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cross section by a function “~p.%ax, then in the en-
ergy region below 650 Mev, we have

ol =(0.3 £0.1) p x 10°%" cm?

Partial Cross Sections

Within the bounds of the charge-independence hy-
pothesis all the cross sections for pion production
in nucleon collisions can be represented as a linear
combination of three partial cross sections 0y, 0y,
and o,, (the notation of Ref. 25 is used here; the in-
dices denote the magnitudes of the isotopic spins
of the nucleons in the initial and final states). Us-
ing our data and that of Refs. 27 and 31, it is possi-
ble to determine the magnitude of these cross sec-
tions at the proton energy 660 Mev:

011 - (3,6i0,2)‘ 10_27 szy

C501 = (376i— 1)8) * 10—27 cmZ,
310 = (10,6 =4 0,6) - 10727 cm?.

° .
The cross section 0,, = 0p, at various energies
has been determined above (see Fig. 7).

A comparison of the magnitudes of the cross sec-
tion o,, at various energies indicates (Fig. 11) that
0y, varies as p3°3 £1.9 which is in good agreement
with the conclusions of Rosenfeld2s.

The reaction Ty = 1 » Ty =0 is characterized by
a slower rate of increase of the cross-section with
energy (see Fig. 11). In the region up to.580 Mev,
the cross section a,, is proportional to the third

power of the momentum,

930 = (2,0 4 0,4) pi2x®%. 10727 cm?

in agreement with Ref. 25. At higher values of the
energy, the rate of increase of the cross section is
retarded and in the 550—1000 Mev region can be
written as

10727 cm?.

010 = (3,04-0,2) prax™*-

From a comparison of the data of Refs. 38 and 39,
it follows that in the energy region =1000 Mev the
cross section g;, goes through a broad maximum and
thereafter slowly decreases with increasing proton
energy. )

~ _ In conclusion, we take the opportunity to express
profound thanks to M. S. Kozodaev, B. M. Pontecor-

vo and L. I. Lapidus for the discussion of our re-

1IU. D. PROKOSHKIN AND A. A. TIAPKIN

sults. We are indebted to M. M. Kuliukin for his 4
in the construction of the apparatus.
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OT LONG AGO Landau, Abrikosov, Khalatnikov
and Galanin!:2 developed a new approach to

| the solution of field theory equations. While assum-

ing that the coupling constant g, is small, i.e.

K1, and investigating the series expansion of
quantities for large momenta in powers of g

they do not however consider the quantity

*=gyIn[A?/(—p?)]l = g2 (L —¥)

be small (in contrast with the assumption used in
Wventional perturbation theory), here

=1In (A?/m?)>1,

Where A is the limit for momentum cut-off and p the
mentum pertinent to the problem.
The result is that the asymptotic expressions of

erent field theory quantities are represented by
ies of the type:
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Asymptotic Meson-Meson Scattering Theory

I. T. DIATLOV, V. V. SUDAKOV, AND K. A. TER-MARTIROSIAN
(Submitted to JETP editor December 17, 1955)
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 767-780 (February, 1957)

An asymptotic expression for the scattering amplitude for meson-meson interaction has
been obtained from a theory of the Landau, Abrikosov, and Khalatnikov type by summation
of an infinite number of graphs of a certain class. The problem reduces to an integral
equation of a simple type, which can be solved exactly.

1. INTRO
DUCTION fo () + ng (») + g4f ) + .. (1)

where the f (%) are closed functions. In fact, the
above authors 2 used the integral equations of
field theory to construct the f, () term of the zero
approximation for the case of a series expansion of
the Eq. (1) type for propagation functions and func-
txons for the vertex parts in quantum electrodynam-
ics! and mesodynamics?.

Essentially the condition that g2 < 1 is not neces-
sary for the existence of an expansion in a series of
the Eq. (1) type. As has been shown by
Pomeranchuk?®, when one introduces two cut-off
limits* ’

E=In(—p2/m®)>1, L,=1In(A} /m), Lpy>Ly>1

then in all equations and in particular in Eq. (1),
g5 is replaced by the quantity

B=gl+@/)L,—LN (g
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which can be as small as one likes for any g2, pro-

vided that (L, ~ L)/7 is large enough. Thus, when
(Lp —Lj)/7> o the series in Eq. (1) converges as

quickly as one may like, and its zero term is in fact
an exact solution.*

From the standpoint of an expansion in a series
like Eq. (1), the amplitude of meson-meson scatter-
ing is a quantity of the order of g3 (or 3 when there
are two limits). Actually, the corresponding quan-
tity for the simplest graphs in Fig. 1 has a value
proportional to the product of g} and a logarithmi-
cally divergent integral of the type [d*p/p*~L
i.e., avalueon the order of g2 [since g2 L =g2(g2L)].

M A 4 4 %

A \

2 o RS B

4 5 4 WA %

il % % 5 N &
FIG. 1

Accurate computation, with inclusion of only the
most important logarithmic part of the resultant in-
tegral**shows that when the momenta are large, the
sum of the contributions from the graphs in Fig. 1
depends only on the largest momentum, k, of the
four momenta k,, k,, k,, k, of the mesons, i.e.,

— B = max (— kI, — k3, — k5, — k)
and can be written as
(g2/47i) R,

. 3)
X(ky, by kyy k) = (g2/4mi) R, [g2 (L — §)],

*This is due to the incompleteness of the present the-
ory, according to which, as Pomeranchuk has observed?,
the renormalized charge ¢ = g2 [1+ 58 L/4 71"! becomes
zero when L - co. Actually, if all the quantities in se-
ries (1) are renormalized, i.e. fa(x)=Z, (& L)f, (& &),
then we obtamfo(ng) +82f1(32§) ‘g 2(ng)~

When g* - 0 only the term f is significant. .

