T = 1°K. Just as in the case of the Fe—Sn system, a
small change of the gap, ~5%, is observed only at the
largest concentrations. A reduction of the R(V) curves,
similar to that performed earlier for the Fe—Sn sys-
tem, is shown in Figs. 5b and 5c. As seen from Fig.

5b, a linear dependence of In(1 - f) on N is observed
also for the Mn—Sn system at Mn concentrations larger
than 1.5 x 10'° at/em® Up to these concentrations, the
presence of Mn does not affect the tunnel characteris-
tics. We attribute the presence of such a region (<1.5
x 10*° at/cm?) to the systematic error in the determina-
tion of the Mn concentration from the readings of the
quartz balance. Since the Mn was evaporated from a
tantalum vessel, it was possible for the evaporator to
become contaminated by the volatile impurities sub-
limated before the Mn, which produced a shift in the
determination of the concentration. The value of rg
calculated for Mn is 2.8 + 0.5 A.

The dependence of In (1 - f) on N, obtained for the
Cr—5Sn system, is much more complicated (Fig. 5c)
and is not described by a simple linear relation. But
the dimension of the normal region around the impurity
atom, at low impurity concentrations, can be obtained
from the value of df/dn as N — 0. Estimates made in
this manner yield for Cr a value rg = 3.6 + 0.5 A.

The appearance of an inflection on the In[1 - £(N)]
curve (Fig. 5c¢) can be attributedtoat leasttwo causes:
1) structural peculiarities in the formation of the Cr
film, 2) decrease of the magnetic moment of the Cr
atoms at large Cr concentrations on the barrier bound-
ary.

It should be noted, however, that the arguments pre-
sented above for the Fe—Sn system are fully applicable
also to Cr. When the Cr was evaporated, the substrate
temperature was lower than the recrystallization tem-
perature, and when the Cr film is produced the critical
dimension of the nucleus is also of the order of the
dimension of the atom. Consequently, the structure of
the Cr layer should differ little from the Fe layer, and
the observed difference seems to be due to a decrease
of the magnetic moment of the Cr atoms.

It was shown in a number of studies[**"'"! that the
presence of a magnetic impurity in a superconductor
leads to a spatial change in the order parameter. In
this paper we approximate the spatial dependence of the
order parameter by means of a simple step function

0, r<r,
Ao, =T,

Am={

and this appears to be a good approximation in the case
of the Fe—Sn system. For the Mn—Sn and Cr—Sn sys-
tem, possibly, one should use a more complicated func-
tion A(r). This yields, naturally different values of
f(N) for the maxima and minima of the R(V) curves.

For Cr concentrations larger than 6 X 10* at/cm?
a discrepancy is observed between the values of f(N)
obtained from different points of the curves. The values
of f(N) obtained from the maximum of the R(V)
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curves at T = 1.6°K are approximately 20% lower than
those obtained from the minima of the curves obtained
at T ~ 1°K, although an appreciable section (up to

6 x 10** at/cm?) and the overall course of the curves
coincide. The obtained picture agrees qualitatively with
that given inl'®], A detailed comparison is hardly mean-
ingful, since Heinricks’s theory!*®] is confined to the
region T ~ T¢ and makes no allowance for the Kondo
effect and for the interaction between the impurities,
which probably plays an important role in the investi-
gated systems.

We observed in the studied systems in the normal
state no attributes of giant anomalies at V = 0, which
were attributed in a number of papers to electron scat-
tering by magnetic impurities!****!, Thus, in the
voltage region <10 mV of interest to us, the value of
AR(V)/R(0) for the systems Cr—Sn and Mn—=Sn did
not exceed 8% at N < 3 x 10'° at/cm?

The junction resistance of the Fe—Sn system was
independent of the voltage.

