
we say that u e-fools g [BM82, Yao82] if

|Pryulg(z) = 1] — Proegonynlg(z) = 1]| <e,

where the second probability is with respect to the uniform probability distribution on
{0,1}".

Let u be a probability distribution on {0,1}"™ and let & > 0 be an integer. We say that
w is k-wise independent (e.g., [Lub85, Vaz86]) if any k or less of the underlying n binary
random variables are statistically independent and each is equally likely to be zero or one ! .

A DNF' (Disjunctive Normal Form) formula on n variables z1, ..., z, is an OR of AND
gates, called clauses, on the literals xy,—xq,..., Ty, "x,. Similarly, a CNF (Conjunctive
Normal Form) formula is an AND of OR gates.

We consider in this paper the following problem: how large should £k be in terms of €, n,
and m so that any k-wise independent probability distribution on {0, 1}" e-fools any boolean
function computable by an m-clause DNF (or CNF) formula on n variables?

The main contribution of this paper is the following theorem.

Theorem 1.1 Any k-wise independent probability distribution on {0,1}" (16m222-Vk/10)_
fools any boolean function computable by an m-clause DNF (or CNF) formula on n variables.

The proof is based on harmonic and poset analysis techniques. It uses Hastad’s switching
Lemma [Has86] indirectly via Linial-Mansour-Nisan energy bound [LMN93], applied to many
DNF formulas derived from the DNF formula under consideration. The proof can be regarded
as a sequence of reductions between some L; and L, approximations of DNF formulas and
auxiliary functions by low degree polynomials with real coefficients.

Corollary 1.2 For each constant e > 0, there is a constant ¢ > 0 such that any boolean
function computable by an m-clause DNF (or CNF) formula is m~°-fooled by any clog® m-
wise probability distribution.

The above problem was first proposed by Linial and Nisan [LN90]. Motivated by this
problem, they derived a general bound on approximate inclusion-exclusion from which they
concluded that any boolean function computable by an m-clause DNF (or CNF) formula is
o(1)-fooled by any |\/mlogm|-wise independent probability distribution. They conjectured
that any boolean function computable by a size-M depth-d unbounded-fanin AND/OR cir-
cuit is e-fooled by any log?~' M-wise independent probability distribution, where ¢ = 0.1.
Corollary 1.2 resolves up to an O(logm) factor this conjecture for depth-2 circuits, reducing
the y/mlogm bound of [LN90] to O(log”m). Note that the conjecture’s strict parameters
are not correct: Luby and Velickovic [LV96] reported a counter example which exhibits for

For technical convenience, we allow & = 0 in the sense that any probability distribution on {0,1}" is
0-wise independent.



each power m of 2 and for all n > logm a function f : {0,1}" — {0, 1} computable by an
m-~clause DNF formula, and a logm-wise independent probability distribution p on {0, 1}"
such that y does not %—fool f. Theorem 1.1 leaves the region between O(logm) and o(log® m)
open for depth-2 circuits.

Next we explain the LP-dual of Theorem 1.1 which is a new approximation of DNF (or
CNF) formulas by low degree polynomials and we compare it with the related literature.

1.1 Dual problem

Let g : {0,1}" — {0,1} be a boolean function, £ > 0 an integer, and ¢ > 0. Then saying
that
“any k-wise independent probability distribution e-fools ¢g”

is equivalent to saying “there exist g, g, : {0,1}" — R such that:
o (low degree?) deg(g;) < k and deg(g,) < k
e (sandwiching polynomials) g, < g < g,

e (small L;-approximation error) E(g — ¢g;) < e and E(g, — g) <,

where the expectation is over the uniform probability distribution”.

We show that in Section 4 (see Theorem 4.2). Thus the dual problem is about an L;-
approximation of DNF (or CNF) formulas by low-degree sandwiching polynomials with real
coefficients. Via this duality, Theorem 1.1 is (up to a constant factor) equivalent to:

Theorem 1.3 Let g : {0,1}" — {0,1} be a boolean function computable by an m-clause
DNF (or CNF) formula, and let k > 0 be an integer. Then there exist two real-valued
functions g, g, : {0,1}" — R each of degree at most k such that g < g < gu, E(g — q1) =
O(m*22-VE) " and E(g, — g) = O(m222-VF19) where the expectation is over the uniform
probability distribution.

We will actually establish the dual statement.
Theorem 1.3 implies the following weaker L;-approximation.

Corollary 1.4 Let g : {0,1}" — {0,1} be a boolean function computable by an m-clause
DNF (or CNF) formula, and let k > 0 be an integer. Then there exists a real-valued function

p:{0,1}" = R of degree at most k such that E|g — p| = O(m222-Vk/10),

Proof: Set p = g, or g,. [ |
Small constant-depth unbounded-fanin AND /OR circuits can be approximated by low de-
gree polynomials with real coefficients in different ways [ABFR94, BRS91, LMN93]. They can

2The degree of a function f : {0,1}" — R is the smallest degree of a polynomial p € R[z1,...,x,] such
that p(x) = f(x) for all z € {0,1}".



be also approximated by low degree polynomials with coefficients over finite fields [Raz87].
We compare our sandwiching L;-approximation with [ABFR94, BRS91, LMN93] specialized
to depth-2 circuits. The approximation in [LMN93] is an Ly-approximation based on Hastad
Switching Lemma:

Theorem 1.5 [LMN93] Let g : {0,1}" — {0,1} be computable by an m-clause DNF (or
CNF) formula, and let k > 0 be an integer. Then there exists a real-valued function p :
{0,1}" — R of degree at most k such that E(g — p)* < 2m2-Vk/20,

The proof of Theorem 1.1 uses a variation of this Lo-approximation (see Theorem 9.1) applied
to many DNF formulas derived from the DNF formula under consideration.

The approximation in [ABFR94, BRS91] does not use Hastad Switching Lemma and is
in terms of probabilistic polynomials:

Theorem 1.6 [ABFR94, BRS91| Let g : {0,1}* — {0,1} be computable by an m-clause
DNF' (or CNF) formula. For all € > 0, there ezists a (finite) family of polynomials {pa }a,
where each p, is a real polynomial (with integer coefficients) on the variables x1, ..., x, of
degree O(log® (m/e€)log® m log® n) such that Pry[ps(x) # g(z)] < € for all z € {0,1}". Thus,
in particular, Pry[p.(z) # g(x)] < € for some a.

The polynomials do not give a good Li-approximation (E.|p.(z) — g(x)| is potentially as
large as 20(og” (m/€)log” mlog®n)) byt we believe that they probably can be used indirectly to
establish a weak version of Theorem 1.1 which is naturally extensible to ACy circuits. See
[Baz03] (Sections 5.7 and 5.8) for a work in this direction.

A final remark is that one cannot hope to obtain a good L..-approximation of DNF
formulas by low degree polynomials. This follows from [NS94].

1.2 Paper outline

In Section 2, we give direct applications of Theorem 1.1. Section 3 contains Fourier transform
preliminaries. Section 4 highlights the dual characterization of the class of boolean functions
that are fooled by the limited independence property. The remainder of the paper is about
the proof of of Theorem 1.1, starting with the proof outline in Section 5. The proof consists
of Sections 5, 6, 7, 8, and 9. The proof depends on Sections 3 and 4, but it does not use
Section 2 or Section 10, which branches from the proof and ends up with an open problem.

2 Some direct applications

This section can be skipped without loss of continuity. In Section 2.1, we conclude from The-
orem 1.1 that probability spaces with quasi-polynomially small ? bias also fool all polynomial
size DNF (or CNF) formulas. Using known explicit constructions of small probability spaces
having the limited independence property or the small bias property, we directly obtain in

3By quasi-polynomially small we mean 2~ log®® ()



Section 2.2 a large class of explicit PRG’s of O(log® mlogn)-seed length for m-clause DNF
(or CNF) formulas on n variables, improving previously known (unconditional) seed lengths.
Finally, we highlight in Section 2.3 a direct application of Theorem 1.1 to the distribution
of patterns in linear codes.

2.1 Extension to small bias probability spaces

We can conclude from Theorem 1.1 that probability spaces with quasi-polynomially small
bias also fool all polynomial size DNF (or CNF) formulas.

Let u be a probability distribution on {0,1}", & > 0 be an integer, and 6 > 0. We
say that p is (0, k)-biased [NN93] if p d-fools all parity functions on k or fewer of the n
binary variables. This is a relaxation of the k-wise independent property since the latter is
equivalent to the (0, k)-bias property. If u is (6, n)-biased, it is called 0-biased [NN93].

We need the following relation:

Theorem 2.1 [AGMO02] Any (0, k)-biased probability distribution p on {0,1}" is n*5-close to
a k-wise independent probability distribution ' on {0,1}" in the sense that |u(A) — ' (A)| <
n*§, VA C {0,1}". Thus if f : {0,1}" — {0,1} is such that any k-wise independent
probability distribution on {0,1}" e-fools f, then any (4, k)-biased probability distribution on
{0,1}™ (e + dn*)-fools f.

Using Theorem 1.1 and Theorem 2.1, we get:

Corollary 2.2 Any (9, k)-biased probability distribution on {0,1}" (16m2'22_ﬂ/10 + dnk)-
fools any boolean function computable by an m-clause DNF (or CNF) formula on n variables.
Corollary 2.3 There is a function 6(m,n,e) = 9~ Oog® Elogn) o oh that for all positive
integers m andn, and all0 < € < 1, any §(m, n, €)-biased probability distribution on {0,1}" €-
fools any boolean function computable by an m-clause DNF (or CNF) formula on n variables.

Proof: Set k = [(1010g %)21 in Corollary 2.2 so that 16m222-Vk/10 < ¢/2 and dn* < ¢/2

om2:2\2

if 6 <e2 "(1010g3 ) -‘bgnil © 5(n,n,e). ]

Related previously known bounds in [AW85, LV96, Tre04] work for DNF formulas with
very small fanins. Call a DNF formula an s-DNF if each clause contains at most s literal.
Call a probability distribution on {0, 1}" k-wise d-dependent if it d-fools all AND gates on
at most k literals. Ajtai and Wigderson [AWS85], and Luby and Velickovic [LV96] show that
for all integers 1 < s < n, any k-wise d-dependent probability distribution p on {0,1}"
(e7*/(s2°) 4 23§)-fools all boolean functions computable by s-DNF (or s-CNF) formulas on
n variables. This implies that there is a function d(s,e) = 27902°108(1/€) guch that for
all 0 < e < 1, and all integers 1 < s < n, any J(s, €)-biased probability distribution pu
on {0,1}" e-fools all boolean functions computable by s-DNF (or s-CNF) formulas on n
variables [Tre04]. The bound is good for s = O(1) and is nontrivial only if the condition
k > s2° is satisfied. For general DNF formulas, we can restrict our attention to the case when
s = logm + O(log %) (see Section 5.4), but that will not help here since then the condition
k > s2° would require £ > mlogm.



2.2 A large class of PRG’s for DNF formulas

The problem of derandomizing AC| circuits (polynomial-size constant-depth unbounded-
fanin AND/OR circuits) was first studied by Ajtai and Wigderson [AWS85]. Using Hastad’s
parity lower bound [Has86], Nisan [Nis91] constructed a quasi-polynomial complexity * PRG
for AC circuits of seed length O(log***® n), where d is the circuit depth, and n is the
input length. This initiated the hardness-versus-randomness approach which was devel-
oped in [NW88], [[W97], and others. Nisan’s Generator was optimized by Luby, Velickovic,
and Wigderson [LVW93] for depth-2 circuits reducing the seed length from O(log'®n) to
O(log* mn), where m is the number of clauses of the DNF (or CNF) formula. Using classical
linear-code-based constructions of small probability spaces having the k-wise independent or
the d-bias property, we directly obtain from Theorem 1.1 a large class of explicit PRG’s for
depth-2 circuits of seed length O(log® mn).

Small probability spaces having the k-wise independence property can be constructed
from linear codes. The following construction is folklore. If C' C {0, 1}™ is a binary linear code
whose dual C+ % {z € {0,1}" : Y 75 = 0 (mod 2) for all y € C} has minimum distance
greater than k, then the uniform distribution on the codewords of C'is k-wise independent

as a probability distribution on {0, 1}". Classical linear codes explicit constructions achieve
|C| = n®®).

Corollary 2.4 For all positive integers m,n, and every € > 0, there is an integer t =
O(log® D logn) and an explicit generator G : {0, 1} — {0, 1}, constructible in poly(n)-time
and computable in O(tn)-time, such that for every boolean function g : {0,1}" — {0,1}
computable by an m-clause DNF' (or CNF) formula on n variables, we have

|P7”a:e{0,1}f [9(G(z)) =1] - Prxe{o,l}n[g(ﬁ) =1]| <e

Proof: Without loss of generality, assume that log? % logn = o(n) (Otherwise, set t = n
and let G be the identity map). Given n,m, and e, let

16m2-2 2
| KlOlog bm ) -‘ ,
€

thus 16m222-VE/10 < ¢ Construct in poly(n, k)-time the parity check matrix Hyy, of an
explicit binary linear code D of block length n, message length n — ¢, and minimum distance
at least k + 1, where ¢ = O(klogn) = O(log® Z logn). We can achieve ¢t = O(klogn) using,
for instance, a Reed-Solomon code or an algebraic gometry code reduced to a binary code
by plain binarization or by concatenation, and punctured if necessary. Thus the probability
distribution on {0, 1}" resulting from choosing a random codeword from the dual C' = D= of
D is k-wise independent. This distribution is induced by the uniform distribution on {0, 1}*
via the Fo-linear map G : {0,1}* — {0,1}" defined by G(x) = zH. |

4By quasi-polynomial complexity we mean 910 ()



Probability distributions with the d-bias property can be explicitly constructed from

linear codes with support size (%)6(1) [INN93, AGHP92|. Using those constructions and
Corollary 2.3, we get a variation of Corollary 2.4 of asymptotically the same seed length,

ie., t = O(log”Zlogn) (see also Corollary 11.2). Explicit constructions of (4, k)-biased
probability distributions of support size ( kl%g ")9(1) INN93, AGHP92| can be also used via

Corollary 2.2 to achieve asymptotically the same seed length for k = {(10 log %)21 and

b= C

F20r e = n~9W Corollary 2.4 and its variations give us PRG’s of O(log® m logn)-seed
length for m-clause DNF (or CNF) formulas.

Note that, when ¢ = n=°® each of the above PRG’s leads to a 200g”mloen)_time
algorithm for the DNF' formula approzimate counting problem (given a DNF formula and
e > 0, approximate the fraction of its satisfying assignments within 4+ additive error). We
should mention here that this does not improve the best known time for the DNF formula
approximate counting problem; the algorithm of Luby and Velickovic [LV96], which is not

based on a PRG, solves this problem in (mlog n)e’“’p(o(\/ loglogn)) time when € is constant.

The problems of constructing a logarithmic seed-length (unconditional) PRG for DNF
formulas or finding a polynomial time algorithm for the DNF formulas approximate counting
problem remain open.

2.3 Patterns in binary linear codes

If I C [n] and o € {0,1}/, we call the pair (I,«) an n-pattern. We say that a string
x € {0,1}" contains an n-pattern p = (I, «) if z; = a; for all i € 1.

If C C {0,1}" is a binary linear code whose dual has minimum distance greater than £,
then the uniform distribution on the codewords of C' is k-wise independent as a probability
distribution on {0, 1}™. Specialized to such k-wise independent distributions, Theorem 1.1
can be rephrased as an estimate of the probability that a random codeword of C' contains a
pattern from a given set of patterns.

Corollary 2.5 Let A be a set consisting of m n-patterns, and let C C {0,1}" be a linear
code whose dual has minimum distance greater than k. Then

EIpEAs.t.}_ Pr {EIpEAs.t.H

< 16m222-Vk/10
T contains p| zef{o,1}» |T contains p '

zeC

Proof: Let u be the k-wise independent probability distribution resulting from choosing
a random codeword of C'; and let F' be the DNF formula whose clauses correspond to the
patterns in A, i.e,

F=\ ( AT A ﬂ@).
(I,a)eA \i€l:a;=1 i1€l:0;=0

Apply Theorem 1.1 on g and F. [ |
For instance, consider the following concrete case.

8



Corollary 2.6 Let C' C {0,1}" be a linear code whose dual has minimum distance greater
than k, and let 1 <t < n be an integer. Then

< 16(n —t 4 1)>227 VRO,

x contains t p x contains t
) — r )
consecutive ones z€{0,1}n | consecutive ones

zeC

Note that if the maximum size s of a pattern in A in Corollary 2.5 is o(v/k), the bound can
be improved via Corollary 9.6.

3 Fourier transform preliminaries

The study of boolean function using harmonic analysis methods dates back to the late 60’s.
See for instance [Lec71],[KKL88], and [LMN93].

We assemble below some needed preliminaries: Fourier transform definition, Parseval’s
equality, the degree of a boolean function, and the Fourier truncation operator.

