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Cet =2z, v="12w+ z),
V= —Ysw (2zdw | dx + z),

reducing (24) to the form

dw

8 dw 4 ® [_E dw

Bt R L Tl R Ll
4 1 1+8
+§(1+6)w2+'3—(1_5)$2] .

Further lowering of the order is attained by
means of the substitution

w?=x2(1 + Av/a?), A =3/(1+ §)H+pP
If we again go over from x to ¢, we obtain in
final form

dv _ _[ 1 dv v]i+° (‘27)
wt'="ltsa ™t
The integral of this equation is
k dv
_— k=—. (28)
=—h‘c‘("+1+a)’ @

It is convenient to express the solutior} in para-
metric form, starting from the def1n1t19n
k = —sv. The limits of variation of s will be

1+86=s =1, Then
s —4/0
v=('s—1)”°(1-—1+6) ,

(v ks) = (=) e

The expression for the particle density is ok')-
tained in terms of the same parameter s, since

n~v-+kf(1+9). (30)

Thus, the product neg = nv —g remains con-
stant, which is merely an expression for the' con-
servation of number of particles. This require-

and A. S. CHERNQV

ment is contained in the very equation rela'ting p
and €. To the contrary, the ultrarelativistic case
does not incorporate this requirement, so that the
product €+ —g does not remain constant and ‘e
becomes infinite at a faster rate than the vanish-
ing of v -g. . N
It is convenient to choose as the time orllgln'
the point s = 1 + 6, where the particle density is
infinite. Near this point we have
128
t='(1—_s-_) . (31
146
For arbitrary values of 5§ we cannot, of course, .
go over from t to —t (although, for example., this
can be done when 6 = %;). But when the particle
density tends to infinity, the equation of state goes
over into € = 3p, which again permits the passage
through zero time.
In conclusion we are sincerely grateful to Ya.
B. Zel’dovich, E. M. Lifshitz, I. D. Nov1kov., and
I. M. Khalatnikov for very valuable discussions.
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A,N essential feature of the tunnel effect, a fea-
ture of importance in practical applications, is the we understand here the region of frequencies
practical absence of time lag. In other words, the hw < I, in which the substance is transparent to
probability of tunneling remains constant up to the low-power radiation. Recent papers report gas
highest frequencies of the radio band. The reason breakdown in the focus of a laser beam[1:2], This
for this is that the tunneling time is determined group of questions was considered theoretically by
essentially by the mean free time of the electron Bunkin and Prokhorov(3],

passing through a barrier of width At first glance there exists at such high frequen-
cies still another absorption mechanism, which
competes with the tunnel effect. We have in mind
the multi-photon absorption, in which the transition
of the electron into a free state is accompanied by
simultaneous absorption of several quanta. We
shall show, however, that the nature of these two
effects is essentially the same. We shall obtain a

common formula which goes over into the usual

the tunnel effect is determined simply by the in- formula for the tunnel effect[4-6] at low frequencies

stantaneous value of the field intensity. and very strong fields, when w « w¢, and describes
At higher frequencies there should appear a multi-photon absorption when w > wt.

frequency dependence of the tunneling probability, In the simplest case of ionization of atoms, the

since the electron does not have time to jump general formula for the ionization probability is

through the barrier within one cycle. Values typi- ] __Ao)(i)%( . )%S( To)
- Ve ) ) 2V,

cal of the tunnel effect in semiconductors are
I~1ev,m~102g F~ 105 V/cm, yielding
2ot . 4 (142
xon{ =ty —y GERETY

“®¢ ~ 10" sec™), i.e., the dispersion can be notice-
Y= 0/0i= o (2ml)"/cF, (1)

the transparency region. By transparency region

I=1]¢F,

where I—ionization potential and F—electric field
intensity. The average electron velocity is of the
order of (I/m)'/2 (m—electron mass). Therefore,
up to frequencies on the order of

ot = eF [ V2mI

‘able at infrared and optical frequencies. A similar

estimate is obtained for atoms, where I ~ 10 eV,

m=10"%"g, and F ~ 107 V/cm.

th With the appearance of lasers,. the questlon. of where the effective ionization potential is defined
e tunnel effect at such frequencies became timely, b

since this is apparently the most effective mechan- Y

Ism- for the absorption of high-power radiation in To=1Iy+ &2 | 4me? = I)(1 + 12 Yo (2
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S(y, Ty/iw) is a relatively slowly varying function
of the frequency and of the field, defined by formula
(18) below, and A is a numerical coefficient of the
order of unity.