The authors thank P. L. Kapitza for support of the
work.
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The indices defining the exponents in the power laws in the Green functions and physical
characteristics of zero-gap semiconductors of the second kind in the strong-coupling region (i.e., the
region of energies w<w,, where wy=m *e*/2k} is the exciton binding energy, and momenta k <k,
where k o=m*e?/k, is the inverse Bohr radius of the exction) are calculated. Two methods are
applied: expansion in €=4—d (d is the dimensionality of space) and expansion in the “large
number of components,” i.e., in 1/II, where II is the polarization operator. In the first approximation

the two procedures give results that are numerically slightly different but qualitatively similar. It
follows from the results that there are several energy and momentum regions: (1) the “free region,”
(2) the region w; <w<wy, ki<k <kg (0,~2.5X107* wy, k,~1.6X107%k), in which the
“random-phase approximation” is applicable, i.e., the interaction of the carriers is altered but their
spectrum is conserved, and (3) the true strong-coupling region w <w;, k <k . In the regions (2) and
(3) the results of Abrikosov and Beneslavskii are applicable, with a=v=2 in region (2) and a=1.76,

v=1.92 in region (3).

1. INTRODUCTION

It has been shown earlier (cf.[*s?)) that in zero-gap
semiconductors of the second kind (e.g., &-Sn), a
strong-coupling regime arises in the vicinity of the
point of contact of the branches of the spectrum (a point
of the order of ko = m*e?/ ko along the momentum axis
and wo = m*e?/2«5 along the energy axis, where m* is
the effective mass and ko is the dielectric permittivity).
In this region the Green functions and vertices acquire
the self-similar form:

6o (5) el @yl

@ [ kNPT @/o,
L~-—2 (=
kqs(ka) d[(k/ko)"]’ (1)
E\* 1 o/o,
L (k—n) q[ (k/ka)v]‘
The indices @ and v determine the behavior of physical

quantities in the singular region, e.g., their dependence
on the temperature, magnetic field, frequency, etc.

In view of the fact that the problem of zero-gap semi-
conductors is methodologically similar to the theory of
phase transitions, to determine the unknown indices a
and v it is natural to attempt to apply the methods de-
veloped in recent years by Wilson and Fisher(® and
Ferrell'and Scalapino!! and successfully used for the
analysis of different types of phase transitions. The
present article is devoted to this question.

2. CONTINUATION TO NONINTEGER DIMENSIONS

The calculation of the indices should be performed
for a specific model. Although the indices do not depend
on the interaction constant, they can depend on the
geometry (the little group and specific representation;
cf.l']), We shall consider a very realistic situation,
namely, the case of a-Sn with a diamond-type lattice.
The bands touch at a point with little group Op. We
take a representation corresponding to J = ,; the cor-
responding Hamiltonian and spectrum are well knownl],
To simplify matters, we put 38 = 7 in the formula inl'};
the spectrum then possesses spherical symmetry. The
Hamiltonian in this case can be written in the form

H=fl+c[LJo—* 126, ke, @)
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whence it can be seen that there is invariance with re-
spect to any rotations. The eigenvalues are doubly de-
generate and equal to

ers=(fc) B 3)

Hence it can be seen that a zero-gap spectrum is ob-
tained for c > f{.

It was shown inl'! that the zeroth-approximation term
for the polarization operator is proportional to an inte-
gral that converges like 1/k at the lower limit (k is
the external momentum). It is clear that in four-dimen-
sional space we would have a logarithmic integral. This
corresponds precisely to the situation in phase transi-
tions. The application of Wilson’s method!®! is associ-
ated with formulation of the problem in a space with a
noninteger number of dimensions d =4 - €. In the
present case, the problem is complicated by the fact
that operators J; associated with the three-dimensional
rotation group appear in the Hamiltonian and form ten-
sor combinations with the momentum components. The
continuation to noninteger dimensions in such a situa-
tion has been effected for the case J = 1[%1, but the
method used is not applicable for J = J.. In view of this,
we shall proceed in the following way.

We write the second term in the Hamiltonian (2) in
the form cH,,

H =k} 4,0, 4)

and analyze the properties of the operators A, ,. Ac-
cording to (2), these operators possess the following
properties:

V' 4,=0, (A, Ad=—1 (vEp),
- &)

»w
SpAw=0, Aui=t, A= (vFp);

{ A“y, Ap(,} = 0 in all other cases. Here there is no

summation over repeated indices. All these properties
can be written in the form of a single formula:

{Am: :490} =% z(auaavc"l'amavo) —8,vBp0. (6 )

Hence it follows that the anticommutator of two Hamil-
tonians H, at different points k is equal to

{Hi(k), Hi(ks)} =3 (kik)*—k.k2". (7)
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In particular, if k; = ko = k we obtain 2c®k*, and aver-
aging (7) over the directions of k2 gives zero. These
properties are carried over in an obvious way to a
space with noninteger dimensions. For this it is suf-
ficient to require that