We identify the hypercube {0,1}" with the group z2 % (z/22)". The characters of the
abelian group Zy are {X,},czn, where X, (z) dof (—1)2i=1 %%, Those characters form an

orthogonal basis of the space of real-valued functions defined on Zj. They are orthogonal
with respect the uniform distribution, i.e., EX, X, = 0 if y # 3" and 1 otherwise. If ¢
is a real-valued function on Z7, we denote by g the Fourier transform of g with respect to
the characters of the abelian group zj. That is, if g : {0,1}" — R, its Fourier transform
g :{0,1}" — R is given by the coefficients of the expansion of g in terms of the {X,}, basis:

o) = Y 3) X, () and §y) = o Y o)X, (x).

Parseval’s equality relates the expected value of the square of a boolean function g :
{0,1}™ — R to the Ly-norm of its Fourier transform:

Eg*=>"3()" = l3llz-
Yy

The equality follows from the orthogonality of the characters {X,},,.

If = € 73, the weight of x, which we denote by |z|, is the number of nonzero coordinates
of z. The degree of g : {0,1}"™ — R is the smallest degree of a polynomial p € R[zy, ..., x,]
such that p(x) = g(z) for all z € {0,1}". Equivalently, in terms of the basis {X,},, the
degree of g is equal to the maximal weight of y € {0, 1}" such that g(y) # 0.

Finally, we define the Fourier truncation operator. Denote by L({0,1}") the space of
real-valued functions on {0, 1}"™. If ¢ > 0 is an integer, define the Fourier truncation operator
Trn, : L({0,1}") — L({0,1}") by

Ty g= ) G(y)X,.

y:ly|<t



The truncation operator Trn, kills the high frequencies of g and produces a function Trn,; ¢
of degree at most ¢t. Equivalently, Trn;, g can be defined as the optimal solution f* of the
following Lo-approximation problem: given g and ¢, minimize E(g — f)* over the choice of
f:{0,1}" — R of degree at most t. This follows from solving the underlying least-square
problem in the orthogonal basis {X',},. Note that, by Parseval’s equality, the smallest
Lo-approximation error is

E(g—Tmg)’ = > gy

yilyl>k

4 LP duality perspective

Definition 4.1 We say that a distribution property e-fools a function g : {0,1}" — {0,1}
if any probability distribution on {0, 1}™ with this property e-fools g.

We note that linear programming duality gives a purely analytical characterization of
the class of boolean functions that are fooled by the k-wise independence property. The
characterization is is in terms of Li-approximability by sandwiching polynomials of degree
at most k. In particular, we show that:

Theorem 4.2 Let g : {0,1}" — {0,1}, k > 0 an integer, and ¢ > 0. Then the k-wise
independence property e-fools g if and only if there exist g, g, : {0,1}" — R such that:

i) (low degree) deg(g;) < k and deg(g,) < k
ii) (sandwiching polynomials) ¢, < g < g,

iii) (small Li-approximation error) E(g — g;) < € and E(g, — g) < €, where the
expectation is over the uniform probability distribution.

We show the LP duality calculations in Appendix A in the more general context of
the (0, k)-bias property. Since the k-wise independence property is the (0, k)-bias property,
Theorem 4.2 follows from Theorem A.1 in Appendix A by setting 6 = 0

The proof of the main result of this paper in Theorem 1.1 depends only on the if part
of Theorem 4.2. We give in this section a direct verification of the if part which does not
involve LP duality calculations.

In terms of the {X,}, basis, the definition of k-wise independence can rephrased as
follows. Let p be a probability distribution on {0,1}"™ and let £ > 0 be an integer. Then the
following are equivalent:

a) p is k-wise independent
b) E,X, =0 for each nonzero y in {0, 1}" whose weight is less than or equal to k

c) E,p= Ep for each p: {0,1}" — R such that deg(p) < k, where the second expectation
is with respect the uniform probability distribution.

10



The equivalence between (a) and (b) is immediate. To relate to (c), write p as p =
Syilyi<k DY) Xy, thus Eup = p(0) + g0y <k DY) Eu Xy

This equivalence is the key relation between k-wise independent probability distributions
and polynomials of degree at most k. Using this relation, we establish below the if part
of Theorem 4.2. Let g : {0,1}" — {0,1}, k¥ > 0 an integer, and ¢ > 0. Assume the
existence of sandwiching polynomials ¢g; and g, satisfying (i), (i), and (iii). Let p be a
k-wise independent probability measure. We want to show that p e-fools g. Since g, has
degree at most k, F, g, = Fg,. Hence

Prooulg(x) = 1] = Prycronng(x) = 1] = E,g — Eg
= Eu(9—9u) +E(gu—9) < E(gu—g) < e

where the first inequality follows from the fact that g, > g. Similarly, using g;, we get

_Prwwu[g(x) = 1] + PTwE{O,l}" [g(l‘) = 1] = —L£.9 + Eg
That is, pu e-fools g.

5 OQOutline of proof

We outline and overview in this section the proof of Theorem 1.1, restated below.

Theorem 1.1 Any k-wise independent probability distribution on {0,1}" (16m222-Vk/10)_
fools any boolean function computable by an m-clause DNF (or CNF) formula on n variables.

The proof is based on harmonic and poset analysis techniques. It uses Hastad’s switch-
ing Lemma [Has86] indirectly via Linial-Mansour-Nisan energy bound [LMN93], applied to
many DNF formulas derived from original the DNF formula. The proof can be regarded as
sequence of reductions between some Ly and Lo approximations of DNF formulas and auxil-
iary functions by low degree polynomials with real coefficients. After some simplifications in
Section 5.1, we define those approximation notions in Section 5.2, then we outline the main
steps in the proof in Section 5.3.

5.1 Simplifications and notation

Without loss of generality, we restrict our attention to DNF formulas since any CNF for-
mula is the negation of a DNF formula with the same number of clauses, and a probability
distribution e-fools a boolean function if and only if it e-fools its negation.

To avoid degenerate cases, we assume that the DNF formula has at least one clause and
that each clause has at least one literal. We can do this without loss of generality since any

11



probability distribution 0-fools the identically one boolean function and the identically zero
boolean function.

A final notational technicality is that if F' is a DNF formula, we abuse notation and
also denote by F' the boolean function computed by F. That is, if Ay,..., A,, are the
clauses of F, we will denote by F' also the boolean function F : {0,1}" — {0,1} given by

F(z) = Vit Ac(x).

5.2 Approximation notions used in the proof

The proof uses the following three approximation notions of real-valued functions on the
hypercube by low degree polynomials with real coefficients.

Definition 5.1 (Sandwiched L;-approximation: bias) If g : {0,1}" — {0,1} is a
boolean function and k > 0 is an integer, define the k-bias of g, denoted by bias(g; k), to
be the minimum value of € such that there exist g;, g, : {0,1}" — R each of degree at most
k such that g < g < gu, E(gu — g9) <€, and E(g — g1) < €. We call g; and g, sandwiching
polynomials of g.

Equivalently, by LP-duality (Theorem 4.2), bias(g; k) is the minimum value of € such that
any k-wise independent probability distribution p on {0,1}™ e-fools g.

The term bias should not be confused with its other various meanings in the literature.

Definition 5.2 (Ls;-approximation: energy) If g : {0,1}" — R is a real-valued function
and t > 0 is an integer, define the t-energy of g to be energy(g;t) = miny E(g — f)* over
the choice of a polynomial f :{0,1}" — R of degree at most t.

FEquivalently (see Section 3),

energy(g;t) = Z g(y)*.
yily|>t

That is, energy(g;t) is the high energy content of g at frequencies above t, and hence the
“energy” terminology.

We are allowing ¢ to take real values since eventually we will be working with nonboolean-
valued functions derived from DNF formulas.

Definition 5.3 (Constrained L,-approximation: zero-energy) If g : {0,1}" — {0,1}

is a boolean function andt > 0 is an integer, define the t-zero-energy of g to be zeroEnerqgy(g;t)
= min; E(g — f)? over the choice of a polynomial f : {0,1}" — R of degree at most t satis-
fying the zeros-constraint: f = 0 whenever g =0, i.e., f(x) =0 for each x € {0,1}" such
that g(z) = 0.

The zero-energy has no natural interpretation in the Fourier domain. The terminology is
motivated by the above energy terminology and the zeros-constraint.

12



5.3 Main steps in the proof

Given an m-clause DNF formula F and & > 0, we want to bound its sandwiched L1-
approximation error bias(F; k). The bound claimed in Theorem 1.1 is bias(F; k) < 16m222~Vk/10,

To get a concrete sense of the parameters, keep in mind the typical case when k£ =
@(log2 m), and note that, although the number n of variables of F' does not appear in the
above bound or the subsequent ones, we care about the typical case when m is polynomial
in n.

The proof can be regarded as a sequence of reductions between the above approximation
notions in the context of DNF formulas and auxiliary functions. At a high level, we reduce
the DNF sandwiched Li-approximation problem to the DNF Ly-approximation problem,
to which we apply Linial-Mansour-Nisan (LMN) energy bound. The DNF constrained Lo-
approximation problem serves as an intermediate problem in this reduction.

The LMN energy bound [LMNO93] says that for each m-clause DNF formula F' and each
integer t > 0, energy(F;t) < 2m2-Vi/20,

To get started, we restrict our attention to DNF formulas with at most s literals per
clause, where s = ©(v/k). We call such DNF formulas s-DNF formulas. We can do that
without loss of generality by paying a small additive error as noted in Section 5.4 of this
outline. Note that s = ©(logm) in the typical case when k = ©(log® m).

The first step of the proof reduces the problem of estimating the k-bias of an s-DNF
formula to that of estimating its t-zero-energy, where t = | (k — s)/2] ~ k/2. The argument
is short and it is in Section 5.5 of this outline. Hence s = O(y/), and t = O(log”> m) in the
typical case when k = ©(log”>m).

The second and more difficult step of the proof is estimating the zero-energy of an s-DNF
formula, i.e., the s-DNF constrained Ls-approximation problem. We reduce this problem
to the s-DNF Ly-approximation problem. The argument is long and it involves two inter-
mediate reductions to Lo-approximation problems of auxiliary nonboolean-valued functions
associated with DNF formulas. First, we reduce the problem of bounding the t-zero-energy
of an s-DNF formula F' to that of bounding the #'-energies of auxiliary real-valued functions
associated with DNF formulas derived from F', where ¢ = ¢t — s ~ t. We overview this in
Sections 5.6, 5.7, and 5.8. Then, we reduce the problem of bounding the t’-energies of each
of those auxiliary functions to that of bounding the #'-energies of additional derived DNF
formulas, which finally enables us to use the LMN energy bound. We give an overview of
this in Section 5.9. We conclude in Sections 5.10 and 5.11.

The arguments in the second step are based on harmonic and poset analysis machin-
ery, which we develop in Section 6. In this outline section, we overview the underlying
constructions and the end results without using the language of Section 6.

5.4 Ignoring large clauses

If s > 1 is an integer, we call a DNF formula F' an s-DNF if each clause of F' contains at
most s literals. By paying a small additive error, we can assume without loss of generality
that the DNF formula does not contain very large clauses.
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Lemma 5.4 Let k > s > 1 be integers, and ¢ > 0. If bias(F; k) < € for each m-clause
s-DNF formula F', then bias(F; k) < e +m2~° for each m-clause DNF formula F.

At the end, we will set s = ©(vk). Hence s = O(logm) in the typical case when
k = O(log®>m).

Proof: The argument is easy. It is more direct in this lemma to work with the primal
definition of the bias. That is, we argue on probability distribution and not on sandwiching
polynomials.

Assume that the hypothesis is correct. Let ' be an m-clause DNF formula on n variables,
and let u be a k-wise independent probability distribution on {0,1}". We want to show that
|Pr,[F=1] — Pr[F =1]| < e+ m2~°.

Let Ay,..., A, be the clauses of F, thus F' = V7, A.. Let C' C [m] be the set of indices
of clauses each containing at most s literals, F' = \/.cor A, C" = [m]\C’, and F" = \/.eon Ae.

Since F' is an s-DNF formula, we have |Pr,[F’ = 1] — Pr[F’ = 1]| < € because
bias(F’; k) < € by the lemma hypothesis.

Since F' = F'V F", we have Pr,[F" =1] < Pr,[F =1] < Pr,[F' = 1]+ Pr,[F" = 1] and
—Pr[F"=1]— Pr[F" =1] < —Pr[F = 1] < —P[F’ = 1]. Thus

e = Pr{F" =1] < Pry[F = 1] = Pry[F = 1] < e+ Pr,[F" = 1]

The lemma then follows from the inequalities Pr[F” = 1] < [C"[]27¢+) < m27* and
Pr,JF" = 1] < |C"]27* < m27°. The first inequality is immediate since each clause of
F” contains at least s + 1 literals. To verify the second inequality, construct another DNF
formula G from F” by arbitrarily removing literals from each clause of F” to make its size
equal to s. By construction, G is satisfied by all the satisfying assignments of F', hence
Pr,[F" =1] < Pr,|G = 1]. Since p is k-wise independent and k > s, each clause of G is
satisfied with a probability exactly 27 with respect to p. Thus Pr,[G =1] < |C"]27°. ®

5.5 From bias to zero-energy

In this section, we reduce the s-DNF sandwiched L-approximation problem to the s-DNF
constrained Lo-approximation problem. In particular, we reduce the problem of estimating
the k-bias of an s-DNF formula to that of estimating its t-zero-energy, where ¢t = | 552 .

To justify this move from L; to L, we briefly mention in Appendix B natural L;-
approaches which fall short of bounding the k-bias of s-DNF formulas.

We show that:

Lemma 5.5 (bias < zero-energy) Let F' be an m-clause s-DNF formula and let k > s be

an integer. Then bias(F; k) < m x zeroEnergy(F;t), where t = |52 ].

Note that ¢ ~ k/2 when s = ©(v/k). Moreover, t = ©(log”m) in the typical case when
k = O(log®>m).

Proof: Assume that we have f : {0,1}" — R such that deg(f) < L%j, and f satisfies
the zeros-constraint: f(x) = 0 for each x € {0,1}" such that F'(z) = 0.
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The approach is to construct the sandwiching polynomials f; and f, of F' as

fi ® 1—=(1-/) and

m
fo B 1-(1=3 A1),
c=1
where Aq,..., A,, are the clauses of F' realized as polynomials on the variables x1, ..., x,.

Since F'is an s-DNF, the degree of each A, is at most s. Hence, by construction, deg(f;), deg(f.) <
k.
We want to show that:

1) fl S F S fuu and
il) B(F — f}) < mE(F - f)? and E(f, — F) < mE(F — f)*.

To establish (i), let € {0,1}", and consider two cases depending on whether F'(z) =0
or 1.

If F(xz) =0, then f(z) = 0 by the zeros-constraint on f. Moreover, none of the clauses of
F are satisfied by z, i.e., A.(x) = 0 for each clause A, of F. Hence fi(z)=1—(1—-0)>=0
and f,(z) =1—(1—-0)(1—0)?=0. That is, (i) holds with equality when F(z) = 0.

If F(x) = 1, there exists at least one clause ¢ such that A.(x) = 1, hence 1->",. A.(z) < 0.
It follows that

fu(@) =1—=(1 =3 Ac(2))(1 = f(2))* > 1 = F(z).

Moreover, fi(z) =1— (1 — f(z))> <1 = F(z), which verifies (i) when F(z) = 1.

To establish (ii), it is enough to argue that E(f, — f;) < mE(F — f)? since (by (i))
E(f. — fi) is an upper bound on both E(F — f;) and E(f, — F).

We have

fulx) = file) = 3 Ac(@)(1 = f(2))* = 3 Ac(z)(F(z) — f(x))*.

To verify the second equality, consider two cases depending on whether F'(z) =1 or 0. The
F(z) =1 case is immediate. If F'(z) =0, then A.(z) = 0 for each ¢, and hence the equality
holds because both terms are zeros. It follows that

E(fu— fi) = B(CIA)(F = [)* < mE(F — f)*.

]

We derive in Section 10 a compact form of the optimal solution of the least square

problem underlying the definition of the ¢-zero-energy of an s-DNF formula (we focus on

the monotone case for simplicity). Unable to estimate the optimal solution, we leave the
problem open, and we construct next a suboptimal solution.
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5.6 Construction overview

Let F' be an m-clause s-DNF formula and ¢t > s be an integer. We want to upper bound the
t-zero-energy of F| i.e., construct f : {0,1}" — R of degree at most ¢ such that the mean
square error E(F — f)? is small, and f satisfies the zeros-constraint: f = 0 whenever F = 0.

In this section we explain a construction of a function f satisfying the zeros-constraints.
We do not analyze the corresponding mean square error, but we give some intuition why
one would speculate that it is small. The mean square error analysis is fully presented in
Section 7. In a first reading, the reader may skip this overview section without loss of formal
continuity and move to the end results in Sections 5.7 and 5.8.

The zeros-constraint is behind the difficulty of the problem. It is worth mentioning that
it excludes setting f to the truncation Trn,F' of F' by the Fourier truncation operator Trn,
(defined in Section 3). This choice minimizes the mean square error, but it is not an option
for us because Trn,F' typically violates the zeros-constraint as it is is rarely equal to 0 (or
1). We will not truncate the formula F', but we will apply truncation to carefully chosen
components arising from rewriting the formula using inclusion-exclusion as we explain next.

