Electron spectrum of a one-dimensional quasicrystal
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The electron spectrum of a one-dimensional quasicrystal is considered. It is shown that the
measure of allowed states is zero and the density of states is strongly singular. The existence of
an analog of the momentum is demonstrated; it is represented by a fraction n of the states of
energy less than a given value. The dependence of the energy on n exhibits gaps for n = a + be
[a and b are integers; ¢ = (5!/2 — 1)/2] and scaling behavior for n = ¢ + dp (c and d are
rational numbers). An exact solution in the tight-binding limit is obtained by the

renormalization group method.

I, is repeated n; times). The effecti »

-1 . T ectiveness of this algo-
‘ mis manifested by the fact that it can be used to calculite
a segment of length N in ~In N steps.’

We shall now deal With the problem of calculating the
‘spect.rum. We shall consider a segment I, and the potential
in this segment. We shall periodically continue the potential
'frgm asegment over the whole line and we shall be interested
11} 1t)he band structure. of the resultant crystal with a unit cell
of Py + Q. atf)ms. It is given by the condition tr Ty (e)] <2
Yv.h?rng" (&) Iis areal unimodular 2 X 2 matrix describing the’
variables at the right end of the se; i i
st the leh ot gment in terms of the vari-
The problem thus reduces to i ’

o a calculation of a transf:
matrix or, more exactly, of its trace. The above property ofe ;

oken line readily yij i

o T, y yields the following recurrence relation-

7 . Tv=T e (Toy) ™. (3)

Since it is not the transfer matrices but their traces that are

mport.ant, we shall rewrite the mapping (3) for traces. We

all introduce the variables Xp=(trT,_ T, )/2' y
— y k

WrT,)/2,z, = .
follo v:s: Zr = (tr T}, _, )/2. These variables transform

Zp g =Srett (yh) e (yh) 2,

of the integer-valued segments coincides with one of the
functions U, and U,, and U, and U, alternate in the same
order as the vertical and horizontal parts of the broken line
(Fig. 5 below). -

The results of numerical calculations carried out using
such a potential have been reported on several occasions.>*
It has been established that for any value of the incommensu-
rate potential the measure of the spectrum is zero. This
shows that perturbation theory cannot be applied.

In fact, if we were to carry out calculations for a weak:
potential using perturbation theory we would have to as-i3
sume that each harmonic of the potential opens up (indepen-
dently of others) a gap in the spectrum of free particles and
this gap would be proportional to the harmonic. The Fourier,

transform of such a potential can be calculated by a methoc
described in Ref. 2. It consists of § peaks with position
which are obtained by projection from lattice points on 5
straight line and because of the sharp edge of the tube the g
intensity of the peaks falls slowly (as 1/¢*) onincrease ing*
which is the distance from a lattice point to its projection
Therefore, the sum of absolute values of the harmonics (i.e.
the sum of the gaps which are opened up in the spectrum
diverges logarithmically for any potential no matter hov
weak. Therefore, our problem cannot be solved by perturba
tion theory methods and requires a special approach de
scribed below. N

1. INTRODUCTION

The properties of the Schrodinger operator with a qua-
siperiodic potential are of considerable interest in the phys-
ics of incommensurate systems. It is known that any quasi-
periodic function can be derived from a periodic function in
a space with a large number of dimensions when the latter is
limited to a certain subspace:

Ux)=F (%, y(x)). S

Here, U is a quasiperiodic function in k-dimensional space
with k + I periods; Fis a periodic function in (k + /)-dimen-
sional space; y; (x;) (j=1,..., k,i=1,.., k+ 1) is the em-
bedding of a k-dimensional space in a space of k + ! dimen-
sions. oo s
The case of a smooth function F(k = 1,/ = 1) has been
studied thoroughly.! However, it has recently become clear
that in certain situations which are physically important the
function F is discontinuous. These situations include the
spectrum of surface states of electrons on a crystal face with
sufficiently large (“irrational”) Miller indices (k=2,
/= 1), the problem of electrons on a dislocation the direc-
tion of which is incommensurate with the lattice periods
(k =1,/ =2), and finally the problem of electron properties
of recently discovered quasicrystalline substances (k=13
1=3). .