**Ifwe include values for the propagation functions and
vertex parts as given in Ref. 2 we have: D (k) = d/i2,
G(k)= B/k, I's =ays where for the symmetrical theory
a=Q%, =0 Y% ,d=(Q0 % and analogously for the
neutral theory a= Q™ %, = g %o, d= Q"%; Q is de-
termined in Ref. 4.

where for the neutral pseudoscalar theory

Ro=24(1—Q"), (3a
Q=1+ (Bg/4=) (L —?) "

and analogously* for the symmetrical pseudoscalar
theory

N 16 3 M
Ry = poBe, Po='ﬁ[Q b 11, (3
with the quantity '
80 = Ogg;0e,8, + g, Oz, 1 Bzedez, 6]

being dependent of indices (or variables) &, of the
isotopic spin (i = 1, 2,3, 4) of the four mesons

(¢, =1,2,3). It is noteworthy that electrodynamics
differs from the pseudoscalar meson theory in that
the logarithmically divergent part is eliminated
when the contributions from the graphs in Fig. 1

are summed, so that they have a value of the order |

of e} (rather than of the order of €2 as for the
e} (eZL) type).
All of the more complicated graphs for meson-

meson scattering can be categorized as “reducible”

or “irreducible” to simplest forms (of the type in

Fig. 1), if “reducible” is taken to mean those graphs |

*For example, the first graph in Fig. 1 has, to within
a multiplicative factor g} /4w i, the value

© Ro= (o /%) Sp (5,75, %),
o =g/ i) { SPITsG () TsG (p + &)
XT5G (p + k1 + ko) TsG (p — ks)] d*p
(b + Fa + by = ks = 0).
We have made use of Feynman’s notation where g,I';
corresponds to the point, G (P) to the nucleon line,

47iD (k) to the meson line, and [d*p/(27)* to the inte-
gration [dp, dp, dp, dp, / (27 )*.
{atp 1 2mp =  dpudprdpadps | 2mpe.
By including only the logarithmic region — &* «<—p* <A
or §<z< L, z=1log (—~p?/m®) in the integral and chang-
ing variables to g= 1+ (5g2 /47) (L — z), we obtain
Q
po=(%s) { a* () B (g)g

1

Q
= (%/s) S

| a7edg = (1) (@ —1),
1

with the sum over the graphs in Fig. 1 of the quantity of.
the type % Sp (’tgx T, g, ’L‘§4) being equal to §,.

hat consist only of nucleon squares joined by mes-
n lines and subject to successive simplification to
o one of the graphs in Fig. 1. Such simplification

~ consists of substituting, in some sequence, one

are for two joined by two meson lines in the
omplex graph (e.g., the graphs in Fig. 2 are “re-
ucible”, while those in Fig. 3 are “irreducible”).

; n I
OO O Ooo

oooo g0 o

R O
Dg\ D——D a \| [
dn” oEo ooF

R’ .
FiG. 2
I :EI'J:]: EE'\:D/ : |
ogd

FiG. 3

It is easily seen that such substitutions do not en-
tail any alteration in the order of magnitude of a
graph (symbolically, in the sense of a location in an
expansion of type (1)), because in this case the
number of points on the graph is reduced by four,
the number of divergent integrals by two, and the
contribution from the graph changes by a factor of
the form g5 (L — £€)? = [g2 (L — £)]* which is of the
order of unity. Therefore, any “reducible” graph
makes a contribution of the same order

(g3/4mi) R, (ky, ks, ks, ky)
~ (g3 /4=i) R, (g2 (L —¥)]

(R, is a dimensionless function and 7 is the num-
ber of the “reducible” graph) as contributions (3),
(3a) and (3b) from the simplest graphs in Fig. L.

Analogously, simple calculation shows that “irre-

ducible” graphs* have a value of a higher order in
e :

*This was noted by Landau and does not apply to
electrodynamics, in which, for example (because of the
‘:ﬁmination of the divergences in the graphs in Fig. 1),

reducible” graphs even with two squares (Fig. 5) have
avalue on the order of €} in comparison with the contri-
bution from the graphs in Fig. 1.
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g% Therefore, if the scattering amplitude is written
as

(g§/4“_‘i) P’ (ky, ks, kg, k4):

then P’ will be represented, when the momenta are
large, by a series of type (1)

P'=Plg (L =81+ &QIg (L =]+ ... (6)

where the first term P of this expansion (which, as
was mentioned above, gives in fact the exact value
of the scattering amplitude in meson theory) is de-
termined by the infinite sum of the contributions
from all the “reducible” graphs

P (ky, ks, ks, ks) = D) Ru (kys ko ks, k) (D)

n=0

Below we consider the problem of computing this
sum (the so-called “parquet” problem) where it is
shown that the total sumis determined from a quantity
R, with the aid of an integral equation, which in the
case of large momenta is simple in form and can be
solved exactly.

When L is fixed, the magnitude of P proves to be
of the same order as that of R, (despite the fact
that the absolute value of the individual terms of
the infinite alternating series, Eq. (7), increases
rapidly as n increases), whereby P possesses the
usual renormalization property and, in the limit as
L » w0, can be renormalized without introducing
interaction terms of the A ¢ type in the Hamil-
tonian. ‘

The “parquet” problem is important for the eval-
uation of terms left out of the zeroth approxima-
tion? (in g2), which proves, as Pomeranchuk has
shown?, a zero value for the renormalized charge
g- In the theory advanced by Abrikosov, Galanin,
and Khalatnikov2, the equation for the vertex part
operator (interaction operator) did not include (be-
sides graphs with intersecting meson lines) graphs
of the type shown in Fig. 4a and all the more com-
plicated ones obtained from Fig. 4a by substituting

a b
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The conclusion obtained below concerning the contributions from all of the graphs generally
finiteness of P is in agreement with Pomeranchy educible in the indicated sense, and by F'(k,, k,,

result which shows that the prediction that renor ks k,) the sum of the contributions from all of the
malized charge becomes zero in the pseudoscalar ; ducible ones. Since any graph is either reducible
theory holds true not only for a special type of t - irreducible, it is obvious that
sition to the limit, i.e., where L,/(L, — L)-0,

