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The statistics of the fluctuations of the conductance G and of the density of states v in an
ensemble of small samples having identical macroscopic characteristics is investigated in a
field-theoretical approach using the nonlinear g-model. It is shown that at not too large
deviations from the mean the fluctuations are described within the framework of one-
parameter scaling (the scaling parameter is the average conductance (G)). The validity of this
statement is based on the Einstein relation and on the continuity equation. In the metallic
region (G'>e*/#) fluctuations of G and v that are not too large are described by a normal
Gaussian distribution. In the region of the Anderson transition (G s e*/#), however, one-
parameter scaling leads to fluctuations that deviate greatly from Gaussian. The probability of
large fluctuations of G and v is much higher than Gaussian even in the metal region: the tails
of the G and v distribution functions turn out to be logarithmically normal. The presence of
non-Gaussian tails is due to the instability of the standard o model when account is taken of
the additional vertices that arise in a consistent description of the high fluctuation moments.
To consider each of the mortients it is necessary to introduce independent scaling parameters

whose numniber increases with increasirg
scaling breaks down. '

§1. INTRODUCTION
Scaling theory in Anderson’s localization problem was

Qrder of the moments, so that the one-parameter

theory,' viz., that localized states exist at d = 2 for arbitr
ily weak disorder (g,— oo ). Doubts were cast, however,
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also the mesoscopic fluctuations. To develop such a the-

ultimately formulated by Abrahams, Anderson, Licciat-
dello, and Ramakrishnan,' and has long been univetsally
accepted. This theory is based on the assumption that the
only significant scaling parameter of a sample is its residual
conductance G. This means that the change of the dimen-
sionless conductance of a d-dimensional cube due to the
change of its dimension L is described by the equation

(1)
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Perturbation-theory calculations? in the region of metallic
conductivity (G e*/#) in conjuction with the renormaliza-
bility hypothesis' yielded the following result for the Gell-
Mann-Low function:

B(g)=(d—2)g—1+0(g™").

The result (2) was confirmed by direct calculation of
B(g) in a field-theoretical approach using the nonlinear o
model proposed in localization theory by Wegner® and
further developed by others.* It follows from (1) and (2)
that at d = 2 the dependerice of the conductance on the scale

is given by

(2)
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where g, is the conductance of a d-dimensional cube whose
edge equals the mean free path / at T = 0. Equation (3) is
valid down to g~ 1. Extrapolation of this expression to the
region of small g is in fact the only microscopic confirmation
of one of the main qualitative conclusions of localization

(3)
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The results (1)—(3) are valid for conductance avera
over realizations of the random potential (over the disp
tion of the impurities). It was made clear in a number
recent papers that the characteristics of individual samp
cannot be determined from averaged quantities. This for
us again to check whether the one-parameter scaling (
(3) can be applied to the localization problem. '

'The concept of average conductance is untenable
cause the conductance of an ensemble of sample having id
tical macroscopic characteristics fluctuates noticeably fr

sample to sample'>->* (see also Refs. 35-37 and the bibliog

raphies therein). It was recently established**** that eve

the region of weak localization (g» 1) these fluctuations af ¢ 1
P e irreducible fluctuation moments ((66)2). can in.

anomalously large:
{8G)YH>~(e*/h)*?
(here 8G = G — {(G') and (...) denotes averaging over t

realizations of the random potential, i.e., over the entire en

semble of samples). The relative size of these fluctuation

8G /G« L*?, ie., it decreases more slowly than L~ 4

even atd = 3. 7
Of course, the actual sample investigated in each exp

ment has a uniquely defined impurity arrangement in eac

experimént. If the fluctuations (4) from sample to sam
are appreciable, a macroscopic approach based on the ca

lation of (G ) is inadequate. On the other hand, a microscogj

i¢ calculation of non-averaged characteristics is neither r

istic nor very instructive.
Under these conditions it is natural to regard the ¢

ductance as a random quantity. Besides mere calculatio
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¢present paper using a ﬁeld-theoretical“approach
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)?) on the system dimension L with increase of I,
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: so change by a factor g, i i
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_ y of stat

to be independent of disorder ( Fig. 1b). csandisknown
. We shall show also that the higher fluctuation moments
incree cpnductance and of'the density of states increase with

asing L. At n<g, we obtain for the cumulants

((6G)"), (the irreduci
expressio(r)l reducible mean values of (6G)") the
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for the moments of the density of states. Fetion holdsalso
o It canbe seen from (6) that in the metallic conductivity
; agnznaii 1 t?i hlglher (n>2) cumulants are small. At large
not too large &g, the f(8g) distribution is
_ ) close t

r(lg);m}?l Gauss'lan. It follows at the same time from’ (3) :ng
¢ tt( z;t ths high gumulants increase with increasing L and
1 at (( ‘G)v ) 1n becomes of the order of (G ) at g~ 1 (Fig
d?s)m{f;:: meags that the distribution f(6G), as well as the

ibution ) L
ting S(8v), deviates strongly from Gaussian in this

We show also in this

vve shov this paper that even at g> 1 the tail of
the distribution function differs drastically from Gaﬁssian:

the normal distribution
1(8g)oexp[—(8g)?]

Is replaced at 5g X A by the logarithmic normal distribution

1
f(8g) Wexp[—gln’(égﬁ/lz)]' (7)
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This yields in the perturbation-theory region go- n L /I The functional of the action .% is defined as

()™ ea (UL) . (

A similar asymptotic form is obtained also for the distribu-
tion function of the density of states by making the changes

u—u/2 and 8g—gév/v,. Here 5 fX {30 tin )" @)

This quantity decreases at # < g, With increase of the dim (14
sion L, so that the cumulant ((8g)" ). is determined for
n by the “normal” one-parameter contribution (6), and
normal Gaussian distribution is valid at sufficiently sm
5g. Ori the other hand, for moments of the order of n g
dominant role is assumed by the additional contribut
(9), which increases with the sample dimension L, and it
this which leads to the distribution function at 8g 2 A « gl
The plan of the paper is the following: In §3, start
from the usual model of noninteracting electrons in a r;
dom potential, we obtain a functional representation of
mesoscopic fluctuations. In §4 is derived an analogous re)
resentation for the fluctuations of the density of states. In {
with the mean squared fluctuations as the example, we s
how to develop a regular perturbation theory by-using
obtained functional representation. In §6, on the basis of
Einstein relation and the continuity equation, we prove
tain exact relations for the renormalization-group charge
the theory, which lead, in particular, to the results illust:
edin Fig. 1. In §7 are considered the “normal” contributior
to the higher fluctuation moments, which lead to Eq. (6).1
§8 we study the contributions to the cumulants describe

77— + 0, and & is the Fermi energy), where 57 is the sin-

g. 'L/a,
: le-particle electron Hamiltonian

g, ' In L/,
go_l,

In the quasi-one-dimensional case we have g, =g(L =a),
where a is the transverse dimension of the wire. It is remark-
able and patently not fortuitous that the distribution (7),
obtained by us for g> 1 and for arbitrary dimensionality d,
coincides with the exact distribution obtained in Refs. 17
and 50ford=1andg<1.

It is of fundamental importance that the asymptotic de-
pends on the unrenormalized value of the conductance g.
This is direct evidence of violation of one-parameter scaling.
The point is that to describe the moments {((6G)"), at
n2 A?s 1, which detérmine in fact the tails of the distribu-
tion function (7), it is necessary to take into account addi-
tional scaling parameters (that are independent of g).