In all these cases a discontinuous quasiperiodic distri-
bution of atoms can be described by the tube model®: a cer-
tain set T is selected in an orthogonal complement to a k-
dimensional space and all the points are taken on an
integer-valued lattice in a k-dimensional tube of cross sec-
tion 7. The positions of atoms are given by the projections of
these points on a k-dimensional subspace.

We shall consider an example of a potential of this type
which is quite easy to analyze. We shall assume that an irra-
tional number & and a band A<y —ax<A+1+aona
two-dimensional lattice are given. The lattice points in such
a band are joined by a broken line drawn along the edges of
the lattice. Moreover, there are two smooth functions ina

yh-{-l—Sﬂk(yh)xh—-Sﬁk—l(yh)z‘” B =Y, (4)
here S *(¢) = sin(n arcos ¢)/sin(ar .

. . ccos ) is Cheb
ynomlal. This mapping has an integral: ebyshev

He,g,2)ma -
('?:1 ¥,3)=x +y2+zz"2$y2= tr(Tth-iT;.“T,._’i)/Z. (5)

tl;e Jacobian (4).is — 1, the mapping (4) transforms
surface J = const into itself by one-to-one correspon-

’*Tl:‘le problem jis therefore reduced to the followin

TS is acurve x, (), 1(€),2,(e). It has to be iterated bg);
nyn;app.lng (4) and we have to find the band structure, set
or-which | y, (¢)| < 1. We shall now give the quantlrties

't -discussion calculated for a speci i
e bingin pecific potential of the

e¢n=‘pn+i+¢n—l+ Vn"pny
Va=A, if the nth letter is— 4,

£6)

V==, if the nth letter is— B,

2. RECURSION FOR TRANSFER MATRICES AND THEIR ) =e—M/2, yo(e)=etM/2, zo(e)=1, J=i+hp% |

TRACES o - ’
We shall consider a sequence of letters 4 and B desc

ing the alternation of segments of a broken line correspo

ingtoA = — 1 (4 is a vertical segment and B is a horizo

segment). There is an effective algorithm for calculating

sequence and it involves expansion of the number a 2 1

continued fraction. Let ¢ =1/(n, + 1)/(n, + ... and ¢

k th suitable fraction is P,/Qx (P and Q, are corprim

numbers). Then, a segment I, of a broken line consistin

the first P, + Q, letters is obtained from the segments J,

In this case the initial curve lies completely on a certain
: }ant surface. However, this is not generally true arid the
.e r;z;nt.l may depend on . However, we can say thatin the
: ; ﬁllol:velcli values of the energy we have J>1. We can
1y check that if |tr T,7,T ~'T ! ¢
i [tr T,T,T [ 'T; | <2, then [tr Ty >2
l‘though some of the results obtained below are valid
_vahsule/sz of a, we shall consider only the case when
= ( — 1)/2. The mapping and the invariant were

ed for the gol ction i i
" e golden section in Ref. 3. The mapping (2)

.

2. GEOMETRY OF THE SURFACE J=const

If /=1 (when the matrice '
' s T'; and T, commute) thi
Zurface .cons1sts' of five parts: the firstis a curzvilinéar tetiatlius
Rr(on v;nth vertices at the points P( LLD), 01, —1, — 1§-
X a;d :91,. - _1) and §( — 1, — 1,1), parametrized by,angles’
old 1 6ix = cos (6, + 6,),y =cos 8,, z = cos 0,; the sec-
n_ Is a funnel with its vertex at the point P
t:fo;rfl:)s: n((lf;ﬁ1 f+h02), y= cosh ), z=cosh6,; the third.
B , thare similar funnels with vertices at O,R,and
For J differing from unit i i
: y the conical singulariti '
Q, R, and S are replaced by four necks. srariesatd,
i k\;’e shall now cons}der the behavior of mapping near the
ﬁecd . .If J—1|«l1, fts behavior can be linearized (Pisa
x2e p_ozmt) and the eigen-numbers can be obtained: — 1
¢h" ¢],1 . We can see that a neck has two points P’ and P :
Wwhich are transformed into one another and which are fixed

relative to the mappin
g square. In the case of i
value of J, P’ and P” are described by o arbitzary