? ; . ? ! =R’ ) 5 k ’
also for a more general case (if the sum P is a ' P’ (ky» ke Fsy Ks) R’ (k1 o Fyy o) (8)
quantity of the same order as R,, then the contri] + F’ (ky, ko; k3, ky). '
tion from all graphs of the type shown in Fig. 4
a quantity of the order of g in comparison with
contribution from Fig. 4b and it may be disregar
0 if &2 < 1,i.e., if [7/(L — L) is sufficiently smal
sum P =n§0R" (if this sum should turn out to be di- asgik > oa. ’ Y mal

any graph reducible to a square for a nucleon

square. When g < 1 or, g < 1in the theory with
two limits, the contribution from the graph in Fig.
Aa is small (it contains an extra factor (g5 /4wi) R,,
of the order of g2 in comparison with the contribution
by the graph in Fig. 4b which was calculated by
Abrikosov, et al.?). However, the evaluation of the
total contribution by all of the more complicated
graphs of the type shown in Fig. 4a, but with the
square replaced by a complex graph of meson-mesen
scattering, depends essentially on the value of the

The quantity P ”is symmetrical for any transposi-
on of the meson lines, and the values of R’ and
*in Eq. (8) are unchanged if &, and k, or k, and k,
¢ transposed or if k, and k, are interchanged with
vergent, it is not permitted to neglect all the graphs : and k, (because they include a c,o.ntrlhution from
f the tvpe shown in Fig. 4a). 2. THE EXACT INTEGRAL EQUATION all of the graphs). For example, R”includes a con-
of the type g . e .
' iribution from both the graph in Fig. 5b and that in

To avoid the difficulty of computing the sum We shall show that the sum (7) of the contribution 5c (the latter differs from 5b in the. transposition of

- ) o by all of the “reducible” graphs* satisfies an exact ¢ , and k,), so that one may write
P =n%0R" in order to evaluate the contribution by integral equation whose form depends only onthe | ' . , .
value Ry (ky, ks, ks, k,) of the contribution from the § R’ (kyy o ey Re) = Ra (ky, foy s o) (9)
simplest graphs in Fig. 1. - R (kys ko kys ks)s

First we shall introduce the concept of reducib

all graphs of the type shown in Fig. 4a,
Pomeranchuk analyzed a special type of limit proc-
ess for point interaction, in which Ly/(Lp-Lg) >0
as Ly » . In this case, all the complex graphs of and irreducible graphs and derive a simple gener where the quantity R, (k,, ky; ks, ko) includes the
meson-meson scattering (including the “reducible” relation (analogous to the Dyson-Schwinger equa- irreducible graphs only for arrangement of lines k,
ones) yield in the limit a contribution infinitely tions for propagation functions or to the Bethe- - and k, (thus, R’ includes both graphs in Fig. 5b,
small in comparison with the simplest graphs shown Salpeter equation), which is satisfied by the total 5c, while R/(k,, k; ks, k,) includes only one of
in Fig. 1. For example, the contribution from graphs contribution P’ (ky, ky, ks, ky)s Eq. (6), of all gen- them, e.g., Fig. 5b). :

eral “reducible” and “irreducible” graphs. : " In this case, it is not difficult to see that P’ and

of the type a, b, c shown in Fig. 5 contains, in
comparison with Eq. (3), twice the factor Let us examine an arbitrary meson-meson scatt R' are connected by the following integral equation

g2 =u/(L,—Ly)~»0 and two divergent integrals
over the nucleon and meson momenta that give the
factor L, L, so that the total is a factor of the
order of '

ing graph and call it reducible as regards the sep ; ,
ration of meson lines (“ends”) k, and k, from k; ¢ ' P’ (ky, ko, ks, ky) = R’ (Ry, ks, ks, ky)

k,, if it can be divided, at least in one certain m — (g2 ) 2ni) SR, (yy b3 1, 1) (10)
ner, into two parts connected with one another by ‘ Dl o NP (1 , g
L L (3 ~ Lola/(Lo— L)~ Li/Lp—>0 only two meson lines, with the division made in X D)D) P (=1, =1, ky o) L

pbr (8o 4 ’f » ? ’ such a way that lines k, and k, approach one par where —1”=1 + k. + k,, D is the meson propagation
. . : - - 1 2>

which goes to zero when L; -+ . In the limit P =R,, and k, and &, t:he Othe,l.‘ (e-g-, the graphs in Fig. G ‘function, and d*l = dl,dl.dl,dl, /4 n*

. oo > de, are reducible). Ve shall call graphs that do : ’ Lt ’ . .
i.e. the sum of the contributions from all of the com . . . . In order to check the correctness of this relation

) hs of th h - . not possess this property irreducible relative to : . ) . L
plex graphs of the type shown in Fig. 4a coincides ¢oonaration” of k., k, from ky, k, (e.g., the graph let us examine an arbitrary reducible graph (relative
with the contribution from a single simple graph of o F[‘)i 1 and Fi "Sb’ o) v 14 16-8:5 grap to the separation from k,, k, and from £, k,) and
the type shown in Fig. 4a. 0 g 4 th g o% .h devendi how th select the point of separation such that the part

: : . ne and the same graph, epending on AoW t  adjoining k,, k, is already reducible as regards the
b . c _ meson hn.es approach it, can be reducible or irre  separation of k,, k, from meson lines I and 17, which

ible relatlvt.a to Phe seI')aration'of k,, k? from ks, k comnect both parts of the graph. Let us use
v A— L f (the. graph\-m Fig. 5a is reducible, while 5b and p.(ky, k,; I, 17) to designate the contribution from
fZ_D_:Dfﬁ ar; 1rredu(;:1bl.e). Lo RE ke b ) th the part of the (irreducible) graph adjoining lines
et us designate by (kys by, ks, k) the sum ; lfl, k, (we assume all graphs to be renumbered, with

: fndex nindicating the graph number inthe part adjoin-
ng k| ’kz) and o), (=1,=1' ks, k,) to designate the

a

the factor (g /4mi), i.e., we shall assume the contributl
by the graph for meson-meson scattering to be a value
determined in accordance with Feynman’s rules and my;

tiplied by (47i/gp)-

oy ‘ X
1 _ . 3 .
Q_D_D__ny_ *Henceforth, to simplify the notation, we shall negle
d

Fi1G. 5.
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contribution from the part (of number m) adjacent to
k, and k,.* Then the form of the reducible graph
under consideration will be determined by the two
numbers n and m, and the corresponding contribution
fam (ky, ky; ks, k) can be written as

flnm (kl’ kz; ka’ k4)
= —(@3/7)(#, (ke kg LY D(ODE) QD
XS, (—l, =1, by k) dl.

