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Spectrum of excitons in a FQHE regime depends on the ratio A/l, b is a distance
between electron and hole confinement planes, ! is the magnetic length. It comprises
a single exciton branch and continuum at h < I/2 and a multiplicity of branches
at A > 1/2. New branches arise due to charge fractionalization. Their quantum
numbers are angular momenta of the internal motion in an exciton. Connection of
excitons to the low-energy sector of the quasielectron Hilbert space is established.
Projecting rules from a spherical into plane geometry are generalxzed for composite

particle spectra.
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It is the specirum of elementary excitations which
reflects the most fundamental properties of incompress-
ible quantum liquids! underlaying the Fractional Quan-
tum Hall Effect (FQHE). Charged excitations are anyons,
quasiparticles which carry a fractional charge and obey
a fractionali statistics.>® For an incompressible quanium
liquid (IQL) with a filling factor » = p/q these excitations
are quasielectrons (QE) and quasiboles (QH) having elec-
trical charges (—e/q) and (e/q), respectively. The exis-
tence of a gap A is a specific property of the dispersion
law emgr(k) of low energy neutral elementary excitations,
magnetorotons (MR). Magnetorotons may be described

either in terms of r]q_a_nrp rlpnclhl PYﬂtahnnq 4

of quasiexcitons consisting of a QE’s and QH’ .58 The
basic achievements of the theory of IQLs, including the
hierarchical classification”? and composite fermion de-
scription of them,® were based originally on magneto-

tra ¢+ data. M tlv there was a sreat i
transport data. More recently there was a great interest

in the interband magnetospectroscopy of the FQHE. Dif-
ferent signatures of the formation of IQLs were found in
the spectra of both the extrinsic® and intrinsic emission,!?
and Raman spectra.!’ In this paper a relation between the
energy and optical spectra of excitons and the low-energy
physics of the FQHE is established. An exciton is a neu-
tral quasiparticle consisting of a valence hole screened by
the polarization of an IQL; it possesses a 2D quasimo-
mentum k. There is a governing parameter in the physics
of such excitons: the separaiion h between electron and
hole confinement planes. The screening patterns strongly
depend on A. When h is small, b < I, where ! is the mag-
netic length, the perturbation exerted by a hole is strong,
and there exists no simple picture for the internal struc-
ture of an exciton. It is only known that i) because of the
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ii) for A = 0 a hidden symmetry exists, owing to which
the frequences of allowed optical transitions are not af-
fected by the electron-electron interaction. The states to
(from) which the transitions are allowed are called mul-
tiplicative states. A single exciton branch and a contin-
uum above it exist for small h values.'?~1* In the opposite
limit, & > I, the perturbation produced by a hole is weak
and an exciton looks like a flat quasiatom consisting of
q QE’s (anyons) having “small” charges (—e/q) and a
hole carrying a “large” charge e. An anyon exciton has
a size about % and possesses (¢ — 1) internal degrees of

frpa(‘nrn Ac a result

a gingle-branch snectrum of a con-

& resuly, & Singue-oranch specirum ol a

ventional magnetoexciton (¢ = 1) splits into a multiple-
branch spectrum of an anyon exciton.!® Multiplicity of
branches is a fingerprint of the participation of fractional
charges. It should be most accessible for experimental
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too large as compared to l.

Our computations performed in a spherical geometry’
revealed for the first time that the multiple-branch spec-
trum appears at moderate values of h/l, h = I. This fact
has important consequences also for the theory. We were
able i) to find the general structure of the exciton energy
spectrum and to follow up the evolution of it vs h/l, ii)
to give symmetry classification of the exciton branches in
terms of the exciton internal angular momentum L.,, iii)
to relate the L., values to the specific quantum states in
the low-energy sector'®7 of the QE Hilbert space,!® iv) to
establish the existence of two types of exciton branches
(related to the low-energy sector and originating from
high-energy elecironic staiesj and of the critical angu-



194 MULTIPLE-BRANCH EXCITON ENERGY SPECTRA

lar momentum separating these two manifolds, and v) to
show that the order in which the former branches emerge
is determined by the momentum decomposition of the
QE Hilbert space. The above results relate the physics
of excitons to the low-energy physics of the FQHE: for
h > [ excitons display the few-particle physics of QE’s
for which the hierarchies are the many-particle physics.
Since the dynamic space of an exciton is a plane, and
not a sphere, and the quantum states at these mani-
folds possess different quantum numbers, we have also
established vi) a generalized prescription for the sphere-
onto-plane projecting for composite quasiparticles which
includes the internal angular momentum of a composite,
and vii) selection rules for optical transitions.