For simplicity, we assume in this overview section that the DNF formula F' is monotone.
A DNF formula is called monotone if none of its clauses contain a negated variable. Represent
F by a bipartite graph F' = (C, [n], N) between the set C' = [m] of clauses and the set [n]
of variables indices. For each clause ¢ € C, N(c) is the neighborhood of ¢ consisting of the
indices of the variables in ¢. If S C C' is a set of clauses, let N(S) be the neighborhood of

S, i.e., N(S) © UpesN (c). If z C [n] is a set of variable indices, denote the corresponding
monotone AND gate by AND,, i.e.,

AND,(x) o Nz =[]
1€2 1€2
for all x € {0,1}". Thus
F(ZL‘) = \/ ANDN(C)($).

ceC

To construct f, expand F' as follows:

Fz) = 1-JJ(—= J] =)

ceC i€N(c)
— Z _(_1)\S| H 7
SCC:S#£0 iEN(S)
= Y —(-1)ANDys)(2). (5.1)
SCC:S#0

A direct way to obtain from this summation a low degree function which satisfies the zeros-
constraint is to throw away the terms where N(S) is larger than ¢. This reduces the degree
to ¢ and satisfies the zeros-constraint (since if F' = 0, then ANDy() = 0 for each ¢ € C,
and hence ANDyg) = 0 for each S # 0 C C'). But this does not work since the resulting
mean square error may grow exponentially as t grows (the simplest example is when the
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DNF formula consists of a single OR gate on the n variables, i.e., C' = [n] and N (i) = {i}
for each 1 € ().

Instead of throwing away the large terms, we will modify them while guaranteeing that
each is still zero on the zeros of F. Let S C C such that S # (), and consider the term
corresponding to S. For each ¢ € S, we have

ANDy sy = ANDn @) AN Dy (s)\n(c)-
Averaging over all ¢ € S, we trivially get
ANDy(s)y = EcesAN D) AN Dy (s)\n(c),
hence we can express F' as

F= Y —(-1)¥E.csANDy@ANDysyn(o-
SCC:S#£D

Consider constructing f by truncating each ANDy(sy\n() to a degree-(t —|N(c)|) poly-
nomial via the Fourier truncation operator Trn,_ |y, . That is, define

FE S (1) Ecg AN Do Trng v AN Da(synie)-
SCOS#0

The degree of each Trn,_ () ANDnsy\n(e) is at most t — |[N(c)| and the degree of each
AN Dy is [N(c)|. Thus, by construction, deg(f) < t.

The key point is that: if F(z) = 0, then ANDy,)(z) = 0 for each clause ¢ € C, and
hence f(xz) = 0. That is, f satisfies the zeros-constraint.

To sum up, let F' be a monotone s-DNF formula and ¢ > s be an integer. Then we have
the bound

zeroEnergy (Fit) < E(F - f)* = [|F = [}, (5.2)
where F' — f is the construction error term given by
F—f= % (-1 EcsANDy(1 = Trng ne) AN Dy(s)vio)- (53)
SCC:S#0

Needless to say, the signs (—1)!% in the above summation are critical. That is, using a
triangular inequality to upper bound E(F — f)? does not give a nontrivial bound since we
have exponentially many terms whose values are not small enough to make the sum value
less than 1. o

Estimating the mean square error E(F — f)?> = |F — f||3 as t grows is difficult. Before
moving into that, we give below some intuition why one would speculate that the mean
square error of this construction decays as t grows. -

It can be shown that f(y) = Trn, F(y) if |y| < t—s and f(y) = Trn, F(y) = 0if |y| > ¢ (see
Section 7 for a verification). In the region t —s < |y| <, f(y) behaves oddly. Since f(y) and

ﬁnt\F(y) are equal outside this region, and since we know from LMN energy bound (Theorem
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5.8) that energy(F;t) = ||F/—:FFtFH§ decays quickly as t grows, we can hope that f(y) is

not too bad in the region t — s < |y| < ¢t and hence speculate that F(F — f)? = HIT—\fH%
decays also in some way with ¢. This makes f a potential candidate to bound the t-zero-
energy of F', but unfortunately this intuition does not help in the analysis as the frequencies
in the region ¢t — s < |y| < t are too many to handle separately by trivial bounds.

Using analytical means, we bound HF/—\fH% in Section 7 in terms of the energies of
auxiliary functions associated with DNF formulas derived from F, which reduces via (5.2)
the problem of bounding the t-zero-energy of F' to that of bounding the energies of those
functions. After defining the auxiliary functions in Section 5.7 below, we state the reduction
in Section 5.8 without going into the above construction of f.

5.7 Skin and cover auxiliary functions

The proof uses the following auxiliary functions associated with DNF formulas.

Definition 5.6 (Skin and cover auxiliary functions) Let G be a DNF' formula on n
variables whose clauses are Ay, ..., A,,.

e (Skin) If u > 0, define the u-skin of G to be the real-valued function sking, :
{0,1}" — R given by
sking (x) 1 — (1 — e7) D Ac),

Note that S A.(z) is the the number of clauses of G satisfied by x. The function
sking,, s extended to u = 0 by continuity, i.e., skingo = G.

e (Cover) Define the cover of G to be the real-valued function coverg : {0,1}" — R

given by
1

L4+, Adz)

coverg(z) & / sking ,(z)e *du =1 —
0
To evaluate the integral, note that

[ee] [e%e) 1
/ (1= (1= e ))e du = / e~ du —/ (1— e )d(1—e ) =1 —
0 0 0
for all a # —1.

1
1+a

Remark 5.7 The function sking , converges to G from above as u approaches 0, and hence
the name wu-skin of G. Moreover, coverg > G, and hence the name cover of G. The fact
that both functions are greater than G is not used in the proof. Note that we defined
coverg as an integral. The fact that this integral evaluates to 1 —1/(1 + >, A.) is not
used either in the proof (it is needed, however, to justify the “cover” name). The proof is
based on those functions in the Fourier domain. The origin of the skin and cover functions
is the construction overviewed in Section 5.6 above. We show in Section 7 that the Fourier
transform of the cover function naturally appears when analyzing the Fourier transform of
the construction error term given in (5.3), and the skin function naturally appears when
trying to recover the cover function from its Fourier transform.
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5.8 From zero-energy to the energies of auxiliary functions

In this section, we state the end results of Section 7 in which we reduce the problem of
bounding the t-zero-energy of an s-DNF formula F' to that of bounding the (¢ — s)-energies
of cover and skin auxiliary functions associated with DNF formulas derived from F'.

First, we reduce the problem of bounding the t-zero-energy of an s-DNF formula F' to
that of bounding the (¢ — s)-energies of the cover functions of DNF formulas derived from
F' as follows.

For simplicity, we start by stating the reduction in the context of monotone DNF formulas.

Theorem 7.3 (zero-energy =< energy of cover) Let F' be an s-DNF formula on the
variables x1,...,x, and let t > s be an integer. Let Ay, ..., A,, be the clauses of F and let
C' = [m] be the set of indices of the clauses of F

a) (Monotone case) Assume that F' is monotone and m > 2. For each clause index
ce C, let F, be the DNF formula on the variables xy, . .., x, whose clauses are {A. N
Ad}dec\{c}. That is, F,. is the formula resulting from removing from F the clause A,
and adding the variables of A. to each of the remaining clauses. Then

zeroEnergy(F;t) < m? max energy(coverg,;t — s).

b) (General case) We call two clauses A. and Ay consistent if they have a common
satisfying assignment. If ¢ € C, let C, be the set of indices of clauses other than A,
which are consistent with A., i.e., C. = {d € C\{c} : A, and Ay are consistent}. Let
Cinain be the set of indices of the clauses of F' which are consistent with at least one
clause of F other than themselves, i.e., Cpain = {c € C : C. # 0}.

For each clause index ¢ € Chgin, let F. be the DNF formula on the variables xq, ..., x,
whose clauses are {A. N Aqtacc,. That is, F. is the formula resulting from removing
from F the clause A. and all the clauses not consistent with A., and adding the literals
of A. to each of the remaining clauses. Then

zeroEnergy(F;t) < |Cuain|? nax energy(coverp,;t — s).
C

main

Thus if F' is monotone, then C. = C\{c} for each ¢ € C, and Cypin, = C.

The proof of Theorem 7.3 is in Section 7 and it uses the machinery developed in Section
6. The construction underlying the reduction is overviewed in Section 5.6.

Note that each F, is a 2s-DNF formula on n variables with at most m — 1 clauses and
at least one clause (by the definition of Cyu4in). That is, the complexity of each F. is in the
worst case comparable to that of F. Recall from Section 5.5 that we care about the case
when s = O(v/) (since t = [2*| and s = O(Vk)), hence t — s ~ t. Moreover, typically
t = ©(log®m) (in the typical case when k = O(log”>m)).

Therefore, in general, we can now focus on estimating the t-energy of the cover of a DNF
formula G, where t > 0 is an integer. Unable to argue directly on the cover function, we
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move to the u-skin function. The fact that coverg = [3° sking e “du immediately reduces
the problem of estimating the t-energy of the cover function of a DNF to that of estimating
the t-energies of its u-skin functions, for all w > 0. In particular, we have the following
bound, which is verified via Cauchy-Schwarz inequality in Section 7.4.

Lemma 7.4 (energy of cover < energy of skin) Let G be a DNF formula and let t > 0
be an integer. Then

energy(coverg; t) < sup energy(sking;t)
u>0

5.9 Back to DNF formulas

Let G be a DNF formula, u > 0, and t > 0 be an integer. We want to estimate the t-energy
of the u-skin of G. We bound in Section 8 the t-energy of the u-skin of G by the t-energies
of DNF formulas derived from GG by adding new auxiliary variables, which enables us to use
LMN energy bound.

First we state the reduction in the special case when there exists a nonnegative integer
v such that e™ = 27%. Construct from G a new DNF formula G, by adding v auxiliary
new nonnegated variables to each clause of G. Thus, the total number of variables of G, is
n+muv. We show in Section 8 that energy(sking ,;t) < energy(Gy;t). The proof is based on
examining the Fourier transforms of sking , and uses the machinery developed in Section 6.

In general, if v is not necessarily an integer, we show in Section 8 that:

Theorem 8.1 (energy of skin < energy) Let G be a DNF formula whose clauses are
Al A, and let t > 0 be an integer. If d € N, construct from G a new DNF formula
Gy by adding d. auzxiliary new nonnegated variables to each clause A.. That is, the clauses
of Gq are {A. NN, &Y™, where {&}, are the auxiliary new variables added to clause
A..

Let u>0 and let v > 0 such that e™ =27", i.e., v =u/In2. Then

energy(sking .;t) <  max  energy(Gg;t).
gy(sking u; t) oA 9y(Ga; 1)

Note that for each d € {|v],[v]}™, the formula G, is an m-clause DNF on n + Y.d.
variables.
This enables us to use the bound derived from Hastad’s Switching Lemma in [LMN93]
on the t-energy of a DNF formula:

Theorem 5.8 [LMNO93] (LMN energy bound) Let G be an m-clause DNF formula and
t >0 be an integer, then energy(G;t) < 2m2-Vi/20,

The proof of (an asymptotic version of) Theorem 1.1 follows by first substituting the
bound of Theorem 5.8 in Theorem 8.1 and backtracking the bounds till Lemma 5.4. We
summarize in Section 5.10; then we backtrack the bounds in Section 5.11.
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5.10 Summary

The tables below summarize the main definitions and reductions.

‘ Notion ‘ Terminology ‘ Definition ‘
k-bias of a function ¢ : {0,1}" — {0,1} bias(g; k) Definition 5.1
Fourier truncation operator Trn, Section 3

t-energy of a function g : {0,1}" — R

energy(g; t)

Definition 5.2

t-zero-energy of a function g : {0,1}" — {0, 1}

zeroEnergy(g; t)

Definition 5.3

Boolean function of a DNF formula G

G by notational abuse

Section 5.1

u-skin function of a DNF formula G sking Definition 5.6
Cover function of a DNF formula G coverg Definition 5.6
‘ Reduction ‘ Statement ‘ Overview ‘ Full presentation
bias < zero-energy Lemma 5.5 Section 5.5
zero-energy < energy of cover Theorem 7.3 | Sections 5.6, 5.8 | Section 7
energy of cover < energy of skin | Lemma 7.4 | Section 5.8 Section 7
energy of skin < energy Theorem 8.1 | Section 5.9 Section 8

The full presentation in Sections 7 and 8 use the machinery in Section 6. In Sections

6, 7, and 8, we separate between the monotone case and the general case to introduce the
arguments in a simple context. We recommend that the reader traverses first the monotone
part of the full sections in the following order: Sections 6.1, 6.2, 6.3, 7.1, 7.2, 7.4, introduction
of Section 8.

For future reference in Sections 5.11 and 9, we list below compact statements of the above

reductions.

e Lemma 5.4 (Focus on s-DNF): Let £ > s > 1 be integers, and € > 0. If bias(F; k) <

e for each m-clause s-DNF formula F', then bias(F; k) < e + m2~* for each m-clause
DNF formula F'.

At the end, we will set s = O(Vk).
k = O(log®>m).

Thus s = O(logm) in the typical case when

Lemma 5.5 (bias < zero-energy): Let F' be an m-clause s-DNF formula and let

k > s be an integer. Then bias(F'; k) < m X zeroEnergy(F';t), where t = L%J

Note that t ~ k/2 for s = ©(vk). Moreover, t = O(log> m) in the typical case when
k = O(log* m).

Theorem 7.3 (zero-energy < energy of cover): Let F' be an s-DNF formula on
the variables z1, ..., x, and let £ > s be an integer. Let Ay, ..., A,, be the clauses of F'.
Let C' = [m] be the set of indices of the clauses of F. If ¢ € C, let C,. = {d € C\{c} : A.
and Ay are consistent}. Let Cpuin = {c € C : C, # (}. For each ¢ € Cpuin, let F. be
the DNF formula on the variables 1, . .., x, whose clauses are {A. A Ag}aec,. Then
zeroEnergy (F;t) < |Crnain? Inax energy(coverg,;t — s).

main
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Note that for each ¢ € C,,4in, F. is a 2s-DNF formula with at most m — 1 clauses and
least one clause. Moreover, |Cpuin| < |C| = m. Note also that ¢t — s ~ t ~ k/2 for

t=[52] and s = O(Vk).

e Lemma 7.4 (energy of cover < energy of skin): Let G be a DNF formula and let
t > 0 be an integer. Then

energy(coverg; t) < sup energy(sking ,; ).
u>0

e Theorem 8.1 (energy of skin < energy): Let G be a DNF formula whose clauses
are Ay,..., A, and let t > 0 be an integer. If d € N™, construct from G a new DNF
formula G4 by adding d. auxiliary new nonnegated variables to each clause A.. Let
u>0and v =u/In2. Then

energy(sking ,;t) < energy(Ga;t).

<  max
de{[v],[v]}™
Note that for each d, the number of clauses of G4 is equal to that of G.

e Theorem 5.8 (LMN energy bound): Let G be an m-clause DNF formula and ¢t > 0
be an integer, then energy(G;t) < 2m2-Vi/20,

5.11 Backtracking

In this section, we derive an asymptotic version of Theorem 1.1 by substituting the bound
of Theorem 5.8 in Theorem 8.1 and backtracking the bounds via Lemma 7.4, Theorem 7.3,
Lemma 5.5, till Lemma 5.4. Namely, we show that if F'is an m-clause DNF formula and
k > 1 is an integer, then bias(F; k) = O(m®(1)2_9(‘@). Since the bound of Theorem 5.8
does not depend on the maximum number of literals in a clause, the needed calculations are
minimal.

Let G be an m-clause DNF formula and let ¢ > 0. Substituting the bound of Theorem
5.8 in Theorem 8.1, we get that energy(sking ,;t) < 2m2 V¥ for all u > 0. Substituting
in Lemma 7.4, we obtain energy(coverg;t) < 2m2-V¥20 Thus, by Theorem 7.3, if F is
an m-clause s-DNF formula and ¢ > s is an integer, then zeroEnergy(F;t) < 2m?*(m —
1)2-VE&s/20 Tt follows from Lemma 5.5 that if k& > s is an integer, then bias(F;k) <
2m?(m — 1)27VLE=9/21=5/20 " Ripally substituting in Lemma 5.4, we get that if F is an
m-clause DNF formula and £ > 1 is an integer, then

bias(F; k) < m27° 4+ 2m®(m — 1)27V (k=9)/21=s/20,

for all integers s such that £ > s > 1. Optimizing on s, we obtain bias(F’; k) = O(m42_9(‘@)
for s = O(Vk).

The exact bound m222-V*/10 of Theorem 1.1 is derived in Section 9. It uses another
form of the LMN energy bound which is tighter than Theorem 5.8 for s-DNF formulas when
s is not relatively large (Theorem 9.1 in Section 9), and a sharper form of Lemma 7.4 (Part
(a) of Lemma 7.4 in Section 7).
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6 Mobius and Fourier analysis of DNF formulas and
auxiliary functions

We develop in this section the proof machinery used in Sections 7 and 8.