The factor — (g2 /mi)d* 1 is the product of the quan-
tities g2 (4mi from the definition of the contribution
from the graph (cf., footnote, p. 634), (4mi)* from
the two meson lines, and d*l/4n* from the integra-
tion over the meson momentum.

Let us now sum both sides of Eq. (11) over all
numbers n, m (i.e., over all of the graphs); it is
now obvious that

N (— 1, — 1, kg, k) = P' (=1, =1, ks, ko),
" (12)

since any particular graph may be adjacent to k; and
k,. 3y the same token

Zp;‘ (kly k2; l; ll) = RI (kl’ kz; l, l’), (13)

since only irreducible graphs are, by definition,
adjacent to k, and k,. Furthermore, it is evident

that

D Fm (ks b sy ka) = 2F (b, B oo Ra)s - (14)

nm
the factor 2 appears because half of all the graphs
from the sum in Eq. (13) that enter into R,(k,, ks;
I, 1”) will, on account of the symmetry of P’ inl
and [, give exactly the same set of all reducible
graphs as will the other half of the sum in Eq. (12),
which enters into R/(k,, k5 1, 1).

By utilizing equalities (12) to (14) we obtain,
after summing both halves members of (11) over n

and m,

*Since k or [ always represent the momentum entering
into any graph, then k, + k, + 1+ Veel=U+ky+ k=0,
while the momenta I and I, which enter into the part ad-
jacent to k, and k,, come out of the other part and are
written in 0, with a minus sign.
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F* (ky, by bogy bog) = — (gg/zmi)g R’ (fy, g 1, 1)
XD (I)D (') P (—1, —1', kg k) d¥.  (15)

It is obvious that Eq. (15) together with Eq. (8)
gives Eq. (10).

Now let us consider only the “reducible” graphs
and designate by P, R and F the corresponding sums
determined by them only. With respect to these
graphs, all of the considerations that led to Eq. (8),
(15) and (10) can be repeated literally; in an.anal-
ogous fashion we obtain

P (ky, ko, kg, Ry) = R (ky, ko ks, ky)

+ F (kl, kz; k:}a k4): (16)

F (ky, kg gy Ba) =— (g2 2ri) g R (Ey, kyy 1, 1) D ()
XD (U'YP(—1, =1, kg, ky) d4.

These relations permit one to solve the problem
stated above, if one bears in mind that the “redu-
cible” graph, if itisnotthe simplest one (Fig. 1), is

necessarily reducible as regards the separation of
any one pair of meson lines from another,
ky, k, from ks, k,, or k,, ky from k,, k,,
or ky, k, from k,, k.
Actually, the “reduction” process makes it pos-
sible to bring any reducible graph to the form of
Fig. 5a, 5b or 5c, where that which has been said

becomes obvious.* In accordance with this, all re-
ducible complex graphs fall into three classes, and

their contribution is contained either in F(k,, k,;

ky, ki), in F(ky, ky; &y, k), or in F(k,, ky ky, k)

(the contribution from each reducible graph belongs

in one and only one of these three functions, be-
cause if a graph is reducible as regards the separa-
tion of any one pair of lines from another, it is then
irreducible to any other division of meson lines
into pairs. This is made clear by any analysis of
the graphs a, b, ¢ in Fig. 5 to which any complex
reducible graph may be “reduced”). Therefore, by
including the independent contribution R, from the
simplest graphs in Fig. 1 we obtain

P (kl’ k2’ kas k4) = RO (kli kzy k3’ k4) ‘+' F (kls k2; k3: k4)
+ F (ky, ks; by, ka) + F (kys ky; ks, k). (17)

Taken with Eq. (16) this yields
. R (kl» kz, k33 )

Ro (ky, ks ks ky) + F (ky, ks; ko, ky) - F (ky, ky; by, s), (18)

(kl’k2’k3’ kd) ——(go/QTZ)S[RO(kI’kZ’Ll)+F (kl’l: kz, )—]—F(kl,l', kz:L)]

XDOD )[R (— 1, — U, kg, by) + F (— 1, kgy — ', k) +
FF (=1 by — U, kg) + F (=1, —U; kg, k)] dl. (19)

Transposing %, and %; or &, and &, in both sides
of Eq. (19), we obtain two more analogous equa-
tions and thus have a system of three integral equa-
tions, which identically determine the functions

F(ky, ky; ks, k), F(hy, ky; ky, k,) and F(k,, k; k,, k),
in terms of the known quantity R, (k,, k,,; k;, k,)

2

P (kys ko; kg, ky) =

3. THE INTEGRAL EQUATION FOR THE CASE
OF LARGE MOMENTA

a) Consequences of Eq. (19).

If the meson momenta &; are large, as in the
case of the neutral theory, Eq. (19) can be reduced
to the form

o€ 7. 0) = “Sg"S[Ro<s>+2F(sto<)+2F<>+w< 012 () b
2 &

— 52 | [Ro () + 2F (][R, () + 2F() + 5 (1, 1, O)] 2 (1) . (20)
4
5

L
— 5 | [Ro 09+ 2F (1[Ro () + 2F () (0 7, D) * ()
g

*By carrying out the “reduction” process inreverse we can restore to the orlgmal form both parts of the graph
which were obtained from each square of the graph (e g., Fig. 5a). However, these parts will be joined by only two

meson lines,

here

”=]n(‘;k%/m2), :=

for which the most general case £> > 7 is treated,
 when F(k,, ky; ky, k,)is dependent on all three
»"quantities &En e,

F(ky, ky; ks, k) = CP({:’ s g) (2D

and when, according to Eq. (17) and Eq. (18),
R (ky, ka; kg, ky) = R, () + 2F (E),

with*

FE) =0CE&E)=F (k, ks; ko, k)
= F (ky, ky; ks, ks).