Formula (1) describes the indirect transition of
an electron from the ground state of the atom to the
free state. However, in the case when one of the
higher harmonics of the incident monochromatic
wave is close to resonance with the electronic
transition, in which the atom goes over into the
s-th excited state, an appreciable role can be as-
sumed by a two-step process consisting of the ex-
citation of the atom followed by ionization of the
excited state. The probability of such a resonant
process is described by the formula

1 eFos eFos \|?
w =72 (o J i 55)

| VOslzws

(lo — I + Y2e?F?0s — nshiw)? 4 72 (0s + ys)%

where J,—Bessel functions; wg—probability of
ionization of the s-th excited state, described by
formula (1) in which, however, I; must be replaced
by Ig—ionization potential of the s-th level; og and
ag—coefficients that describe the Stark shift of the
s-th level in a static electric field:

I(F) = I, — eFo, — Y2e2Fas; (4)

X (3)

vis—matrix element of the transition from the
ground state to the s-th state in a homogeneous
electric field:

Voo = § 5" (x) eFrgo (x) dr;

ng—integer closest to (I, — Ig)/hw; yg—radiation
width of the level. -

We present now a detailed derivation and analy-
sis of formulas (1) and (3). On the basis of the re-
sults we shall then derive briefly analogous ex-
pressions for the ionization probability in a solid.

The electric field of the wave exerts the strong-
est action on the states of the continuous spectrum
and on the degenerate levels of the excited bound
states. Therefore, as the first step, we take into
account these effects. The wave function of the free
electron in an electric field

F(t) = F cos ot (5)

is of the form

b, 0 =ep{ | [(p+ - sinot )r

5%(p—|—7smmr)d~c]}, (6)
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and for the s-th bound state
7 )
Ps(r, ) = Ps(r) exp{ (]t—em—csmmt)} (7

We have in mind here the hydrogen atom, in which
the Stark effect is nonlinear in the field. In the
wave function of the final state (6), we have neglec-
ted for the time being the influence of the Coulomb
field of the ionized atom. The role of this interac-
tion, as well as of the quadratic Stark effect, will
be discussed below.

Let us calculate now the probability of the tran-
sition from the ground state to a free-electron
state of the type (6). The difference between our
procedure and the usual perturbation theory lies
thus only in the fact that we calculate the proba-
bility of transition not to a stationary final state,
but to a state (6) that already takes exact account
of the main effect of the electric field—the acceler-
ation of the free electron. The matrix elements of
the transition between the bound states, on the
other hand, are taken into account only in the lower
orders of perturbation theory, since they are pro-
portional to eFa,, and as will be shown below, the
transition matrix elements which we take into ac-
count in the continuous spectrum are proportional
to eFayVIy/hw. The ratio hw /I, will be assumed to
be sufficiently small. For the lasers presently in
existence it is of the order of 0.1.

The probability of direct transition from the
ground state to the continuous spectrum is of the
form

1
woz—zlim ReS

T
S dt cos o1 cos ol
h IT—ro 0

(2nﬁ 3

¥ r
X Vo( b+ Ssino? | Vo p+ Zsinot )
0

/

Xexp{hS[Io—l— (p+£smm>]d1:}, (8)
d3r

(ruag)'te

_ 8 (nalyhehFV, (1 + pPad/h), (9)

Volp) = S e~k gFrerit

Let us expand the expression
r
L(p, t)= Vo( p —l—f—sinmt)
\ ® / )
i 1 eF | 2
XGXP{ E'§{Io+2—n—z(\p—|——o—)—smon>]dr} (10)
in a Fourier series in t:
' e2f2

L(p, t)=n§:xp {% (10 + Zp—; o nﬁco) t} Ln g)l )
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£l

Ln(P)=—;—nS Vo (p—i—if«sinx)

—3t

. Fp - 5
(nﬁmx—e P cosS T — il

2
sin 2z )} dz .

2mo 8mw?
(12)

Substituting this expansion in (8), we obtain after
the usual transformations

2n dp 1 | :
wy = —ﬁ— S W’n=2~w —4 Ln+1(p) _J_ Ln—i (p)
2 e2f2
X 8 <Io+ + - 4o ' — nhie )’ (13)

or, using the presence of §-functions

wo =20 § 22

' (2ah)3 | L®)f?
e2F?
4mo?