=t (1),  y=tF(£—1)% == (2—t)™
J=4*~-3t,  >1. ®)
The eigen-numbers of the square M are
[8t—12[(8t—1)2—4]%]/2. 9)

The positi i inni
ke }1: 0 ar:rsl; ::‘V ;hicensle:]iagrallglces beginning at the points P’
initia’{‘zziclillts;inbl.ltlo}rll of tl'le separatrices shows that if some
ial s In the region 1 of the neck, it is displaced to
e funnel and does not return. Its coordinates will then in
crease and the corresponding energy is forbidden -
Therefore, the forbidden energies correspon(i to points

and I, _, as follows:
Ih=lh—l e Ih—llh—s

FIG. 1. a) Separatrices in the vicini
C v ices ty of aneck P. b) Part of th i
;'eglon between ghe initial segments of two separatrices ( shown%fgzzl)c!‘:ﬁn
ower part applies to a torus 8,, 6,, and the upp'e’f part toé funnel e

unit segment (two types of atom) such that
U,(0) =U,(0) =U,(1) = U,(1). Thefunction U for each ra~2ay—z, Yoz, 1oy _
' ' ' A L - (7)
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lem there is no quasimomentum, the positions of the gaps in
the spectrum £(n) are described by the same rule as in the
usu.al case: the values of # at which there is a gap are d

scribed by the formula P -

n=(a+bg)/(aitb.p), (11)

where @ and b are arbitrary i
| y integers; ' i
integers fixed for a given chain. Berss o 8nd by are certain
. We can demonstrate the validity of Eq. (11) by consid-
zrl;llg acurve the _end of which is located in a neck after the
Wt Interaction (i.e., the energy &, has become forbidden)
e slzlall assume that C, =nmI +n,I, and C .
=mI'y + m,T,. It follows frou ,
iterations oy ik m Eq. (10) that after further

’
n'=Fn+F_n,,

and is equal to the “number of revolutions” of the
C. [xc (&) yi (€),2; (£),£ <€) curve about the surface
J = const. _ _

We shall now project the surface on the yz plane. The
bounding curve of the projection is described by the equation
(1-yH(1=-2)=1- Jand itis shown in Fig. 3. The ener-
gy bands for the k-iteration chain are obtained from the con-
dition |y, ()| < 1, and their number is the same as the num- _f
ber of times that a curve C varies from values > 1 to values

< — 1 or vice versa. Any curve C such that after the k th
iteration its terminal point has become displaced to a neck
and has not returned can be made to correspond to an ele-
ment of a group of one-dimensional homologies of the sur-
face, n,T'; + n,I'5, where n, and r, are numbers defined be-
low, whereas I'; and T, are the contours shownin Fig. 3. The
integer n, is equal to the number of intersections of the curve
Cin the region |y| < 1, where topologically removable inter-
sections are ignored, and n, is defined similarly but with p
replaced with z. A study of the action of mapping on a group

of homologies gives
./11: F1—>F¢+Fz, FZ—-)I‘!t

Moreover, it is clear that the number of intersections of the
curve C in the region |y| <1 is not less than the first coeffi-
cient of its expansion in terms of I'; and I',. Since this is true
for any part of the curve with its ends at holes and the num-
ber of times that the curve intersects the region |y| <1 is 4
equal to the total number of the energy bands (number of
atoms in a chain), we can formulate the following conclus
sion. If after a certain number of iterations the energies ;¢
and &, become forbidden (because the corresponding points
have been displaced to necks), then the number of states
and £, (or the number of the energy bands for ‘
periodic continued potential) is equal to the first cofficient
of the-expansion of the curve C., in terms of T and I,

We shall now show that in spite of the nonperturbative
nature-of the problem in the absence of quasimomenturﬁ
there is a-quantity analogous to the quasimomentum. Thi

1
ny'=Fi_n,+F _;n,

(F, is the / th Fibonacci number). In the limit /- o the frac-

on the J = 0.3024 surface demonstrating nonite- . .
tion n of states with energies less than ¢ is

FIG: 2. Mapping orbits
M. The projection on the yz plane is shown.