If, however, all the momenta %; and all of their sums
k; + k; are quantities of the same order, then

f.—.- n= é and
Pky, ky; ks, k) = R (&) + 3F (£). (23)

It is assumed everywhere that the qua.ntities P and
F depend, like R,, logarithmically on the momenta
when the momenta are large [this is confirmed by
the solution of Eq. (20)]. When Eq. (20) was ob-
tained from Eq. (19), the only region included was
7 <A <L, in which the integral over [ is logarith-
mic and for which D(1)D(1’)d*l = (i/4)d*(X)d A.
In the integration over A, it was taken into account
that in region @ (see Fig. 6) where y <A <, the
quantities
Ry (ky, kas 1, ') + F (g, 1; &y, 1)
+F (e, Uy ly, 1), Ro(==1s =15 oy )

+F (=L by — U k) + F (— 1, ks — 0, by)
which appear under the integral in Eq. (19) do not

depend on A; in region b, where {<A <¢, the first
of these quantities does not depend on A, but in re-

“gion ¢, where £ <\ <L, both are functions of A.

*It is easy to see that when %, and k, are transposed,
i.e. when there is a transition from F(lc,, ks Ky, k) to

F(ky, ky; ky, k) the quantities &' 7% % ¢, which corre-

spond to the new arrangement of momenta, are all of the
same order equal to & By the same token the quantities

corresponding to F (k,, ky; k,, k;) ate &” =n"={"=¢£.

In (— &f1, m?),
h=In(—*/m?), — k} = max (— &2, —E2,
— ki = max (— k2, — &2
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M= In[— (b, + ko)*/ m"],
- (k1 + kz)z)a
— (ks + k4)?),

If we put in Eq. (20) n = { and = { = £ we ob-
tain two equations whose simultaneous solution
determines the functions F (£) and ¢ (& 9, 9) =
=P 1),

P m) =—(g2/8%) \[Ry(2) + 2F ()1 [Ro ()

L WY
—

L
+ 2F (A) + © (A, m)]d? () dh— (g2/ 8) S [Ro ()
13

+ 2F (M)1[Ro () + 2F () 4 @

L

F @) =—(e3/87) | [Ro () + 2F ()1 (R, (1
g

(h, )] d2 () b,
(24)

+2F (0) + @ (., §)]d? () ..

It is evident from these equations that the value
F (&) of the function F (k,, k,; ks, k,) is, in the
case where all the momenta are of the same order
of magnitude, essentially dependent on the quantity
@ (A, £)i.e. on the value of F(—1, -1 k,, k,) for
the case when the two momenta ! and " are very
large in comparison with their sum (| + 1’| =
= |k; + k4 |). This circumstance is a troublesome
peculiarity of Eq. (19)and complicates considerably
the subsequent computations.

a § ¢
, [\, e, e, -
7 7 3 & N
F1G. 6.

In the case of the symmetrical theory the e qua-
tions look even more awkward. In this case the
isotopic meson spin variables, a;, can be left out
of the calculations if one desires asymptotic solu-
tions for Eq. (19) of the form,

F (ky, ko; ks ky) = @ (8, m) 8 + D, (£, 1) Bnyoty Doty

(n=20);
F (ky, ko k3, k) = F (£) 8. + F, () Bayoa Oy,
E=n=0),

where F () = @ (&, €), F, (£) =@, (£ £). Then,
according to eq. (17) and Eq. (18)
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II (E) 7[) aC + Hl (E’ Afl) 6117‘26“3147
(E) Oc, (E = 'fl)’ (25)

P (kl’ kg, k3, k4) =
P (kls kz, ks: k4) = P

where P (&) =11 (& &), [0, (& &) =0 (the latter is
due to the fact that P, which is symmetrical over
all coordinates of all the mesons, can only contain

¥
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the factor 8 for those cases where all the moment,
are of the same order).

Substituting the above expression for F in Eq.
(19) and equating the coefficients of 3. and
80, 0,0a5a, Which occur in both sides of the equa-
tion, we obtain, just as in the case of the neutra]

theory,

 (x, 9)= — 5 [oo (1) + 2F (9] \[00 (2) + 2F (&) + F1 () + @ (2, )1 &5

X

x
1

— 5 {186 (2) + 2F (2) + Fy (][00 (2) + 2F (2) + F (2) + ® (2, )},

1

(xs y)“""’%‘&{

+ @, (2, y)]+F1(x) (@, (2, 9)— Fi (2 }7—

[P0 (x) + 2F ()] [po (2) + 2F (2) + @ (2, y)

L 160 (2) + 2F (201

X Io0 (2) + 2F (2) + ® (2, ) + s (2, 9)] + F1 (2) 101 (2, 5) — F1 ()} 55

Here instead of & 7 and A we have used more con-
venient variables, viz.

x=[1+(5g2/4m (L-&N% (27b)

and, accordingly, for y and z. If we assume x =y
in Eq. (26), we obtain two more equations (analo-

88
—1){1—2—7(x-—
’ x—1<1,
x{l + —g—-[x‘afso y—“)as_

3 (16) (x
16

ﬂ- {x x [:s y—“(u pa—

-
I (x, ) =
S

16

—3—<x—1>{

16 _

P(x)=
: TET

I(x,x) =

b) Direct Integral Equation for P (£).