We develop the monotone machinery in Sections 6.2 and 6.3. Monotone DNF formulas
and their skin and cover auxiliary functions have natural expansions as linear combinations of
monotone AND gates. We are interested in the coefficients of those expansions. The Fourier
transforms of those functions can be extracted from those coefficients by a basis change.
When expanding a real valued function f defined on the hypercube as a linear combinations
of monotone AND gates, it is convenient to view the hypercube as the poset B, of subsets
of [n] ordered by inclusion. We note in Section 6.2 that this enables us to interpret the
coefficients of the expansion of f as the Mobius transform of f with respect to the poset B,,.
We also derive a simple change of basis formula to extract the Fourier transform of a function
from its Mobius transform. In Section 6.3, we compute the Mobius and Fourier transforms
of monotone DNF formulas and their auxiliary functions. The monotone machinery is used
in Sections 7.1 and 8.

The poset language is essential to generalize to nonnecessarily monotone DNF formulas.
The monotone machinery naturally generalizes to the nonnecessarily monotone case by es-
sentially replacing the poset B, with another poset B(?), defined in Section 6.4. We develop
the general machinery in Sections 6.4 and 6.5. It is used in Section 7.3.

6.1 Posets preliminaries

For a general reference on posets, see [Sta97]. We only need few elementary definitions. A
poset (partially ordered set) X is a set X with a reflexive, antisymmetric, and transitive
binary relation <y. We denote <x by < when there is no confusion. We implicitly assume
that X is finite. We denote the set of real-valued functions on X by L(X) = {f : X — R}.
The zeta function (x of X is the linear transformation (x : L(X) — L(X) given by

CxH) = fly) = > ¢y 2)f(y)-

y<z yeX
That is, the matrix coefficients ((x(y, z))., of (x are given by:

1 ify<uz

ey, @) = { 0 otherwise. (6.1)

The zeta function (x is always nonsingular. The inverse (y' of (x is called the Mobius
function of X and is denoted by ux = (x'.
We are interested in two posets defined in Sections 6.2 and 6.4.

6.2 Poset B,

Let [n] % {1,...,n}. Let B, be the poset of subsets of [n] ordered by inclusion. We denote
the subset inclusion a C b by a < b and b > a.
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We identify the hypercube {0,1}" with the poset B, by associating z € {0,1}" with
support(z) & {i € [n] : #; = 1} € B,. Thus z € B, means both a subset of [n] and a vector

in {0,1}" depending on the context.
If z € B, define the monotone AND function AND, : B, — {0,1} by

AND.(z) ¥ A ;.

i€z

The functions {AND,},cp, form a basis of L(B,). When working with the {AND,}.cp,
basis, it is convenient to view the hypercube as the poset B,, since

AND,(z) = (p, (2, 2) (6.2)

by (6.1). That is, the functions {AN D, }.cp, are the rows of the matrix of the zeta function
(p, of the poset B,. Any function f € L(B,) can be expressed as

f=3 F(z)AND,

ZEBn

for some f € L(B,). By (6.2),

= > f(2)Ca.(2,7) = (CB. ) ().

ZEBn

That is, f = (g, f and hence f = pp, f. We call f = pp, f the Mobius transform of f.

Our interest in the Mobius transform on B,, is motivated by the fact that monotone DNF
formulas and auxiliary functions have natural expansions in the {AND,}, basis from which
we can extract their Mobius transforms. We show that in Section 6.3.

Given the Mobius transform of a function, its Fourier transform can be extracted via a
simple weighted summation, which we derive next. Recall the (z/2Z)" group structure on
{0,1}" from Section 3. In terms of the identification of {0,1}" with B, B, is an abelian
group under the set exclusive union operation, which we denote by &. In the B,,-terminology,
the characters of this abelian group defined in Section 3 are {X,(x) = (—1)*¥/} 5, .

To extract the Fourier transform of a function f € L(B,,) from its Mdbius transform, we
need a change of basis formula between the {AND,}, basis and the {X,}, basis of L(B,).
We have

1- (=™ o
i€z 1€2 1€2
That is,
Iy\
AND,( Q‘Z‘ ; Xy (6.3)
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Note that if z = ), by convention [[;c. ; = Ase. x; = 1. Thus
fl) = Z f(2)AND.(x)
= Zf )2~ |2l Z Iy\X

y<z

S ACICE 22*'2'f<z>

z2y

Therefore, the desired change of basis formula is:

Fly) = (~1)>"27FIf(2)  forally € B, and f € L(B,). (6.4)

z2y

Conversely, one can verify that

F(2) = ()24 37 f(y)
Y2z
but we will not use that.
Finally, if f : {0,1}" — R, the degree of f is the smallest degree of a polynomial
p € Rlzy,...,,) such that p(z) = f(x) for all x € {0,1}". In terms of the {X,}, basis, the
degree of f is equal to the maximal cardinality of y € B,, such that ]? (y) # 0. In terms of
the {AND.}, basis, the degree of f is equal to the maximal cardinality of z € B,, such that

f(z) #0.

6.3 Monotone DNF formulas and auxiliary functions

In this section we compute the Mobius and Fourier transforms of monotone DNF formulas
and auxiliary functions.

A DNF formula is called monotone if none of its clauses contain a negated variable. We
represent a monotone DNF formula F' on on n variables by a bipartite graph F' = (C, [n], N)
between the set C' of clauses and the set [n] of variables indices. For each clause ¢ € C, N(c)
is the neighborhood of ¢ consisting of the indices of the variables in ¢. To avoid degenerate
cases, we assume that we have at least one clause, i.e., |C| > 1, and that each clause contains
at least one variable, i.e., N(c) # () for each ¢ € C. If S C C, N(S) denotes the neighborhood
of S,i.e., N(S) = U.esN(c). Finally, if s > 1 is an integer, we call a monotone DNF formula
F = (C,[n],N) an s-DNF formula if each clause contains at most s variables, i.e., |[N(c)| < s
for each c € C.

We chose the bipartite graph representation to allow for duplicate clauses; formulas
possibly containing duplicate clauses will be derived in the proof of Theorem 1.1 (see Section
7.2.C).

If = (C,[n|,N) is a monotone DNF formula, we abuse notation and denote by F also
the boolean function computed by F. That is, the boolean function F': B,, — {0, 1} is given
by

F(z) € \/ ANDy(y(x) forz € B,.
ceC
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Monotone DNF formulas and auxiliary functions have natural expansions in the {AND,},
basis from which we can extract their Mobius transforms. To get the Fourier transforms, we
use the change of basis formula (6.4). To warm up, let us compute the Mobius and Fourier
transform of F'.

Lemma 6.1 Let F' = (C,[n],N) be a monotone DNF' formula. Then for all z,y € By,
Fl) = ¥~ 65

S#PCC:N(S)=2

Fly) = (DM 3 (1) e, (6.6)
SADCC:N(S)>y

Proof: By expanding F(z) as in (5.1) and grouping terms, we get

Fx)= Y —(-1)PANDyg)(z)= > AND.(z) Y. —(-1F.

SCC:S£0 2€Bn S#PCC:N(S)=2

which verifies (6.5). The correctness of (6.6) follows from (6.5) via (6.4):
F\(y) — (_1)|y\ Z 9—lzl Z _(_1)|S\ — (_1)|y\ Z _(_1)|S\27\N(S)\.
2>y SAOCC:N(S)=2 SAOCC:N(S)>y

|
If F = (C,[n],N) is a monotone DNF formula and u > 0, recall from Definition 5.6 the
auxiliary functions u-skin of F' and cover of F: sking,, coverp € L(B,,) are given by

sking,(z) 91— (1— e ") Xeec AN @)

def >
coverp(z) = / sking, (z)e”"du,
0

where sking,, is extended to u = 0 by continuity, i.e., skingo = F.
We compute below their Mobius and Fourier transforms which play a critical role in the
proof of Theorem 1.1 as shown in Sections 7 and 8.

Lemma 6.2 Let F = (C,[n], N) be a monotone DNF formula and uw > 0. Then for all
2,y € By,

sking,(z) = Yoo (=)l (6.7)

SAOCC:N(S)=2
1

coverp(z) = > — (=) ——— (6.8)
SAOCC:N(S)=2 [S1+1

skinpa(y) = (=1)¥ S —(—1)/8I2-IN )] guls] (6.9)

SAOCC:N(S)>y
— 1
coverp(y) = (=1)M > —(—1)'5‘2’“\7(5)‘@. (6.10)

S#PCC:N(S)>y
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Remark 6.3 1. Our interest in the cover and skin function originates from the last sum-
mation in (6.10). The analysis of the construction error term overviewed in Section 5.6
and fully presented in Section 7 leads to summations like the right side of (6.10) (see
the proof of Lemma 7.1 and Section 7.2.A). To interpret this summation, we expressed
IS\% as \&% = [ e uSlem*du, which lead us to the right side of (6.9). Using the

Fourier-Mé&bius change of basis Formula (6.4), we obtained (6.7) which we identified

as the Mobius transform of the skin function as shown in the proof below.

2. Comparing Lemmas 6.1 and 6.2, we see that the Mobius and Fourier transforms of the
u-skin and cover of F' are smoothed or weighted versions of those of F'. The smoothing

or weighting factor of the u-skin function is e~ and that of the cover function is
1

SESE

Proof: We start with (6.7). It is enough to verify it under the assumption that u > 0. The
u = 0 case follows from (6.5). We have

1— (1 o e—u)zcecANDN(c)(:B) —1— H(]- o e—u)ANDN(C)(:B)'
ceC

Since u > 0, we have (1—e~*)ANP¥©@) = 1 —e " AN Dy (z) forall ¢ € C and all = € {0, 1}"
(if ANDy((x) = 0, both terms are 1; if AN Dy, (z) = 1, both terms are 1 —e™*). Thus

1— (1 — e ) 2eec ANPN@@ = 1 — T[(1 — AN Dyg(z)e™)

ceC
= Z _(_e—u)|S\ H ANDN(C)(.T)
S#DCC ces
= Z —(—1)‘S|6iu‘S|ANDN(5)([B)
S#DCC

— Z( 3 _(_1)5leu5|> AND.(z), (6.11)

2€Bn \ S#OICC:N(S)==z

which verifies (6.7). Applying the linear operator up, to coverp = [5° sking e “du, we get

coverp(z) = / s/kilp,u(z)e’“du
0

- S (=) /°° o—u(S1+1) g,
0

S#DCC:N(S)=2

1
S M i

SAOCC:N(S)=2

which verifies (6.10). Finally, as in Lemma 6.1, (6.10) and (6.9) follow immediately from
(6.8) and (6.7) via (6.4). ]
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6.4 The poset B?

To generalize the monotone machinery in Sections 6.2 and 6.3 to the nonnecessarily monotone
case, we basically only have to replace the poset B, with another poset B,(f), which we study
in this section. Below, we define this poset and we give the corresponding analogs of (6.2)
and (6.4).
When the DNF formula is not necessarily monotone, the AND gates are of the form
AND(ZQZ//)(I') = /\ x; N\ /\ Ly = ANDZ/(ZL‘) VAN ANDZN(I'C) for x € Bm

i€z’ i€z’

where (#,2") € B, X B,, are such that 2’ N z” = 0 and z¢ ¥ [n]\z € B,.
This motivates looking at the poset B(? defined as follows. Consider the product poset

B2 Y B, x B,, ie., the order relation on B2 is given by (2/,2") < (y/,y") if 2/ <y and
2" <y". Let B® be the poset given by

¥ () 200 612

and ordered via the ordered relation of B2. That is, B® is the subposet of B2 given by
(6.12).

If z € B?, we denote by 2’ and 1" the elements of B, such that r = (2/,2").

If 2 € B? | the corresponding AND gate AND, : B, — {0, 1} is given by

AND.(z) € AND..(z) NAND./(z°) for z € B,.

To get a relation similar to (6.2), lift AND, to B® as follows. If z € B® | define AND,
P —{0,1} by

AND. (z) € AND./(2') NAND#(z") = (o (2, 7).
Thus
AND,(x) = AND,(z,z°) for x € By,
and
AND.(z) = (g (2,2) forx € BY, (6.13)

which is the analog of (6.2) on B%). We are using the bar-notation to indicate that AN D, is
the lift of AND, from B, to B? (the bar-notation should not be confused with negation).
The functions {AND.} _pe form a basis for L(B?) since by (6.13) they are the rows

of the matrix of the invertible linear transformation ¢ Any function f € L(B®) can be

By
expressed as

— 3 f(2)AND.

zGB(Q)

for some f € L(B®). Indeed, by (6.13),
Zf (e (2,2) = (Cyo f)(@).
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That is, f = ppe fand f = (e f. We call f = pge [ the Mobius transform of f.

We need an analog of (6.4) on B, If f € L(B?), we relate next the Fourier transform
of its projection to B,, to the Mobius transform of f

Consider the injective embedding B, — B(2 — (x,2¢). It induces the linear map
Proj : L(B®) — L(B,) given by (Proj f)(x ) f(z,z°). In terms of Proj, we have
AND, = Proj AND_, thus

(Proj f)(x) = 3 () AND-(x).

If f € L(BY), we show below how to extract Proj f from f. Let z € B®. From (6.3),
we have

AND,(z) =271 5 (=), (2),

/<Z/

and
ANDu(z%) = 27" S (=)W x 0 (29).

y//<z//

Now,
Xy () = (~DV' 0T = (L)W e ) (),
hence
AND // _2 ‘ZN‘ Z X //
y//<ZN

It follows that

QIZ\Z Iy\X Q\Z”\ZXN

/<Z/ ”<Z”

= 27 |Z - ‘y|Xy/€By”(x)
y<z

= 27 HY ()X (2), (6.14)
y<z

where 3’ @ y" =y Uy" since ¢ Ny” = (. Note that we are working in B® and not in B2,
i.e., if z € BY, then summing over all y < z (y > 2, respectively) means summing over all
y € B such that y < z (y > z, respectively). Thus

(Proj f)(z) = Zf )2 = IZ |y ‘Xy/uy”(x)

y<z
= Y Aul@) Y (—nl ST 2 Rz,
we By, a<lw z>(a,w\a)

That is, the desired analog of the change of basis formula (6.4) on B is

(Proj f)(w) =Y (=1l S 27Ff(2) forallwe B, and f € L(BY?).  (6.15)

asw z2(a,w\a)

Finally, we define some basic notions on B® used in Section 7.3.
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e Size: If z € B®, define the size or rank of z to be |z| & |2/ Ua”| = |2/| + |2|, and

note that 0 < |z| < n.

e Consistent elements and union: We call two elements x,y € B®? consistent if 2’
and y” are disjoint and z” and y’ are disjoint. It is straight forward to verify that two
elements = and y of B(? are consistent if and only if they have an upper bound (i.e.,
an element z of Bff) such that z > z and z > y), or equivalently, a least upper bound
(i.e., an upper bound < all upper bounds of z and y). If x,y € B? are consistent,

their least upper bound, which we call also union and denote by x U y, is given by

cUy ¥ Uy, 2" Uy") e BY.

Let y,z € B®. If y and 2z are consistent, then AND,AND, = AND,,,. If y and 2
are not consistent, then AND,(z)AND.(x) = 0 for all z € B?). The reason is that if
AND,(x)AND,(z) =1, then y < z and z < z, hence y and z have an upper bound,
i.e., they are consistent.

e Intersection and complement: To avoid degenerate cases, we define the intersection

Ny and complement x\y only for consistent elements z,y € B? as follows. Let

eNy ¥ (@ Ny, 2’ Ny’) € B® and y\xz © N\, y"\a") € B®. Note that r Ny <y,

y\z <y, and (xNy)U (y\z) = y. Note also that if z <y, then x and y are obviously
consistent, hence y\z is defined.

e Separated elements: We call two elements z,y € B® separated if 2/, 2"y, y" are
mutually disjoint. Separated elements are consistent. If x and y are separated, then
lyUzx| = |y| + |z|. If x and y are consistent, but not necessarily separated, then y\z
and x are separated and (y\z) Uz =y Uz, hence |y U z| = |y\z| + |z|.

6.5 General DNF formulas and auxiliary functions

In this section we compute the Mobius and Fourier transforms of general DNF formulas and
auxiliary functions.

We represent a DNF formula F' on n variables by two bipartite graphs (C,[n], N') and
(C,[n], N") both between the set C' of clauses and the set [n] of variable indices. For each
clause ¢ € C, N'(c) is the neighborhood of ¢ consisting of the indices of the nonnegated
variables of ¢, and N”(c) is the neighborhood of ¢ consisting of the indices of the negated
variables in ¢. We assume that N’(¢) N N"(c) = () for each clause ¢ € C. To avoid degenerate
cases, we assume, as in the monotone case, that we have at least one clause, i.e., |C] > 1,

and that each clause contains at least one literal, i.e., N'(¢) U N”(¢) # () for each ¢ € C.

