This correction leads to the appearance of the fluctua-
jon potentials &, ps, and 5A. Here

the superconductor and in the electromagnetic iield when
there are fluctuations. The change in the free energy
when the distribution function fluctuates depends then

on the fluctuation potentials which, according to (2.9),
(2.10), and (2.14), are functionals of the fluctuation cor-
rection to the distribution function. The probability for
fluctuations is thus given by varying the quantity!®!
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A
5y = 2 0-tp.v + A (2.8)
€p €p

| Linearizing (2.5) and (2.6) in terms of snp and the po-
1 tentials we find that.

i

We construct a theory for the fluctuation kinetics in pure superconductors below the transition point. We O = .?_'ij’ drpi for 2.9) A? e

assume that the frequency and wave vector satisfy the conditions hw<A, g€A/hvgp. The cause of the vaN p : 8F =6 { J‘ dp & (me—0p%) — s NO +8—~ TS}‘
i fluctuations is the collisions of the normal excitations with impurities and phonons. We study the spectrum ; <§A=_ﬂ"_ﬁ dt _A__ i "
Il and the spatial dispersion of the fluctuations in the absolute magnitude of the order parameter, in its phase, | ghere ONN,J 7T '" (2.10)  S=— fdr,[np In ny+ (1—np)In (=) 1, (2.18)
i : and in the superfluid velocity. We formulate fluctuation-dissipation theorems which connect the spectral & . wh S is th o
»E densities of the fluctuations in these quantities with the corresponding impedance. We discuss the 5 N _ Lo j~ i on, ere S is the entropy of the gas of excitations.

P .
N J dep Expanding 3% up to and including second order

fluctuations in the magnetic flux in a superconducting ring and the effect of fluctuations in phase on the

line width of the Josephson effect. terms and using the neutrality condition and the gap

is the fraction of superconducting electrons. equation we get

PACS numbers: 74.30.H To find the connection between pg and fj we use the

il I 2
}[‘ B8 1 Maxwell equation 69'=—-—§—jdt,#——+£ﬂ(5A)2_iﬂ c1>2+N,-£f2—+—”ﬁ
1. INTRODUCTION pehavior of the superconductor consists, as was shown ' rot H=4ad/c 2.11 o O o e
. earlier,'® of : (2.11) 1. dr -
The present paper is devoted to a study of the fluc- and the expression for the current =5 ) 5 (L) fs® (2.19)
0 P

a) the kinetic equation for the distribution function of

t
|
\ tuation kinetics in pure superconductors. Practically

cated. All classical fluctuations in superconductors

(and those are just the ones we shall consider in the
present paper) are connected with the fluctuating motion
of the normal excitations, on which the random poten-
tials & = 1/gax /ot +eq@ (¢ is the electrostatic potential),
ps = /2(Vy — 2eA/c) and A act; these potentials them-
selves depend on the distribution function of the normal
excitations.

We use the Langevin method for such a system, find
general expressions for the equal time correlators, and
formulate for a superconductor fluctuation-dissipation
theorems which connect equal time correlators with the
corresponding response functions. Moreover, we study
the frequency dependence of the fluctuations in the whole
temperature range up to the transition point and discuss
the effect of phase fluctuations on the line width of
Josephson radiation and the form of the current-voltage
characteristics of a-Josephson transition. Furthermore,
we discuss the problem of magnetic flux fluctuations in
superconducting rings.

There are at the moment a large number of papers,
starting with the one by Aslamazov and Larkint!! which
are devoted to the effect of fluctuations near, and
usually above, the transition point on the electrical
properties of superconductors. Larkin and Ovchinni-
kov(2! have studied the order parameter fluctuation
spectrum below the transition point when A « T in
dirty superconductors. However, as far as we know, the
fluctuation kinetics in the whole temperature range be-
low the transition point in pure superconductors has not
been considered.

p is the quasi-momentum of the excitations, Hnp} is
the operator for collisions of the excitations with pho-
nons and impurities:

a&? )
I{n,}==2n . 3 [CqI*{(1—1p) Pp—q (Uplp—q—VsVp-q) ™
(2m)

[ (1+N_g) 6 (Bp—Ep-q T a) -!;Nqﬁ (Bo—Ep-a—@a) ]
—np (1—"1p—q) (@pltp—q—VpVp—a) *[N-ad (Bp—Ep-qT0q)
+ (14Ng) 8 (£p—Fp-a—©a) 14 (upvp—qt12p-aVp) ,26 (&pHE-pra—@a) -
[ (1-ny) (1—N—pyq) Na—Tplt—piq (1+Ny) 1}

oy (2m) o d

ZmV. e j (23‘()3
Nj is the concentration of impurity atoms, Cq the
matrix element of the electron-phonon interaction, Ag
the amplitude for the scattering of an electron by an
impurity atom in the normal metal,

| Aql? (Rp—q—105) (pltp-q—VsVp—a) *8 (&—Fp-a) @ 3)

ui—t s (1FEaley),  vit="(1-Er/en); 24)
b) the equation for the absolute magnitude of the
order parameter: o
P T (2.5)

T2l @n) e ]
where ) < 0 is the effective electron-electron repulsion
constant;

c) the continuity equation or the electro-neutrality
equation, which is equivalent to it for a superconductor

SN=5 { | dty gty vst (1—np) }_=o, @2.6)

where drp = 2d°p/ (21r)3. Together with the Maxwell
equations, Egs. (2.1), (2.5), and (2.6) form the complete

where \f = 4me®Ng/mc? is the square of the reciprocal
of the London penetration depth. Or, introducing the
matrix

Ki(q) =q:q;—0u(g*+1/M2), -

we have

m
Pi= K (@ [dnvfit(@).