grability of the mapping
lim [ (Fin,+F o)/ (Fim+Foogms) |,

t—>o

(10) It follows from the properties of the Fibonacci numbers and
those of the golden section that n= (n, +n al;/
(m, + fng;), where m, and m, are the coeﬂ”lcieilts o??;he
expansion of _the f:urves x,(€), y,(€), z,(¢) in terms of T
ﬁxd_Ffi Bzarmg in min_d the tight-binding case, we obtairll
r (; | (11;’1 m, = 0. This proves the assertion described by

N

inside the forbidden region, i.e., the region between the pairs
of separatrices drawn to reach the points P’ and P, Q" and
Q",S'andS",andR’ and R ";these pointsappearasa result
of bifurcation of the conical singularities at P, 0, S, and R.
The forbidden region has a fairly complex structure because
separatrices appear in the funnels an infinite number of times
and then return. We can calculate the whole forbidden re-
gion by continuing the separatrices without limit. The initial
parts of the separatrices and the corresponding forbidden
region are shown in Fig. 1b. A quantitative determination of

the spectrum i§ niot possible by this method because the map-

ping M is not integrable (Fig. 2).
1fJ = 1, thé mapping M becomes simple in terms of the

coordinates 8, and 8,; (8;, 6) (8, + 0,,0,). This is an
integer-valued hyperbolic mapping of the torus (eigen-
numbers-@ and @ -1y, Such mapping mixes strongly the
points and after a large number of iterations converts any
curve into a thick winding on a torus. Therefore, almost any
point on the curve passes an infinite number of times in the
vicinity of the necks. We therefore conclude that ifJ>1,
almost all the energies are forbidden. The energy spectrum is
then a Kantor set of measure zero. This is in agreement with
the numerical calculations reported in Refs. 3 and 4. Since

the total number of states in a chain is proportional to its
length (and equal to the number of atoms in the case of tight
binding), the density of states considered as a function of the
energy is strongly singular. A natural explanation of this
behavior is that identical configurations are encountered

very frequently ina chain. Fora certain sequence of N letters

A and Bin achain, another identical sequence is encountered
no further than ¢N letters from any given point. Therefore,
the energy levels are almost degenerate and the density of

states is singular.

SCALING PROPERTIES OF THE SPECTRUM

.- We shall now consider poi
- points on the J = const
whlﬂch are ﬁ?(e'd for a certain degree of mapping M: Isl;l:'f(a;;
br(’i); E}fu:l r;:m(ljmu{n n f:r which this is true will be called the
brder: xed point. At a point of order # we can li i
M and ﬁnd_the eigen-numbers A" and A ~ " of the rersl:?lltr nt
linear mapping (A > 1). o
T'here is a simple relationship between fixed points on a
pOinotrtigfi tOI‘;.lS J = 1and other surfaces (/> 1). Each fixed
] = 1 corr i i

A esponds to a fixed point for J > 1 with two
»i 1) The first- i
i oS Ilc.)rder point P corresponds to second-order
. " 2) An orbit of the third-ord i

: -order points Q, R, -
:ppnds toan orbit of six points @, 0, R ',QR " gr’lgri?l':ref
ril;(ctllssorder, which play a role similar to that of ’P ‘and P” (31

1)Q:[ﬁ’ and §. We shall list several other fixed points.

as*‘of L e8se<;ond-order points are described by the formu-
ay q. (8) for £ < — 1/4 and we shall call them O and

between £,

spectrum at values of p equal to integer-valued linear combi
nations of the wave vectors of the harmonics of the potential
In our case a similar conclusion applies to the functio
e(n)(0<n<l), which is defined as follows: e(ng) =€ if thi
ratio of the number of states with energies less than ¢ to th
total number of states in a chain is no. Althou gh in our pro

2) Six points ( 4 ¢,0,0) (0

) Six p +¢,0, » +¢,0) and (0,0

or:n of sixth-order points O (i =1,2 ...(6) £ form

‘vPOilritﬁxefd points of the mapping corresponding to scal-

e }sl 3 the spectrum_. In fact, if in the case of iterations
Y egree of mapping M a certain point x, (), Yol&)

ﬁmbo £) tends tq a fixed point x, of kth order [eigen:

! Aers _olf: the linearization of M* at x, or A* and

étru?n . 1, the region in the vicinity of the point of the
by as the following property: after repeated dilata-

actor of @ on the n scale and by a factor of A on the

4. NUMBER OF STATES AS AN ANALOG OF
QUASIMOMENTUM

We shall now show that the number of states with an
energy less than a given value has a clear geometric meaning