Let N % (N, N"), ie., N(¢) ¥ (N'(c), N"(c)) € B® for each clause ¢ € C, and N(S) dof

(N'(S), N"(S)) € B2 for each set of clauses S C C. Note that N(S) is not necessarily in
B® since possibly N’(S) N N"(S) # (). We denote F' by F' = (C,[n], N). Finally, if s > 1 is
an integer, we call a DNF formula F' = (C, [n], N) an s-DNF formula if each clause contains
at most s literals, i.e., |N(c)| < s for each ¢ € C.
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Let F = (C,[n],N) be a DNF formula. We have the boolean function computed by
F, which by notational abuse we denote by F' € L(B,,). We also have the u-skin and cover

functions cover g, sking,, € L(B,,) associated with F' (for u > 0). They are given by Definition
56as: & Veec AND (e, sking,, def g (1— e‘“)ZCGCANDN(C), coverp & Jo° sking e "du,
where skinpg = F' by taking the limit. By lifting each of the AND gates of the DNF from

B, to Bff), we get the following natural lifts of F' as a boolean function, coverp, and sking,,:

Definition 6.4 (Lifted DNF boolean function, skin, and cover) Let F' = (C, [n], N)
be a DNF formula and u > 0, define F,coverg, sking.,, € L(B®) as:

F(z) = \/ ANDy(y ()

ceC
sking,(x) L1 (1= e ) Xeec ANDn(o@)

_ def ©—— —
coverp(xr) = / sking,(z)e”“du
0

for all x € Bff). Thus F = Proj F, coverp = Proj coverg, and sking,, = Proj sking,, .

Those lifted functions have natural expansions in the { AN D}, basis from which we can
extract their Mobius transforms. To get the Fourier transforms of the original functions, we
use (6.15).

We have the following analog of Lemmas 6.1 and 6.2.

Lemma 6.5 Let F = (C,[n], N) be a DNF formula and v > 0. Then for all z € B® and
w e B,,

Fz) = Y (-1 (6.16)
S#PCC:N(S)=z

skinp(z) = 3 —(=1)l5lg=uls] (6.17)
S£PCC:N(S)==

coverp(z) = S (=¥ ! (6.18)

S#DCC:N(S)=2 S| +1

Flw) = Y (-1 3 —(—1)ISl2= NI (6.19)

asw SADCC : N'(S)NN"(S)=0 & N(S)>(a,w\a)

skinpa(w) = S (=1) 3 —(—1)ISla=INS)le=ulSl - (6.20)
a<w S£PCC : N'(S)NN"(S)=0 & N(S)>(a,w\a)

S 1

coverp(w) = Y (=1) > —(=1)ISI2= NI _—__ (6.21)
a<w S£DCC : N'(S)NN"(S)=0 & N(S)>(a,w\a) 15[ +1

Proof: For u > 0, we have
1-— H (1 — ANDN(C)(I’)efu) = Z —(—efu)w‘ H ANDN(C) (.T)
ceC S#PCC ceS
= 2 —(=e)PIAND s (#) AN Do) ().
S#DCC
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If ANDy:(s)(2")ANDyn(sy(z”) = 1, then N'(S) < 2’ and N”(S) < 2", hence N'(S) and
N”(S) must be disjoint since =’ and z” are disjoint, i.e., we can exclude from the sum the
sets S such that N’(S) N N”(S) # 0. Thus

1-[[(1 = ANDy((z)e™) = > —(=1)leSTAND (s ()
ceC S£DCC:N'(S)NN"(S)=0
- ¥ ( 3 _(_1)|Seu5|> AND. ().
2eB® \SAICC:N(S)==

Setting u = 0, we get (6.16). To establish (6.17), it is enough to note that, for u > 0, we
have

1—(1- @*“)Zcec ANDy(e)(z) — 1 _ [I(- eT)ANDN@ (@) =1 — [1(@ = ANDy o (x)e™).

ceC ceC

This verifies (6.17) for u > 0. The u = 0 case follows by taking the limit.
Applying the linear operator i) to overyr = [;° sking,e™"du, we get

coverp(z) = / skﬁF,u(z)e’“du
0

- S (=) /°° e~ u(IS1+D) gy,
0

S#DCC:N(S)=2

1
S M i

S#DCC:N(S)=2

which establishes (6.18).
The correctness of (6.19) follows from (6.16) via (6.15):

Flw) = S (=nl 3 o7k 5 (1)

a<w z>(a,w\a) S#DCC:N(S)=z
— Z(_l)\al Z _(_1)\S|27|N(S)I.
azw SADCC:N'(S)NN" (S)=0 & N(S)>(a,w\a)
Similarly, (6.20) and (6.21) follow from (6.17) and (6.18) via (6.15). ]

6.6 Miscellaneous remarks

This section can be skipped without loss of continuity. In poset terminology °, Bff) can be

alternatively defined as the order ideal of B? generated by the antichain A, o (x,z°) :x €
B,} C B.

5An antichain of a poset X is a subset A of X such that any two distinct elements of A are incomparable.
A subset I of X is called an order ideal if x € I and y < z, then y € I. We say that an order ideal is
generated by a subset a A of X if I = {x € X : < y for some y € A}. Any order ideal has a generating
antichain.
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If X is a poset, the matrix coefficients of jx are denoted by (px(y, ))zy, i-€.,

(xf) (@)= px(y =z (6.22)

yeX

Since (x is lower triangular, py is also lower triangular, i.e., ux(y,x) =0if y £ x.
It is worth mentioning that the coefficients of the Mobius functions of the posets B,, and
Bff) have the following simple expressions:

i) up,(y,z) = (—1)*Wif y <z € B, (see [Sta97)]).

ii) e o (y, ) = (=)W if y < 2 € B, This can be derived from (i) via the fact that

Bff) is an order ideal of B = B,, x B, (In general, if I is an order ideal of a poset X
regarded as a subposet of X, then u;(y,x) = pux(y,x) for all z,y € I).

Those expressions are not used in the poof since, instead of using (6.22) to compute the
Mobius transforms of DNF formulas and their auxiliary functions, we extracted the Mobius
transforms from natural expansions of the functions in the {AND,}, basis.

7 From zero-energy to energies of auxiliary functions

In this section, we reduce the problem of bounding the t-zero-energy of an s-DNF' formula
F to that of bounding the (f — s)-energies of auxiliary functions derived from F'.

Let F' = (C,[n], N) be an s-DNF formula, and let ¢ > s be an integer. We want to bound
the t-zero-energy of F. That is, we want to construct f € L(B,) of degree at most t such
that the mean square error E(F — f)? is small, and f satisfies the zeros-constraint: f = 0
whenever F' = 0 (i.e., f(z) = 0 for each z € {0,1}" such that F'(xz) = 0). For any such f,
we have the bound zeroEnergy(F;t) < E(F — f)? = ||F — f||2.

We presented the construction of f in the monotone case in Section 5.6 without analyzing
its mean square error. In Sections 7.1 and 7.2, we analyze the Fourier transform of the

construction error term F' — f in the monotone case. Then we generalize to arbitrary DNF
formulas in Section 7.3. The analysis of F' — f /Eat\urally leads us to the cover and wu-skin
functions. In Lemmas 7.1 and 7.2, we express F' — f in terms of the Fourier transforms of
cover functions of DNF derived from F. The analysis in Sections 7.1, 7.2, and 7.3 uses the
machinery developed in Section 6.

In Section 7.4, we apply two simple bounds to the obtained expression of F' — f. The
first bound reduces the problem of bounding the t-zero-energy of F' to that of bounding
the (¢t — s)-energies of the cover functions of the derived DNF formulas. The second bound
reduces the latter problem to bounding the (¢ — s)-energies of the wu-skin functions of the
derived formulas, for all u > 0.
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7.1 Monotone case error analysis

This section uses the monotone machinery developed in Sections 6.2 and 6.3.

In this section we analyze the mean square error of the monotone construction defined
in Section 5.6. Assume that ' = (C, [n], N) is monotone and construct f as in Section 5.6.
That is, define f € L(B,) as

FE S ()P E.cg AN Doy Trny_ niey AN D sy o) - (7.1)
SCC:S#£0
We know from Section 5.6 that deg(f) < ¢ and f satisfies the zeros-constraint.
The difficult part is estimating the mean square error E(F — f)? = ||F — f||3 as t grows.

Toward this end, we start analyzing ' — f by first computing the Fourier transform of f,
which gives some intuition as to why one would speculate that the mean square error of

this construction decays as t grows. Then we interpret F' — f in Lemma 7.1 in terms of the
Fourier transforms of cover functions of DNF formulas derived from F.
Recall from (6.6) that

Flg)= (-1 3 —(-1)Fl ) (72)
SADCC:N(S)>y

We show below that the Fourier transform of f is given by

fyy == > ()27 N Prg[ly UN ()| < ). (7.3)
SADCC:N(S)>y

Proof of (7.3): Recall from (6.3) that

AND, = — S (-1)Vx,.
22| =
Let S# 0 C C, and let ¢ € S. Then
1
ANDN(C) == W Z (—1)‘y1|Xy1
y1<N(c)
and
1
Trnt,‘N(c)‘ANDN(S)\N(C) 72|N(S)\N(c)\ (_1)|92‘Xy2.
y2<N(S)\N(c):|y2|<t—|N(c)|
Thus
1
AN Do Trng v ANDnsiwie) = 5w > (~nkitlely, o,
Y1 S N(C)7
y2 < N(S)\N(c) :
ly2| <t —[N(c)|
1

Yy<SN(S):|lyUN (o)<t
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where we used the fact that y; @ ys = y; U ys since y; and ys are disjoint because N(c) and
N(S)\N(c) are disjoint.

Substituting (7.4) in (7.1) and writing the expectation operator in (7.1) as F.cs =
15 we gl

[ _(_1)S|ﬁ22w<s>| Y (cnda,

SCC:S#0 ceS y<N(S):|[yUN(c)|<t

_ %:Xy(_l)w T (1)l NG |1_| S

S#DCC:N(S)>y c€S:|yUN (c)|<t
after rearranging the summations. Noting that ﬁ Sces:yun(e)<t I = Prees(|ly U N(c)| < t],
we obtain (7.3). R R ]
Comparing the expressions of F' and f in (7.2) and (7.3), and noting that |[N(c)| < s <t
for each ¢ € C' since F' is an s-DNF formula, we get

s [ Fly) iyl <t—s
f(y)_{o if |y| > t.

This relation gives some intuition why the mean square error H/F/—\fH% of this construc-
tion decays as t grows. It says that f(y) = Trn.F'(y) if |y| <t — s or |y| > t. We know from

LMN energy bound (Theorem 5.8) that F(F — Trn,F')? = ||[F — Trn, F'||3 decays quickly as
¢ grows. Thus, we can hope that f(y) is not too bad in the region ¢ — s < |y| < t and
accordingly speculate that the mean square error HF/—\fH% also decays as t grows.

Unfortunately, we could not turn this intuition into a bound on HF—\ng since the
frequencies in the region ¢t — s < |y| < ¢ are too many to handle separately by trivial bounds.
We can think of other equally intuitive constructions, which we briefly mention in Section
7.2.D below. The reason behind/ﬁfﬂ)ring this choice of f is analytical. Using analytical
means, we managed to bound ||[F — f||2 by interpreting the Fourier transform of the error
term f — F' in terms of the Fourier transforms of cover functions of DNF formulas derived
from F' as shown in Lemma 7.1 below. We consider f — F' instead of F' — f for technical
convenience.

Lemma 7.1 (Error interpretation) Let F' = (C,[n], N) be a monotone s-DNF' formula,
and let t > s be an integer. Assume that |C| > 2. Let f € L(B,) be given by

f= 3 —(-1)¥E.csAN Dy Trm_ iy AN Dy(syn(o)- (7.5)
SCC:S#0
For each clause ¢ € C, define the new DNF formula F, = (C., [n], N.) resulting from removing
the clause ¢ from F and adding its variables to all the other clauses, i.e., C. = C\{c} and
N.(d) = N(d)U N(c) for each d € C..
Then: i) deg(f) <t; ii) f satisfies the zeros-constraint: f = 0 whenever F' = 0; and iii)
for each y € B,

(f=F)y)= >  coverr(y). (7.6)

ceC:|yUN(c)|>t
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We show in Section 7.4 that Equation (7.6) immediately leads to a bound on Hf/—\FHg
in terms of the (¢t — s)-energies of the covers of the derived DNF formulas.

It is important to note that the following error analysis is the origin of the cover and skin
functions. We highlight in Section 7.2.A how the error analysis in the proof below naturally
leads to the definitions of skin and cover.

Proof of Lemma 7.1: We have (i) and (ii) from Section 5.6. We need to establish (7.6).
Let
AL s _F

Subtracting the summation (7.2) from (7.3), we get

Alg)= (-0 ¥ (—1)slg-ves) L Y (7.7)

S#PCC:N(S)>y ‘ ‘ ceS:|yUN (c)|>t

for all y € B,.

First, for technical convenience, we note that the summation Y gcc.s4p in (7.7) can be
replaced with Y gccujsj>1. The condition |S| > 1 is nonrestrictive since the size-1 subsets S
of C' do not contribute to the summation. Indeed, assume that |S| = 1, hence S = {¢y} for
some ¢y € C. Thus the expression in (7.7) is nonzero only if N(cp) > y and |y U N(co)| > t.
But then we get |N(cg)| > t since y UN(cg) = N(cp) because N(cy) > y. This is not possible
since |N(cp)| < s because F' is an s-DNF and s < ¢ by the lemma hypothesis.

If we replace Y gcc:s20 With Y gccys/>1 and reverse the order of the summations in (7.7),
we get

Aly) = S (e 3 PU&2M$%W
ceC: ScC:|S>1
lyUN(c)| >t N(S) >y
ce S

SR PRCVED ol IR SRR CE VAN ) Eall
ceC: 2yl ScC:|S)>1
lyUN(c)| >t NS)=z&ceS

Using the change of basis formula (6.4), we obtain

Aly)= > Xy,

ceC:|yUN(c)|>t
where X, € L(B,) is a function given by its Mdbius transform
1
D S T
ScC:lS>1

N(S) ==
ces
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By a change of variables from S to T'= S\{c}, we can write this as:

By the definition of the formula F., we have C. = C'\{c} and N.(d) = N(d) U N(c) for each
d € C,. Hence for each T' C C,, No(T') = Uger Ne(d) = UgerueyN(d) = N(T U {c}). Thus

1
Xe(2) = > —(—) (7.8)
TAOCCoiN(T)== Tl+1

Using (6.8), we identify this as the Mobius transform of the cover of F,, i.e., X. = coverg,,
which proves (7.6). ]

7.2 Discussion

In this section, we make some remarks related to the above construction.

A. Origin of the cover and skin functions. Equation (7.6) is the reason behind our
interest in the cover and skin functions. We explain below how the analysis of }/—\F lead
us to the cover and skin functions. As shown in the above proof of Lemma 7.1, 3‘/—\F can
be expressed as

(f=Fwy= > Xy,
ce€C:|yUN(c)|>t
for some function X, € L(B,) whose Mébius transform is given by (7.8). By expressing
ﬁ as ﬁ = [ e Tle~tdu, we concluded that X. = [° Y. e “du, for some family of
functions Y, ,, € L(B,,) whose Mébius transforms are given by:

Yeu(z) = > —(=1)ITlemuiTl,

T#DCCeiN(T)=2

The u-skin function was identified from its Mobius transform via (6.11) with respect to Fi.:

Z( > —<—1>T'€“T'> AND.(z) = 1= (1 = ™) ocee VDo),
(T)==

2€Bn \T#0CC¢:N,

That is, we first did the computations in Lemma 6.2 backward on F, to first conclude that
Y., = sking, ,, and hence X, = coverp, by evaluating the integral [5°sking, e “du.
The right way to understand (7.6) is in the Fourier domain. It does not have a simple
analogue outside this domain due to the condition |y U N(c)| > ¢ on y in the summation.
We do not have an intuitive nonanalytical explanation of (7.6). Recall that we constructed
f so that it satisfies the zeros-constraint and the low degree condition. As explained in the

~

discussion preceding the theorem statement, the construction intuition is “hopefully f(y)
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is not too bad in the region t — s < |y| < t”. The same intuition applies to other similar
constructions of f which we failed to analyze (see below). The issue is that we could not turn
this intuition into an argument. We managed instead in (7.6) to interpret the construction
error term using analytical means which lead us to the cover and skin functions.

B. Identifying the components of (7.6). From a big perspective, the components
of (7.6) can be identified with the definition of f in (7.5) as follows. Write the expectation
operator in (7.5) as Fees = ﬁ Y ces- The summation on ¢ in F.g corresponds to the
summation on ¢ in (7.6). The latter summation is subject to the condition |y N N(c)| > ¢
which comes from the truncation operator in (7.5). The G S| term of the expectation operator
E.cs corresponds to the \Tlﬁ weighting factor in (7.8) via the change of variables done in
the proof of Lemma 7.1 from S to T'= S\{c}. Note that this ‘T|+1
distinguishes the cover of F, from F, in the Mdbius and Fourier domains (see Remark 6.3.2).

C. Duplicate clauses issue. It is possible that there exist ¢, dy,dy € C, such that
N(dy) # N(dz), but N(c)UN(dy) = N(c)UN(dy), i.e., N.(dy) = N.(d2). Thus it is possible
that the DNF formula F. has duplicate clauses even if F' does not have. Duplicate clauses in
F, affect the function coverp . This is the reason why we chose to represent a DNF formula
by a bipartite graph and not a set of clauses, i.e., a subset of of B, (or B,(f) in the general
case).