(1,47
><§] 8{ Jo+5—+

n=-—o0

L(p) =%§P V‘o(p—l—%Fu) exp{%ms [ Iy

—nhm), (14)

1 eF \2 dv ‘

g (P 55 0) ]W;}d”- (19)
The integral with respect to u in (15) is taken along
a closed contour which encloses the segment
(—1, 1).

Formula (14) has the explicit form of the sum
of multi-photon processes. The exponential in (15)
is rapidly oscillating, so that the integral can be

calculated by the saddle-point method. The saddle
points- are determined by the condition

e(f' us)2= 0.

It is easy to verify, however, that for the hydrogen
atom the matrix element Vop + eFu/w) has a pole
at the same points, by virtue of the relation 2ml,
H2/30 The presence of this pole is neither acci-
dental nor typical of the hydrogen atom, but re-
flects the universally known fact that the scattering
amplitude has poles at complex momentum values
corresponding to bound states(5. Taking these
singularities into account, we can easily verify that

the contribution of each saddle point to (15) is equal
to

I o)
2 Pl S
V“aO eFay (1 — ug2)

Xexp{-}f—mgs[ I+ — (p+

o) )

The positions of the saddle points depend on p.
However, contributions to the total probability of
ionization (14) are made only by small p, satisfying
the condition p? « 2ml,. Consequently we can put
p = 0 in the pre-exponential factor, and we can ex-
pand in the exponential in powers of p up to second
order inclusive. Substituting then the resultant ex-
pression in (14) and integrating with respect to p,
we transform (14) to

o= 2o () 5[0 2)

2Tl . . _ 1 '

X exp{—ﬁwi[smh ! Yll—:_z: ]} (16)
Here

Y= 0V 2mly/eF, (17

and the function S(y, TO/H w), which varies slowly
compared with an exponential function, is of the
form

y, 2) = Zexp{ 2[<z+1>—x+n]

n=0

X CD{[W )] } (18)

The symbol (x) denotes the integer part of the
number X, and the function &(z), defined by

O(5) = ev-say, (19)
0
is expressed in terms of the well known probability
integral.

The function S(y, TO/Hw) describes the spectrum
structure connected with the discreteness of the
number of absorbed photons. It obviously has char-
acterlstlc threshold singularities of the type
(IO - nhw)i/2 The effective threshold energy of
absorption- IO, defined by formula (2), exceeds the
ionization potential I, by the value of the average
oscillation energy of the electron in the field of the
wave. This is precisely the quantity which enters
into the 6-function that expresses the law of energy
conservation in the general formula (14).

For the case of low frequencies and very strong
fields, when y « 1, the main contribution in ex-
pression (18) for S is made by large n ~ ¥ 73, Con-
sequently, going over from summation over n to
integration, we obtain

S(y, To/ i) = V3n [ 4y2,
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as a result of which the ionization probability is
described by the formula

V6 Io( el )‘/2
Wy = —_____ —_—
4 A m'/2_[03/z

& ¥om 103’( —me), (20)
3 ehF Se2p2

As w — 0, the exponential in (20) coincides with
the known expression for the tunnel auto-ionization
of atoms in an electric field(45] whereas the ex-.
ponential factor is different from the correct one,
This is connected with the fact that we have used
for the wave functions of the final state the func-
tions of the free electron (6), i.e., we have neglec-
ted the Coulomb interaction in the final state, which,
as is well known, changes the power of F in the
bre-exponential expression, without changing the
exponential itself. For the same reason, the pre-
€xXponential factor in (16) must also be corrected,
but this is of less significance, since all the depen-
dences are determined essentially by the exponen-
tial function. A crude quasiclassical analysis
shows that, apart from a numerical coefficient, the
inclusion of this interaction results in a correction
factor Iyy/Hw (1 +v2)1/2, which we have taken into
account in (1).