Violation of the one-parameter scaling theory, due to
appearance of additional scaling parameters, was observed
in Ref. 10 in connection with the question of the frequency
dependence of D. The diffusion-equation corrections that

e 1L/
u k]

=2, (7a)

d=3

1
K== — —_ 2
DI V*+U(r), (15)

nd U(r) is a Gaussian random potential with a correlator

) 1
U@ U )>=-n—6(r—r'). (16)

Vo T

ere v, is the average single-spi i
oo theave frie i tghft spin density of states, 7 = / /v,
, T}Le superscripts @ and b in (11)—(13) indicate that the
elds y? (r) and x° (r) stem from the retarded € (g = 1)
advanced €° (a = 2) Green’s function of the electron in
usual representation of the conductance in terms of exact
reen’s functions in a random field U (r) (see Fig. 2)
. F9r subsequent averaging over the realizations c'>f the
.ten.tlal we assign to each Green’s function in Fig. 2 a re-
icaindex 4 that runs through the values 1 to N and tran.
rm, following Ref. 4, to “spinor”’ fields v

‘v¢=i(x4a) E=—1—

arise at finite distances and at finite times are known to be
manifested in the dependence of the diffusion coefficient D the additional scaling parameters that lead to (9). In § A s (—%4% xa%). (17)
on the frequency o and on the wave vector g. In the classical derived the asymptotic of the distribution function (7 . _
case this dependence can be represented in the form preliminary report of the results of the present paper W, this notation, expression (11) is transformed into
published in Ref. 45, where the ergodic hypothesis wi : 4
D(q,0)=D+ Z Yn,m (07)" (g1)™™, (8)  proved. Gap = =~ — CTr (CH1uCT3) D (18)

n,m
where 7 = I /v is the free-path time.

Of course, at w7 <1, and g/<1 these corrections are
small compared with the quantum corrections to the diffu-
sion coefficient (the latter are logarithmic at d=2). The
quantum corrections to the coefficient ¥, o, however, cause
it to increase (when the scale or frequency is changed) in
proportion to (go/2)" (Ref. 10), so that at n > A%~g, the
corrections (8) become significant. The coefficients y are
then described by a number of additional scaling param-
eters. This makes, in particular, the Anderson transition
much more complicated: not only does the diffusion coeffi-
cient decrease in the region g S 1, but the equation that de-
scribes the electron-density fluctuations in this region also
differs drastically from the diffusion equation.

We consider in the present paper only the homogeneous
static conductivity (¢ = @ = 0). The additional scaling pa-
rameters needed for the description of the higher moments
of the mesoscopic fluctuations turn out then to be analogous
to the coefficients ¥, in Eq. (8), and the role of the bare

§3. FUNCTIONAL REPRESENTATION FOR CONDUCTAN
FLUCTUATIONS '

In the field-theoretical description of the kinetic
non-interacting electrons it is customary to use a function
representation of a density-density correlator®™® from w
the diffusion coefficient can be determined. To study
mesoscopic fluctuations of the conductivity it is necessary]
use a functional representation of the electron-electron oL
relator.*® We use as the basis a field-theoretical formul
with functional integration over Grassman (anticommil
ing) conjugate fields y (r) and x(r) (Ref. 47), which is ¢
scribed in Ref. 4 (see also Refs. 10 and 48). The expre
for the conductance G4 (o and S are vector indices
dimensional space) can be written in the form

ere the current matrix J is given by
: ie <
= [ 00 e TF - Vp opm)a. (19)

Eq. (18), C* are the projectors:
C*=/,(6"% (0.)*") ® (1o+it;) ® 645

e first factor in (20) leaves in (18) the current compo-
7 th_at are off-diagonal in the upper indices in accor-
ance'w1th (11). The second (quaternion) factor that acts
spmor"’ space retains in the current (19) the products xx
l}at enter in (12), and sets the products yy and »x eqlial to
0. Here 7, are quaternion units 7, = J and Ti23 =IO
are Pauli matrices). * e

1 ,
Gop=— _5? <jaﬂ]ﬁm>m

current /* is given here by®

small parameter (o7)" is assumed by the ratio (I/L)*". . ie , y
The relation In 7, o« #? found in Ref. 10 turns out to be j* = L S {y° (x) Vo () = Vx* (r) ® (r) } . ’
e B
B

universal. We show in the present paper that an analogous
increase obtains for the contributions made to {(6g)" Y. and
{((8v)"),, by the additional scaling parameters. Thus, the
contribution to {(5g)" ). in excess of (6) is

((Gg)"):ddw (Li)zn(%)znz.

The angle brackets {...) ,, in (11) denote functional av
ing with weight exp (i.%):

\ Dug (. et
(oodpe = S Ty Dre's

b=2

2 Arr?ngexflgnt of the indices in the current loop: 4, B = 1,2, ..., B
; n > ] 3 Ly ean —
ndices; /—index numbering the current loops; a, B—-—vecto’r in-

‘a; b-—indi =
»b ices of the retarded (a = 1) and advanced (a =2) Green’s

)
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The expression for the; : G ; ;
similar o (189, e nth power of thg cqnductance is

(@)= (*%)(H Tr(c+ch-Jf)> .

i==1

(21)

Slac;h field # and ¢ (17) acquires here an additional index ;
h a numpers the .cur'rent loops (Fig. 2), and the matrix J. is
t iagonal 11% these indices. (The vector indices of the condilc-
ances, “{hlch were left out of (21), can be easily restored in
any specified expression).
Averaging of (18) and (21) ov i i

' er the impurities re-
d}?ces, ?vhen accgunt is taken of (16), to replacipng in (lr;)
the action functional % (14) by the effective functional®
S=58,+S, ' '

int s

Sy= Jiﬁ(r) (—2-% V2+s;+inA) ¥ (r)d’r, (22)

i

j Trg*d'r;  q(r)=y(r) ®P(r).

Sini = —
int (23)

2av,t

;he %umber of replica components in the final expressions is

InEq. (23), ¢(r) is a Hermitia :
: ’ nreal-quater i
with the structure: q nion matrix

g=¢"t =g, (¢ =¢" (24)
The matrix A, Wl.licl'l governs the analytic structure of (22)
where 7 — + 0) indicates the presence of a retarded and of
an advanced Green’s function in the initial expression (Fig.

2)

A=(0,)"®6,;96,81,. (25)

This matrix, just as the prefactor of the exponential in (21),
br_eaks t'h}: slilmmetry of the upper indices. Functional aver-
aging with the action (22) and (23) will be designated b
symbol ({...)) . * yihe

It is cor}veqient to rewrite expression (21) averaged
over th.e realizations of the random potential by using the
generating functional

o _( e \nl o
G = TGW) .Htrm:@‘s“‘%u o (26)
i=1 =

where the functional STh] is proportional to the current ma-
trix (19):

S[h]=--

(h] — Trhl. (27)
Tl}e st.ructure of the matrix h is so chosen that the differenti-
ation in (26) does not alter the prefactor in (21):

0 h 0 ki
e — ( ;,u) ®r + ( (,_AB)® T
_hg;BA 0 ' hfa;BA 0 }
The syr.nbol tr in (26) stands for the trace over all indices
except / andj, which number the current loops, and the nota-
tion h; =h, 6, is used. ‘
The next standard step that follows the introduction of
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the effective action S'is transformation from the “fast” vari-
ables ¥ and ¢ with a range of the order of the electron wave-
length, to “slow” variables Q(r) that describe the diffusive
motion.*~'%*® This transformation is described for expres-
sion (26) in Appendix I, where it is shown that the mean
value ((...)},, in (26) is replaced by

2§ Do exp(~FIQ; b)), - (28)

Here
Z={ DQexp(~F1Q;h=01),

and the generating functional is given, in the principal ap-
proximation in / /L, by

1 . 1 2\? ,
Figshl=-Jme(vo--mer) an o9
where r=mvD /8, D = vl /d is the diffusion coefficient, and
[h, @] = hQ — Qh. The matrix O(r) is Hermitian and has
the same structure (24) as the matrix g(r). The nonlinearity
of the functional (29) is due to the geometric limits imposed
on the field Q: L S »

Q*=I, TrQ=0.