We shall show that one can obtain an equation for
P (£¢) and F (¢) directly, and in this fashion avoid

—D{lly—1)—

1+

gous to the second equation in Eq. (24); conse-
quently we have a system of four equations for the
four functions ®, ®, F, and F,. It is not difficult to
solve Eq. (26) provided that x—1 > 1 (this provision
corresponds to the conventional perturbation
theory) and that x > 1. Omitting the computations,
the results are

1)?— (y—l)2 (=114 -
y—1<1;

x“laxy—”laa].-l_ ...}’ x>1’ y>1’

(x~1)2]+ "'}!
x—1<1, y—1<1;
'}’ x>17 y>1’

} ’x-—1<;1;
x>1

3 (x—1)2+ -
(28)

the case where two of the four momenta are very
large and eliminate completely functions like

® (& n) and @(& v, {). For this purpose we shall
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derive once more an equation which, like Eq. (19),
| determines the function F (k,, k,; k,, k,), although

we shall assume from the outset that all momenta
and their sums are large quantities and of the same
order of magnitude. We shall consider only the

~asymptotic value of all the functions and include

only the most essential region—the region where all

the integrals vary logarithmically.

Let us examine an arbitrary reducible (as regards

_the separation of k,, &, from k,, k,) graph and write
~the function belonging to it in a form analogous to
. Eq. (11). Then in the part adjacent to lines %, and

"k, a graph may be reducible, as well as irreducible

as regards the separation of lines [/ and /" from £,,
k,. In the first case, i.e., if the graph is reducible,
we again present it in the form of an integral like
Eq. (11) and so on until no irreducible graph re-
mains in the part adjacent to &, and k,. Consequent

Chg, Myyene, py (k]_, kz; k3, k4) = S S v

X Pn, (—

I, — U35 Ly, Ip) A (L) dtl, - -
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ly, the graph in question is broken down into a se-

”’-_

”z_-‘ ) L

F1G. 7.

ries of irreducible ones (Fig. 7) connected to each
other by pairs of meson lines. We shall designate
the momenta in these lines byl,, I;, 1, I;;...; Iy, Iy
(with §; =1/ +k, +ky, i=1,2,...,N) and use
Pngs Pnys <+ » Puy to designate the values of the
contributions from the irreducible graphs in Fig. 7
(here n; is the number of the corresponding graphs
in the Z’th irreducible part). Then, in analogy with
Eq. (11), we can write

You, (kay By 1y, 1) A (1) L,

<A (In) d U Py (— L, — L ks, g);

A(l) = —(g8/=i) D (L) D (I))>

or, if we include only the region of logarithmic
variation of /; (for which

A()d*l; = g3/ Amd*(A;)d); [see footnote* follow-

L

oy B) = (— g2/ 4= )NSw Sdiz
Xd2(}2)

Here p,, (A;, A; +1) stands for the value of

Pr; (=1, =17, Li+ 1, I +1) when l; and [; 4+ are
large. It is essential that p,; be in fact dependent
only on the largest of quantities A;, A;+ 1, because
Pn; is the contribution from the graph which is
irreducible as regards the separation of —{;, —1;
from I;+1, {;+ 1 (the contribution from graphs of this
type is contained in F (—1I;, I/+1;~1;, l;+1) or in
F(~l;, l;+1; 1/, l;+1) and, in agreement with what
has been said above, when I, and I} are large
these F functions depend only on the largest mo-
mentum.* This last assertion can be easily check-

‘ed directly on simple graphs with two, three, and

*In contrast to F(—1;; — 5 l; +1, I +1) = CP()\i, N, Aj+1)
which depends on three quantities: A;, 3, A; +1.

ing Ilq. (7)], we obtain for the case where all mo-
menta k,, k,, k,, k, and all of their sums are of the
same magnitude, i.e., where o = o(&),

L

L

v B 1) €2 01) pn, (s o)

E (29)
N) n

ny (s 6)-

dz (:

more squares. Thus, the intégrand in Eq. (29) does
not, in fact, depend on & i.e., when A, > &and
AN > f, then

Pn, (E’ A) = Pn, (M), Prp (A E) = Pny (An).
The region: of integration over A, A,, ..., Ay
in Eq. (29) can be broken down into N regions;, in
any one of which one of the variables, say A;, is
smaller than the others; accordingly Eq. (29) is

presented as a sum of N integrals |

ni_4 ()\t) Gni s My Lgeeee, I 0‘1') d}‘i; ‘
» (30)
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where the quantity
i—1L

I3
cn., Rygeers Yy ()‘i) = <_-4% S' d)‘l .

A

L .
N dhisapn, 04) €2 0) 0r, (s 1) - -

Aj

31)

I d2 ()\i——]_) Pni_l ()\i—l)

is determined in a manner exactly analogous with
Eq. (29), i.e., it may be regarded as the contribution
from the part of the reducible graph under consid-
eration that adjoins lines k,, k, and [; I ( part I in
Fig. 7), which would be made if the momenta %, and
k, were of the same order as [;, I;. Analogously
Onj e LoeeesnN (A;) may be regarded as the con-
tribution that would come from part II in Fig. 7 if
ks and k, were of the same order as [;, ;:

It is not difficult to see that, in analogy with
Eq. (12)

2 2’ 2_(‘,:—1) Gna: Nyyeroy Rj—q ()\) =P ()\)’

i=1 Ny, Npseees Nj_g

where P (\) is the desired value for the sum of all
the reducible graphs provided that all the momenta
are of the same order. In exactly the same way as
in Eq. (14) we obtain

Z‘JV ‘ Z 2-(N=h) Sn;, Ripgqsees BN ()\) = P ()\).

N—i=1nj, Rj_10> IN

The negative powers of 2 in the left side of these
equations are due to the fact that when we sum
over all possible irreducible parts, i.e., over
n; (j=0,...,N), we obtain (in the last case) oN
identical resulting graphs.

Using these equalities, we obtain, by the sum-
mation of Eq. (29) over all types (or numbers) of
n; graphs in each irreducible part and over the num-
ber N of these parts,

L

FE =—(@/8)\ PO E0) PO D (32
13

For the neutral pseudoscalar theory we obtain
according to Eq. (32) a simple integral equation,

g L '
PO =R — -2\ Pr0)d ),  (3a)

£

where R, is determined in Eq. (3a).
Introducing [as in Eq. (27b)] a moré convenient
variable

x=1[14(5g2/4x) (L =) =Q7'k  (27a)

we can write Eq. (33a) as

1
( dz

P(x)=24(1 ==x)——-2—gP2 (2) % .