In the opposite limiting case of high frequencies
and not very strong fields vy > 1, the fundamental
role in (18) is played by the zeroth term, and
formula (1) describes in this case the probability
of simultaneous absorption of several photons:

Xexp{—

Wy = Am(—%)% exp{ 2 ,%+ 1> ‘/%( t +%)}

(o) o3 y- 2]

-8771(02]0 / hw

After introducing the correction for the Coulomb
interaction in the final state, formulas (1) and (21)
should be applicable, accurate to a numerical fac-
tor of the order of unity, to a description of the
lonization of any atom, not only hydrogen. Indeed,
as can be seen from the preceding deduction, this
probability is determined essentially by the action
of the field on the final state of the free electron,
and not on the ground state of the atom. Therefore
the use of another wave function for the ground
state changes only the matrix element Vi), i.e.,
the pre-exponential factor,

So far we have considered a transition from the
ground state directly to the continuous-spectrum
state. Let us consider now, in the next higher order
of perturbation theory, a process in which the elec-
tron first goes over into an excited state (7), and

then into the continuous spectrum. The probability
of such a transition is equal to

S Ry @p
w) — 7 % lTl-I:amReS (—27_{/‘173Ls( (p, T)cos oI

T

X g L (p, t) cos wid, (22)

o

1 eF ) i [
() == —si t ——
L (p, t) A Vs(p+w81nm exp{ﬁ § I

2

—f—i— ( p _,_‘{Esin mr) — eFo;scos ot ] dr}
2m ® .
t ;v
X gl Vos cos ot’ exp {—ﬁ— S [Io— I, 4 eFo, cos oTt] dr} dy.

0 0 (23)
After transformations analogous to (11)—(13), this
expression reduces to the form

1 eFo; eFos \|2
="y _ .
“ 42 o] ﬁm>+J+‘( o)
]VOSIZ ZJTS d3p
X (Io— I —nho)2 £ ) (k)3
1
X T | Ln'—1(P) + Lyy4 (p) [2
P> e ,
X[6<Is+2m+4mm2 nﬁm)
P e )]
2 — (! 2
+’5(l°+2m+4mw2 7+ mka )], 24

where Jy—Bessel function of order n.

Carrying out summation over n’ and integration
over p, and retaining in the sum over n only the
term ng closest to resonance |1, - Igs - nghw| « Hw,
we obtain formula (3), but with a denominator in
which we take account also of the shift of the
atomic levels in the second order of the Stark
effect, and of the attenuation of the level Ig due to
its ionization Wg and its spontaneous émission vy g.
Formula (3) describes also the radiation of atoms
at frequencies Nwg =1~ Ig, if we replace wg by
Ys In its numerator,

The quantity eFogs/hw, which enters in (3), is
of the order of 1/v, and therefore formally when
Y > 1 the probabilities w() and Wy can be of the
same order of magnitude. Numerically, however,
w(T) is in the mean very small compared with w,,
owing to the factor 1/ng! in the definition of Jy,.
Directly near resonance, however, w(r) becomes
many orders larger than Wy

w(r)) ( 1 )2 mﬁm.’i )le/h(n
( Wy Yinasx ’a ( e2r2

This resonance is of course very narrow and
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therefore difficult to observe. It is interesting to
note that if the frequency of the incident radiation
lies in a relatively broad region, such that

1Ty~ Is —nghw| < eFlag/2, then we can observe
just as sharp a resonant change in the ionization

probability when the field intensity in the wave is
changed, for the resonant frequency itself is dis-
placed in this case. '

We note, finally, that in the case of the purely
quadratic Stark effect (0s = 0) the situation does
not change qualitatively, although quantitatively
w(r) becomes Somewhat smaller. The Bessel-
function arguments in (3) then contain in lieu of
eFo g the quantity e?Fog/4, and their index ng — 1
is replaced by (ng — 1)/2 for odd ng and ng/2 — 1
for even ng. In the case of even ng, Vyg is replaced
by Véé’—the correction to Vyg in first-order per-
turbation theory.

The formulas presented above pertained to the
ionization of individual atoms, i.e., to gases. We
now turn to ionization by a strong electromagnetic
wave in a crystal. In this case the ionization proc-
ess reduces to the transfer of the electron from
the valence band into the conduction band, in other
words, to the creation of an electron-hole pair.
Therefore the energy of the final state is not
simply the energy of the free electron, but is equal
to the sum of the energies of the electron and of the
hole:

&(p) = 2:(p) — eu(p). (25)

Here the indices ¢ and v denote the conduction
and valence bands, and €c¢,v(P) is the dependence of
the energy on the quasimomentum in these bands.
The quasimomenta of the initial and final states,
should naturally be the same, since the homogene-
ous electric field cannot change the momentum of
a system that is neutral on the whole.