D. Alternative constructions. In what follows, we briefly mention two intuitive al-
ternative constructions of f which we failed to analyze. Instead of starting from (5.1), it is
natural to try grouping terms first, i.e., express

= 3 F(2)AND.(z),

ZEBn

weighting factor is what

where the Mébius transform of F' is given in (6.5) by ]3(2) = 3 5£0cC:N(S)=2 —(— 1)!81. Start-
ing from this expression, we can define

f/ = Z ﬁ(Z)EceN—l(z)ANDN(c)Trnt—\N(c)\ANDz\N(c)-

where N71(z) = {¢ € C : ¢ < z}. Here again the degree of f’ is at most ¢, f’ satisfies
the zeros-constraint, and the same intuition behind the above construction of f applies to

f'. We can also express (f' — F)(y) similarly to (7.6) as a sum over ¢ € C of the Fourier
coefficients of some functions. The issue however is that, unlike the covers of the derived
formulas, those function are hard to analyze and they have no clear interpretation.

The second construction is the following. Rather than averaging over all the ¢ € S, we

could have fixed a arbitrary map o : 2 — C which attaches to each S C C a fixed element

cs & a(S) € S (e.g., the smallest clause in S). Then we can define

fao= > —(-1)SAN Dy (o) Trn—n(es) AN Dn(sy\Nies)-
SCC:S40

Here again, the degree of f, is at most ¢, f, satisfies the zeros-constraint, and the same
intuition behind the above construction of f applies to f,. The issue is again in the difficulty
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of interpreting and analyzing the functions in the resulting analog of (7.6). We can view f
however as the average of f, over all the maps «, i.e., f = E, f,.

7.3 General case construction

This section uses the general machinery in Sections 6.4 and 6.5.
If F' is not necessarily monotone, the monotone case construction generalizes naturally
as follows. Following the derivations in the proof of Lemma 6.5 (for u = 0), expand F' as

Fle) = 1- J[(1 - ANDyiy(a))

ceC
— Z —(—1)‘S| HANDN(C)(ZB)
S#PCC ceS
= Z —(—1)‘S|ANDN/(S) (.T/)ANDN//(S)(Z’H)
S#OCC
= Z —(—1)|S‘ANDN/(5)(I'/)ANDNN(S) (ZL‘//)
S#PCC:N'(S)NN"(S)=0

S#DCC:N'(S)NN"(S)=0

Let S C C such that S # @ and N'(S) N N"(S) =0, i.e., N(S) € BO\{(0,0)}. For each
c € S, we have

Recall from Section 6.4 that we defined y\z € B{? for consistent elements z,y € B(?, and
note that N(c) and N(S) are consistent since N(c) < N(S). Averaging over all ¢ € S, we
trivially get

ANDy(s)y = EcesAN D) AN Dy (s)\n(c)

hence
F= > — (1)1 E.cs AN Doy AN Dy (syw(o)-
SAOCC:N'(S)NN" (S)=0

We construct f as in the monotone case by truncating each ANDygy\n() to Trn_ e
ANDN($)\N(e)-

Lemma 7.2 (Error interpretation) Let F' = (C,[n],N) be an s-DNF formula and let
t > s be an integer. Let f € L(B,) be given by

/= > —(=1)¥'Ecs AN Do) Trng— ey AN Div(syv(e) -
ScC:5#0 & N'(S)NN"(S)=0

If c € C, let C, be the set of of clauses other than ¢ which are consistent with c, 1i.e.,
C.={d e C\{c}: N(d) and N(c) are consistent}. Let Cp,ain be the set of clauses which are
consistent with at least one clause of F other than themselves, i.e., Cpam = {c € C: C. # 0}.
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For each clause ¢ € Cyain, define the new DNF formula F, = (C,, [n], N..), where N.(d) =
N(d)UN(c) for each d € C,. That is, F, is the formula resulting from removing from F the
clause ¢ and all the clauses not consistent with ¢, and adding the literals of ¢ to each of the
remaining clauses.

Then: i) deg(f) < t; ii) f satisfies the zeros-constraint: f = 0 whenever F' = 0; and iii)
for each w € B,

(f ~ F)(w) = > cover, (w) (7.9)

c€Cmain:|WUN'(c)UN" (c)|>t

Proof: We have deg(f) < t since the degree of each Trn,_|n()ANDn(s)\n() 1S at most
t—|N(c)| and the degree of AN Dy is |N(c)|. Moreover, if F'(z) = 0, then AN Dy (s)(z) =0
for each ¢ € C, thus f(z) = 0, and hence (ii). We have to establish (7.9). Let

AL s _F
We have
A = (—1)‘S|EC€SANDN(C)(1 — Trnt7|N(c)|)ANDN(S)\N(c)-
SADCC:N'(S)NN" (S)=0
= 3 (=1)¥1Bcs AN Dy (o) (1 — Trny_n(e))) AN Div(syv(e) - (7.10)

SCC:|S|>1 & N'(S)NN"(S)=0

As in the monotone case, we impose the nonrestrictive condition |S| > 1 for technical
convenience. This is nonrestrictive since if |S| = 1, then S = {¢o} for some ¢, € C, hence
ANDN(S)\N(CO) = 1. Therefore (1 - Trnt—|N(c0)\)ANDN(S)\N(CO) = 0 since t — ’N(CO)’ >0
because |N(cp)| < s as F is an s-DNF and ¢ > s by the lemma hypothesis.
Recall from (6.14) that
AND, =" (=1)V1x 0,
y<z

and recall also that we are working in B(®) and not in B2, i.e., if z € B?, then summing

over all y < z (y > 2, respectively) means summing over all y € B(? such that y < z (y > z,
respectively).

Let S # () C C such that N’(S) N N"(S) = 0, i.e., such that N(S) € B? and let c € S.
Then

1 /
ANDyvo = gy 2 (S ¥y
y1<N(c)
and
1 /
(1 = Trny v ) AN Dn(spne) = SINENNEI > (=)L

y2<N(S)\N(c):|y2[>t—[N(c)|
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Thus
1

ANDN( )(1 — Trn,_ [N (c) )ANDN(S)\N( ) = PG Z (_1)|y1‘+|y2|Xy’1Uy’l’@y2uyg
)
y2 < N(S)\N(e) :
ly2| >t — |N(c)]
1 /
LG > oWy (7.11)

Yy<N(S):[y\N(c)[>t—|N(c)]

To verify (7.11), recall first from Section 6.4 the definitions of basic operations in B(?).
(7.11) follows from the fact that N(c) and N(S)\N(c) are separated and hence y; and yo are
separated. Thus summing over y; < N(c¢) and yo < N(S)\N(c) is equivalent to summing
over y = y; Uys < N(c) U (N(S)\N(c)) = N(S). Since y; and y, are separated, i.e.,
y1, 1, yh, y5 are mutually disjoint, we have y; Uyl @y, Uy) = vi Uy Uyb Uyh =y Uy” and
il + lwsl = [y1 Vel = |yl
Now, note that
[Y\N ()| +|N(c)| = [yUN(c)| = [(yUN(c))" U(yUN(c))"| = [y UN'(c)Uy"UN"(c)]. (7.12)

The first equality holds because, in general, if z and y are consistent, then |yUz| = |y\z|+|x|
as noted at the end of Section 6.4 (y and N(c) are consistent as they have the upper bound
N(S) in B®). The second (third, respectively) equality follows from the definition of size
(union, respectively) in B®.

Substituting (7.12) in (7.11), and then (7.11) in (7.10), we get

1 /
R 5 Z g . (D)1
C : > Y < :
N'(8) N N"(S) = 0 (' Uy") UN'(c) UN"(c)| > t

By rearranging the summations, we extract the Fourier coefficients of A: A =3, ¢cp, K(w)X ws
where

—~ 1 1
A(w) = > (-U‘ﬂg ) SN > (=)
ScC:|8>1 ceS: a<w:
N'(S)NN"(S)=10 lwUN'(c) UN"(c)| >t (a,w\a) < N(S)
_ 3 S (—1) T (—1)Slg- N1 L
ceC: asw Sco:|8>1 &l
lw U N'(¢) UN"(¢)| > t N'(8) N N"(8) =0
N(S) = (ng\a)
cE

1
- Z Z(_l)\al Z Z (_1)\S|m 9zl
ceC: asw 2w\ | g OS] >1
lwUN'(c) UN"(c)| >t NS =z&ceS
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Using (6.15), we obtain

Alw) = > Proj X.(w), (7.13)
ceC:
lwUN'(c) UN"(c)| >t

where X, € L(B?) is given by its M&bius transform

D M S L
Scc:ls|>1 151
NS)=z&ceS

_ _1\ITI+1 1
a 2 (=1) IT|+1

TAOCC\{c}:N(TU{c})==

after a change of variables from S to T' = S\{c}.

We will show that X, = covery, if ¢ € Ciain, and X, = 0 if ¢ € C\Crain.

First we handle the degenerate case when ¢ € C\Ciuin. Assume ¢ € C\Chain, thus there
is no d # ¢ € C such that N(d) and N(c) are consistent. Hence T' = () is the only ' C C\{c}
such that N(T'U {c}) € B®. But T = () is not allowed in the summation. It follows that
X.=0.

Now, assume that ¢ € C,4i,. By the definition of the formula F,, C. = {d € C\{c} : N(d)
and N(c) are consistent} # (), and N.(d) = N(d) U N(c) for each d € C.. Hence for each
TCC,,

Ne(T) = (NUT), N(T)) = (N(T U{c}), NY(T U {c})) = N(T'U{c}).

Moreover, if T C C\{c} but T' ¢ C., then T contains an element d of C such that
N(c) and N(d) are not consistent. Consequently, N'({c,d}) N N"({c,d}) # (), and hence
N(TU{cH)NN"(TU{c}) #0,ie, N(TU{c}) & BP. Therefore T does not contribute to
the summation. It follows that

— 1
%= Y —pn_ Lo
T#PCCe:N(S)==2 ‘T’ +1
Using (6.18), we identify this as the Mobius transform of the lifted cover of F,, i.e.,
X, = coverg,. Thus Proj X. = coverg,, and hence (7.9) follows from (7.13). [
7.4 Bounds

The analysis in Sections 7.1 and 7.3 consists of exact derivations not because we are inter-
ested in exact evaluations, but because we could not use approximations since the involved

summations have exponentially many terms of alternating signs. The expression of f — F
in Lemma 7.1 (or Lemma 7.2) can be regarded as a way to hide those huge summations in
the Fourier transforms of the cover functions.
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In this section, we apply two simple bounds to this expression. The first bound (Theorem
7.3) reduces the problem of bounding the t-zero-energy of F to that of bounding the (¢ — s)-
energies of the cover functions of DNF formulas derived from F'. The second bound (Lemma
7.4) reduces the latter problem to bounding the (¢ — s)-energies of the u-skin functions of
the derived formulas, for all u > 0.

Theorem 7.3 (zero-energy < energy of cover) Let F' = (C,[n], N) be an s-DNF formula
and let t > s be an integer.

a) (Monotone case) Assume that F' is monotone and |C| > 2. For each clause ¢ € C,
define the new DNF formula F. = (C,,[n], N.) resulting from removing the clause
¢ from F and adding its variables to all the other clauses, i.e., C. = C\{c} and
N.(d) = N(d) U N(c) for each d € C.. Then

zeroEnergy(F;t) < |C|? max energy(coverp,;t — ).
ce

b) (General case) In general, if c € C, let C. be the set of clauses other than ¢ which
are consistent with ¢, i.e., C. = {d € C\{c} : N(d) and N(c) are consistent}. Let
Chnain be the set of clauses which are consistent with at least one clause of F other than
themselves, i.e., Crain = {c € C : C. # 0}.

For each clause ¢ € Ciin, define the new DNF' formula F. = (C.,[n], N.), where
N.(d) = N(d) U N(c) for each d € C.. That is, F. is the formula resulting from
removing from F' the clause ¢ and all the clauses not consistent with ¢, and adding the
literals of ¢ to each of the remaining clauses. Then

zeroEnergy(F;t) < |Cpain|? max  energy(coverp,;t — s).

€Cmain

Proof: (a) Let f € L(B,) be as defined in the statement of Lemma 7.1. Thus
zeroEnergy(Fit) < E(F — f)? = ||f — F|3

and

(f=F)y)= >  coverp(y),

ceC:lyUN(c)|>t

for each y € B,,. To hide the dependency of the summation on y, for each ¢ € C, define
a. € L(B,,) by

_ [ coverp,(y) if [yUN(c)| >t
ac(y) = { 0 otherwise.
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Thus }/—\F = Y cec Ge. Applying a triangular inequality, we get

If=Fll2 < > llacllz

ceC

1/2
= Z < Z ch(y)2>

c€C \y€By:|yUN(c)|>t

1/2
< Z( > mm(@f)

c€C \yEBp:|y|>t—s

= > Venergy(coverp,;t — s),
ceC

where the second inequality follows from the fact that |y U N(c)| < |y| + |[N(c)] < |y| + s
since ['is an s-DNF'. If follows that

2
zeroEnergy(F;t) < (Z Venergy (coverp,; t — s))

ceC
< |C]* max energy(coverg,;t — s).
ceC

(b) The general case follows from exactly the same argument. Just replace Lemma 7.1
with Lemma 7.2, y with w, C' with Cy,4in, and N(c) with N'(c) U N”(c). ]

It is not clear how to estimate the t-energy of the cover function without resorting to the
u-skin function, for all u > 0.

Lemma 7.4 (energy of cover < energy of skin) Let G be a DNF formula and let t > 0
be an integer. Then :

a)

00 2
energy( coverg;t) < (/ \/energy(skmqu;t)e’“du) )
0

b)
energy(coverg;t) < sup energy(skingy;t)
u>0

Proof: Part (b) follows immediately from Part (a) since (f;° e “du)? = 1.

Part (a) follows from the fact that coverg = [;° sking e “du via Cauchy-Schwarz in-
equality as we explain next. Let a, = sking, and b = [5° aye*du. Thus b= Jo° aye*du by
the linearity of the Fourier transform operator. Hence

B(y)Z = /0 /0 am (y)a% (y)eimiwduldui
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for all y € {0,1}". Tt follows from Cauchy-Schwarz inequality that

>t = [ ”( > aul<y>au2<y>> e dudu,

yily|>t y:ly|>t
o o — — _ _
< / / Z ay, (y)? Z Uy, (Y)? e "2 duydus
o 7o y:ly|>t y:ly|>t

= ([ oneray (g fe-du)

Problem 7.5 Let G = (C,[n], N) be a DNF' formula, t > 0 an integer, and u > 0. If G is
monotone, it follows from (6.10) and (6.9) that

YyEBn:|y|>t \SCC:N(S)>y

2
1
energy( coverg;t) = > ( > (_1)S|2_N(S)W>

2
energy(skingu;t) = > ( > (—1)S|2_N(S)6_"|S> .

YyEBn:|y|>t \SCC:N(S)>y

In general, it follows from (6.21) and (6.20) that

energy(coverg;t) = Z (Z(_l)a| Z (—1)|52—|N(S)I|S|%>

WEBn:lw|>t \a<w SCC: N'(S)NN"(S)=0 & N(S)>(a,w\a)

WEBp:|w|>t \asw SCC: N'(S)NN"(S)=0 & N(S)>(a,w\a)

energy(skingu;t) = Y (Z(—l)‘” > (_1)|52—|N(5)|€—u5|> '

Analyze and estimate those sums without using the technique of Section 8 below. In the
monotone case the sums are expressions associated with bipartite graphs. Note also that,
experimentally, it is evident that energy(sking.;t) exponentially decreases with u for fived G
and t.

8 Back to DNF formulas

Let G be a DNF formula, u > 0, and t > 0 be an integer. We want to estimate the t-energy
of the u-skin of GG. In this section, we bound the t-energy of the u-skin of G by the t-energies
of DNF formulas derived from G by adding auxiliary new variables.
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To motivate the technique, assume for simplicity that G is monotone. Let G = (C, [n], N).
The key idea behind the reduction can be easily pointed out using the Fourier transform
expression of the u-skin function derived in Section 6.3.

We have

—

energy (sking ;1) = > sking.u(y)?
yily[>t
with

—

sking ,(y) = (—1) 3 —(=1)Slo-INS)l—uls]
SAOCC:N(S)>y

by (6.9). Recall also from (6.6) that

—

Gy) = (_1)|y\ Z _(_1)|S\27\N(S)\.

S#PCC:N(S)>y

We have a bound on energy(G; t) from LMN energy bound (Theorem 5.8). Since G = sking o,
this is a bound on energy(sking,,;t) for u = 0. We need a bound for all u > 0.

The key observation is the following. Consider the special case when e™ = 27", where v
is a nonnegative integer. Then

skingu(y) = (1) 3 —(=1)Sla-(N®llsD,
SABCC:N(S)>y

Construct from G a new monotone DNF formula GG, by adding v auxiliary new variables to
each clause ¢ € C. That is, for each ¢ € C, let N(c) be a size-v set of variable indices such
that: N(c1) N N(cy) =0 and N(c;)N[n] =0 for all ¢; # ¢, € C. Let I = UeeeN(c). Then
G, = (C,[n]UI, N,), where N,(c) = N(c) UN(c) for each ¢ € C.