{H,(k), H(k)}= 72_-—[d(k,k,)=—k,2k;]. (8)

For this, we can take Hl in the form (4), where the
operator coefficients A Ly satisfy the condition

©)
b

In the following we shall need to use the property (8)
more frequently than any other. However, in the calcu-
lation of the polarization operator it is necessary to
take the trace, and we need to know the rank of the
matrices A pv- In a space of three dimensions this is
equal to 4. We shall determine the rank from the condi-
tion that it be sufficient to enable the conditions (9) to
be satisfied. We shall use the following method. For
the three-dimensional case, the matrices A, can be
represented with the aid of direct products of two sets
of Pauli matrices:

(A;Av, Apo) = ﬂ(éwaw'i'émﬁw) -

1 V3
Au=Jzz’“'T =0,Sz, ) AW=7{],‘,JV)=—2-‘S,,,
5 ¥3 1 1 V3
o=l =5 s, Aw= -l Id=—s.0.,  (10)
A=, VR R 0.8, A 3 { =7 $:0
5 V3 1 1 3
Ay9=Jvz—-Z=—?Sx—?0,8;, Ay,‘—_ -é—(]y, ],)=?S,0,,.

A similar representation can also be used in other
cases. The operators Aj, are symmetric in p and v,
and TAy, = 0. If the dimensionality of space (i.e., the
number of values of p)is d, then the number of such
matrices equals (d - 1)(d b2 )/2.

The conditions (9) can be satisfied by means of linear
combinations of matrices with zero trace, if these
matrices anticommute, their squares are equal to unity,
and there are (d — 1)(d + 2)/2 of them. This is proved
as follows. We have at our disposal (d — 1)(d +2)/2
matrices, which we denote by v, v2,... . We take any
(d - 1)d/2 of them as the A,y with p=p, There remain
d - 1 matrices, in terms of which we must express the
d matrices A, . We must then have: a) A?, =1,

b) {Aup, Ayyt=-2/(d = 1) (1 # v), ©) Ay = 0. We

denote A;; = 7. We choose Azz = p¥:;+qYz insucha
way that the conditions (a) and (b) are satisfied. This
gives p=-1/(d - 1), g =[1 - 1/(d - 1)%]/2. We next
choose Ass =p;7; +Q,7: + I'Ys, again to satisfy the
same conditions. This gives

]'/z

- ___1_[ .t
e T L @y
. 1 s 1 "
"[1_ (d—i)*] [1_ (d—Z)Z] '
Continuing in the same spirit, we obtain expressions for
all the Ay (for integer d):

1=,

1 1
= g

1 1 '1 sl
- - 1— ] +
Aw=— g [ @n'i "

1 h
+[1- (d—11)’ ]/ [t- (d—12)“]_ -
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1 + 1 1 2 [1 1 ] -
A.i—xd—x—‘—'_dj'h'—... [ —(d—_l)—;] (d—d+2) Yd-1,

P PR, L 3
= Kol B by B

The condition (c) is fulfilled automatically. This is not
surprising, as it already follows from (9) that {Apo,
Z)Aw} 0 for any of the matrices A .

If we construct such matrices as direct products of
Pauli matrices, we obtain the following cases:

for n=1,
Gs, Oy O
for n=2,
Sxy Sy, $:0x, $:0y, $:0z}
for n =3,

Vay Vyy ViSz, ViSy, ViS:0z Vi8:0y, V8,0

Thus, in a similar manner, we find that the number of
matrices equals 3 +2(n - 1), where n is the number
of types of Pauli matrices. This number should be
equal to (or greater than) (d - 1)(d +2)/2. The rank
of the matrices equals 2", Hence we obtain

11)

In particular, for d =3 we have r =4; if d =4, r = 16,
The rule (8) and the rank (11) of the matrices are suf-
ficient in practice for our purposes.

r(d) =Zn=2d(d+i)/6—1‘

3. FIRST APPROXIMATION IN e =4 -d

According to the philosophy of Wilson’s approachl®],
we can argue in the following way. We shall assume
that d =4 - e. If we put € = 0, we obtain logarithmic
integrals. This gives us the possibility of choosing
principal diagrams in which the power of the interaction
constant corresponds to the power of a large logarithm.
As a result of summation, certain functions of this
logarithm arise. Then, assuming ¢ to be small, we
carry out the formal replacement:

ke 1 FdE
k2w ) R

Bo gie

) ‘
= cons .
K €

——— > const

For k « ko we are left with k e/e. Putting € =1, we
obtain the critical exponents for all the quantities.