AN, (2.14)

To obtain an equation for fg (t) we linearize the

kinetic equation. It is then important that the collision
operator vanishes if we substitute the equilibrium dis-
tribution function no(€p). The linearized kinetic equa-
tion then takes the form

( ] Ep 0088, In,

2 tigv 24T, ) 1) —m—=
- ) i (T =G (),

(2.15)

where Jy is the collision operator (2.3)—linearized
with respect to the distribution function—taken in the
zeroth approximation with respect to the fluctuating
potentials. We have added in (2.15) the random force

Gg(t) in accordance with the Langevin method.

Changing to the Fourier components with respect to

~ the time, we can write Eq. (2.15) in the form

{ —io(1+Ly) +iqvi—p + J,,} f09=Gye, (2.16)

where we have introduced the integral operator

2 e s Ono [ Op B On En Op NAodnop. A
Lyf,* =8¢, ————-j d P‘_——"_’——,‘. Tpy—
. ON ep Oep e ON N: ep Ogp " €p,

Be,
m dn,

+———vKi 1 (q) j dt, Uu] fol%

T T (2.17)

e the whole theory of fluctuations near equilibrium in the excitations: J=ev,1v,+ej'dﬁ Vo (2.12) Now we can use the automatic schemel*! for finding the
! normal metals reduces to giving the correlators of the on, G Ony 98 Ong @.1) ‘Ch o to the F random forces.
. . I T . A — . angin (o) i i - . :
;& . random currents. As there are two new variables in TR T TR P T + I{ns}=0, - orn Sd agnd usii (t)llxlnfer tc:);nponents as far as r is con We introduce the generalized coordinates xy, = £
1 ‘ superconductors which characterize the state of thg where ~ ;J L that g the fact that H = —c curl pg/e, we and the generalized forces, P~ p
superconductor, the phase x and the absolute magnitude Bo=ep TPV, ep=(Es" AN, ind tha 1 osF
A of the order parameter, the theory is more compli- - . 1 m - 2.20
5 ’ p : §—t, 0 +p/2m,  Ey=pt2men, @.2) R R e K SO R *TT oz, @20)

corresponding to them. Varying (2.19) and using the
expressions for 8A, &, and pg, we get

1 (.6no (2.21)

X (500) @+

We write the relation between x, and Xp, i.e., the
kinetic Eq. (2.16) in the form®

oy Y () 1By @) (1) o

Ong\ ~
S (5rm) AL st (U+L) 6y,

B,(q) =iqv§—: +5, (2.22)

whence we have, according tol*]
~ PN T ~ ~ a
(L)~ (1+Ly) ‘<G,G,.>m.=—5“—[}(1+L,)-*B,(q> (HL»*%GM

A - an,
+(+L,) "By’ .
‘ (14+L,,) ~'By, (q) (1+Ly,)- 08,,6’“’]. (2 .23)
Operating on the left with the operator
(1+Lp)(1+ Lp,) and using the fact that

) ~ Ony ~  On,
(1+Lm)5g;.5m= (1+L')-6T,, S -
(this equation follows directly from the definition (2.17)),
we get
an,
oo

T
(GeGpog=— —2—3_‘-(Jp+]p.)x'
P

(2.24)

It is necessary to note here the following important
fact. If the potentials &, pg, and 3A were not self-
consistent, their fluctuations, and also the fluctuations
in the distribution function, would be statistically inde-

pendent, and the square of the fluctuations in the distri-

set of equations. ‘
bution function would be given by the usual expression

: To complete the construction of the Langevin scheme
it is necessary to determine the correlators (Gp (r,
t)Gp (ry, t1))wq of the random forces in the kinetic Eq.
(2.16). To find the correlator of the random forces in

the kinetic equation we use Onsager’s method.!*! The

}lr 2. LANGEVIN'S METHOD FOR DESCRIBING

FLUCTUATIONS IN A SUPERCONDUCTOR When the superconductor is in a state of thermody-

namic equilibrium, we can write the fluctuating correc-
tion to the distribution function of the normal excitations
in the form

. . . no
We use Langevin’s method to describe fluctuations in <6m6%.>f—T3—8:6p,..