Note that in the presence of an external magnetic field
the action (22) would contain a vertex with structure (27),
in which h would be replaced by 7;Ae/c (A is the vector
potential of the magnetic field). Therefore, apart from this
substitution, the functional (29).is the same-asthe'o-model
functional in a weak external magnetic field.*

It is shown in Appendix I that in the derivation of the
functional F[Q; h] there appear, besides . (29),. vertices of
arbitrary power of (//L)h. The most.important, in the se-
quel, will be vertices with structure

0.001=%, 100 27,

(30)

n>1 (31)

The small parameter (//L)*"~" is included in X, (see
Appendix I). It is clear from (26) that the vertices (31)
make no contribution to (G ). In the calculation of {(G)" ),
on the other hand, account must be taken of all ®, with s<n.
We shall show that it is precisely the vertices (31) which
determine the asymptotic form of the conductance distribu-
tion function. . : K

§4. FUNCTIONAL REPRESENTAT.ON OF THE
FLUCTUATIONS OF THE DENSITY OF STATES

The density of states in any realization of a random po-
tential is written as usual in terms of the exact Green’s func-
tions as

V(8)=?iL;S [ (e;r,7)—F°(e; r, 1) 1d'r. (32)

rewrite this expression in the form

ve)=~—=(J 2w @) , 39
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Using the functional averaging (13) introduced in §3, we of the instability of one-parameter scaling in the Anders

which reduces, after ’trénsforming,to; the fields ¢ and ¢ (1
to

@) ()" T (2

ISn<jgntm ©;
== o (o) 20 ST
aNL X 0}!12 7 e ihje] (39)

We are interested in the nth power of the density of states foi Hete Hiber=o
a given energy &. It is convenient to express this quantity in
analogy with (26) with the aid of a generating functional FIQ; h; m]=f Ty { i( Vo - 1 b : g
Averaging, as in §3, over the realizations of the random po 4 A (b, Q] ) Y oAQ }ddr
tential, we get ' (40)

n

() _ (%)"H %(eis [o1y, . '5‘,’:&”

=1

+ 2 Xnm(‘?) J.Tr?{(ko)zn

ntm>1

(34 (mAO)'"}iLd}. (41)

where . - : ‘mation i + 7<) 18 over all permutatio -
L g e g A e,
Slal=-- LdjTr(mA(I)dd"; 9‘)2<n+m—ne cent X, (2) is proportional to 1-
_ v, L _ p . We shall hereafter be (s

o . _ ‘ ‘ 'nterested in thé cumy-
Here g(r) is the matrix field. (23), w is a matrix having ¢ on moments which are

index structure of (24) and the form

© =0;6,96%®8 4,97,

he épermined only By ¢o

A is the matrix defined in (25), and (v) =2, is the averag
density of states and is indepenident of the sample size L.
-Unlike (34), the quantity-investigated in Ref. 27 was
the state-density correlator (v(g,)v(&;)) at different en
gies: The point is that for-the isolated sample considered ifi
Ref. 27 we have (v(g,)v(e;) ) -  as |g, — £,| - 0. Here we
discuss a sample making contacts with a bulky metal.
such a sample (v*(¢)) is not singular, owing to the broaden:
ing of the energy levels. If the level broadening in an isolated
sampleis ¥ % D /L ?, the results that follow hold also for t
case with y replacing D /L %. - :
As aresult of the change to the slow variables Q(r)
mean value ({...)) . of (34) is transformed, as above, inte}
(28), where the functional (29) acquires, in the leading :
proximation in / /L, an additional vertex

The formalism developed i

n theory to be constructed in
1 calculations i

‘.0=(1—W/2)A(1—W/2) -1,

(42)
. "Tmitian matrix of form i

%g nal in the superior indices ¢ and b, and arbit( 24)’ in ol
fier indices. The functional integration in (28) ey in all
independent variables ¥ Rpy= _ ['sz) (1:)11]o+w ?I.Y;r

. The

‘e W(r) is an anti-Hermitia

dd
F[m]=——;45Tr(mAQ)-IT:-.

In the calculation of the fluctuation moments of the densityj
of states (34) it is necessary to take into account also verti
containing higher powers of wA:

d.

Oul0]=Yn fTr(mAQ)m—dZ:—.

An equation for coefficients Y, that are small in the para
eter (/ /L)™ is given'in Appendix I.

Expression (35) and hence (37) is similar in struct
to that entering in the o-model functional used for the analyg
sis of the conductivity at a finite frequency w (Refs. 3—5}
The essential difference is that in our case w is the matr ¢
(36). Vertices with high powers of wA, including those g
type (38), were first considered in Ref. 10 in an examinat

localization problem. 3

We can write also a general functional expression;
mixed fluctuation moments of the conductance and o
density of states:
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The Gaussian mean valites ar.
representation by using an
from (44) and (45):

< WA’:;;:;'

fied by using the fol]
by using ( 46):

CTr (W (q) PW (' t '
r(W(q)PW (q )H)>o=—8q—2-6(q+q') {Tr(APAR*

T

ad .

]in:i?rjl\t[afe()(;; thJe pa;ametrlzation (42) is that in the re;
= e Jacobi T ST R L

is unity. Obian of the transition from Q(r) to B

The perturbation th

P eory is con d in ters

dimensionless parameter structed in terms of
éz

& t=—

h@G,

tolz—d
Og= — :
YT 16n M <L
The functional of t
from F=p[ Q:

bansion in W

F=_1
{

oy 16T (2—dr2)
(4n)d/a'+t (‘
he zeroth approximati

o on is F,, i
h=0;0=0] (40) in Iow s Obtair

e€st order of the

T 2 gdi. 2 ¥

‘[ (V)2 g r—T jTr(VW“’(VW“) *Ydrd
. (4

the functiona] int

espect to the soure

ase ; @]} is expanded
ahd is averaged with a welght e)l()p( —ei"l
(¢

- f.@ww(. . .)e"’°/_j.@W‘ze"".

It is expedient to calculate i
n culate in (39) first
gral; and theri take the derivatives with r

h and w. In this case
exp{ — ]
powers of F — F, - o

(45
e calgulated in the momentun
€quation that follows directly

@ Wt (4') Som e 8 (gt
D Wenn (4), Bgt (O U) 84cB206,5,,6, (46)

. The subsequent calculations are considerably simpli

owing identities” which can be verified

~PR*)

+TrAPTrAR—TrPTrR}, (47)

FIG. 3. Dia rams fi
two and of g or the condu

Tr(V W)W whicha vertices corresponds to
(40) (F=FIQ =00 2oy, oo fep (= Pin
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I | | ) .l"" Bu’ ) pen . Thus,. the particle-number conservation law, the Ein-
stein relation, and the continuity equation result in a one-

t +
—_— ’ —APAR*—PR-+PR*). (48) he ol { 1 4z HeC ’
57 8 (q+q ) Tr(APAR [0;h; 0] f Tr -+ (VO)? — ‘[t hQVQ + 2 [h, 0] F}l).ait;ameter renormahzatl_on group for the functional (53).
i i i FIG. 4. Diagram for the variance of the density of states in the lowest t tl? _ls means that summation of all the corrections containi
Here P and R are arbitrary real quaterion matrlcF y and A Is order in go1 ‘g A triangle represents the first term of the expansion of thy : 2 8 "(1,)"™ (atd = 2 wehave L~InL /1) feduces to re 1 fng
the matrix (25). Functional mean values containing more vertex TrAQ in terms of 7. ‘ Y 0AQ } dér. (53)  theclassical value of the conductance go(L/4-2 inpa?lc :Eg

than two matrices W, which appear when Q is expanded in ! , i i o on by its exact {renormalized
We shall prove that in the functional (53) the renor-  in the one-loop approximation we ha‘)’eV; Iieg’g (at]‘:: z /2 / E)md
=g, — .