We shall carry out the above program for our model.
We put the external frequency equal to zero. Then ac-
cording tol', G ~ wo'(k/ko)™®. First of all we shall
consider the polarization operator (Fig. 1). In the first
approximation, this is equal to

nm(@,k):—ispjc:‘“)( "T’k‘ ];)
&k, do (12)

k
RGE (md—?’ ket 5 ) (2m)¢ om
We put d = 4. According to the arguments expressed
inl'1 the integral over w, goes to zero for k = 0. Con-
sequently, we must expand in k under the integral. We
then obtain an integral of the type Kk® jdk,/k;. The situ-
ation turns out to be very similar to that which was
found in an zero-gap semiconductors of the first kind
(with a linear spectrum). This is confirmed by the fact
that an estimate of the correction to ¥ represented in
Fig. 2 gives only unimportant terms. In view of this, we
can confine ourselves to summing the logarithmic terms
in the electron Green function G and Coulomb-quantum
Green function I, taking 7 =1.
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We call attentlon to the following circumstance. The
Hamiltonian fk? + cH; is a linear combination of two in-
variants of the rotation group. According tol!), we must
assume that in the logarithmic approximation the con-
stants fand c are replaced by functions of 1n (ko/k).
However, it is not difficult to see that logarithmic cor-
rections arise only in the term with H;. In fact, assum-
ing that w <« ck? we have for the self-energy in the
zeroth approximation

. 4mer o 1 dos d%, (13)
1) = —G® 4 @y)—— .
200, =i— - j 7 6 Gk, 00 o
The function G'®(k,) can be written in the form
GO (k) = (@—fk,*—cH,) " o—fhi e, (14)

"otk = (cki—i8)*
Substituting this expression into (13) and taking the in-
tegral over wi, we find

2ne* 0 1 H, (k+k,) d%,

kE (ktk)? (2
But it immediately follows from this that Tr £ =0
(since Tr H, = 0). Consequently, a logarithmic correc-
tion to the first invariant fk® does not arise, and only
the correction to H 1 remains. This means that the
diagonal term in G for w <« ck® has the power a,,
equal to 2 — O(€?). But if the term of the type H, has a
lower power (of the type a =2 — O(¢€)), and below we
shall verify that this is precisely the case, then in the
approximation under consideration it is sufficient to
retain only this term. In view of this, we shall assume
below that f = 0.

(15)

E‘“(O k)=— -
Ko 1

Earlier(!), the general case of a logarithmic situa-
tion with one invariant in the Hamiltonian was analyzed.
The result reduces to the following. It is necessary to
determine the quantities a and b from the relations

(16)

aln%=—l“°)ﬂ‘”,, bln%: (20 (k), H, (k) } .

2ck*

In the region where the logarithms are large,

(0, %) ~1"<“)( In Z;C_o_) ‘—a/(a+b). (17)

ko —b/(a+b)

G(0,k) ~G® (1n7) .

Replacing In (ko/k) — k™%, we obtain

v—3=—2+ 2 _, (18)
a+t+

o=2— ——

atd’
i.e., a = v, which, incidentally, was obvious, since
Y ~ (k/ko ®V =1 in the approximation under considera-
tion. v can differ from « in second order in e. But in
the first approximation, according to (18), it is neces-
sary to determine the ratio b/a, and from it

b/a (18a)
1+b/a’
According to (12), (14) (with f = 0) and (11), we have

a=v=2—

I (e, k) =—ir(d) f{m ro-ter[d(k.k-)*—k,*k_*]/ (d—1)}

do  dk
X (0-—chk_*+i8) (0--+ok_"—i8) (0, —ck,*+i8) (o) +ok, ~18) ]~ == d T

where k, =k, +k/2 and wy = w1+ w/2. Integrating over
the frequencies, we obtain
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I (0, k) =— r(zdc) dii