!

i

{

| a superconductor. If the wavevectors and frequencies of In superconductors, however
s ’

the excitations satisfy the conditions D w<«< 1 and R n +5 7 Probability for thermodynamic fluctuations is deter- on -
q < A/VF, the complete set of equations describing the T (2.7 ¥ mined in our case by the change in the free energy of <6""6""‘>=_Ta—;(1+""')6m
N i . ?
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an, op Epkp, 91 Mo
<5n,an,,>=—T58—pa,,.~TW;g%;%:
du N A* 0n, dn, m _1. Onedn
+ Tﬁﬁ.g—ﬁ:xa_g,—,— Tm:l}qu v”g;(—?—é:;.
This is obvious, as the gas of the excitations is situated
in self-consistent fields and interacts with them. In this
sense, it is not a perfect gas of excitations. At the same
time the correlator of the random forces is determined
solely through the collision operator, as random mo-
tions occur only when we take collisions into account
and over times of the order of the collision time, while
the distribution function, and thus also the fluctuation -
potentials, change over times of the order of the time
between collisions which in our approximation are much
longer than the collision times.

(2.25)

3. CORRELATORS OF THE FLUCTUATIONS IN
THE BASIC PARAMETERS OF A SUPERCONDUCTOR

The spectral density of the fluctuation correlator is

Uofpden= [ € dufy (D 100+ f e Un (@ fp(0adr. (3.1)

0

From thé kinetic Eq. (2.15) we have
Cpeao 1 eapio [ B2 pertpypon + X gaea] 201 (3.2)
AT {G.. «+@[ R Tl u] K}'
Substituting (3.2) into (2.10) we find that »
1 op N A 1 v
Jaw armw O
_ In obtaining (3.3) we used the fact that the operator
Jp conserves the parity of the function on which it op-
erates, with respect to p and §p, as can be verified by
a direct calculation. All integrals containing odd powers
of p or £p in the numerator are thus identically equal
to zero. Here

(3.3)

on N P A io A On,
NN, ™, TiotB,(a) € Oep

Using (3.3), the definition (3.1), and Eq. (2 .24) for the
random force correlator we get
T .ou N_ 1

2 D e e —
(8A%ug NN, Im -

In obtaining (3.5) we used the identity

o1 1
] (GoGp o
§ dwdu Al @ ot B @
1 1 on,
e CptCp—————A ]——
—io+B,(q) P i0+B, (@) *19e,

Expression (3.5) is also the required expression for the
spectrum of the fluctuations in the absolute magnitude
of the order parameter. We give its analysis below.

Using (2.9) and (3.2) we find that

R (3.4)

(3.5)

T
a—%}dr,‘[“i, (3.6)

wp.°* 1 op Ep 1 (37)
0 — —— L A—— L
@ t aw N j s ) R
Where - o o L, o & om
G = G ) T, TiotBy (@) € Oty (3.8)
op d Ep o v dne
w‘—W e €p —i(0+By(q) la% ’ (3'9)

The vector w which has the dimensions of a velocity is,
in an isotropic medium, directed along q and vanishes
as q —0.

The matrix elements of the linearized collision op-

erator satisfy the equation!®!
J on,
FPl?as—p‘—

on,
—P1,—P (931) .

(3.10)
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Close to equilibrium it follows from the time reversal
symmetry of the laws of mechanics and is verified in
every actual case. From (3.10) follows the following
equation for the operator Bp(q):

One On, 3.11)
B ()5 = Bonion (@) 3.11)
whence we have for the matrix elements of the inverse
operator [-iwl +B(q)]™ (1 is the unit matrix)
I\ a1 = (2% [ieltB (@1 .. (3412
(52) tmoitB@la = (5)  -obtB @1 - )
Applying relation (3.12) to (3.9) we have

on,

w‘_a_ujdr L w0
' ON pﬁp —io+Bx(q) 168»

io Ep Ony _

- j e P T (3.13)

s (—o,q).

Using (2.14), (3.2), and (3.7) we get for pgi

lowing equation:

the fol-

w; Ep) 1 ’ G oa \3.14)

X g dme® j d ( o wi B
w0, @)t =5 A\ T o TiotBe(@)
whence, using (3.6), we have after simple transforma-

tions
T 4ne’

papon=— 5= K (0.0~ K (0.0}, (3.15)
Kyl R RO g o
alo, @) =agr=8s\ € F 53 ) ¥ 0l DTG0 3 1)

1 n,

0y (0, q)=—¢ _fdrpv‘_im_l_Bp(q) Vi o(0, —q).

(3.17),
The quantity ojj(w, q) is the same as the contribution of
the normal excitations in a superconductor to the high-
frequency conductivity.[*]

Using (3.7) and (3.14) we find that
4ne? _a_l\i w0, q) w; (3.18)
¢ ap )]

T o
(lI)z>o,.,=————H—Im[ ! (1+

nw ON Qg0 Ago

The electrical field Ej is related to psj and & through - |

the equation

| eE=—iop.—ig®, (3.19)

whence the correlator of the fluctuations in the trans-
verse fields is

T 4ne

T
<E_lz>m,=——;7Ime‘(w,q)=—TL—ReZ_L(m,q), (3.20 i

and the correlator of the fluctuations in the longitudinal  :
fields

4ne®
— K" (0,9

T g du
<E"2>0.,=—Elm{a =
qo

og: (witD,) + Qfin;wf] } =—§_Re Z,(0, ),
a B

q0 Qg0

x[i-l—

where Z,(w, q) and Z(w, q) are the impedances for
transverse and longitudinal perturbations.