The Bloch wave functions of an electron, accel-
erated by the field inside each of the bands, have 2
form analogous to (8):

t

Wre o =ghwen 5 [por—{e. o) |},

0

p{t)=p+ (eF/m).sin ot, (26)

where uS:V (r) are periodic functions that have the
translational Symmetry of the lattice. Calculations
perfectly similar to (8)—(15) lead to a general
formula for the ionization probability

2 N g o
w=fnS(2T5)3]ch(P) lznzé(e(p)—nﬁ&)), (27)

where, however,

— 1 F eF
e(P):z—nj[ € (p +?sinx)dx, (

Leo(p) = T:c & ch(P‘f‘%u)

Xexp{ﬁﬁi—je(‘p—}—%v})ﬁ}du. (2

The matrix element of the optical transition
from the valence to the conduction band is deter-
mined in the following fashion:

Veo () = i { ug’ () eFV, 2 (1) . (30

The saddle points of the integral (29) are now de-
termined by the relation

e(p + eFu, [ 0) = 0, (31

The matrix element Vev(p + eFu/w) has at these
points, as for isolated atoms, a pole with a univer.
sal residue valuel$,7]

res Ve, (p - eFu, [ ) = +ifio [ 4, (32

The essential difference from the case of atoms
is, however, the fact that the function ¢(p + eFu/w)
has at the point Ug not a simple zero, but a branch
point of the root type. Calculating Lev(p) with al-
lowance for these singularities, we find that the
contribution to (29) made by each of the saddle
points is equal to

to [ eF du 1
TeXpleée(H‘”) A—=w)yhf

Further calculations are perfectly analogous to
those that lead to formula (16), but call for the use
of a concrete type of dispersion law €(p). For typi-
cal semiconductors(® ™ we have

e(p) = A(1+ p2/ mA), (33)

where A—width of the forbidden band separating
the valence band from the conduction band and m—
reduced mass of the electron and the hole,

1/m=1/me+1/mh.

In this case, having in mind small p (but not
p +eFu/w) and introducing dimensionless variables
x and y defined by

2 =pE/mA; 2 =p,2/mA, (34)

where p and p; are the quasimomentum com-
ponents parallel and perpendicular to the direction
of the field F, we obtain
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8(9)___A{1/1+v ( i )

.'/
1 2
(=) T st e )
ity Wity 2 vy \Wide
(35)
and for the argument of the exponential in (2.9) we
get
- F d
i e 73
—_— & —U
ﬁmS (p-l— o /Y1 —u?

2 Y14+t Yl 492 V142
¥ ooy Y
* 2 Y1442 (1’1+v2>

* 'V1i-Y2K( V1:—v2)]}. o

The functions K and E in (35) and (36) are complete
elliptic integrals of the first and second kind. The
term in (36), which is linear in x, will henceforth
be left out, for when account is taken of both saddle
points it gives rise in L(p) to a rapidly oscillating
factor of the type 2cos x, which reduces after
squaring and integrating with respect to x to a
factor 2, which we can take into account directly

in the final answer. The quantity y in (35)—(42)
differs from (17) by a factor 1/vV2:

vy = wYmA [ eF.

The ionization probability is given by the expres-
sion

=22 (TE ) o[y ) - 1)

e e e L =)t

where A—effective ionization potential:

LS

A=—A (38)
n v Y14y

The symbol (x) again denotes the integer part of

the number x, and Q(y, A/hw) is a function analog-

ous to S in (16):

[

ave z) = [ﬂ /2K (m—q’ﬂ%
T

< 2o [¥ (77)
()| )}
x@{[n~(2<x+1>_2x+n)/ (
)

In the derivation of (37) we have made use of an
identity known from the theory of elliptic integrals:

K@@)EYT—2) + KT — ) E(z)
— K(@)K(YT —a%) = n /2.

Asymptotically, the behavior of the ionization
probability in a solid (37) is similar to the variation
of the ionization probability in gases (16), both for
low and for high frequencies. In the case of low
frequencies and strong fields v <« 1, the ionization
probability reduces to the formula for the tunnel
effect[6:8);

2 A /mA °/2( ehF \*%
v=gar (7) (i)

VAN 2
n m2A 1 mw?A
XeXp{_ (15 e )} (40)

At first glance (40) differs from the corresponding
formula (19) inL8] by a factor of the order
(efi F/m1/2A%/2)1/2 in front of the exponential. This
is connected with the fact that (40), like the general
formula (27), describes the average ionization
probability over a time which is much larger than
the period of the external field 27/w, while formula
(19) ofle] yields the instantaneous tunneling proba-
bility in a slowly varying field. If we introduce in
this last formula a field of the type F(t) = F cos wt
and average it over the time, then the result
agrees with (40).