terms of W in accordance with (42), are calculated by using ' alization-gr h
the Wick theorem and Egs. (47) and (48). . . . . , 1oup S1arges 2, , whose unrenormalized val- Since the mean squared ¢ i
We illustrate first the developed formalism with the cal-  where the mfrared_ divergence is cut off by the reciprocal of. afr (9 eQPal to unity, are not renormalized, Thismeansthat  are independent Ofgo,qthe pr in‘:?;a‘;‘i?f:‘?tiuc_tuatlons ('50)
the systom dimension. ¢ lunctional (40) depends in fact on a single charge (g 'I,)* to this quantity cancel out gT%er;n;Zr:xor'rec}t:ons
. ain, how-

culation of the mean squared conductance fluctuations ! _ introduce in func : .
{(8G)?) in the leading approximationin/ /L as the example. The sucgeedmg perFurbatlon-theory 'temlli :1( _11.11 )1n : g ', le., on the c.ilmenswnless conductance, and that the  ever, corrections of order g, "~ 7 obtai ;
We use for this purpose Egs. (39) and (40) with n = 2and  (50) corrections ofrc?latlvevalue propo_rtlona 1g o, 2L C-parameter-scaling hYPothesis is valid for this func- complicated diagrams 3k 301 d 32, éjllned from»‘the more
m=0. At d<2 these corrections are not small if the sample SlZed.' I8 4 nal. . - » tog; . Summation of th;se, Ca:rr 1:1 which are proportional
A contribution to the cumulant ((8G)?) in the lowest  large enough, and thez fnust t:ie _silmmed. Thf,1 ctc))rrtelizoi rlt ) No calculations whatever are needed to prove that the  rection — ¢~ ! that becomes su bsic lons adds to (50) a cor-
(second) order of perturbation theory is made only by Fhe diagrams 2of order gq .I 214.L ) ge;lle;f a;t)e' tycalculatio : fr 8esz are not renormaliZed. The fact that the charge z3is  the localization length L _. In theszln
vertex Tr[h, Q]2 This contribution, obtained by expanding  Tr[h, Q] are shown in Figs. 3d.—3 . 13r§C o indg » renfc?rmahzed follows from‘ the already noted coinci-  the conductance is no léﬁger a universal i
in accordance with (42) each of such vertices up to second  yusing (47) and (48) shows that dxagram: 1 '€, ncell’e i 1ce o the vertex (37) with the vertex that describes the metallic region g 1, on the e eradQuﬁntlty. In .the
order in W, is best illustrated using the diagrams of Figs. 3a pendently, 3g,h are. m_utually cancelled.h SO c: e s tiency (?ependence of the conductivity. The cha rge at ((8G)2) remains con;tam (Fig. 12y T }a;m , the _dlspersmn
and 3b. In any order of expansion in W, the quantity Tr(h,  the analogous corrections to (59)’ not shown 1 g e hi bertex s not renormalized®* by virtue of the particle-  mean squared density fluctuations are a:ccorrf cél?ns ofthe
Q]?is represented by a polygon with two free vertices corre- and due t_o the vertex TrhQVQ. ons 16 ((50)%) . er conservation law. Note that the identity z, = | placing G, by Gin this expression. As a resucl)tun ed for by re-
sponding to h and the remaining vertices.to W; wavy lines It will be shov'vn below th_af thi correc 1'on. N : 'th’ : s,. in p?rtxcular, _to the known statement that there are no plots shown in Fi g. 1 for the me'a s we amee atthe
denote the pairings ( WW ),, i.e., diffusons (or cooperons) which are proportional to (8o~ 12) . (the principa ogarl,b, X fithmic corrfectlons to the density of States, since (v) is  functions of scale quared fluctuations as
mic corrections ifd = 2) cancel out in all orders of perturbas btained after differentiating the functional (53) with re- We em hasiz'e that th : :
t/g*ee(avo) = (Dg*—in)~* tion theory. impose no clc))ntr int, . the eX}TCt re ations considered here
. . ; ic corrections . ! ) . . aints on the charge renormalization ;
[see (47) and (48)]. The analogy between these dr;lgrams (50)Flﬁu'rcs ?kt,},m s;?;vi;he Iglo—nllo”%;lzst:g:r:ctions Tone oi‘ilzi Z‘;‘C;foucr%l;l}mtiﬁce (G) lsfdletermmed inthelow-  additional generating functional g( 41) Trlr::;1 lpfs;rll(tmi;nt}t]};
. C ek » ; is ob- ; their relative v ~8& - lon theory, as follows from (39) and  th lati ; S
and those of the impurity (“crossover”) technique® is ob .. 1 r b an ese relations were obtained by consider
. ‘i i i 1 out. Of course, they are negligibly small compa ), by the vertex Tr|[h, Q]°. The renormalized, | . Ing mean valuyes.
vious. Note that the additional dashed lines that appear in cance : . t the loga ‘ i ; malized, i.e., ob-  The functional (41), however, does not contri
the polygons of the impurity technique? are taken into ac- with ( 50). It will be sh.own belqw, howeveri(ﬂ};e e r%c: ' o ,tVa;:}le (G) 1s4 groportlonal totherenormalized charge ~ mean values, since it contains higher powers c?ft:}llbme oo
count here automatically, just as in the o-model formalism rithmic encumbrances in these dlaigram; n(lla le o o v 5)2 is vertex.*® On the other hand the ch arger — !t the and k. € sources o
’ . . -uni in reglomn; g vertex determines th i
ion- sity-den-  of the conductance non-universal in the di€lectrc re { rimines the renormalized value of t
fgtr the pelrtturbfslon thgory calculation of the density ic..atL~L,, where L, ~expgois the localization ra;hus sion coefficient. Consequently, » he
sity correlator.™ ' ) , : i ity of states s :
y Diagram 3c, which is impossible in the impurity tech- d= Zb.tT.he Ln:ar;fq(l;a;r)eg I?;g(;il(l)z;tzn; O_f gh:n(iiefrf!i’z In th 2y _@ iz L0ty (eu,D) -2 DISTRIBUTION FUNCTION
. : t loops are obtained Iro - - : i ! nh 42 o - (54) .
nigue because it does not correspond to two curren ) ion th they correspond t We consider in thi . . . o
. : west order of perturbation theory y er in this section any “normal contributions
ioined by a dashed line, turns out in the present approach t'o o _ ’ . ith lear . L o t : ] .
-‘lt)e propgrtional to Trh *. Differentiation of (39) causes this  single dl;gram (Fig. 4) that .comm}clle.s, nat:ra;hr”e::;ﬁ ! p nreng;rerll‘:ﬁ)re du‘.hat the condition z, = 1 which s valid in i:: t};;rl:ﬁ.her ;)r der cumulants, as obtained from the generat-
contribution to vanish, since Ttk * contains no cross (i#/) diagram?’ of the usual impurity technique. AS ] iﬁasmuch :: oflall;e is Zres:;:red also upon renormaliza- daice witl}(n)r:ie E_:O)ltWIt?OI‘:t allowance for (41). In accor-
’ . o . N . under this condition does (54) go Sults of the preceding section, only nonlo-
terms because the source h is diagonal in the indices / and j hetv, \* into the Einstein relati , g garithmic turbati > > O, only
. —h S 8 oy [ 26V ) pa-g, ~ B ] stein relation which, of course, should re- perturbation-theory contributions need to be
that number different current loops, h; =h;§;. In the gen (6v)» ( G ) {lain in force. This conclusion is ’ taken int i ;
: . : . , v confirmed also by a direct nto account in the calculation of the cumulants usin
eral case of calculation of an arbitrary fluctuation moment . ulation in the one-loo . .6 the nonrenormali 4 g
‘ cal . iy v 4 . p approximation. malized value of g. We confine ourselves to the
the differentiation with respect to the sources causes vanis _ The £ 1 . : .
ing of all contributions except those that have the structure  to (g,~'I,)" are not cancelled. In the next section we sh; cbidﬁ:tcit\:i(inal (40) can be used also to calculate the b‘:l"t"i‘:: sOrdei c')'f pe;t'u;batlon thec{ry and disregard the contri-
(Trh?)" (Tro)™ after (47) (48) are averaged. sum them by the renormalizatlo‘n-g_roup:\methOd Zand als ‘ y / o fgrar;l:lalt(i:c :re small in the,metalhc'reglon.
Diagrams 3a and 3b are proportional respectively t0  prove that there are no renormalizations in {(6G)"). ws (P—1') =(8)u(r) /8B, (') >, Gaussian cumulant ( (5?;238?:;;231:1 fOYFFhCSSIZDI?st-non_
in Fig. 5. Analytic ex-