Equations (3.20) and (3.21) from the fluctuation-dis- - ‘

sipation theorem for a superconductor which connects
the field fluctuations with the impedance Z(w, q). Itis
clear from (3.20) that it has ina superconductor the

usual form!®], notwithstanding the infinite zero-fre- :
quency conductivity which is reflected in the occurrence &
of a term proportional® to c?/4miwh},.

Equations (3.5), (3.15), (3.18), and (8.20) describe th
spectrum of the fluctuations in a superconductor and
they have the form of fluctuation-dissipation theorems, .
connecting the correlators of fluctuations with the
imaginary parts of the corresponding susceptibilities.
We emphasize here that if the spatial dispersion is
A. G. Aronov and R. Katilyus 11

APy e=

@ 21) ;

taken into account all expressions are obtained under

he assumption that q <« A/vF, the reciprocal coherence
1ength. In type-I superconductors terms containing q®
must thus be dropped, since A[, < VF/A < q”.

-

4 FLUCTUATION SPECTRA

As we have already noted above the correlators of
the fluctuations in the parameters of a superconductor

4 canbe expressed in terms of the imaginary parts of the
_appropriate susceptibilities. We can thus expect that for

the quantities appearing on the right-hand sides of Eqgs.
3.5), (3.15), and (3.18) the Kramers-Kronig relations
pold. The derivation of the corresponding formulae does

_—

ot differ from the standard onel®! if one notes that the

gpectral functions are, according to (3.1), defined as
retarded functions, and therefore have no poles in the

- ypper half-plane. However, as the susceptibilities have

finite limits as w — «, we must write the correspond-
ing .relations with the necessary subtractions. We find
for instance, from the Kramers-Kronig relations, that

1., » T de »
e (0)—a (w)1=imam : @.1)

where a™'(0) = ag -0, a7'(*) = ay=ow.

Using relations such as (4.1) we get for the equal-
time correlators the following expressions:

_iE_ N . A? on,1 !
aN N L aN N I T e
ou N, A o
aN N3 7 ¢ de, ‘
2on,7~' a9 2 9
Ep o] 2 " d Ep _”'_0’ (4'3)

9N J 1:.,-;? dep

a
(ohty=—r N [1

4.2)

s [
@, =—T—[ + g, S
v I an e e,
mT N,. mTN,., { Nt -t
T ey aren” () @l

‘At low temperatures

2
@y T onle ou Ny
AN N* ON N’
where Np = N — Ng is the density of the normal com-

(BA? =T, (4.5)

- ponent which at 17¥ temperatures is equal to N,/N

= (27A/T)Y2e 2/ T At high temperatures, A « T,
op N

NN,
Equations (4.6) are the same as the corresponding ex-
pressions obtained from the Ginzburg-Landau equation.
At low temperatures the intensity of the fluctuations is
proportional to the dénsity of the normal component.

N’ (BA®> =T (4.6)

© We turn now to a study of the frequency-dependence

{4 of the fluctuations. We start with the fluctuations in the
1 absolute magnitude of the order parameter. When q =0

8A~Im ¥a ™,

(4.7)

op N J. dx A o A onm
ON'N, ® ep —io+/p & dep
The linearized collision operator-occurring in Eq. (4.7)
acts on a function depending only on the energy ep (even
function of tp)- This means that the whole of the fre-
quency dispersion of the correlator ( 5A%), is con-
nected with the inelastic scattering by phonons as the
Operator of elastic collisions only reduces any function

Ta=1+

- depending on the energy to zero.

To find the grequency dependence of the fluctuation
Spectrum ( §A°),, it is necessary to solve the equation

R . (4.8)

ep Oy
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If gp = @‘"(ep)ano/dep we get, using (2.3) and lineariz-
ing with respect to ¥p> after simple, but tedious trans-
formations the following expression for the photon op-
erat7o]r Jph{¢'”ep)}, acting on an even function of

no (&)

§p1[
1,9 (&) Z—Ze],h{¢(+>(ep)}=‘ A prla T {f (e?zl_dz;)vz (1——5:2,-)
X(e—e')® [1+exp (—- ;—’) ] - [exp ( SI—T_E )—-1] N [ (") —¢@ P (e) ]
i (1) e[ e (=) |

e

x[ow(255) 1] e a1+ y(__g_)_( +2)
x(ete [ 1mop(=2)] " [em(5) +1 ] Te e +emn}.
Here [y is the mean free path of the conduction elec-

trons in a normal conductor when spfr « T, s is the
sound velocity,

-1

(4.9)

| eo|*=nwqy/2TmL.