X

w

(344a)

Differentiation with respect to x converts this equa-
tion into a simple differential one, which is easily
solved. A simple computation gives us

V14541
P =1811

1— V1% (35a)

X X

Lo (V145 1) 95 (V125 —1)

In the case of the symmetrical theory Eq. (25)
should be substituted in Eq. (32) and summed over
the indices of the isotopic spin; this will give

F (kl! k2; k3’ k4) = [280 + 5851: 129 ags- E(]

&o

— 2\ &
X )P2 A) d? (A) d,
(S,t § M) ()

where [see footnote* following Eq. (2)] 4(A) =
= Q-%. In conformance with Eq. (17), we then ob-
tain (upon dividing through §,)

3 L
P =0 () — 2 (roepa, 6
) ‘
Pr)="g(x—1)—L{pr() 22, (34b)
1

or, if we introduce the variable x, make use of Eq.
(3b), and integrate, we obtain

16x f—x"h
1t 4 4 @ik

P(x) = (35b)

Thus, the total sum P (x) of the reducible graphs
is a finite quantity of the same order as the contri-

~ pution R, from the simplest graphs in Fig. 1 (when

¢ » =, Eq. (35b) for example, differs from Eq. (28)
only in the factor 3/11).
Eq. (33a) and (33b) could, it would seem, also

~ be derived mathematically directly from Eq. (24) to

(26). However, we were unable to do this. The
value of Eq. (35b) for x—1<1 and x > 1 coincide

~ with the value of Eq. (28) derived directly from

Eq. (26).

4. THE RENORMALIZATION PROPERTIES
OF THE AMPLITUDE P FOR MESON-MESON
SCATTERING ’

In the conventional scheme for charge renormal-
ization the amplitude for meson-meson scattering

(go/4mi) P (ky, ky, ks, ko),

which corresponds to graphs with four external
meson lines, is multiplied by a factor Z2 (where

D=1Z2,D,), \Z, for each external meson line. Thus

every renormalized expression will contain the
quantity

Z; (g2 /4mi) P.
Since, according to Ref. 2, g* = (g5/¢,) and
Z,=d (0) = Q7% for the neutral theory and

Zy = Q% for the symmetrical theory, we obtain
in both cases

Z;(g5/4wi) P (x) = (g / 4wi) (P (x) | o),
Q=1+ (5g5/47) L

where, according to Eq. (27a), (27b) %, = §,”% for
the neutral theory and Q:/s for the symmetrical one.
Thus, after renormali zation of the charge, instead
of P (x) all of the equations will contain

P (x) =P (x) / x,

If we set x/x, = %, v;;here x%e = Q=% for the neu-
tral theory and x, = Q.# for the symmetrical theory,
and where

C.=1-(5g*/4m) ¢
we see that ¢ > o when L -» c and
P (x) =P (x,),

where P is given by Eq. (35a) or (35b) with § » =
(Ge., P= (/145 + Y) x, for Egq. (35a) and

| P =(16/11x, for Eq. (35b)).
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Thus, when L > « the quantities (35a) and (35b)
are automatically renormalized without introducing
any counter terms proportional to ¢* in the
Hamiltonian.

In principle it is not difficult to think of a case
where the Hamiltonian would, in additional to the
usual interaction terms, have a term proportional to
¢* lor (¢, ¢,)? in the case of the symmetrical
theory, with a as the index for the isotopic spin].

At the same it is obvious that there will be a
change in the term R, which corresponds to the
simplest graphs in Fig. 1. ‘A constant A, which is
proportional to the coefficient of the ¢* term is

added to Eq. (3a) and (3b), i.e.,
Ry=24(1—0)+) po=(163)(x— 1)+

Consequently, instead of (34a) and 34b) we obtain
1

POyx)=24(1—2) +1—% S P2(), 2) 22 dz,
* (36a)

X

P x) =22 (x—1) +;\—%Sp2 (., 2) 2 dz
1

(36b)

(P (A, x) is the scattering amplitude when a direct
interaction is present characterized by the con-
stant A). These equations, as in the case of Eq.
(35a) and (35b), are simple to solve. By way of
example let us take the case of the symmetrical
theory. The solution to Eq. (36b), as is easily
seen, has the form
-/1_61 A _x_u’a
1M A4 g1y x"h
14 2/2
A=1—m .
[when A =0, 4 = 1 and Eq. (37) coincides with Eq.
(36b)]. It should be noted that the quantity
P (X, x) is renormalized for any A (as are the func-
tions d, B, a found in Abrikosov, et al.?) if the re-
normalization entails change in A. Actually, ac-
cording to Eq. (37), if we have that x = %, %, we
directly obtain

P\, x)=xP (A, x,),

P x)=

’

37)

(38)

where the right half is the same function as Eq.
(37), and where A, and A are connected by the
equality
422
T—(11/16)%, 0

1422

a6
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Note that according to Eq. (36) or Eq. (37),
P(\, 1) =Ai.e. A, =P (A, 1) determines the mag-
nitude of the interaction observed in experiments
with mesons at low energies, when £=0, %, = 1.
If this quantity is considered known and one con-
siders Eq. (38) as specifying A in terms of A, g3
and L, then Eq. (38) and Eq. (39) constitute the
usual means for renormalizing the amplitude of
meson-meson scattering, which, as is apparent,
also occurs outside the framework of the perturba-
tion theory.

The authors wish to express their gratitude to
I. Ia. Pomeranchuk for his helpful advice and
unfailing interest in this paper. An expression of
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computing the number of graphs and in the graphic
check on the integral equations.
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The first version of Born and Infeld’s nonlinear electrodynamics and the variability of
the gravitational constant are deduced from the conformally covariant gravitational equa-
tions derived from a certain generalized reciprocity law which is based on group theory
and yields a nonlocal field theory. A correspondence principle is established between

relativity theory and reciprocity theory.