242 h. )2 Differentiating (39) using the rela- L0 thi | | = .
t(izrrlh )*and (Trh, hig) | g §6. EXACT RELATIONS AND ONE-PARAMETER SCALING‘ }. 0 this end, the source h should be regarded as a field that :;ZSSI:S i Lhe contributions o dinmed from (39)
: An effective method of summing logarithmic corre (40) with n =0 and m = 3. The diagram Sc is propor- -

. 4y — 24 X . .
tr ——‘———‘? [Tr hyha]=32N" (8urBpnBaser) (49) tions is known to be the renormalization of all the charge ! :11 O_HZI :1(: I 2£§g0 L L WereI_s is determlzled by (51),i.e., at
Ohe 1R 5 which the functional depends, followed by calculation of i ctions must sancel prol_’ortlonal ormalizabl oremparan
required quantities (e.g., cumulants), in first nonvanishit cter theory. - neel out in the renormalizable conperam-

tial at scales exceeding
scales, the dispersion of

§7. HIGHER-ORDER CUMULANTS. NON-GAUSSIAN

The corrections to { (§v)?) which are not propor

. | . ‘ o e
we obtain for these diagrams the resu order of perturbation theory, with the aid of a renormal (@) =26voD(2,8,5—12,2 . et‘_"r t!leory. The point is that all the logarithmic corrections.
> 4( ¢ )zLd_A] (8apdrsHBardpstBasOsr) (50)  functional. We consider in §6 only the renormalizatio e PO TELeIT). (33) :l?se’m Perturbatlonlthe()fy AL /). Thessoemsion of
== —_ o o J * : ] imi : c » !
{8Gas6Gn ah R Te the functional (40) that yields both the results (50) ¢ static limit considered here it follows fr h i i char.ge:g L there v concretore o any
(52) for the second-order cumulants, and their logarith S equation div j = 0 that o 2 (q) should h(:\I'lettlf cotn tm‘- dla_gl'am_ CO{ltalnlng Clomer oo ot portespond & nonlo-
which coincides with the result?*?’ of the impurity diagram tions that contain no powers of the small parameter]; atransverse projector. It is clear from e struc: garithmic diagram of lower order in & '.Onthe other hand
correctio ; cture is produced only 1 £r2 ¢ Zar Sl_fom i l?15) thatsiuch  there exist no diagrams proportional to g;~ %I ~ 2% ,
= z,. Since the inui | i i iagram 5c
&a 1 We rewrite this functional in a form that shows explicl cannot be violated in rénornzlalizations (t:}(:: ::l:;lclity byt et Calcu_latlon Sh9WS omnta o So1s can-
q D ly its dependence on all the renormalization-group char ’ 1 leads also to the condition z, = 1 ’ T eledby th? gorresPondlng oo~ 340n Ofdiagram 3d. The
' =1 latter contains, besides 1,78, *L ~ %7, a contiribution pro-

I= —

(2m)? ¢’

technique. Here L.
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(just as a pair of Tr KQVQ vertices) leads to a factor g. It
clear thus that the contribution of each such diagram is pr
portional tog ~"~ 2" *2, which goes over into (6) atm =

éssen‘thi[;‘sb}g; lfsho“;‘tt}}llat summation of this sefies, which is
% € or the topologically large number of dj
A Ologi er-of dia-
%glir;saédc?pensat.es for the unrenormalized -smallness of
_ ¢ _nieﬂ”ectxvve method qf__summing these diagrams

i ,
t;?;se (t;ltewuirgnormahzed generating functional (41) con
= 0) only the vertices (31). At large n, the vaIUe-

||,, Il]]» -
of X, (0) is proportional to 8y(21 /L)n—2p~2

3 r\:/ll;;le; tcian of cou’r;e not be implemented directly, is a renor-
on-group analysis of the generating functional (41).

§8. ADDITIONAL CONTRIBUTIONS TO CUMULANTS
The functional (40) is insuffictent for the calculation of

o

FIG. 5. Diagrams for {(v)?).

portional to (I;)?gg *L ~2?, which cancels out the contribu-
tions of diagrams 5a and 5b. It is thus found that
{(6v)?) = 0in the leading approximationin / /L.

The cancellations of all the contributions to {(&v)?) is
accidental, since it is due neither to the renormalizability
requirement nor to any other general relation. The remain-
ing third-order cumulants differ from zero. We present the
results for the mixed moment ((6v)%6G ).

Using (39) and (40) with n =1 and m =2, as well as
the diagrammatic formalism developed in §5, we obtain after
replacing go(L /)¢ =% by g:

<(GV)26G“p>° Zn\* 2d—8 ' 2 ]
= el =) It (0t == (D) |, (56
WG 6"(g) L [‘(.‘) = (12+1) |,(56)
where

g d%q’ 1

2n)® ¢*q?(qtq’)?’

I=4

The contribution proportional to 1/d in (56) is determitied
by the vertex Tr hQV Q. Note that this vertex made no contri-
bution in the lower-order perturbation theory to either (G )
or {(6G)?). :

The relative value of the cumulants (6v(8G)?), and
((8G)?), is also found too be of the order of (56). Compar-
ing (50) with (56) we find that in the metallic conductivity
region g> 1 the non-Gaussian corrections are small. Near
the Anderson transition (g$1), however, the third-order
cumulants become comparable with the second-order ones.

Let'us estimate the order of magnitude of the contribu-
tion made to the higher cumulants by the functional (40).
The cumulant {(§G)" (6v)™ )., is 4 sum of diagrams con-
taining n + m — 1 loops and having m vertices Tr 9 AQ, k
vertices Tr(hQ)?, and 2(n—k) vertices Trh@QVQ
(0<k<n). The contributions containing I; with s>6 must
contain also the integrals I,, which are logarithmic atd = 2.
These contributions, as already mentioned, cancel out by
virtue of the renormalizability of the theory. Therefore each
of the n + m — 1 independent integrations over the momen-
tum yields a factor of order g~ 2L *~“; each vertex Tr(hQ)?

1360 Sov. Phys. JETP 64 {6), December 1986

the higher-order moments, and hence also of the distribution
function. We shall show that these moments are determined
by the contribution of the functional (41), notwithstanding
the small unrenormalized value (//L)*"*7 7" of the
charges it contains. (In the present section we consider only
the two-dimensional case.) _ y
We identify first the perturbation-theory diagrams tq
which allowance for the functional (41) corresponds when
the cumulant {(G" ), is calculated. A contribution to (39) i
made by the vertex Tr(4Q)?" if it breaks up, after functional
integration with respect to Q, into a product of matrix trace
(Trh )" . It follows from the averaging formula (47) tha

this, calls for at least n — 1 W-pairings. In accordance with

the rules of §5, the quantity Tr(#Q)*" averaged in this ma
ner is represented by a (4n — 2)-sided polygon having 2/

free vertices and 2n — 2 vertices pairwise joined by wavy,

lines (Fig. 6). The contribution of such a diagram to th
cumulant (G ")** is proportional to (//L)*" (g5 'In L /I;
n—1 je., is small compared with the contribution (6) of th
diagrams that stem from the functional (40). However, the
number of these “additional’” diagrams is proportional to »?
This is easily demonstrated by considering the correspond

ing diagram of the usual crossover technique (Fig. 6).. The
two boundary current loops are distinguished from amon

the total number n, meaning that the number of possibl
diffusion arrangements is of the order of C% ~n>.