As inl"), we easily find a solution of Eq. (4.8) with the
operator (4.9) for A «< T in the energy range € ~ A.
We note that just that range is important for us for the
study of the fluctuation spectrum as the integral occur-
ring in 7y converges at energies € ~ A when A «< T.
For the solution we use a method similar to one used
earlier.t®

In the energy range € «< T the first of the integrals
in (4.9) is small compared to the other two and we drop
it. In the other two integrals we neglect € and A as
compared to €' ~ T. With the same accuracy we re-
place the lower limits by zero. Altogether the terms
taken into account cancel one another and we get the
following expression:

T {0 (20)} =—0* (e) no (e) /2T T, (4.10)

where 7o' =7 £(3)T¥4ms®Fig, £(x)is the Rien;ann
zeta function.

The solution of Eq. (4.8) with the operator (4.10) is
trivial in the region € « T. Using the solution of (4.8)
and performing the integration in (4.7) we find from
(3.5) that
A N
N (4.11)
Thus, when we approach the transition point the width of
the fluctuation spectrum decreases proportional to
(Tc - T)V3; 7, is the relaxation time of the absolute
magnitude of the order parameter close to the transi-
tion point, found by Schmid.®]

T&MN Ta

Ta=To

We now turn to a study of the frequency dependence
of the fluctuation spectrum { %) ,:

T op 1 :
@iy LI 1 (4.12)
. ne 0N~ a,’
ap Ep i Ep On,
=1 [ dr, 2 = 2 4.13
“ oN 5 e ep —i0t+Jp gp Oty ( )

First of all we draw attention to the fact that the colli-
sion operator occurring in the expression for ( %)
acts upon an odd function of £p. This means that out of
the frequency spectrum ( éz)w, again responsible for
the relaxation by phonons, we take that part which is
odd in Ep.

To find the fluctuation spectrum we must solve the
equation :
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)
Aot = & iy
ep Oty

(4.14)

If yp = sign tpo* ’(ep)ano/a €p, we get, using (2.3), the
following expression for the linearized collision opera-
tor:

’ -1

signeno(e) (¢ &'de’ 2[ ( e )]
_ + _=
4ms*pgl,T* l (e'*—A*)" (e—e")"] Lrexp T

o (7] ({120

’ -1 -1

5 o ,82 dj), (e—s')2[1+exp (—*ET—)] [exp( Sl;a )'1] .
x[(l—s—i-) (o) (e —A’)e/z(s'z—Az)" e’ )] j( e’ de’

‘2 Az a
, ' ete’
e [toom(- ) | o) 1]
Az o (e? —Az)"’(s'z—Az) A o
{ (1 2o LAVEI o]}

We consider first of all the high-temperature case
when A <« T. To do this we use the following method.
We assume that the characteristic width of the fluctua-
tion spectrum Tq, is much larger than the charactens-
tic scale length of the collision operator 75 which ap-
pears when it operates on the function (gp/ ep)ano/ d€p.
We can then expand (4.13) in terms of the small
parameter 1/wrg and write (4.12) in the form

Tl (e0) } =

(4.15)

‘T op 4T 7o (4.16)
2y .__.—-.—.____., .
@ AN nA 1+o’te’
4T o g,. g, on,
S=— - [d
° ah aN e, e, Pen ae,, (4.17)

It 1s clear from (4.17) that indeed, 73 ~ (T/A)7g'
» 7g'. We now evaluate 73. Substltutmg qa‘ "=tp/ep
into (4.15) we see immediately that, as in (4.17) the
region € ~T > A is the important one, in the main
terms in (4.15) the values €' ~ A « € are the important
ones, so that we can expand in terms of the small
parameter A/T « 1. There remain then in (4.15) only
the first and the last integrals in which the upper limits
of integration can be replaced by +=. As a result we
get

{2 =4 ook (4.18)

epJi + 16msipl.T? sh(e,/T)
Substituting (4.18) into (4.17) and integrating we find that

11 mer (4.19)
~ 4mspsls

Thus in contrast to the fluctuation spectrum
(8A%) the width of the fluctuation spectrum ( &%)«
close to the transition point is independent of the dis-
tance to the transition point. We emphasize once again
that our consideration becomes inapplicable in the im-
mediate vicinity of the transition point, when A — 0.

At low temperatures we can find the asymptotic be-
havior of the spectral function for wr > 1. The calcula-
tions lead to the following result:?

@y = L Nnop 1 (4.20)
A N 0N o’to*
.1 - Tz T b4
1:_@—00 ms’p,l,,(m) ! (4'21)
I‘(5)
j .,,(z 1),,, —t(5,2).

The correlator of the random external current can be
found by substituting into the second term in (2.12) the
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correction to the distribution function proportional to
GgY, from (3.2). When q =0

T
<]¢°Xt]th>m=FRe 04 (0). (4.22)

We emphasize once again that due to the Meissner ef-
fect there are no fluctuations in the total current at
q = 0 in the volume of the superconductor.

We study Eq. (4.22) for the case when the scattering
by impurities is the deciding factor. In that case the
collision operator has the relaxation time form

1 1&l
]ﬂpp T —;“«Pm
where 1 is the electron relaxation time in a normal
conductor. Using (3.17) we easily obtain an expression
for the correlators of the external currents in different
limiting cases. At low temperatures

A A (01.)?
JExtyexty 2 4
I = G"(“’)e"p[ T 2T 1+(m1:,.)2]
. A (071,)* v
oy P AL
XL =5 1+(m‘c,.)2] (4.23)

where op(w) = 0o(1 + w?7H )" is the high-frequency
conductivity of a normal metal and o, the static con-
ductivity of a normal metal.