In the opposite limiting case y » 1, we again ob-
tain a formula that describes the probability of
multi-quantum absorption:

9 %o, X T\
v=go(7) o240 -5) ]
Y , . v {Bipe+1>

X exp {2<7$_m+ (1 —4iizA)} (16(3;{:%) :

(41)
A=A+ e2F? | hmo. (42)
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Ionization in solids can proceed also via inter-
mediate states, similar to the process described
by formula (3). The role of the excited states can
then be played by the excitons, if their binding
energy is commensurate with or larger than the
energy of the quantum of incident radiation hw, or
else by theé local level of the impurities and lattice
defects, if their concentration is sufficiently high.
The corresponding formula is perfectly analogous
to (3) and will not be written out here.

Owing to the presence of the dielectric proba-
bility, the influence of the Coulomb interaction of
the free electron and hole on the ionization proba-
bility is negligibly smallté3.

We now present some quantitative estimates.
Having in mind the hydrogen atom (I, = 13.6 eV)
and emission in the red region of the spectrum at
frequency w = 3 x 10!% sec™!, we obtain (I/hw + 1)
= 8. The field intensity is best expressed in terms
of the power of the incident wave W and the trans-
verse cross section of the beam !’ R%

e2l2 2mez W w

1
. = — B —22
v? 2ma2ly,  mew?l; R2 2.5-10 R

After substituting in (21) we obtain

wy &~ 1017(2. 10-° W [ R?)8 sec™.

Thus, for example, for W = 50 MW and R? = 1078 cm?
we get w, = 109 sec™!, i.e., within a time on the
order of 0.001 usec the gas is completely ionized.
However, at lower values of the power or in the
case of poor focusing, the effect decreases very
rapidly. Thus, for W = 50 MW but R? = 107 cm,
the frequency is wy = 1077 sec’l.

Analogously, for ionization of the first excited
level of hydrogen, I, = 0.25 I, we get

wy = 1016(8 - 10-° W/ R?)2gec,

The Stark splitting for this level is 3eFh ¢/me?.
Substituting these expressions in (3) we obtain for
the resonant part of the ionization probability the
following estimate:

v (oY (hu:
[(n1—1)1]2 2ho (10——11'—}11’70))2
8 h(o 2
~ 12 —9 \l e
10 <6 10 R/ (10—11—671(1)>

If, for example, the distance from resonance in the
denominator of this formula is of the order of
2 % 1072 eV, then w(r) exceeds w, by more than four
orders of magnitude.

~ In the case of a molecular gas, the condition of

DIn all the formulas that follow W is in MW and R in cm.

resonance can be assumed to be satisfied almost
always, since the energy which is lacking for
resonance can be obtained from (or given up to)
the vibrational degrees of freedom, which are
strongly excited in some fields. The total ioniza-
tion probability is in this case of the order of

eFo, )21', W
170 Ws -+ Vs

oo

The main contribution to the ionization is made by
the excited states with the highest ionization poten-
tials.

In a real situation, the resonant ionization is
decisive in a much wider frequency range, since
the power of the mcident radiation varies with
time, and the resonant frequencies in (3) are shifted
by an amount on the order of

1 e ‘
A(ho,) = 5 e2F2qs = 2n—;— asW.

If |I,—Ig —nghw| < A(fiwy), then at some instant
of time the resonance condition is satisfied exactly,
and this instant makes the main contribution to the
total ionization. The total ionization probability is
determined by the time integral of formula (3):

2n | Vos |2 [ sz)—‘ 1

a1, (chs> 2
) \"a 4 177\ Thg

In the right side of this formula there should be

substituted the resonant value of the field.

If we introduce a dimensionless coefficient of the
order of unity

. (43)

fwnar =

as = | Vos|2 [ e2F2a,l,,

then (43) can be rewritten in a more illustrative
form

(44)

1

Fos
Sw(f)dt=2nas iJn -1\ e ° )

“he

where T—characteristic time of the order of the
duration of the radiation pulse, determined by the
relation

e (45)

Under the same assumptions used to obtain the
previous estimate, we obtain (ng = 6)

§ wodt ~ 10122 (6-10-2 W/ Re)s.

Thus, for a pulse duration 7 ~ 100 usec, radiation
of 50 MW power, focused in a region with dimen-
sions R ~ 3 X 1073 cm produces practically full
ionization.