(ks k-2) [k k-~ (ki k) 2%,
[ (k42 +k-2—i8) — (w/c)?k,2k_>(2m)¢

19)

We shall put w = 0 and confine ourselves to logarithmic
accuracy. Assuming that k « k,, we find

oo T@ 4 ¢ kE—(kk)® dk 20)
(0, k) 4e d—i\“ ks (2m)¢ *
We put d = 4; in the integral,
'k, . kodk,
@t - 441! sin’ ede_[—(%)‘ .
We then obtain
a=i4w2n2_«i . (21)
c (2311)‘ %o

We turn now to the self-energy. It follows from sym-
metry considerations that =M = qcH,, where g can de-
pend only on k® Taking the anticommutator with H,(k),
according to (9) we obtain

o Aned { (kk+k?)?

‘ (k,k)”} d’k,
exo(d—1) J k2L (k+k)? ki

(2m)¢

(here we have made use of the relation (k:-K)?
= k%k?%d). Assuming that k « k, and expanding in k,
we obtain :

_ 2mé’d . . d’k,
qg= oy I(1+4cos 0—5c0s*0)——— i
Since q =b In (ko/k) (cf. 17), we obtain from this (d = 4)
1 4n-2n% * 1
b_T—(Zny Pt (22)

Substituting this expression into (18), we have
(23)

It is interesting to note that the indices a and v for
the electron G-function differ little from the ‘‘free
indices.”’ As regards the function I'(k), it becomes
close to the quantity ~k™* obtained from the ‘‘random-
phase approximation,’’ i.e., obtained on the basis of a
calculation of the first-approximation diagram for the
polarization operator!®,

a=v=2—1/25.

Furthermore, in the approx1mat1on under considera-
tion it turns out that the term with fk® in the Hamilton-
ian is not renormalized, and @ = y. The next approxima-
tions would undoubtedly introduce corrections to these
statements. However, it is extremely difficult to calcu-
late the corresponding integrals and we shall apply
another approximate method, which, moreover, gives
an idea of how the transition to the strong-coupling re-
gime occurs.

4. THE APPROXIMATION OF A LARGE NUMBER OF
COMPONENTS

‘In the preceding section, it was noted that indices
are obtained that are close to those given by taking into
account only the first approximation for the polarization
operator. This circumstance is characteristic of the
situation in phase transitions when the ‘‘order parame-
ter’’ has a large number of components. Although this
case is rare in true physical models, we can neverthe-
less count on the fact that expansion in the number of
components gives a series that is not too slowly con-
vergent even for n = 3. Such an approximation was pro-
posed by Ferrell and Scalapino[”. The special role of
the first-order diagram for the polarization operator is
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explained by the fact that, as a consequence of taking the
trace, it is proportional to n. Since I' ~ 1/m appears

in the self-energy = and, at the same time, there is

no summation over the components, Z will be of order
1/n. In our case, the number of components is equal to
four and we can count on the good convergence of this
procedure.

Although, as we shall see below, the 1/n expansion
leads in first order to more complicated calculations
than does the e expansion, it has important merits.
First of all, the calculations are performed in the real
three-dimensional space and questions associated with
the nonuniqueness of the continuation to noninteger d
do not arise. It is then found that, even in the first ap-
proximation, a # v. Having a real model, we shall per-
form the calculation only for this model, and not for
arbitrary n.

The expression for the first approximation for the
polarization operator is obtained from (19), if we put
d = 3. Introducing the variables x = cos 6, z = 2ki/k
and s = 2w/ck?, we obtain

z4(2+1) (1—2°)dz

3k T
N . 24
== !dxujdz[(zz-}-i—i&)’—sz][(z2+1)2—4z2x2] (24)
Integrating over x, we obtain
3k ¢ z*dz 1 (z°—1)° z+1
(€9 F—— 2 —_——— —_—1
I 8cn® ;" (z*+1—id)*—s* [Z + 2 z . |z—1l] (25)
The integral over z can be taken if we note that
b 1 0413
jdz_)? j dz,
0 —oo4id
with
1 z+1 . _zi1
n———‘z_“ n 7—1 .
We then obtain
3k
W= — 26
I Toon o(s), (26)
(s)= @+s) aretg (1+s) ~"— ——(2_3) arctg (1—s) ~*— (1+s)";— (1—3)1"_
* ) (27a)
for 0 <s<1,and
9 2—-§)*
Q(s)= @+s) arctg(1+s)"/‘—(1+s)"‘——-£(—2——s)—6(2—s)
° ; 217b)
o] Gty By B (
‘[ : 2 G—1)"—1
for s > 1;
o(—s)=0(s); 27c¢)
the asymptotic values are
11
o(s)>4 (—=——1), s~0;