It follows from (4.23) that when A(wrn)¥/T « 1, ie.,
at low frequencies, the correlator of the external cur-
rents has a logarithmic singularity

A 2T
tyexty 8 —. . i
TSIty =, - Goe=2TIn NCTAER (4 24)
When wrp 21
T
(]iemJ,eXt)n=5i12—Goe_A/T ! . (4 .25)
7 (01,.)2

At high temperatures A « T the correlator of the ex-
ternal currents also has a logarithmic singularity at low
frequencies:

2. 2 s
]extlext> _ﬁj—ﬁn(ﬁ)) {1+ 1+((‘) Tn +1) _1] }

2T[ (1+m T,2) " o ®Tn

(4.26)

However, as A — 0 the logarithmic term vanishes and
(4.26) changes to the usual expression for a normal
metal.

In concluding this section we discuss the problem of

the spatial correlation of the fluctuations. Of most in-.
terest, in our opinion, is the spatial correlation of the

absolute magnitude of the order parameter. We empha-..

size that in our approximation q <« A/vF the equal-

time correlator is proportional to §(r: - rz). To'study
the spatial dispersion it is necessary to solve the equa-

tion
A dn,

{—zm+zqv-§ Tt i }lp,.—- —.
P P

@.27)

We restrict ourselves to the high-temperature case,
when A « T, and we shall assume that the relaxation

time due to impurities is much shorter than the relaxa-fﬁ

tion time due to phonons. We restrict ourselves to the

case wrp < 1 and qip <« 1, where [ is the mean free ;

path for scattering by impurities.

We average Eq. (4.27) over a surface of constant en-

ergy € for a given sign of £. We shall indicate such an

average by a bar over the quantity. We get

b — A 9n
iy T
e e Oe

Subtracting (4.28) from (4.27) and inverting the operator

(4.28
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impurity scattering we get a formal solution of Eq.
21):
. Pp=Pp 0 im ™" (Pp—5)

E

=il im™* (qv E Pe —QV——IIJ,.) —Jim™ 1(117“‘7»“]111!1179) (4 '29)

The inverse operator Jip, in (4.29) is determined

_ uniquely by the condition j?m e

We can iterate in Eq. (4.29) in terms of the parame-
ers wTp < 1 and qip «<1:

Wp‘”'—‘%—ifm"qv b ﬂ?p (4'30)

- Substituting (4.30) into (4.28) we get

( ¢m+—|§LDq’+J,,;.) w,,—A%,
ep Oep

(4.31)

where D = v&7n/3 is the diffusion coefficient in a nor-
mal metal.

When A/T <« 1 we showed above that the phonon op-
erator reduces to the relaxation time and we get for
Ip the following expression:

G A pelsl 1T 4.32)
P17 ap‘( Lm+DqT+—T:) . (

Substituting (4.32) into Eq. (3.4) for yq. we get

Yeo=1—i0Tq4/ (1—i®To). (4.33)
We used here the notation
Dg*x,
e l %[1 (1—1(0170) ]
Dq T . Dg*v,
Xln{ 1—ionT, +l[ (1 zmro) ] } (4'34)
Then, from (3.5),
T op N ReTq—0ToIm Tq, (4.35)

2 —_———
OAVe=T3N . 1+ 02 Tot Tgol?

We find 7q for different limiting cases. We con-
sider the frequency range w7o <« 1. Then Im 7qq
~ wro and Tqy is in this approx1mat1on a purely real

quantity, independent of w. If Dg®ro < 1, we have

1 _ 1w [1=(Dgw)"
Tqo Ta 2

(4.36)

’

arccos Dg*1,

where 1/TA = NS4T/T oN7A is the reciprocal of the time
of the uniform relaxation of the absolute magnitude of
the order parameter, (4.11), when A «< T.

If Dg%o « 1, we have

1 1 8T N
— N._1 4.37
Teo  Ta 7 A WAN T +Dag’ ( )
As Dg®ro — 1
A _=1 4.38
Tew 2 Ta (4.38)
I Dqg%,> 1, we have

L . (4.39)

Te T 2 I[DETH((Dgt) -1

Thus, in the whole range considered for changes in
the wavevectors Tqw > Toand (8a2 )wq has thus finally
the form

T oy N g

R

T (4.40)
n N N, 1+t

From the expressions given here for Tqw it is clear
that spatially non-umform relaxation has a diffusion
character only when Dg?, <« 1 with a diffusion coef—
ficient which vanishes as T — T¢: Dp < (Tc - T)Y?
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5. MAGNETIC FLUX FLUCTUATIONS IN A
SUPERCONDUCTING RING. LINE WIDTH OF THE
JOSEPHSON EFFECT

We consider a superconducting cylinder of radius R,
height d, and thickness a, in which an integral number
of flux quanta are included. We evaluate the integral of
psi over a closed contour through the thickness of the
ring: _

- 59
s dl=— ———qh=———af,
$r R
where ¢ is the complete magnetic flux, including its
fluctuations and ¢ is the average flux, equal to ng,

(po = whc/e).