We consider an ideal model one in which electrons
and a hole move on the same sphere, and separation be-
tween their confinement planes, A, is taken into account
by a modified Coulomb interaction (A% + |r, — ry|?)~/2
For v = 1/3 the energy spectrum is quite different for
h/l < 0.5 and R/l > 0.5. For /I < 0.5 it is shown in
Fig. 1 for a system consisting of a ¥ = 1/3 IQL of 6 elec-
trons and an exciton (N, = 7, N, = 1; N, and N, are the
numbers of electrons and holes, respectively). For A = 0
the exciton branch Ly with the dispersion law £(k) and a
continuum above it are shown. For k > 1.5/1 (or L > 4)
the exciton branch and continuum draw together. When
b increases, €(k) becomes flatter, and a gap opens be-
tween the exciton branch and continuum. We attribute
the spectrum flattening in the kI > 1 region to the forma-
tion of a composite consisting of a QE and an anyon ion
separated by the distance gkI?.'® This picture strongly
resembles a quasiexciton.®® The spectrum changes dra-
matically at A > 0.5], Fig. 2. At first the branch L¢
shows no considerable change, but new branches split off
of the lower part of the continuum, Fig. 2a. Every branch
starts at some value of L which remains invariable when
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FIG. 1. Energy spectra of a system with N, = 7, N, =
1, and the flux 25 = 15 for A < 0.50 In absence of an
exciton (N, = 6, Ny = 0) an IQL with » = 1/3 forms.
Maximum MR momentum equals L = N, = 6. Since
&(k = 0) is chosen as an origin, the multiplicative states
(open dots) display the MR dispersion law. For & = 0 the
exciton dispersion, (k), and the continuum are shown.
For different values of k only &(k) is shown.
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h changes. We enumerate the branches by their min-
imal momenta, L,,. The first to appear is the branch
Ls. When h increases, the branches Ly and L3 get closer
and finally, at A = I, L3 finds itself below Lg. The Ls
branch, which first arises in Fig. 2b, passes below Lo in
Fig. 2c. For systems with 5 < N, < 8 the values of L,,
do not depend on N, hence, on the radius of the sphere
R. Therefore, L,, are quantum numbers which survive in
the macroscopic limit.

We attribute the quantum numbers L,, to the angular
momenta connected with the internal degrees of freedom
of an exciton, and check this assignment by calculation
of the relevant momenta. In the Jain’s projection® any
Laughlin liquid (v = 1/q) fills completely the first sphere,
while QE’s live on the second sphere and are a subject
of the Pauli exclusion principle. The maximum angular
momentum of n QE’s equals

(LQE)max = nN./2 —n{n —1). (1)
Hence, (Lgg)max = 3N./2 — 6 for n = 3. Momentum of
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FIG. 2. Energy spectrum of a system with N, =
7,N, =1 and 25 = 15 for h/l = 0.7 (a), 1.0 (b), and
h/t = 1.5 (c). Figure shows emerging new branches and
the movement of them when h changes. Dashed lines
are guides for eye. Numbers (c) show the probabilities of
single-MR optical transitions in percents of the transition
probability from multiplicative states (at k = 0). They
are shown for all states having unambiguous assignments.
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a hole in the presence of n QE’s equals

Ly=8=(N.—-1)/2v —n/2. (2)
Therefore, Ly, = 3N, /2 — 3 for v =1/3,n =3, and

Ly — (LQE)max = 3 (3)

holds for arbitrary N., including the macroscopic limit.
Eq. 3, in conjunction with the standard procedure of
the addition of angular momenta, suggests that the min-
imum angular momentum which may possess an exciton
built of a hole and three QE’s equals (Lex)min = 3. This
condition selects just the L branch which has been dis-
cussed in the previous paragraph. To find the momenta
of different branches built of three QE’s and a hole, we de-
compose the Hilbert space spanned by QE’s on subspaces
with different momenta.'® For N, = 7 the decomposition
is 3/2 ® 5/2 & 9/2 with the two last subspaces having
the lower, and nearly equal, energies. For L; = 15/2 this
decomposition suggests that L3 must be followed by Ls.
This is just what is seen in Figs. 2b, c. The existence of
the critical momentum, L3, manifests itself most dramat-
ically in Fig. 2c. The branches L, and L, remain above
Lo. The branches with L,, > (Lex)min = 3 drop down
(relative to Lo) with increasing h. This is natural for en-
tities originating from QE’s belonging to the low-energy
sector. The exciton spectrum of a N, = 8, N, = 1 system
shows an analogous behavior. For N, = 8 the decompo-
sition is 0 D 2@ 3 B 4 © 6 with the subspaces Lgg = 2, 4
and 6 having the lower energies,'® and Ly equals Ly = 9.
The branches Lz and Ls appear consequently below Lg.
Since the separations between L,, branches come from
intra exciton interactions, they should take finite values
in the macroscopic limit. The above data show that the
rotational symmetry of the excitons with L > L3 is com-
patible with the picture of anyon-hole complexes. Addi-
tional work is needed to establish the region of h values
where this picture works also on a dynamical level.