If S C C, then N,(S) = N(S) U N(S) and hence |N,(S)| = |[N(S)| + v|S|. Moreover if

y C [n], then N(S) >y if and only if N,(S) > y because I and [n| are disjoint. Thus

sking,(y) = (=) 3" (=)l forall y < [n].
S£DCC:N,(S)>y

This leads us to the key Fourier relation:

—

sking ., (y) = ay(y), for all y C [n], (8.1)

which is the key point behind adding auxiliary new variables. It immediately implies that

energy(sking,;t) = Z ST{EIG,u(y)Z
yCln]:y|>t

= Z /G\v(y)2

yClnl:ly[>t

< o Guly)? (8.2)
yCn)Ul:|y|>t

= energy(G,;t),



which enables us to use LMN energy bound. The same argument works if G is not necessarily
monotone. The above argument assumes that v is an integer. If v is not necessarily an integer
and G is not necessarily monotone, we prove the following:

Theorem 8.1 (energy of skin < energy) Let G = (C,[n], N) be a DNF formula and let
t >0 be an integer.

If d € N°, construct from G a new DNF formula Gy by adding d. auziliary new non-
negated variables to each clause ¢ € C. That s, for each c € C, let N(c) be a size-d. set of
variables indices such that: N(c1) N N(cy) =0 and N(c) N [n] =0 for all ¢ # ¢y € C. Let
I = UgeeN(c). Then Gq = (C,[n] U I, Ny), where Ny(c) = (N'(c) U N(c), N"(c)) for each
ceC.

Let u>0 and let v > 0 such that e™* =27", i.e., v =u/In2.

Then

energy(sking.;t) < de{{vnﬁﬁg]}c energy(Gq;t).

The underlying analogue of the key Fourier relation in (8.1) is the following. If v is not
necessarily an integer, let 0 < p < 1 such that p2=1"1 + (1 — p)271") = 27V = ¢7*, We note in
the poof below that ST{EIGU(@/) — Ep Gp(y), for each y C [n], where D is a random vector
chosen from {|v], [v]}¢ by independently setting each of its entries to [v] with probability
p and to |v] with probability 1 — p.

As noted above, the key point behind adding auxiliary new variables is (8.1), which can
be easily seen by examining the summation in the expression of the Fourier transform of
the u-skin function. We can directly verify (8.1) and its analog without going into this
summation, but with little insight into what is going on. We do that below to avoid the
messy summations in the nonnecessarily monotone case.

Remark 8.2 1. It is not clear how tight the bound is, i.e., it is not clear how much we
are losing in (8.2).

2. Experimentally, it is evident that energy(sking,;t) exponentially decreases with u for
fixed G and t. We conjecture that there is a bound on energy(sking ,;t) in terms of w,
the number m of clauses, and ¢ which exponentially decreases with w.

Note that sking,(x) is a strictly decreasing function in u for fixed G and z. But
this fact alone is not enough to conclude anything about the variation of its energy
energy(sking ,; t) with u for fixed G and ¢.

3. It is not clear whether the bound of Theorem 8.1 decays exponentially with u for fixed
m and t. It is not hard to derive an exponentially decaying bound for ¢t = 1. We were
not able to do that for larger values of ¢.

4. It is worth mentioning that the wu-skin of G does not simplify to a low degree poly-
nomial under random restrictions, which excludes the possibility of directly adapting
the argument in [LMNO93] to the u-skin function without going into the the process of
deriving the formulas G4 from G. The same holds for the cover function.
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8.1 Proof of Theorem 8.1

We view G4 and Gy as functions defined on {0,1}" x {0,1}/. We denote the elements of
(0,13 x {0, 1} by (2, 4) or (3.7).

Let 0 < p < 1 such that p27 "1 + (1 — p)2=l") = 27v = 7% Such p exists since
2=l < 27v < 27" Consider the random vector D = (D.)ccc € {|v], [v]}¢ whose entries
are chosen independently by setting each to [v] with probability p and to |v| with probability
1 —p. Thus Ep 2 Pe =27V = ¢, for each ¢ € C, by the definition of p.

We show below that - R

sking . (y) = EpGp(y,0) (8.3)

for each y € {0,1}".
Theorem 8.1 follows from (8.3) as follows. We have

— —~ 2 —~
sking,.(y)* = (Ep Gp(y,0))” < Ep Gp(y,0)%,

since 0 < E(X — EX)? = EX? — (EX)? for any random variable X. Thus

energy(sking,;t) = > ST{ElG,u (y)°
ye{0,1}:|y|>t

ED Z /G\D(yu 0)2
ye{O,l}”:\y|>t

ED Z GD (y> y)2
(y,i) {0,137 x {0, 1} 1| ()| >t

Ep energy(Gp;t)

IN

IN

IN

max  energy(Gy;t).
s (B enerey (G )

To establish (8.3) , we use an intermediate function. If d € N¢, define shellg 4 : {0,1}" —
R as
shellg 4(z) € 1 — JT(1 = 27 % AN Dy o (2)).
ceC

This is a nonuniform variation of the skin function where the clauses are weighted differently.
We show that

Lemma 8.3 Ifd € NY, then - -
Ga(y,0) = shellg.a(y)

for each y € {0,1}".

Lemma 8.4 For allu > 0,
Ep shellg,p = sking .
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Thus, by the linearity of the Fourier transform operator,

sking.u(y) = B, sking,(z)X,(z)
= E,Ep shellg p(x)X,(x)
= EpE, shellg p(z)X,(z)
= Ep SIG\HG,D(?J)
= Ep Gp(y,0),

which verifies (8.3).

Proof of Lemma 8.3: We have

—~

Ga(y,9) = B Gal, £)X .5 (2, 7).
Thus
Ga(y,0) = FEunGa(r,2)X 0 (r,2) = EBosGale, £)X, ()
= Eucony (BiepoiGale, 7)) X, (w). (8.4)
First note that if ¢ € C and (z,#) € {0,1}" x {0, 1}, then
ANDny o) (2, %) = AN Dy () (2) AN Dy (£)-
Thus

Ga(w,#) = \/ ANDyyo (i) = 1= T[ (1 = AN Doy () AN Dy ()

ceC ceC

Since each of the auxiliary new variables belongs to one and only one clause, by decomposing
#€{0,1} as & = (#.)ccc € [Teec{0, 131V, we get

Eyco1yiGa(z,#) = 1— T (1= ANDyo)(2) (E; o150 AN Dy (i) ))

ceC

= 1—]] (1 = ANDyy(2)27%)
ceC

= SheHGd(ZL‘).

Substituting in (8.4), we get

—~ —

Ga(y,0) = Eycqo1y» shellg q(2) Xy (x) = shellg q(y).
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Proof of Lemma 8.4: Since, by construction, the entries of the random vector D are
independent and the expected value of each is e ™, we have

Ep shellG,D(x) = 1—-Fp H(l - 2_DCANDN(C)(‘I))

ceC
= 1- [0 = (Ep,2 "*)ANDy((x))
ceC
= 1-J](Q— e “ANDny(y(z)).
ceC

If w =0, we get Ep shellg p(x) =1 — [[eec(l = ANDy(e)(x)) = G(x) = sking,o(z) by the
definition of the extension of sking,, to u = 0.

If u > 0, we have 1—e AN Dy, (z) = (1—e *)*NPrv@ @ for all ¢ € C and all z € {0, 1}"
(if ANDn((z) = 0, both terms are 1; if AN Dy, (z) = 1, both terms are 1 — e™*). Thus

Ep ShellgvD(x) = 1= H (1— e—u)ANDN(c)(fC)

ceC
1-— (1 — efu)zcecANDN(c)(x)

= sking ().

It follows that Ep shellg p(x) = sking,(x), for all v > 0. ]

9 A sharper bound

We derived in Section 5.11 an asymptotic version of Theorem 1.1 based on the LMN energy
bound stated in Theorem 5.8. In this section, we drive the exact bound 16m222-VE/10 of
Theorem 1.1 using: 1) another form of the LMN energy bound (Theorem 9.1 below), and 2)
Part (a) instead of Part (b) of Lemma 7.4.

If we know that F' is an s-DNF formula, we can extract from [LMN93] the following
bound which is tighter than that of Theorem 5.8 when s is not relatively large.

Theorem 9.1 [LMN93] (LMN energy bound for s-DNF) Let G be an m-clause s-DNF
formula and t > 0 be an integer, then energy(G;t) < 2e74/(10¢9) 4f t > 40es.

Proof: It follows from Lemmas 5 and 6 in [LMN93] that if f : {0,1}" — {0,1} and pt > 8,
then

energy(f;t) < 2Pr,ldeg (f,) > pt/2],

where p is a random p-restriction. Corollary 1 in [LMN93] on Hastad’s Switching Lemma
assets that if GG is an s-DNF formula, then

Pr,[deg (G,) > k] < (5ps)*,

where p is a random p-restriction. It follows that energy(G;t) < 2(5ps)P/? if pt > 8. Setting
p = 1/(5es) to minimize (5ps)P*/2, we get energy(G;t) < 2e7/(193) if ¢ > 40es. |
First, we replace the bound of Theorem 9.1 in Theorem 8.1.
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Corollary 9.2 (energy of skin) Let G be an m-clause s-DNF' formula, uw > 0, and let
t >0 be an integer. Then

| t
energy(sking ;) < 2exp (_ 10e(s + [u/In 21))

if t > 40e(s + [u/1n2]).

Proof: It is enough to note that in the setting of Theorem 8.1, for each d € {|v], [v]}™, G4
is by construction an (s + [v])-DNF whose number of clauses equals that G. ]

Remark 9.3 In Section 5.11, we obtained from Theorem 8.1 via Theorem 5.8 the bound
energy(sking ,;t) < 2m2-V1/20 This bound does not depend on u. In the above corollary,
we used Theorem 9.1 to derive a bound on energy(sking ,;t) which depends on w. If u is less
than some value, this bound is better than 2m2~v#2°. However, the bound increases with u
for s and ¢ fixed, contradicting the experimental behavior of energy(sking ,;t). This stems
from the fact that the special structure of G, (the large number of auxiliary new variables)
was not exploited when bounding energy(Gg;t). Is it possible to exploit this structure to
get a better bound? See also Remark 8.2 and Problem 7.5 for related open problems and
improvement directions.

Now we substitute the bound of Corollary 9.2 in Part (a) of Lemma 7.4, which says that

o'} 2
energy(coverg;t) < (/ \/energy(sking,u;t)e_"du) ,
0
for each DNF formula G and each integer ¢ > 0.

Corollary 9.4 (energy of cover) Let G be an m-clause s-DNF formula and t > 0 be an
integer. Then

energy(coverg;t) < 6 x 2_( t/(Geln2)+(s+D2—(s+1)

if Vt/(5eln2) + (s +1)2 — (s +1) > 4/In2.

Proof: To bound energy(coverg;t) in terms of s, we divide the integral into two parts
o and f;;’ , where ug > 0 is a parameter we optimize on. In the range 0 < u < ug, we

use the bound of Corollary 9.2. For u > wg, we use the trivial bound energy(sking ,;t) <

—2
>y sking ,(y) = E[skinQG,u] < 1 (we can do better than that for u > wug but that will not
significantly help). That is,

uQ 0o
Venergy(coverg;t) < / Venergy(sking,,; t)e ™ “du + / Jenergy (sking ,; t)e " du
0 uo

t 1/2 (%) oo
< (2 _ / —ug / —ug
= (e"p< 106(S+fu0/ln2h>> , ¢ aut e
t
< \/§exp( )>+eu°,

 20e(s + up/In2+1
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since [° e™"du < 1 and [;7 e "du = e™"°. This holds assuming that ¢ > 40e(s + [ug/ In2]),

which is satisfied if ¢ > 40e(s 4+ ug/In2 4 1). We use a suboptimal value of ug to simplify

the bound. Set up > 0 so that the two exponents are equal, i.e., t = 20e(s + ug/In2 + 1)uy.

Solving the quadratic equation, we get 2ug/In2 = /t/(5eIn2) + (s + 1)2 — (s + 1). Since

t = 20e(s + up/In2 + 1)ug, the condition on ¢ is equivalent to ug > 2, i.e., 2ug/In2 > 4/In2.

Therefore energy(coverg;t) < ((1 ++v/2)e )2 < G240 = 6 x 27 2u0/In2, |
Then we substitute the bound of Corollary 9.4 in Theorem 7.3.

Corollary 9.5 (zero-energy of s-DNF) Let I be an m-clause s-DNF' formula and t > s
be an integer. Then

cerofnergy(F:1) < 6m227(\/(tfs)/(f)e1n2)+(25+1)27(25+1)> (9.1)
if m > 4.

Proof: It is enough to note that, in the language of Part (b) of Theorem 7.3, for each
¢ € Chain, Fe is a 2s-DNF formula with at most m — 1 clauses and least one clause (by the
definition of Cyuein). Moreover, |Crpin| < |C| = m. Theorem 7.3 implies (9.1) subject the
condition \/(t — s)/(5eIn2) + (2s + 1)2 — (25 + 1) > 4/In 2. If this condition is not satisfied
then the upper bound in (9.1) is > 6m?2=%2 = 6m?e~* > 1 if m > 4. That is, under the
assumption m > 4, the upper bound in (9.1) is trivial when the condition is not satisfied. W

Substituting the bound of Corollary 9.5 in Lemma 5.5 for t = [%%], we obtain:

Corollary 9.6 (bias of s-DNF) Let F' be an m-clause s-DNF formula and k > 3s be an
integer, then

bias(F' k) < 6m32—<\/(k—3s—1)/(10e 1n2)+(25+1)2—(2$+1)>

Proof: The condition ¢t = || > s is equivalent to k > 3s. To simplify the exponent, we

[\

used the bound t = L%j > % — %, hence t —s > % Finally, we dropped the condition
m > 4 since if m < 4, then F' has at most ms < 3s variables, in which case the condition
k > 3s implies that bias(F; k) = 0. [

Finally, substituting the bound in Corollary 9.6 in Lemma 5.4 and optimizing on s, we
conclude the the proof of Theorem 1.1. We set below s = O(vk) if k = Q(log® m).

Corollary 9.7 (bias of DNF) Let F' be an m-clause DNF formula and k > 0 be an integer,
then
bias(F; k) < 16m222-VH/10,

Proof: Let € = bias(F'; k). Substituting the bound of Corollary 9.6 in Lemma 5.4, we get
that for each integer s > 1 such that k > 3s, we have

(\/(k—3s—1)/(10e In 2)+(25+1)2—(2s+1)>

e < 6m32° +m27°

- (2(\/(k3s1)/(1Oeln2)+(25+1)2(28+1)10g (6m2)) N 28) .
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Allowing s to take noninteger values, we obtain

c < m (2(\/(kB\_sJ1)/(1Oeln2)+(2LsJ+1)2(2LsJ+1)log (6m2)) N 2—LsJ>

< m (2(\/(k3sl)/(1061n2)+(251)2(28+1)10g (6m2)) N 2—(3—1)> 9.2)

for each real number s > 1 such that & > 3s. We will equate the two exponents of (9.2) and
solve for s. If s is a real number such that the two exponents are equal, i.e.,

V(k—3s—1)/(10eIn2) 4 (25 — 1)2 — (25 + 1) — log (6m?) = s — 1, (9.3)

then € < 2m2-6=Y. Note that we ignored the conditions on s: s > 1 and k£ > 3s. We can do
that since if s < 1, then m2~~Y > m > 1, and hence the RHS of (9.2) a trivial bound on ¢
(\/(k—?)s—l)/(lOe In 2)+(25—1)2—(2s+1)—log (6m2))

since € < 1. Similarly, if k < 3sand s > 1, then m2
> m > 1, which again makes the RHS of (9.2) is a trivial bound on e. We verify below that

k
s= 37 + alog? (6m?2) + Blog (6m) + v — alog (6m?) — b, (9.4)

is a solution of (9.3), where M =~ 94.208, « = 0.16, § ~ 0.499, v =~ 0.362, a = 2.2, and
b~ 0.416. It follows that

e < 2m2—(s—1) _ 22m2—\/k/M—|—alog2 (6m?2)+3log (6m?2)+v+alog (6m?)+b

< 22m2—w/k/M+alog(6m2)+b _ (22+b6a)m1+2a2—,/k/M
< 16m222- V10,

To verify that that (9.4) is a solution of of (9.3), write (9.3) as

kE—3s—1
= 1 D) (25— 1) - 2
0 (3s+log (6m?))” — (25 — 1) 0o I3
= 5s* + (6log (6m?) + 4+ s +log? (6m?) — 1 + _
10eln 2 10eln2  10eln2
k
=5 (52 + 2(alog (6m?) + b)s + clog® (6m?) — d — M) ,

where a = 0.6, b = 0.4 + 5525 ~ 0416, ¢ = 0.2, d = 0.2 — 7= ~ 0.189, and M =

100e1n2 1
50eIn2 ~ 94.208. The larger solution is

k
s = o7+ (alog (6m?) +0)2 — clog® (6m?) + d — alog (6m*) — b

k
= 77 alog? (6m?) + Blog (6m2) + v — alog (6m?) — b,

where o = a? — ¢ = 0.16, 3 = 2ab ~ 0.499, and v = b*> + d ~ 0.362. |
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10 Optimal solution

The proof of Theorem 1.1 does not depend on this section since the former is based on the
suboptimal solution constructed in Section 7.