We evaluate the correlator of the magnetic flux
fluctuations through the given contour:

(5.1)

(66180 ()= (o) 2 RGP eI P e (5:2)
where q is the component of the wavevector along the
direction of the tangent to the contour, and r; a vector
at right angles to the contour. We determine first the
integral intensity of the magnetic flux fluctuations. If
all dimensions of the cylinder are much larger than the
penetration depth of the magnetic field, we get, using
(4.4) and integrating over the two-dimensional q,,

<662 =2nR,T In (N/N.). (5.3)
For a thin-walled cylinder with dimensions a < Ap,
6p= (Zn)‘RoT—%(1T (%Vv—) /’) (5.4)
and, finally, for a thin ring with a height small com-
pared with Ay,
(89*> =8n*TR\,*N,/adN. (5.5)

Burgess!'?] has earlier obtained Eq. (5.5) for a thin
ring. It follows from (5.2) that in a thin ring the fre-
quency spectrum of the magnetic flux fluctuations is
determined by different-time correlators of the super-
conducting momentum at q = 0, i.e., by Eq. (3.15).

The magnetic flux fluctuations in a cylinder thus have
a classical nature and quantum limitations, imposed on
the phase of the wavefunction in the ring, do not affect
their dynamics, as they are connected with random
fgo?sses in the normal component of the superconduc-
r.

The fluctuations in the potential & can determine the
line width of the Josephson radiation. Kulik!'!! was the
first to discuss the effect of the fluctuations in the
phase of the order parameter on the radiation line width;
he considered the problem of the radiation line width
near the transition point in superconductors with para-
magnetic impurities using the non-stationary Ginzburg-
Landau equation. Knowing the fluctuation spectrum
(Qz)w we can express the line shape of the radiation
from a point contact in terms of the spectral parame-
ters. We shall assume that the potentials ¢ in the two
superconductors which form a weak link fluctuate inde-
pendently. This is justified as we take the whole of the
weak link into account using perturbauon theory. The
Josephson current is thus

J(t)=J.sin ¢(t), (5.6)

‘Where J¢ is the critical current, and the phase differ-

ence at the transition has the form

11




1
@(t)= j dt' [2eV,+2eV (') +20, () —20. () ], (5.7)
! to
where V, is the potential difference applied to the
transition, and V(t) the fluctuation potential difference
connected with the finite resistance of the tunnel connect:
( V¥(t))w = TRT /7. When writing down Egq. (5.7) we used
the gauge with ¢ = 0 inside the superconductors. This
is the only gauge for which the fluctuations in the phase
difference (i.e., the fluctuations in the difference in the
chemical potentials) and the fluctuations in the differ-
ence of the scalar potentials V(t) are statistically in-
dependent. ']

We follow Kulik and Yanson!'?] and introduce the
spectral function

ro
I(0)= %j eo*(sin @ (t)sin @ (¢+7)ddT. - (5.8)
After that the caleulation is completely equivalent to the
one given int*?), We note merely that as the line width

is much less than 1/ Tph, Which is the quantity which
determines the dispersion of the fluctuation spectrum
(®}) , the linewidth is determined by (&) = 0.

Simple calculations show that in that case

I((,))=-1—.____£_——’ (5-9)
it (0—@,)*+T? (5.10)
D=4 R, T/R+4a[ (D 2o H(D:2,]. ’
If the superconductors are the same, we get, using
(4.16) near the transition point for a point contact
=2 {op+ L5000 ) (5.11)

v 7A ON °°
(vo is the volume of the superconductor). Estimates
show that [' may be of the order of 10° to 10* Hz.

Taking the phase fluctuations into account leads to
the fact that in the expression describing the current-
voltage characteristics (see, e.g.,'*?!) there occurs not
the temperature, but T*, an effective noise temperature
for the contact:

h,)

. T*=#T/4e*R;. (5.12)
We note finally that we can also measure the spectral
function of the fluctuations in the complex order parame-
ter directly, by measuring the excess currents in a
Josephson transition.!®]

In conclusion the authors express their gratitude to
V. L. Gurevich, A, I. Larkin, I. O. Kulik, and G. M.
ii:liashberg for useful discussions. G. M. Eliashberg
drew our attention to the problem of the magnetic flux
fluctuations in a ring.

Dln a state far from equilibrium the criterion may be more rigid: w <€,
where € is a characteristic scale for changes in the distribution func-
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tion of the excitations. Everywhere in the paper k = h= 1, and the
volume is also taken to be unity. )

DWe note that the eigenvalues of the operator Lp are not equal to —1,
and therefore the solution of the equation (1 + Lp)lllp= ‘pp‘in the form
Yp=(1+ Lp)"gpp exists and is unambiguous.

3)Below we discuss the expression for the correlators of external random
currents in a superconductor.