FIG. 3. Projections of the surface J = const on the yz plane. The con

T', and ', are shown.
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€ scale, the graph ceases to va i
) a ry. This follows the properti
g:‘ezsii::ﬁep;mt'tandf from the fact that each itegatilzm 1lre:
ensity of states by a factor of ¢ ~! i
cally, i.e., after a lar i o Py
,1.e., ge number of iterations). We can easi
e . easil
:E:twktlilsatht; ;ec _+dd¢pf ( 1c1 and d are rational numbers) anzi,
1 . riod of the expansion of
Fibonacci g:ode (see the Appendix). the number 1 as &
i ’;l‘he}r:fzre, in addition to the gaps in the dependence of £
pOims, va tl}(i occur at # = a + be (a and b are integers), at
pe dependei ,ge-i- t{;pb _type ( p and q are rational numbers)
exhibits a scaling behavior. It shoul :
ed that the band edges (wher integors et
‘ ( e p and g are integers) are als
gg;gl;sga :21; Isc}:f},mé pé)lnts (and the corresponding ﬁxeg
L7, 00", R',and R "). Figure 4 sh
' : . ows t
f}\lz;rlaf: coeﬂ”y(:;ents of the dilation A for orbits of length le};:
considered as a function of In J, Si i
. fixed point
everywhere fill densely the allowed regi itis I mat for
: region, it is likely that f
any orbit on the surface the dilatati i . o
i tation coefficient is
| reat
tl.lan @ ~ . For low values of J the smallest dilatationgcoeﬂ?
cient corresponds to the orbit O . : )

A={(8]:+1)

L8711 "), (12)

d<loga(¢~') =1—(2/3-5%) (J—1)
+0[ (J-1)%]. (13)
These are the general i
eral properties of the spectrum inde-
g;ecr:irelx:l of the properties of the atoms and of the force o? ?hee
ensurate potential. All these properti
eralized to the case of an arbi rtationa] nambe e
: 1trary irrational numb i
describes the slo oints. which
pe (apart from the scalin i i
! g points, which
szt o.r:ly {(/)zr the slopes _that are quadratic irrationalitigs:
&= ep. gr’?). The scaling coefficients are not universal
initialucli ften.er:ﬂ J depends on ¢ (the curve representing thé
a intersects invariant surfaces). Thi i
to the widths of the forbidd Jugh (o isemseq
en bands, although i
below) the forbidden band wi , B o disoussed
with a coordinate n =
the scale of states decreases in width on increase i: p+( Z;pqo)n

n 5M
0,1

Ji¥4
nd

FIG. 4. Multipliers A of fi i i i
depondones apliers A of xed point orbits of length less than 14. The

Kalugin et a/. 413



whereas the interaction via two molecules looks similar but a
bit more complex. Calculations _demonstrate that
V'= —x*Vandx' = — x.

We shall now consider molecu
upper ends of the molecules coincide with the positions of
= integer points in a band O<y—px< —@ —1 (after applica-

- tion of the mapping M ~? to the points in this band). The
bonds between molecules may be direct or via one atom and
a direct bond corresponds to a vertical segment in this band,
whereas a bond via an atom corresponds to a horizontal seg-
ment. The initial broken line and the broken line in a band
O<y—px<@ I differ by a phason shift, but the corre-
sponding energy spectra are identical. Therefore, splitting of
the levels + V occurs in the same way as the splitting de-
scribed earlier. Only the amplitudes of the jump become re-
normalized: V' = xV /2, x" = x.

Therefore, the level splitting pattern is described by a
tree shown in Fig. 6. The product of the degrees ¢ given
alongside the branches of the tree which begin from the root
and end at a vertex describes the fraction of the states corre-
sponding to this vertex. If we count the sequence of zeros and
ones along the branches of the tree following a path corre-
sponding to the upper edge of a gap, we obtain a Fibonacci

. L . code expansion of an analog of the quasimomentum of the
ta=xV, if the nth segment of & broken line is horizontal, state at the edge of the gap. The paths along the tree which
#»<1.  gre periodic from a certain point correspond to the scaling
points in the spectrum (Sec. 4). As expected, their Fibonacci
code taken along the branches of the path is periodic begin-
ning from a certain point. Each such path corresponds to a
fixed point of the mapping M * for a certain value of k. For
example, paths down, down, down,.
points O
,...correspond to the points
left, left,...and right, right, rig
P'and P".