To obtain the correction to the value of (G ") in the
next order in g 'In L /I, one more diffuson must be added /=

In each of the diagrams of Fig. 6 this can be done in =~
ways, so that n® equivalent correction diagrams are p
duced. In each succeding perturbation-theory. order th

riumber of diagrams increases by approximately n? timé§

Thus, the additional contribution to the cumulant, (G ")
contains a series in terms of the parameter n’gg 'In L /1.

L

FIG. 6. Additional contribution to the #th cumulant in the lowest orde
perturbation theory. :

- “Al'tshuler et al.

X J (100115 (0 2 = xeo, (57)

cwsSyy enn) 18 aset of natural numbers satisfyir:lg

cheme all the possible vertices &3 (57),
b dIh'C n(;)r_mahzation-group equations for the charges X ¢
,d rived in the.one-loop approximation in Appendix 5
nd can be symbolically written in the form

X,

- _.‘an‘ ’ ‘ ss" '
A L7l *“Er:g‘“ &5 N

u=In (g/g),
(60)

;i tIhe Ef;lrst equalitg’ pf (59) follows directly from (1) and
).In 9. ( 59), L is amatrix thatis independent of » and

¢ The matrix equation (59)
: can be represented j -
,; r form that follows directly from Eq. (A.IL7) (r;:: :g

du ~ E¥m o= Y xe,

{2}

(61)

re :
Z’mam+am + Z’ {(m+l) a’"+al+am+l+4mlam.:-!amal )’

may m, i1

the s : ’” ‘ (62)
creation” and “annihilation”’ operators are
o+ . L
s F Y S D=[sy, ..., smH,.. 2,
amlsl,...,sm,...>=sm|s,,...,sm 1,..0 63

nitial condition for Egs. (61) at u = 0 is of the form

W (@=0)=X,""""10, .. 0,15, (64)
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We consider now the vertex (31) of the functional (41)
to the nth moment of

_ ) '
Fal)= Y o, e mle < Yewd (& )'Eg‘l) (65
h ) ‘ i " | |
where ¥," is an eigenvecto
: r of the operator (62), £ ¢ ;
c.orrespondmg elgepvalue, and ¢; are the co(efﬁc?i,eft" lfs' e
elgenrl\:;ctor éxpansion of the initia] state (64) "ol the
oo el'asyt‘nptotvlcs of ¥, (u), i.e., the asymptotics of the
a 1zat19n-group charges X* (4) for sufficiently |
4, are determined by the smalles e

t eigenvalue £ . It is 1.

. ' t i
mar]l;able that the eigenvector po corresponc'l'ing t(ist;'e
s . -'

mallest eigenvalue £ {”’ can be written in the explicit form-”?

o _ Z[H (=2m) ., ]_’ 840 me 3. (66)

{8} m>t

Acting on this vector by th
verify that _ Yy the operator (62), we can directly

qun(o) =En(0) g (0 E™_
’ n =—(2n’-3n), (67)

Thus, the growth of all th ‘
> the grc e charges X in (57) followins
renormalization-group transformations is given i)yo o

Ko (L) ((8)
L g .0

where 8o is the unrenormali ‘

( . 1zed and g the normalized [j
?:;::di}l;lce with t(, 3)] value of the dimensionless cbildtglcn
- Lhe contribution of the functional (41 nth

! ) to the

g(;r;letr(l)ttgf tl}lle condl(lfgan(f:: 1s proportional, accordingz?g)1
deriv,a ' efc arge X [ ). By calculating the functional

ive of ( .39), we obtain the additional contributi 9
to the fluctuation moment (G").. e
A similar growth takes place also for the additional cén-

tribution to.the nth f i
uctuation moment of i
States, defined by the vertices fhe density of

(68)

D.'lo; Ql=Y,* I{lTr(mAQ) I ATe(AQ)™ ], ) ar
. L'

' . 69
with {s} s_atisfying the condition (58). These verticés( ar)
fggiratl}tled in succe.ssion upon renormalization of the vorte:
o) (4a1t) e’?‘fi }::ntghe f!Jtrlllrenormalized generating func-
. € of these vertices in ret izati

group transformations is also desc;li(l;izﬂri);e%?]im?gT?tlonc;
( 65),'wh.ere the operator L, derivedina somewh.;tt diffe o

notation in Ref, 10, differs slightly in foi‘m from (62); et

e m(m—1
- Lo=-— 2 ( ) anta.,

mzxq 2

+ 2

m I

m+l -
— A azfam+,+m{a,':+,a;,a,}_ (70)

b
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E.'=—(n*—n). (71)

The rules (71) and (65) were asserted in Ref. 10 for small n
and proved asymptotically for n» 1. That they are exact for
arbitrary » can be verifying by applying the operator (70) to
the same eigenvector (66) as in the case of conductance fluc-
tuations. In the upshot we arrive at a variation of Y, similar
to that in (68) for X 5. Using (39), we find the contribution
of the functional (41) to the nth moment of the density of
states:

<V">:dd= Vo ( bavol* ) " ( gj._) n’—ﬂ.

n—/y \ g’ g
ny\add

Note that in contrast to expression (9) for (G )2, expres-
sion (72) for the additional contribution to the fluctuation
moment of the density of states it is possible to determine
even the numerical coefficient.

Substituting in (72) the expression / /L = exp(g — &)
that follows from (1) and (2), we find that this contribution
becomes large for the momentum with number

2(g—8) _ { 28,  g>1
In go/g 280/Ings, g~1°

For the conductance fluctuations, the additional con-
tribution (9) becomes significant at # 2 A% In particular, in
the weak-localization region (g>1n L /I) we get the condi-
tion n R gg.

Let us estitnate the contribution to (+")2% and (G ")2%
from the eigenvalues that follow the smallest ones. It follows
from (65) that this contribution is small in the parameter
exp[(E(” —E")u]. The eigenvalue that follows the
smallest one turns out to be — (2n% — 7n) for the operator
(62) and — (n? — 3n + 1) for the operator (70). We have
therefore under the condition (73)

(72)

nFE2A? = (73)

i i . ¢
FOED < e = (L) <8 (74)

which follows from (60), (67), and (71), so that the contri-
bution of the eigenvalues that follow E (% can be neglected

for all u.

§9. ASYMPTOTIC FORMS OF DISTRIBUTION FUNCTIONS
Knowing the cumulants, we can reconstruct the distri-

contributions to (75). The function £~ (x) is close to Gay
sian, since the normal non-Gaussian cumulants are smallj
the weak-localization region g> 1 (see §7). :
To calculate £2 (x), we note that with increase of n th
cumulant K 2% increases so rapidly that for values of » satj

fying (73) we have
K, >C."K. K. m. (77

To calculate £ 2% (x) we can therefore leave out of (75) thé’

exp symbol. The result is a known expression for the chara
teristic function in terms of the fluctuation moments
(=ig)"
fR)= Y K — B

nl

in which the moment M, is replaced by the cumulant X
This is natural, for under condition (77) we have M, =K
accurate to terms of order exp( — nu), i.e., accurate to th

parameter (74).
Substituting in (78) the expression for K, , whose stru,

ture is
K,=C,v"e*™,

[see (9) and (72) ], we obtain an asymptotic series. Here C
are coefficients that vary slowly with n. We sum this series b
an artifice similar to Borel summation, using the identity

©

1 n [ 1 de_w.
W}!wexl} 4u1n v]w'

We present, to be definite, the calculations for the di
tribution function of the density of states, for which [st

(72)] :

vneuni i

1 el
2n—1 "' Y oomi

(

e (L) e, cy=c,

8o T

g =

Substitufing (79)-(81) in (78) and changing the orderjdl

summation over # and integration with respect to w, we

tain

¢, dw ,’ 1 w
(P \— | daexp | a—ie " *wl— —In* —

0 =g Jdo | -

mes normal with g variance ( (88)2)

kThe tail of the
Weaxer at negative 8y thy

Ehe fact that the odd cum?ﬂztn?:s K
pared with the even x 21 At the
derived, f{8v) — 0 at 4" ol
oefficient of (-1
ive-definite,

at if f(x) does indeed have »