I. FIELD EQUATIONS

LET k BE Einstein’s gravitational constant,

®ds? = gikdxidxk be the element of interval with -
the metric g,,=g,,, 8 = 8,1l G, k=1, ..., 4). Let
[yg, ' =T be the contracted curvature tensor and
the curvature scalar constructed from Weyl’s confor-
mal connection? szl’ Riemannian in the metric
u;, = ¥g,,, and of weight zero with respect to the
g, (W=E2 ¥is of weight — 1 with respect to the
g;)- Let p,, =(dp, /9x'~3dp, /0x%) be the electro-
magnetic field of absolute magnitude P/\/2=P /k/2.
Let Py; =Py, =p, p, /P, P =P,

Ly =TT+ PPy, L= L: =04 P (D
Q= PQ’ik = P(Pik —1.1g,),

Sin =PS’ih = P(P,-k_l/4pg,~k)-

(2)

The 'z, P;; (as well as the p;,,) depend only on
the ratios of the g;, (and therefore on those of the
of the u;;). Variation of Ly/g with respect to g;,
and p; gives? the gravitational QkL Vg and electro-
magnetic Sf\/g— energy-momentum tensor densities
of weight zero and current-charge vector densities
s*\/g and s”*\/g of weight zero. This leads, 2 to
the conformal covariant equations which satisfy the

reciprocity principle 12 ]
Oy ==Si or Ly =74 Lgy,» @)
a(p* Vg)/oxk=s'\/g. @

when 9(I'?y/g) /dp, = 0, Equations (4) become
a(p”‘@)/&x’“: 0;

Eq. (3) and (4) describe the gravitational, and elec-
tromagnetic fields respectively.

4"

2. Equations (3) and (4), which are conformal in
V, with metric 85> e Riemannian in the manifold
4 U, with metric u;;. The general form of the gravita-
~ tional equations (3) and their variational derivation
_ are independent of the factor ¥ and therefore of the
arbitrary vector Y; = d y/dx’ (where y = —%1In ¥)
which defines the corresponding conformal affinity
of Weyl. Elsewhere '3, gravitational equations of the
orm Q;, =0 are derived from I"?1/g in the special
case ¥ =I". We have L\/g = \/g, where the metric

0

3+ =gikL1/2’ g = goik |- It would seem that ¥ is

g

a function of the absolute magnitude of the con-

| formal curvature tensor of Weyl for the congruences
~ noted by Vranceanul. V¥ is directly related to the
conformal generalization of the scalar field X of
Rumer* or more generally with a scalar meson
field, since the meson field is conformal}5-19, In
the conformal six-dimensional theory, the equation
for ¥ is a generalization of the scalar Klein-Gordon
equation #2022 Conformal reciprocity theory in-
cludes the theory of particles with spin 0, 1, and

2 (scalar mesons, photons, gravitons). Let R;;, and
R be the contracted curvature tensor and the curva-
ture scalar constructed from the Riemannian af-

i ,
finities |kl | with respect to the metric g;, =U, /Y.

We shall have the symbol ( ); denote.covarient
differentiation with respect to the Riemannian af-

finity |kll |. We have!l
1
Pin = (d.)), i;k+ ‘?id?k _T?“dt’r q’,—gik’
<P = (‘P; = grs (q)), r;s_ ‘Pr "pr’
rik =R, + 29, +og, I =R+ 6o

(5)

The tensor ¢/, breaks up into a pure gravitational
‘tensor R, — (%) Rg;, and a meson tensor
2($; ~% Pgix). If we introduce the vector
g =p;/¥ % we obtain a similar decomposition of
S;, Since ¢, and S, are symmetric and ‘Qr' =8'=
- =0, their conformal divergences reduce to the
Riemannian ones. The conservation laws for the

- energy-momentum and charge-current which follow
from Equations (3) and (4), respectively, are

(QVegh=—(SiVe)n 9(s'Vg)/ox =
3. Let UF=Lk/or, VE= L%/2P,
U=Ul=L/2T, V=V'=L/2P. Y]

The gravitational equations (3) become
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Uy, =% Ugyy, or V=% Vg, @
L=T%+P2=2TU=2PV. 9)

With the aid of conformal transformation of the me-
tric g, of the manifold ¥/, into the metrics
85 =8;;, Uand ght = —ig;, V, we obtain (* = —1)

L* =9I, L™ = 2iP", T* = — jp",
U:: _ iv*a’: — 1' (9 )

Setting (1—P?/U*)% = (1-T%/V)~% = ¢, Eq. (9)

leads to

(a==1), (10)
and thus Eq. (9) has two pairs of solutions
ICPandV, U

P=U(l+¢), P=V(1—¢)
11 11
(11)

and=U(l—s), P=V(l +e).
2 1 1 2

Now setting U = —if, V =in, and defining the sca-
lars J, N, H, F, y, j, b and the antisymmetric ten-
sors hik’ fik by the relations

I’/-/=J/N=P/H='H/F=T/f=f/n( )
_ (12
=p/h=‘h/f=pih/hik :fhik/f[k=l/be’ ‘

we arrive at the following expression for L [see
Eq. 9

L =20U%(1 4 &) = 2V2 (1 —¢) = 4h, = 4el,,
00 1 1 '

(13)
L=2U%(1 —e) = 2V2 (1 + &) = 4h, = — 4el,,
: 2

01

where
e=1/p=(1+P2/f2) = (1 — F2/ 27", (14)
e=1/p=(14+T2/n2)"= (1 —N2/n2)"(14")

Setting s = 1/w = (¢ + 1)/(e~ 1), we obtain ¢ = 1/p =
=(s +D/(s=1); € and s are of weight zero. Con-
versely, Eq. (7) follows from L [see Eq. (1)], (13),
and (14) or (14°); to each general solution I, P of
Eq. (3) and (4") there corresponds one value of U
and V. Eq. (9) follows from (13) and (17). The same
results are obtained by the conformal generalization
of the five-dimensional theory 4+ 19-22