S

mo\ao“\e

- \oﬂ‘s “\25
— 'bmo\ec

les. The positions of the

FIG. 5. Geometry of the distribution of atoms and molecules in 2 band
— 1<y —@x <. The upper band of width @ ? can be regarded as corre-
sponding nominally to even levels, and the lower band to odd levels.

6. RIGOROUS SOLUTION IN THE TIGHT-BINDING CASE

We shall now consider the case of a strong potential
J> 1 for which we can calculate vigorously the positions of
gaps in the spectrum on the energy scale. If J> 1, the situa-
tion is dominated by fixed points 0} and 0/ (i=12;
j= i,2,.._., 6), for which the dilatation coefficients are the
largest.
We shall consider the following model:

Slb:tn (1Pn+i‘_‘pn) Fian (‘pﬂ—l'—wn) '

t,=V, if the nth segment of a broken line is vertical, (14)

This means that a particle may jump from one site of a
broken line to a neighboring one (Fig. 5) and that the ampli-
tudes of the jumps along the vertical are large, whereas along
the horizontal they are small. We shall use perturbation the-
In the first approximation we shall assume
1 bonds or segments are broken).
d by vertical bonds
An atom has a level

ory in terms of x.
% = 0 (when the horizonta
There remain pairs of sites connecte

(molecules) and single sites (atoms).
with zero energy and a molecule has two levels, one even and

one odd with the energies ¥ and — V, respectively. In the
next orders of perturbation theory each of these levels splits
into 2 band and the width of the band decreases on reduction
in 7. We can easily demonstrate that all the atoms are locat-
ed in a band which is ¢ * times narrower than the initial b
and the sites forming molecules are outside this band (Fig.
5). This makes it possible to calculate the fractions of states
in the first, second, and third bands. These fractions are ¢ 2,
@3 and @2, respectively.
We shall now consider atoms.
tained from the positions of all the points in
application of the matrix M 3, where

= o)

In this case a horizontal segment transforms into a broken

line containing all the molecules and a vertical segment into

a broken line containing one molecule. The Hamiltonian for
the atoms is the same as the initial Hamiltonian, except that
instead of ¥ and x ¥ we now have an amplitude of jumps via
one and two molecules. The amplitude of a jump via one
molecule is given by the formula

V/=(a|H|+>¢+] V|a)/(—V+)+(a|Hl—-)(—-lH|a)/(—V_), FIG. 6. Tree showing the splitting of levels. The energies
(15) obtained after two splittings are shown.

ht,...correspond to the points

7. FORM OF THE WAVE FUNCTION

obvious manner by its
give the following result.

. The fraction of states in a chain of length L, concentra
Their positions are ob- .

a band by the

.\
.fp%‘)v, -v,/-nzv,y xzvx v, (7+§)V
S TN 8 2L

of the bal

Kalugin et al.
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..correspond to the .

(i = 1,2,...,6); the paths left, right, left, right- .
0} (i=1,2), and the paths left,

We shall now describe the properties of the eigenfunc-
tions in the tight-binding case. It is clear from Sec. 6 thatin ;
and s case each wave function is concentrated mainly at fin-
ite set of sites. For each state this fraction is described in an ;
Fibonacci code. Simple calculations |

ed at L~ sites, is proporti
where proportional to exp[ — (x — a)%/2D],

a=c/log, ®=0.4921,
D~'=(log: @ log, L)/ [c(c+1) (1—2¢) 1=4.781 log, L, (16)
(D=(P—’1 c= (6/5)(9—2/5’

ie., a typical wave function is large at L %%? sites (thi
should _be compared with the two-dimensional caie(:i'ls
cl:ISSt?d in Ref. 6). It should be stressed that these site ro
dlstrl'butc?d quasiperiodically in a segment, i.e., the _Sare
function is not localized or delocalized in tl’le 'us;,ual sefllsgeen-
L u\:le shall now consider the case of an arbitrary bindixig.
- :s:cl:ﬁz gtl;:i:te .kntc;lw the wave function correspond-
. \t in the spectrum, i.e., to an orbi