Let FF = (C,[n],N) be a DNF formula and ¢t > 0. Recall that zeroEnergy(F;t) is the
minimum value of E(F — f)? over the choice of f € L(B,) such that: deg(f) < t, and f
satisfies the F'-zeros-constraint: f(x) = 0 for each x € B,, such that F(z) = 0.

In this section, we derive a compact form of the optimal solution of the least square prob-
lem underlying the definition of zeroEnergy(F;t). For simplicity, we restrict our attention
to the case when F' is a monotone DNF formula. The optimal solution can be character-
ized in terms of the zeta function of the dual order ideal Pr of B, consisting of satisfying
assignments of F'. Unable to estimate the optimal solution, we leave the problem open.

Recall first the posets terminology in Section 6.1. We need the following additional
elementary poset notions. An antichain of a poset X is a subset A of X such that any two
distinct elements of A are incomparable. A subset I of X is called a dual order ideal if x € I
and y > x, then y € I. We say that a dual order ideal is generated by a subset A of X if
I={xe€ X :x>yforsomey e A}. Any dual order ideal has a generating antichain.

Let F' = (C,[n], N) be a monotone DNF. We can associate with F' the subposet Pp of B,
consisting of the satisfying assignments of F', i.e., Pp = {z € B, : F(z) = 1}. Let Ar be the
set of clauses of I regarded as subsets of [n], i.e., Ap = {N(c) : c € C'} C B,. Equivalently,
Pr is the dual order ideal of B,, generated by Ap. We call a dual order ideal of B,, nontrivial
if it is not the empty ideal or B, itself. Recall that we assumed in the definition of a DNF
formula that it contains at least one clause and no empty clauses to avoid degenerate cases.
Thus Pr is a nontrivial dual order ideal of B,,. Conversely, to each nontrivial dual order ideal
P of B,, and to each set of generator A of P, we can associate a monotone DNF formula F
such that Ap = A and Pr = P. The formula F' is unique up to duplicate clauses. Note also
that Ap is an antichain if and only if no clause of F' can be removed without changing the
boolean function computed by F'.

A key remark is the following.

Lemma 10.1 Let F' be a monotone DNF formula on n variables. If f € L(B,), then f
satisfies the F-zeros-constraint if and only if f is a linear combination of {AND.}.cp,.

Proof: Let Zp = B,\Pr = {z € B,, : F(z) = 0}. Thus the F-zeros-constraint on f is:
flzr = 0. The if part follows from the fact that, by the definitions of Zp and Pr, AND, |z, =
0 for all z € Pr. One way to demonstrate the only if part is to note that, since {AND, }.cp,
are linearly independent, dim span{AND.}.cp, = |Pr| = dim{f € L(Pr) : f|z, =0}. W
We cast the zero-energy problem in the language of zeta functions of dual order ideals.

Definition 10.2 Say that P is a nontrivial dual order of ideal of B,, and let t > 0 be an
integer. Let P, = {z € P : |z| <t} and define the projection map m : L(P) — L(FP,),
f = flp, and its transpose w] : L(P,) — L(P), the extension by zeros map. Consider
the zeta function Cp of P as a linear transformation L(P) — L(P), and consider the linear
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transformation (prl @ L(P,) — L(P). Define

AP) Y 1. _ T 112
(P) = min 1 = Cpmy gl
where 1p € L(P) is the all ones function and ||.||2 the Ly-norm on L(P). Note that if P, = (),
by convention, L(P,) consists of the zero function.
That is, Ay(P) is the least square Lo-approximation error resulting from approximating
the all ones function on P by (pml g over the choice of g € L(P;).

Lemma 10.3 Let F be a monotone DNF formula on n variables and t > 0 be an integer,
then 2" zeroEnergy(F;t) = Ay(Pr).

Proof: Let P = Pp, Z = B,\P ={x € B, : F(x) =0}, and V, = {f € L(B,) : flz =
0 and deg(f) < t}. Thus

n . o . n . 2 _ . . 2
2"zeroEnergy (F';t) = gcrél‘;tlQ E(F —f) ?él‘gﬂlp flpllz.

since |z = f|z =0 and F|p = 1p. The lemma then follows from the key remark in Lemma
10.1, which says that if f € L(B,), then f|z = 0 if and only if there exists g € L(P) such
that f = Y .cpg(2)AND,. Note that: 1) deg(f) < t if and only if g € 7/ L(P;), and 2)
f = S.epg(2)AND, can be expressed as [ = wh(pg, where b : L(P) — L(B,) is the
extension by zeros map (the transpose of the projection map np : L(B,,) — L(P), f — f|p).

|

Lemma 10.4 Let P be a nontrivial dual order of ideal of B,, and let t > 0 be an integer
such that P, # (. Let v = m(hlp, and let M = 7, (5Cpml, i.e., M is the Pi-truncation of
the matriz (5(p. Then M is invertible and

Ay(P) = |P| — v M. (10.1)
Moreover,

v o= 227N p, (10.2)

M = 2n2 1, p,. (10.3)

We can also express Ay(P) as follows. Let

1 o7
v M

Y

=

and let D be the value which, when added to the (0,0)-entry of the matriz M*, makes it
singular, then

A(P) = |[P|-D-1 (10.4)
= |P|+ % ~1. (10.5)
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Proof: We have a least square problem of the form min, ||b — Agl|3, where b = 1p and
A = (prl’. The matrix A has full column rank since (p is nonsingular. The optimal solution
is ||b — Ag*||3 = bTb — (ATb)T g* where AT Ag* = ATbh. Since A has full columns rank, the
matrix AT A is invertible. In our case, we have b7b = 151p = |P|, ATb = m(E1, = v, and
ATA = m(L¢pnl = M. This proves (10.1).

To verify (10.2), let z € P. We have ((h1p)(2) = Syepucy l = Syen,w<y 1 since z € P
and P is a dual order ideal of B,. Thus ((51p)(z) = 2/M\el = 272=1#l Then (10.2) follows
from restricting = to P,. To verify (10.3), let f € L(P) and x € P. We have

CpCrH) = > > fy=>fly) > L

z€P:z>x yeP:y<z yeP zEP:z>xy

Since x € P and P is a dual order ideal, we have

Y 1= Y 1= Y 1 =2lbheuwl — gng-leu,

zEP:z>xy z€Bp:z>x,y z€Bp:z>2xUy

Hence (CE¢pf)(z) = 2" Y yep f(y)271#9. Then (10.3) follows by restricting f to L(P;) and
x to P,.
To verify (10.4), write (10.1) as A,(P) = |P| — vTg*, where Mg* = v. In matrix form,

we can express this system as
1+D oF 1] |0
v M| |—g*| |0]’

where D = |P|—1— A;(P). Then (10.4) follows from the fact that the ()~entry of any vector
in the null space of the perturbation of M* by D must be nonzero since M is nonsingular.
a

Finally, (10.5) follows from (10.4). In general if M is a p x p matrix, M* = EVIELE!

a+ D

(p+1) x (p+ 1) augmentation of M, and M* = { is a perturbation of M*', then

*

i
det(M*") = det(M*) + D det(M). Thus when M*' is singular and M is nonsingular, we get
D = —det(M*)/det(M). ]

Problem 10.5 Let P be a nontrivial dual order ideal of B,, generated by m elements of B,
and let t > 0. Study and bound A(P) in terms of m and t starting from the characterization
i Lemma 10.4.

We leave this problem open. We can conclude the following bounds from Lemma 10.3
and Corollary 9.5.

Corollary 10.6 Let P be a nontrivial dual order of ideal of B, generated by m elements of
B,, each of size at most s, and let t > s be an integer. Then we have the following bound:

21A(P) < 6m227(\/(t75)/(56ln2)+(28+1)27(28+1))

if m > 4.
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11 Concluding remarks

After the results of this paper were described in a preliminary form [Baz07], Razborov [Raz08]
has obtained a simpler construction of a function satisfying the zeros-constraints leading to a
simpler proof of an asymptotic version of our main result in Theorem 1.1. The construction
of Razborov is randomized and it simplifies the second step of the proof, which reduces the
s-DNF constrained Ls-approximation problem to the s-DNF Ls-approximation problem.

We conclude with some problems.

The bound in Theorem 1.1 probably can be improved by studying the problems in Re-
marks 8.2 and 9.3 and Problems 7.5 and 10.5.

Is it possible to somehow generalize the argument of Theorem 1.1 from depth-2 circuits to
ACy circuits, i.e., to show that logo(d) n-wise independence o(1)-fools polynomial-size depth-
d circuits? A different approach toward proving this is the low degree polynomial predictors
approach in [Baz03] (Section 5.7).

One of the basic questions motivating the work reported in this paper is the quadratic
residues PRG introduced in [AGHP92]. Let p be an odd prime and denote by F,, the finite
field of size p. Fix a subset ® I C F, of size n > 1. The quadratic residues PRG (QR-PRG)
is given by G : F, — {0,1}!, where for each t € I, G](a); = 1 if a +t is a quadratic residue
and 0 otherwise.

The irregularity of the quadratic residues distribution promises great derandomization
capabilities and has intrigued mathematicians long before complexity theory existed. The
following conjecture was the motivation behind the work reported in this paper.

Conjecture 11.1 For all positive integers m,n and every e > 0, there is an integer py =
poly(m, n,é) such that if p > po s a prime, and I C F, is of size n, then the QR-PRG
GIIJ e-fools any boolean function computable by an m-clause DNF (or CNF) formula on n
variables.

The QR-PRG was introduced in [AGHP92] as a %—biased probability distribution. This
follows from Weil’s theorem on the analog of the Riemann Hypothesis for curves over finite
fields. Using the %—bias property of the QR-PRG, we obtain from Corollary 2.3 the following
quasi-polynomial version.

Coro2llary 11.2 For all positive integers m,n and every € > 0, there is an integer py =

90Uog™ g losn) gy ch that if p > po is a prime, and I C F, is of size n, then the QR-PRG
I .

G, F—Zlools any boolean function computable by an m-clause DNF (or CNF) formula on n

variables.

The conjecture would imply the first (unconditional) polynomial complexity PRG for
depth-2 circuits. Note that there are no reasons not to believe that the derandomization
capabilities of the QR-PRG are far beyond the small bias property. Conjecture 11.1 is
a natural starting point. On the other extreme, can one construct an infinite family of

6In [AGHP92], I = {0,1,...,n — 1} but the authors’s analysis does not use this restriction.

57



(unrestricted) circuits {C), },,, where C), is a polynomial-size circuit on n variables, such that
the prime cannot be made polynomially large enough in n and % in order for the QR-PRG
to e-fool C,,7
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APPENDIX

A LP duality calculations appendix

In this appendix we show the LP duality calculations needed to characterize the class of
functions that are fooled by the (4, k)-bias property. The characterization is in Theorem A.1
below and is in terms of Li-approximability by sandwiching polynomials of degree at most
k and small L;-norm in the Fourier domain.

Recall that we stated in Theorem 4.2 of Section 4 the special case of Theorem A.1
corresponding to the k-wise independence property, i.e., when ¢ = 0.

Let p be a probability distribution on {0,1}", k > 0 an integer, and § > 0. By definition
w has the (0, k)-bias property if p d-fools all parity functions on k or fewer of the n binary
variables. In terms of the characters {X,},, this is equivalent to saying that |E,X,| < 26
for each nonzero y in {0, 1}" whose weight is less than or equal to k.

Theorem A.1 Let g:{0,1}" — {0,1}, k > 0 an integer, and 6, > 0. Then the (6, k)-bias
property e-fools g if and only if there exist g;, g, : {0,1}" — R such that:

i) deg(g)) < k and deg(g,) < k
i) <9< gu

i) 263,20 |0(Y) |+ E(9—a1) < € and 20 Yy 20 |Gu(v)|+E(gu—g) < €, where the expectation
15 over the uniform probability distribution.

Therefore, asymptotically and for § > 0, the (9, k)-bias property o(e€)-fools a boolean function
g:{0,1}" — {0, 1} if and only if there exist g;, g, : {0,1}" — R such that:

e (low degree) deg(g;) < k and deg(g,) < k

(
e (sandwiching polynomials) g, < ¢ < g,
e (small L;-norm in the Fourier domain) |G|y = 0 ($) and ||gulli = o (%)
(

e (small L;-approximation error) E(g, — ;) = o(e).
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Proof: The proofis by linear-programming duality. Let M, C R{%!}" be the convex polytope
of (0, k)-biased probability distributions p on {0, 1}".

If 1 is a probability distribution p on {0,1}", then by definition u is (0, k)-biased if
|E,X,| <26 for each nonzero y in {0, 1}" whose weight is less than or equal to k.

Thus My, consists of all @ {0,1}" — R such that g > 0, >, u(z) = 1, and =26 <
S p(z) Xy (x) < 20 for each y € Ny, where N = {y € {0,1}" : y # 0 and |y| < k}.

Fix g : {0,1}" — {0, 1} and note that if u is a probability distribution on {0,1}", then
Pry.ulg(x) = 1] = E,g since g takes binary values.

We have two feasible linear programs:

P, = ,%%E“g — FEgand P, = /EIEI% Eg—FL,g.

It is enough to show that the dual linear programs are:

I) P, =ming, F(g,—g)+26> 40 |Gu(y)|, where we are minimizing over all g, : {0,1}" —
R such that deg(g,) < k and g,(x) > g(x) for all z € {0,1}".

II) P, =ming, E(g—g1) +20 3,20 |91(y)|, where we are minimizing over all g; : {0,1}" — R
such that deg(g;) < k and g;(z) < g(z) for all x € {0,1}™.

Actually, we have to establish only (I) since (II) follows from (I) by replacing g with 1 — g
and a performing a change of variable from g, to 1 — g,.

Explicitly, P, = max, >, u(z)g(x) — Eg, where p : {0,1}" — R is subject to the con-
straints:

> () 1
o () Xy () 2§ for all y € N}
— Zx (x) X, () 20 forally e N}
)

w(z 0 forall ze{0,1}"

Its dual is thus P, = min ag + 20 ¥yen: (a, + ay) — Eg, where ap, {o) }yeny, and {ay}byen:
are real coefficients subject to the constraints:

VAN IA I

g(x) forall x € {0,1}"
0 for all y € Nj.

o + Yyen; (o — ag) Xy (2)

>
/ "
ay, Oy =

Applying
O‘y‘ - Eg7

In general, if @ is real number, then min{a’'+a” : @’,a” > 0 s.t. ' —a”" = a} = |a|.
. r_ "o o o " .

this to ' = «a;, a" = oy, and a = a, = o, — ay, we get P, = minag + 20 Y yeny

where o and {a,}, are real coefficients subject to the constraints:

ap + Yyen: ayXy(z) > g(x) for all z € {0,1}".
Let g, = g + Xyenr o Xy. Noting that ag = Eg, and a, = g (y) for all y € Nj;, we get

P, =min E(g, — g) + 25 Y20 |Gu(y)|, where we are minimizing over all g, : {0,1}" — R such
that deg(g,) < k and g,(x) > g(z) for all x € {0,1}". [ |
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B What will not work appendix

To justify the move from L; to Ly in Section 5.5, it is appropriate to briefly mention two
natural Li-approaches which fall short of bounding the k-bias of s-DNF formulas.

Inclusion-Exclusion: It is natural to try to construct the sandwiching polynomials
of an s-DNF formula by inclusion-exclusion as explained in [Baz03] (Section 5.5). This
approach can be used to resolve the case of read-once DNF formulas (i.e., distinct clauses
do not share variables), but we were unable to push it beyond the read-once case.

Lift and reduce to an LP: Let F' be an s-DNF formula on n variables and let
Ay, ..., A, be the clauses of F. Let p be a k-wise independent probability distribution
on {0,1}" such that k& > s. Let fiynis be the uniform probability distribution on {0, 1}
Consider the map L : {0,1}" — {0,1}", z +— (A.(x))iX,. Let pu* (4, respectively)
be the probability distribution induced via L on {0,1}™ by p (ftunif, respectively). Thus
Pr[F(z) = 0] = p*(0), Pry,,,[F(z) = 0] = p3,;;(0), and E. X, = E,. X, for each
y € {0,1}™ such that |y| < |k/s].

This suggests relaxing the problem to the following LP: max,,, ,, [¢¢1(0) — p2(0)|, where
fi1, fi2 are probability distributions on {0, 1} such that E,, X, = E,, X, foreach y € {0,1}™
such that |y| < ¢, where t = |k/s].

Unfortunately, that will not work. This follows from the approximate inclusion-exclusion
lower bound of [LN90], which implies that the maximum of the above LP cannot be made
arbitrarily small unless t = Q(y/m). One of the issues of this relaxation is that it ignores the
actual values of the t-moments ” of j; and s. It only uses the fact that the t-moments of
w1 and o are equal. The values of those moments are simple and easy to derive from F', but
taking them into consideration gives us an intriguing LP, which is not clear how to bound.

"If ;1 is a probability distribution on {0,1}™ and ¢ > 0 is an integer, define the moments vector of y to

be ¢, = (cu(4) &ef By Niea Ti) Acim), and define the t-moments of p1 to be the vector (¢, (A))acim):aj<t-

Note that ¢, = Cgm i, where (g, is the zeta function of the poset B, consisting of the set of subsets of [m]
ordered by inclusion.
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