The order in which different branches appear may be
specified as follows: first emerge exciton branches re-
lated to subspaces Lgg having lower energies, and be-
tween the excitons emerging from subspaces with com-
parable energies first come those which have lower values
of Lex = Lh - LQE. The equation Lex = Lh - LQE com-
prises an assumption that the {Q E'}h-coupling of the an-
gular momenta operates, i.e., the momenta of three QE’s
form the momentum Lgg which interacts but weakly
with Lj (even for h values as small as h = I). We have
checked that this coupling scheme works: all low-lying
exciton branches, from their beginning to the end, are
formed as a decomposition of the product L, ® Lgg =
(Lh—Lgg)®.. . ®(Ly+Lgr). Implications of the {QE}A-
coupling for the interaction of anyons will be discussed
elsewhere.

Exciton quantum numbers in the plane and spherical
geometries are k, k, and L, L., respectively. The energy
depends on k and L, and the phase of k and L, form
the spaces of degeneracy. Therefore, the projection rule
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should relate L and k. To establish it one should take into
account that for £ = 0 the projection M < 0 of the inter-
nal angular momentum enumerates spectrum branches,
and all the branches start at ¥ = 0.!5 These data suggests
the procedure for projecting the energy spectra from the
spherical into the plane geometry. For every branch the
minimum angular momentum L,, is identified with |M|,
L, =|M|=~M, and L — L,, with the quasimomentum
k, L — L,, = kR. Therefore, the starting points of all
branches are identified with & = 0. This procedure gen-
eralizes, for composite particles having internal angular
momenta, the Haldane-Rezayi prescription L = kR.% It
is self-consistent; drawing down of the branches L,, > 3
corresponds in the plane geometry to the increase in the
extension of the QE cloud and the |M| values for low-
lying exciton states. Since all our results were obtained
for h < R/2, using them for projecting onto the plane
seems ligitimate.

Energy spectra of excitons for v = 2/5 are similar to
the spectra described above. In Fig. 3 the data are given
for a system with N, = 9,N, = 1. The flux 25 = 16
ensures formation of a ¥ = 2/5 IQL of eight electrons.
The value of L is L, = S = 8, while (Lgg)max = 5.
Therefore, {Ley)min for an exciton of five QE’s equals
(Lex)min = 3. The L; branch emerges at A/l = 0.75
and drops down very fast; for h/l = 1.1 it passes below
Lo. Data for N, = 11, N, =1 are in agreement with the
above results.

The data of Figs. 2 and 3 showing the interchange in
the mutual positions of the Ly and L3 branches at b ~ [
suggest the repopulation of them at low temperatures
T, and the inversion in the intensity ratio of the exciton-
doublet components near the branch intersection.!®?! This
inversion, if observed with increasing magnetic field un-
der the conditions » = p/g=const, will provide an evi-
dence of the multiplicity of exciton branches caused by
fractional charges.
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FIG. 3. Energy spectrum of a system with N, =
9,N, =1and 25 =16 for h/1 = 0.75 (dots) and 1.1 (full
diamonds). In the absence of an exciton (N, = 8, N} = 0)
an v = 2/5 IQL forms. Maximum MR momentum equals
L = N,/2+4+1=5. L; branch vaguely seen at b/l = 0.75
appears below Lg at A/l = 1. The low-energy spectrum
in the absence of a hole is shown by empty diamonds.
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The above classification of exciton spectra prompts
reconsidering the MR dispersion law from the same stand
point. It was proposed? that L = 0 state is a bound state
of two MR’s with k = I7!, The idea was supported by
computations.?? It implies that the L = 0 state is of a dif-
ferent nature than MR states with L # 0. The fact that
the lowest L = 1 state is canceled by the projection pro-
cedure in the charge density excitation model*”2* implies
that MRs should be assigned as Lyr = L2 excitations.
Recent calculations?* have shown that the quasiexciton
model describes the low-energy neutral excitations up to
L = 1; they favor the L, assignment of MR’s, as well as
the concepts of Ref. 25. The generalized prescription for
the sphere-onto-plane projection results in new selection
rules for optical transitions. At k = 0 the angular mo-
mentum should not change. Therefore, for simple energy
bands direct transitions to the ground state are allowed
only for Lo excitons. Single-MR transitions from a k =0
state are allowed only if L,, = Lyr. The data of Fig. 2¢
may be used for determining Lygr. For forbidden tran-
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sitions the probability should be small for L = L,, and
increase strongly with L — L,,. The branches Ly, L, L3,
and Ls show such a behavior. Only L, shows a slow in-
crease in intensity with L — L,,. The transition seems
to be weak, but allowed. Therefore, the data of Fig. 2¢c
favor the assignment Lyr = Lo.

In conclusion, we have shown that the existence of the
fractional charges in the FQHE regime manifests itself in
emerging the multiplicity of exciton branches.?®
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