" D/fCx)) at Targe x| is s

n ( 7'6) of the function S
1stribution function SNy, t
(52) in which, in accord’a

(6v) (83) with the normal
he va_riance being given by
nce with §6, G, must be re-
/ by the saddle-point method

form (7) sets in at ,
; 6v><(6v)2>"’A~voA/g,

lere A ford =2 js g -
'~ We discuss now ¢
this case

eterrlnin.ed by the relation (78).
he distribution of the fluctuations og

ogarithmically normal asym

>4 (73). At small 8g the distribatiny 20 S 720

ribution function be-

e metallic region, ~1 that is universa]

So far, only the two

tail ‘of‘ type (7), the ratio
mall in terms of the param-

n function ig obtained by the convo-

—

distribution function S(6v) is much
V> 0. This is clear even from
27+ 1 are not small com-

sampl_e. ,Thfee Situations should be co

nsidered: (
s¢, (II) quasi-ope. e () q

dimensional cag

barameter 4 is given by ength and g, s 1
. l L 2
& [1+(TIH¢TJ I
-4 - Li
u 8o [1+a—2] (II), (8

e L I
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The value of u for sufficient]

where u, is given b
€ y (86) a i
sample of size I, — 4. The absr;icge 2 18 the conductance of,

_ : f one- i
IS once more manjf; i ey petuenn - oooin
s ested in the difference between (87) ané

Expression (7) for th
functions remains valid at

(86) and (87) is used for

scale at which the asympt

y large L g uey(\ga',:fa’J

e asyr'nptoti_cs of the distributibh

arzﬁr d1mens1onah'ty, if expreséion

u. he value ofrA (the fluctuation

otic (7) sets in) is then
1

A'=—_]n L

u I

(88)

ing that the coefficient ofIn?8gin (7) is-

scaling barameters,
follows from our pr

. esent re. s
Inadequate. On the o sults that such an appro

ne hand, the lower fluctuati

v(vf(z) r<kg0;‘ are splendidly described at g>1 Wititifrtl}'fn i
'0IK of one-parameter scaling. On th to d

hlgl} moments we need the much

§8, in which each mo i

of scaling parameters

ach'is
ments
frame-

We note in conclusion that n

bution functions f(x) of the conductance fluctuations
(x = 8g) of the density of states (x = &v) by using the
known formula

We have expressed here the coeﬂicien;t C, in the form of 4l nt th'e t'er m g in Eq. (2) for g. There tion the con

integral with respect to the parameter . As a result we
tain for the distribution function £ (§v)

f(?)= je""‘exp {;K,. (——ig)"}%g_{ e“"f(f;)g—i-- (75) C, m}daexp[a—%lnz( svere

n! add =
- We are deeply grateful to A. A. Abrikosov, A G

o (4mu)™  Ov Uy Aro
o L nov, V. g
The cumulant K, is the sum of the “ngrmal” contribution w\ % 1 v (g, I)=1In /Lg“ - 1— (/L) Shklovskii, an(Ii\I V I;rlg-Odln’ D. E. Khmel'nitskiy, B, L
(see §7) and of the additional contribution (9) or (72). The =0(6v)C, (_4_) W exp [ lnz( 7) e—g,t |="Inf1 (86) - L. Yudson for valuable discussions,
14 v In{ov/v, v § .

distribution function can therefore be written in the form of
a convolution:

i@ = § Py ) dy, (76)

where /Y (d) and £ (x) are distribution functions that
lead respectively only to “normal” or only to “additional”
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where 8(x) = 1 for x >0 and #(x) = 0 for x <0.
convolution of (76) with the Gaussian function /' (6v)
obtain for large positive §v the expression given in §
(7)] for the asymptotics of the distribution function
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8generating functional tha
Q(r). ./.\pplying, as usual, the Hubbard
fprmatlon to the functjonal integral (2
tion (23) to a form quadratic in the i

APPENDIX |
Derivation of the @Q-functional

We describe in this Appendix a procedure for derivin

t depends only on the slow ﬁel%izl
-Stratanovich trans-
6), we reduce the dc-

itial fermion fields:
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To carry out the renormalization-group transforma-
tions (A.IL3) in the one-loop (linear in ¢ « g~") approxima-
tion, the integrand in (A.IL3) must be written in the form
" exp( —F+ Fy)exp( — F,) and F — F, must be expanded
up to terms quadratic in W), using the parametrization (42)
for Q,. The functional F,, just as in perturbation theory, is
given by (44), in which, however, the matrices Wi(q) are
replaced by matrices W,(g) that contain only “fast” mo-
menta. '

Consider the changes produced in the vertex (31) by
. the renormalization-group transformations. After separat-
ing the “fast” fields in accordance with (A.II.1 ), we get

ertices containin

shes when (?;97) is

contribution of _the v
r1buti 1
urces h in a row vrap,) hen
sources } ortant, as will be shown in Appendix. e vehos
O 117 is also absent. For these vertice ta

i iﬂVo T]'_' Qa ddr,

S1Q, pl=S,+8lr]+Slelt S{E;‘Wmlﬁ' 8 } o |

| (ALE g om which h?is
mined by expressions . (AL6)

] are dete:;ld the Hermitian field o e

1(26) is then trans- Flh]l= an S_Tr(hQ) T

ds Q(r) that vary e v ,

here S, S[h], and Slw r
?2;), (207) and (35), respectwely, )
Q(r) has the structure (24). The mtegé 1
formed into the integral (28) over ne

slowly in space, where
Fl1Q;h;0]=—1In | 2% Dy exp(iSLQ; 1)

-point
The integral (A.1.2) is calculated by thessrarcllailreicz:l_g_’
method. In the class of spatifallyhhon(l)ogircl‘ez)g= D e
-poi ndition for h=
for s‘?"stile’ ??!lm’lfr% = 0. To derive (40) fromdg gltlsi } ;vlee
fo:; expand th’e integrand in -p.owers of thedg;;ls olin s of e
rf;lelds o(r) satisfying the condition (30), an

| et i ' anish-
the S(])Zut:rsls‘ilon in the gradients leads In the first nonv
X

i 40)
3-5 ;-model functional (29), ‘( .
Ny Ofde(l)' t:r:cll‘e :)t“:“(l)?r%ero‘fgradient verticesI ;c;t.ltammg
:ct)ﬁl:c:s h and w are obtained by expanding (A12):

o
rimol=- L)

)
n,m

av L*
X%ﬁ(([ S Thvydr ]2" [ S Ww/\\p d”’r]m >>m.

. : . . , . At ht

Here ((‘ )} is the functional av::;a'glrl!‘g_( (1)32, ‘:gl ::Sihe
‘o Sistheaction (A.L1) =10 "5" "~ s

exp (i8), a)n dis 1 assumed to be spatially homoglit‘ll?:;d
o —Q- % The Gaussian integrals in (A.L3) ar'elcaconnect-
8(” ';—g tixe Wick theorem with allowance for 0:11 13; the mo-

Y 1. The paired mean values are given
ed diagrams. The paire »

H 48
i ns
mentum representation by the expressio .