8
- ——(1+i), s>
9(s) - 3},S( )

the singular values are
) 1 T —
o(1)=9arctg—=———V2,
¥2 2 (29)
@(2)=4—;—V§_+i.
Graphs of the real and imaginary parts of the function
0 (¢ =91 +ig@2) are given in Fig. 3.

It will be important for the following that @ (s) is the
value on the real axis of a function of the complex vari-

712 Sov. Phys.-JETP, Vol. 39, No. 4, October 1974

(o

f,(r)

&

N

ml

0 2%
1 3 821521

FIG. 3

able s, defined by the formula (27a), analytic in the
plane of the complex variable s with cuts along the
real axis for 1 < |s| < <, and symmetric with respect
to s — —s. The formulas (27b) and (27c) correspond to
taking the value on the upper side along the right cut

1 < s < = and on the lower side along the left cut
—o<g< -1,

On decrease of k and w in the approximation under
consideration, we enter first of alla region in which
oY > ‘9, However, the self-energy correction to the
electron Green function in this region is still small, and
only on further decrease of w and k does it begin to
play a fundamental role. By assumption (c£.M), it is
precisely then that there arise the power dependences
G~ w-a/v for w/wo> (k/ko)V or G~ k¢ for
w/wo << (k/Ko)V (we recall that a < v and @< 2).
Matching between these laws and the free Green function
should occur in the region in which Z is still small.
This is possible only in the case when a/v is close to
1 and « is close to 2.

In fact, for w/wo > (k/ko)?,
® —(1—a/v) o o
Gl / wm’(m—o) ~(1)[ 1+( 1—‘7) ln—(;—] .

On the other hand,

—t=@p—cH,—2.

Hence it follows that in the matching region, for w/ wo
> (k/ko )Y,

()~ (1-=) oln 2. (30)

In exactly the same way, if we assume that = = qcH;
for w/wo < (k/ko)Y, we have

k —(2—-a) . ko ]
—1 o fo% i ~ —o)ln—
G kme(ka) k[1+(2 )l
and

g=(2—a) In (k/k). (31)

Thus in the approximation under consideration, de-
termination of T with logarithmic accuracy is sufficient
to determine @ and v. Of course, all these arguments

_are valid only in the case when 1 —a/v « 1 and 2 - «

« 1. The self-energy is obtained from (13) by replacing

'® = 4re?/ kok®by T = —1/7. In addition, it is necessary :
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to take into account that (0, 0) must be subtracted
from Z(w, k) (renormalization of the chemical poten-
tial). For finite w we have

o, k)=—ij.l'[“(m,, k) G(o—o,, k—k‘)dmiiﬂ—. (32)
(20)*
The function G'® can be written in the form

H,(k—k,)

1
© (0—0y, k—k, =—[1+—————
GO (a0, ) 2 e (k—k,)

lo—o—e (k—k,) +i8]"*

IR ACES) (33)
2 [ &1 (k—k,)

where €1 (k) = ck®.

] [o—ote,(k—k)—i8]",

For II we substitute the expression (26), (27). Owing
to the fact that this is the value on the real axis of an
analytic function with two cuts (with an appropriate
definition on the cut), the integral over w, can be
represented as a contour integral, where the contour C
is depicted in Fig. 4a, in which the poles from

'G'”(w - w.)are also shown. Since the integral over

w; for Z(w, k) = (0, 0) converges in any case, the
contour can be closed and deformed in such a way that
it takes the form C’ (Fig. 4b). Since the function has
complex -conjugate values on the two sides of the cut,
we obtain (we do not write the integral to be subtracted
for Z(0, 0))

8 % dQ
> =§2_§: ds, j.ch dk‘-E'L—A (sl)

(= o AN
e = [
+-3%jdk1ck1%3(sm) [%‘(%‘:%))——1] i

where s, = 2w/ck3, s10 = 2w/ck? + 2(k - k1)%/k3 is the
value of s, at the pole, A(s,) = -Im[1/¢(s,)], and