4 At low temperatures the fluctuations in the quantities A and ® in the
frequency range of interest remain classical (& is the Debye tempera-

ture):
&lﬁtA“N‘ro‘*~T38—2(T/A) "'<T

$)We emphasize that the fluctuations considered are nothing but the
quasi-static magnetic field fluctuations.
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Description of the Coulomb interaction in the theory of
rconductivity and calculation of T,

A method is proposed for solving the Eliashberg equation for anisotropic superconductors in the

temperature technique at T = T. The solution is found by successive calculation of the terms of order
An(wp/ T.), A, A%,..., where A = Ao/(1+1Ap) is the renormalized electron-phonon coupling constant. A consistent
way of taking the Coulomb interaction of the electrons into account is described and a definition of the
Coulomb pseudopotential in the anisotropic model is given. A general expression for T, including

corrections of order A, is given. The dependence of the effective mass on the energy gives a contribution to

the corrections of order A? and higher. For the Einstein model T, is calculated to order A% For a model in
which the phonon spectrum consists of two Einstein peaks the equations are solved numerically and the
dependence of T, of the frequency w, of one of the peaks is determined. It is shown that as w,—0 this peak
gives a finite contribution to T, if A, ~ w2 If A, ~w[2*”, where v> 0, the contribution from the low-

frequency peak vanishes in the limit w,—0.

PACS numbers: 74.30.D, 74.10.

There are a large number of papers devoted to de-
riving an approximate analytic formula for the T¢ of
strong-coupling superconductors. (Such attempts are
undertaken with the purpose of going beyond the frame-
work of the BCS approximation, in order to describe the
experimental situation.) The best-known is the empiri-
cal formula of McMillan('!; '

. e 1.04(1+A,)
To=— T 1
145 P [ M—p.‘(1+0.62k0)] ' @

which was obtained by fitting the results of a numerical
solution of the Eliashberg equation to a simple analytic
form!®!, An electron-phonon interaction function

o*(w) F(w) extracted from tunneling measurements on
niobium was used. Here, :

x}.=z j @*(0)F(0)do/o

is the electron-phonon coupling constant, u* is the
Coulomb pseudo-potential and @ is the Debye tempera-
ture. Although formula (1) is valid just for niobium, it
is often applied to any superconducting metal, even
though in such cases there are no adequate reasons for
preferring the McMillan formula to the BCS formula.
The attempts to obtain an empirical formula of the same
type for other superconductors are well-known!*",
These formulas differ from (1) in the numerical coef-
ficients, and all of them are nonuniversal, since they
Pertain to superconductors with specific phonon spec-
trum. In recent papers!®*!] expressions of a more
general type for T¢ are derived. In these formulas,
functionals of o®*(w)F(w) appear in the role of the nu-
merical coefficients. To derive these formulas{'%*!]

One uses approximate solutions of the Eliashberg equa-
tion, obtained, e.g., by substituting a step function or
the Morel-Anderson function!'?! as a first approxima-
tion for the gap function A (w). No attempts are made to
estimate the accuracy of the approximation, inasmuch
s the procedure turns out to be extremely cumbersome
&ven in the first stage. In essence, such a procedure

corresponds to determining the first correction in the

Constant A = Ao/ (1 + Xo) to the exponential factor

A -~ u* and is valid for sufficiently small X,. In particu-
lar, it cannot be used to elucidate the question of the in-
fluence of the low-frequency phonon peaks on the mag-
hitude of T if the coupling constant for the coupling
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with the low-frequency mode is large. The erroneous
result obtained inl'%'!] concerning the role of the soft
phonon modes is connected with this fact.

It should be noted that the solution of the Eliashberg
equation, like the form of the equation itself, is consid-
erably simplified in the temperature techniquel*],
since in this representation all quantities are real and
the kernel has no singularities. Formulas for T¢ going
beyond the framework of the first approximation were
obtained in the temperature technique inf**] for phonon
spectra with one and two Einstein modes.

In this paper we shall describe a regular method for
solving the Eliashberg equation in the temperature tech-
nique for the general case of an anisotropic supercon-

" ductor with an arbitrary phonon spectrum. The solution

is represented in the form of a series in powers of the
electron-phonon interaction. We shall derive a strong-
coupling formula for T¢ in the anisotropic model and
shall calculate T¢ in certain particular cases; we
shall also consider the question of the effect on T¢ of
the low-frequency phonon peaks.

1. DERIVATION OF THE EQUATIONS

The Coulomb interaction of the electrons in a super-
conductor has been taken into account most consistently
by Batyev(*] in the framework of the isotropic model.
We shall formulate the corresponding result, having
modified it for a variant of the temperature ‘technique,
without assuming that the interaction is isotropic. The
equation for the determination of T¢ has the form

D= Y [ o (D3 4K Ry, @)
where
m P o,
Y o= g] , 2 3. =D ;
PP ZJ|I PP ' m?,p—p' +(o3b-m (3)

g{)p' is the total (with allowance for all the Coulomb

corrections) amplitude for scattering of an electron by
a phonon with the j-th polarization; Kpp} is the total

Coulomb amplitude; Rnp = GnpG-n,-p where Gpp is the

normal electron Green function, which near the Fermi

surface has the form
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