1/2
where h = (hoha) 'S | 7 |
et D(utta) T @n=a) T (1+'/:d)
). zﬂ;zmd S

r (n+—d2-)r'(2n+1)

(A.I.Z) .
Xn == go ("'L'

(A18) ‘I’"=an‘ e,  @u=Tr(hQ)™ Fk=URU* (A.IL4)

We expand the density @, of the functional ®, up to terms

(ay is defined in (43)). quadratic in W,

erived for spatially homogen
ion (A.L7) was deriv : Iy s
];:iqﬁlastQ When fields that vary m.sl?ace arfi 'ce(;:};lof tc‘
s tebesid.es (ALT), vertices contan}mg gra tl ents of
w'elge é(r) - Calculating these vertices in IOWei1 o
fie d ;Q we arrive at the functionz.ll (29) % The c;)) rloution
Etl}l:e gradient vertices and the l}lgh .(n Zgo>
k be small
oments turns’out to .
I’i‘lhe point is that none of-t.he grad'le‘ntdy rtices
first order, to the fluctuations of ._.mteres ,
tities. '
mogeneous quan
In the study of fluc
need take into account onl

2n—1

n=¢)n+2n TI‘[ (ﬁA) 2nWoJ + ZTI[ (ﬁA)iWo (hA) 2n—jWo] )

J=u

(A.ILS)

eterm g, in (A.IL5) is independent of W, and reformats
e vertex @, in terms of slow variables @, = Tr(hQ)?".
‘he term linear in W, makes no contribution to the mean
alue. Averaging in (A.ILS) the term quadratic in W, by

t\;ations of the dénéity of states-! ng (47), we get

wAQ. The contribut_ioh‘ of vert'lcesdc.:%x:ia:g?i A
vanishes when (39) 18 dlﬁ‘erentlaté . have left out of (A.IL6) the terms proportional to N,
we obtain for h = o . P ’ which make no cor_ltribution in the replice'l limit N =0, as
Flal= ZY . STI' (0AQ)™ < 1 as the terms with a number of Q matrices smaller than
mal .

n—1{

o=, ~nX g~ InA~"! f{ Bn + Z,q?,qs,,_, }dzr. (A.IL6)

Je=1

(AL3)

heir contribution to the renormalization-group equa-
s will be analyzed below.

Renormalizing the vertices containing products of g,
arrive ultimately at a functional containing all the ver-
sof type (57). In the one-loop approximation it is neces-
to expand the factors @, in each of the vertices (57) in
rdance with (A.IL5) and, retaining in the product
)7 e.(@, ) ™... Only the terms quadratic in W, carry out
averaging using (47) and (48). As a result we get the
ribution of any of the vertices (57) to the renormaliza-

‘of the functional /

J{¢‘s"'-¢msm...}d2r>

here o
" 1\

3 (;1),»1‘('""-3) (
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4 vld »m.—l ‘
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APPENDIX Il _‘
Derivation of renor
additional charges o - r
Within the framework of the stapdard_ i r;::?ﬁ
tion of the nonlinear & model at d = 2 we sepa
and “slow” components of Q(r): -

Q=U+Q.U.

Ny b 5(ptp)
Cp(p) @ ¥ (@)= 29(11)75(1) P

T malir‘zatipn-g.roi:'p equations .for
! ———-i— 5(ptp").
() BB (P) =3 7.9 (p)8(p

Here ¥ (p) is the Green’s function corresponding to the ac-
ere
tion S: » . .
0) - (ee 22
- o [
+”20?) E—(Hzx P

0
pz 3 ‘sg"i ln A,“‘EJ‘ {cp‘h . CPms'" . }dzr’

gm= (3" “om «“fast” field, whichis expressed w1

isthe - a a
(A.L5)  HereQo(r)istheia in terms of the matri N [ e
O e momentad (a‘:lzd)/ll ~leg<l ™! (Aisas P m,zg (m+1]) onep, e

M (13 " ta q,.
with “fast” momenta _
tor). The “glow’ unitary matrices

field O(r) in the form

O(r)=U*AU. L
The tenormalized functional is _obtamed after inf
over Qo(r): »

FLo1=-1n [DQexp(-FIQD:

1 th
e L6 U reconstruc
Wher’;fkin[g) (A.L4) into account, we reduce
w=0to 2 d
n d p
-1)" h P , } :
Flh]= 2_(4n) STr{—L—-me?(p) Gy

nz=l

(A13) at

:
Famlgn, -0 | (a7

‘ ch acPl

ntiation of (A.IL.7) with respect to In A ! leads to
tem of linear differential equations (61), in which we
nged to the more convenient form (62) of the oper-

L. (AL6)

A.L5) that F[h] breaks up
25 matrices n and an arbi-
of matrices Q. The

It can be seen from (A.L6) gnfi (
into a sum of vertices containing .
even number, not larger than 27,

loted in Appendix I, the derivation of a generating

trary . Ar'tshuler € oV Phys. JETP 64 (8), December 1986
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functional gives rise, besides (41), to vertices in wi

number of Q matrices is less than that of # matri.
example is the vertex

X, § Te{h (h0) 10 (hQ) -y gty (

Vertices containing less than 2x fields Q are generatec
the renormalization (57) (they were left out of (A.II
is important that these vertices make no contributior
renormalization of the charges at the vertices (57): /
notbe changed into AQhQbya renormalizationfgroil;
formation. o
The renormalization of the charges X, 'at,th‘e v
(A.IL.8) is described by renormalizaiton-group e{;uat
which the charges X ;, at the vertices (57) enter as in
geneous terms. It is important that the eigenvalues o
equations, which are determined by the number of fi
turn out to be smaller than (67). Therefore their incre
large n is determined by the inhomogeneous terms X ;
also given by (68). Consequently, allowance for these
would change only the prefactor of the exponential
equation K, «exp(un®) for the growth of the high
ation moments.

"Here and elsewhere g means the mean value of the dimensionle
ductarice, and 8g=g(G — (G ))/{G).

*We are considering the conductance of a cube of volume L4
external-field frequency and at 7= 0.

*i = 1 here and everywhere else, except in the final results.

“'The terms containing R * in the right-hand sides of these identitie
spond to Cooper contributions, and the remaining ones to diffusi
tributions. Equations (47) and (48) are valid also in the preser
weak magnetic field if the Cooper contributions are discarded :
elements of matrices P and R are assumed to be complex numbe

“Note that certain topologically possible diagrams, such as, eg.,d
3i, donot appear at all in the chosen parametrization (42). The su
diagrams of a given order does not depend, of course, on the param
tion, but the coefficients preceding the individual diagrams do d
Thus, in the usual crossover technique, to which the parametr
Q'' = (I-Q'20%)"2corresponds,’ thediagram 3iand thosesir
it differ from zero, while the diagrams 3d and 3h vanish.

*We are grateful to V. I. Yudson who pointed out this Ansatz tha
back to the theory of representations of symmetric groups (see, e.§
49). Note that the relation such as (67) was first obtained by We
as an anomalous dimensionality of operators connected with t}
ments of a local density of states.
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1. INTRODUCTION

One of the most
Mossbauer Spectroscopy is

N.N. Delyagin and V. . Nesterov
Nuclear Physics Instiryte

Zh. Eksp. Teor. Fiz. 91, 2303

Important parameters measured in

—

r shifts of 1198 jn metals and alloys
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lic systems is the locality property, which reflects the dominant
the observed changes of the

mental data, and also to the fact that most properties of tran-

I 1 . .

the isomer shift (IS) of a reso- The isotope

und, for examplg, in Flinn’s review?,)
»-in the form of correla-
nd such matrix-metal

p‘lroperties astheatomic volume, the compressibility, the De-

e force, and others, Unfortunately, none of these correla-

: ns have been thox"oughly interpreted. The question of the
wlactors that fietermlne the value of the IS for Sn atoms in

lic magnetics,
We have carried

out systematic measuremen
for ''Sn in metals, Wi

: binary alloys, and some intermetalli
::ompoun.ds, having crystal structures typical of metallic sy:-:
ems.' All the IS measurements were made under identical
elative to a CaSnO; source kept at room
measurements were made wj -
meters operating in a constant-acceleration regi:rtllel. Slﬁex;tcl;gt
ce_lses, a double spectrometer* was used, which permitted
hlghly accurate measurements of the relative shifts of the
M@ssbauer lines. As arule, the absolute values of the IS \i'ere
Mmeasured with accuracy not worse than 0.02 mm/s: the rela-
tive measurements of the IS in binary alloys were 1;1easured

;The main characteristic properties o
w0 c_iepend in like fashion on the pla
gkp,e.;lodic table, so that all these prop

ith one another. The existence of a

ce of the element in the
erties strongly correlate

temperature. The
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