B(s:) = Re[1/¢(s,1)] (we assume that k « k, and 2w

« ck?; this is valid in the calculation of the logarithmic
part of the integrals--cf. below). This expression can

be transformed by making use of properties of the func-
tion 1/¢(s) = B(s) — iA(s), namely, the analytic proper-
ties and the symmetry in s. Making use of the Cauchy
theorem for the contour C” (Fig. 4c), we obtain

B(Sw):_iﬂ:;A(S,)[ LI ] as. (35)

siFs10 $1—S810
Substituting this relation into (37), we obtain

8 ¢ dQ
p =¥2—;§ ds1_‘. ks kA (s))

Al {+i%%] e E(“;L)] T (36)
+[1_f(f%] [%+s,+%lf_;_)z_] .

In this form we need no longer imply the subtraction of
2(0, 0). In fact, in view of the fact that [dQH,(k:)=0,
the quantity =(0, 0) = 0.

If w > ck? we can put k = 0. Expanding in » and

FIG. 4
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integrating over k;, we obtain
0

16 ¢ A(s) ®
B ) e ey (37)

(w)=—

where wo~ ck3; ko is the upper limit of the integration
over k. But if w « ck® we must, on the contrary, put
w =0 in the integral (36). We then obtain

aQ
4z

H,(k—k,) 1
e (k—k,) s +2(k—k)¥k?
Since its trace equals zero, this expression should be

proportional to H;; £ = qcH,. Calculating the anticom-
mutator with H, and making use of the rule (7), we have

16
Z(k) ='—-§- ‘!‘d31ICkl dk, A(S‘)

8 ¢ dQ
= J: ds, j o dy——A ()
30k X (k—k,) "=k (k—F,)* 1
(k—k;)* s+2(k—k,) 7k

Expanding in k/k;, we obtain

82 TA®
= EF[ 5 j 2

However, this expression is not completely accurate.
This can be seen from the fact that the first term in it
diverges as s — =, Indeed, according to (28), A(s)

« s¥%?as s —. The inaccuracy has arisen in the use
of the transformation (35), which is valid only for the
case when A(s)and B(s) fall off at infinity”. We can
correct the situation by subtracting from B - iA'a sym-
metric function of s with the same cuts and asymptotic
value, in such a way that the result now be a decreas-
ing function. We note that the trouble arises entirely
from the terms of second order in k/k;, which originate
from H,/ €, (the zeroth approximation is taken from s;o
and the denominators of the first term in (34)). There-
fore, we shall consider only these terms.

_ 16T 40
54 2

%" A(s) ]
15 3 (s+2)°

Subtracting from 1/¢(s) a function which we denote
by 1/¢oo(s) =B - iAco, we obtain ‘

17 1 1
B@=B.)-—] R L
As a result, it turns out that in the expression for q we
must make the replacement

A(s) n Tra® _s
.! - ds—»———z—Bw(2)+“f[——s+2 —Au(9) =g | ds.

For 1/¢.(s) we can take the simplest function:
1/¢@w (s) =% 16[ (s+1) "+ (1—5)"];

then Boo = (3/16)(s +1)”2 and Ay = (Y16) (s = 1)Y2,
Substituting 1/¢« into the integrals, we find

< A(s) 3¥3n . Ty A(s) 3 s(s—1)"
- — +I({=—=-—————)d
.1[ 2 mt (272 )as

But we can do still better. We add and subtract
3/16 Vs under the integral. We then obtain

T A(s) 3 AGs) 3
js+2 ds»—?ﬁ( s+2 _Tﬁ?)ds'

Carrying out these replacements in q and comparing
the expressions for q and for E£(w) with (31)and (30),
we obtain

2 16 32
9= — ——( A, — =
R 15n2(A‘ 843 A’)’ (38)
o 16
=y Tt (39)
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The function A(s) = —-Im[1/¢(s)] = Im ¢(s)/|@(s)|%
and ¢(s) is given by the formula (27b). Numerical cal-
culation gives:

= —0.6976; A4,=0,1570; A4,=0.01207; A4/=0.00183.