In breakdown of gases under real conditions,
the role of the processes considered in the present
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paper is determined by their competition with the
cascade multiplication of the free electrons. The
field intensity at which the cascade breakdown
occurs increases rapidly with decreasing dimen-
sions of the region where the field is effective, or
with decrease in the pulse duration. Therefore for
a sufficiently focused beam R < 1073 cm, or for
sufficiently short pulses, the breakdown should ap-
parently be determined by the direct ionization of
the atoms in the field of the wave.

In the case of condensed media, the situation is
much more favorable for the mechanism in ques-~
tion, for owing to the rapid energy dissipation by
the free electrons, the breakdown fields are much
higher there, and the ionization potentials lower.

In conclusion I take the opportunity to thank
G. A. Askar’yan, V. L. Ginzburg, and M. A. Krivo-
glaz for valuable remarks made during the discus-
sion of the present paper.
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The magnetic moment of conduction electrons in strong magnetic fields is determined. It is
found that the magnetic field strength dependence of the ground state energy and level density

can be deduced from an experimental investi

gation of the magnetic susceptibility for an ar-.

bitrary dispersion law. It is shown that for a quadratic dispersion law in strong magnetic
fields the total magnetic moment (diamagnetic or paramagnetic) approaches saturation.

1. INTRODUCTION

A.T the present time, the oscillating part-of the
magnetic susceptibility (the de Haas-van Alphen
effect) has been well studied thearetically and ex-
perimentally (see, e.g., By ). The oscillations, as
is well known, occur at low temperatures T(T

< puH) in weak magnetic fields (uH < gy, where p
is the Bohr magneton for the conduction electron,
and ¢, is the limiting Fermi energy; the temper-
ature will always be measured in energy units ).
The situation is much worse with respect to the
investigation of the monotonic part x of the mag-
netic susceptibility (which is all that remains in
strong magnetic fields and high temperatures),
Experimentally, this is because it is difficult to
separate the monotonic susceptibility of the con-
duction electrons from the susceptibility of the
lattice. The theoretical determination of the sus-
ceptibility for a non-quadratic dispersion law for
the electrons cannot be made because, as it turns
out, knowledge of the exact rules of quantization
is required even in weak magnetic fields (see (2] ).
In this connection Rumer’s calculation [ for a

- free electron gas') is essential for an understand-

ing of the dependence. Of particular interest,
naturally, is the region of strong magnetic fields

”‘H>T7 C01 (1)

where the magnetic susceptibility of the electron
gas depends on magnetic field (in zeroth approxi-
mation y does not depend on H for uH <« ¢, and
pH < T),

However, Rumer’s treatment fails to give an

DAlso of great interest is the calculation of magnetic sus-
ceptibility for semiconductors with a loop of extrema in a per-
pendicular loop of magnetic field, [*] which has been carried
out on the basis of exact quantization rules.
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understanding of the situation for the general case
in precisely the region of Eq. (1). To show this,
let us turn to the simplest case of a dispersion
law € = p2/2m* (€ is energy, p momentum),
where the effective mass m* is not the same as
the mass m, of a free electron. Then the energy

levels have the form (z is the magnetic field
direction) '

ent = p2/2m" + (n 4- 1)
X UH £ poH |2 = g 4 woH /2 (2)

(the last term is associated with the spin para-
magnetism), so that the energy of the ground state
equals

twin = 5 (o) = g (8= o .
In magnetic fields of Eq. (1), when the separation
between the levels is the greatest in energy, all
the electrons accumulate near €min- From the
expression for epjp it is clear that the case of
free electrons, when m* = my, is a special one,
for only in this case does the energy €., equal
zero at any field H, whereas when m* = m,, the
magnitude | €yiy | —© as H— =, As a result,
it is natural to expect in the general case a sub-
stantially different dependence y (T, H) than the
one offered in [,

The purpose of this paper is to elucidate the
form of this dependence. First, in Sec. 2, we
shall carry out the calculation of x (H, T) for the
case of Eq. (2) both with y ~ p, and with y > Ko
(the case u < p,, i.e.,, m* >» m,, is not met in
real conductors) and estimate the magnetic fields
that satisfy the condition (1). The basic problem
of Sec. 2 is to obtain  (H, T) in explicit form and
to demonstrate the idea of the calculation. In Sec.
3 we discuss the case when the uH that satisfies
the inequality (1) is significantly less than all