_ger:}(::tn ;f the mapgllng M. In this case there is sucl?;l:;:a(t)fii
s 11; =S T «S. There is a simple relationship
o :cfeir;stt ;V vgas\i/teefur‘l;tlon at an arbitrary point and its value
: s. We can expan i
interest to us as a series in terrﬁs o?‘ :1}:: ;T::)z:lzg (r)lflar‘:;t:r:-f

N= 2 oy, ai(l—a‘)=0’

i, Fys<n

Qg =0. (17)

Then, the transfer matrix linki
’ trix i S )
a site N is nking the beginning of a chain to

7y = [Jiad+ 1—ayE] (18)

1

(E is 2 2 X2 unit matrix i
it ) and we correspondingly have

Ty=8-/n l I (R,S), R I I
- ), » L1 [an+JTj+(1—°5np+j)E]?
R, canas i o
th’; an sutme ?lso a finite number of values and in general
erent values of R, do not comm
‘ . ute. We can deter-
mine the properties of supch - o
in : a product of matri i
miliar results on the localization i onal
ation in a one-dimensional
- I : : ran-
tlvc:slepf(;ltrez;c'xal. Appl);mg them in our case, we find that the
lons are localized in logarithmi
. mic s i
v n log pace. This
eans that a typical wave function increases exponentially

- onin i
onin l;:re::lse in tl}e number of nonzero terms in the Fibonacci-
er expansion for the site in question.

8. CONCLUSIONS

The properties of the electron spectrum of a quasicrys-

tal di .
szioc(i)ltier cops1derab1y from the spectrum obtained in a

; quasiperiodic potential. There i izati
imooth g d ntial. There is no localization-de-
di::ilnzgtlon transition typical of this case. The Hausdoreﬁ‘
sion of the spectrum is always less than unity and it

crea i i
creases monotonically to zero on increase in the strength

Oft . . .
coni;: ptotentlal. ”l"he wave functions are critical, i.e., they are
oncentrated mainly at L * atoms (L is the number of atoms

achai .
chain). We should mention here the treatment in Ref, §

Where it is show :
4 n ma P
ocour, thematically that localization does not

Sov. Phys. JETP 64 (2), August 1986

e i;\slsgrglly, solutions of the one-dimensional problem
are quaSii;entt fi)r tIl_lle description of electronic properties of
ystals. However, calculations
a ' . 8 of the spect
:;lv:wd;r}:;etntslllonaﬁ quasicrystalline lattices reported liJn Rr:f 06f
' ey have much in common with th ime;
sional case. For exam terioes by e
ple, they are characteri
lously short distan g Tovel, o
ces between neighboring 1
not described by the D isti action b are
yson statistics (attracti
lovels or Comston raction between
eneracy). i
e ¢ g y). The wave functions are also
statesSlirslcael st(l)le meafsurelof the spectrum is zero, the density of
zero for almost any position of th i
(in the one-dimension it 1 ooorm tevel
‘ al case). Therefore, it i i
interesting to note the report’ imental obsese,
; port’ of an experimental ob
e re] serva-
It:,r;lof ia:l strong reduction in the density of states at the Fermi
a quasicrystalline alloy of i
. _ the compositio
1U20Pd6oslzo, compared with crystalline and amor ll:o 1n
oys of the same composition. prows e
i STI;:e authors are grateful to L. P. Gor’kov, Ya. G. Sinaf
an . E. Burkov, and particularly to V. L. Pokrovskii for his’
interest and numerous valuable discussions.

APPENDIX
Fibonacci code

Thenumberx (0 <x < 1) canbe represented in the form

o0
z= Z c‘q)i’

it
where ¢; = 0 or 1, and we have ¢;¢;. =0. The sequ
zeros and ones {c; } is known as the code of the nucrlnl::: jc o
num]};}:-: olf){ﬁpertlez of this code are as follows: 1) f(.)r
pumbe hea + @ type (a and{)are integers), beginning
certain point the code consists of zeros alone; 2) for

numbers of thep + ¢ t :
] ype ( pand g are rational) beginni
from a certain point the code becomes periodic. ) beginning
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