As a result,
2—a=0.238, 1—a/v=0.0847 (41a)

or
a=1.76, v=1.92. (41b)

The result obtained is evidence that the approach
used is highly successful. In fact, both 1 - a/v and
(2 = =)/2 are of the order of 0.1. In view of this, the
values obtained for @ and v can be regarded as fairly
reliable. But if we take the first approximation of the
¢ expansion, it turns out there that the electron Green
function is weakly renormalized, but, in return, the
Coulomb-quantum Green function is strongly renormal-
ized: § =3 — v =1, in place of 2 as in Coulomb’s law.
This shows that, in the given problem, € = 4 — d is not
as suitable an expansion parameter as 1/n, in contrast
to the theory of phase transitions. This is also indi-
cated by the fact that, according to Sec. 3,1 - a/v isa
quantity of order €?, whereas 2 — @ is of order €. In
reality, as can be seen from (41a), they are of the same
order (nevertheless, it is true that there is a certain
tendency for 1 — a/v to be small). In view of this, we
must conclude that, although the e-expansion method
can be applied in the given problem for certain qualita-
tive estimates (the absence of the term f, and argu-
ments in favor of the 1/n expansion; cf. also Sec. 5),
for quantitative calculations it is necessary to use the
1/n expansion.

In the derivation performed we have assumed the
Hamiltonian to be equal to cH,, on the basis of the re-
sult from the preceding Section that the contribution
fk? in the Hamiltonian is not renormalized. Actually,
this is somewhat inconsistent. In fact, this result was
obtained in the first approximation of the e expansion,
whereas here we are using a completely different ap-
proximation. Nevertheless, a certain argument can be _
adduced in favor of the validity of the procedure used.
Suppose that f= 0. In this case, the replacement

s—~s—2n32%,

where 1 = f/c, takes place in the expression (24) for the
polarization operator. Let n be small. In this case,
expanding in n gives a correction of order nz to II.
Substituting II into = leads to the appearance of correc-
tions of order 7°in all terms. In particular, a term
proportional to 7°k® In (ko/k) can arise in Z. Combin-
ing this with the term —fk® in G!®"', we arrive at the
conclusion that for small n the power 2 — < in the iso-
tropic term of the Hamiltonian will be proportiosua. to
7, i.e., it will be considerably smaller than the constant
obtained for the term of the type cH,. But this means
that, in this case, we can neglect the isotropic term in
the asymptotic region w, k — 0. Consequently, the case
we have considered is internally consistent. It is not
difficult to see that the opposite assumption, namely,
that £#0,c =0, leads to ‘" =0, i.e., to the absence
of a strong-coupling situation. Consequently, the possi-
bility that the power of the isotropic term is lower than
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the power of the term of the type cH, cannot be realized.
Finally, equality of the powers is also impossible, since,
if this were the case, it would be true for all f.

One can also discuss all this in a different way.
Matching of the power laws with perturbation theory is
not always possible. In particular, in matching with
ordinary perturbation theory in the e-expansion
method(¥ it is necessary to select the value of the in-
teraction constant for which this is possible. In our
case, for ck® > w, there can be terms of the type H,
and an isotropic term in G'. We can make three as-
sumptions: a) the power of the term of the type. H, is
lower than the power of the isotropic term. Then
matching with the perturbation theory starting from
£ = 0 should exist, and has been effected in this Section;
b) the power of the term of the type H is higher than
the power of the isotropic term. In this case, there
should be matching of the strong-coupling regime with
the perturbation theory starting from c =0, and this is
not obtained; c¢) finally, by assuming the powers to be
equal we can take any value of the ratio t/c =7 in the
initial Hamiltonian. The two powers should turn out to
be equal for any n. But this is not corroborated for
small 7.

Thus, the possibility (a) considered above is the only
one.

5. “ISOTROPIZATION” IN THE SINGULAR
REGION .

Up to now we have considered only the spherically
symmetric model with the Hamiltonian (2). It was found
that the power of the second term, which we called cH,,
in the singular region is lower than the power of the
term fk?. This corresponds to the fact that the electron
and hole masses are, as it were, equalized in the
singular regionz’. We now show that ‘‘isotropization”’
of the spectrum occurs in the singular region, ie.,
even in the case when we do not assume isotropy at
large momenta, it arises automatically in the singular
region. '

For this we note that an anisotropic model corre-
sponds to replacement of cH,, the part of the Hamilton-
ian given by formula (4), by c.H, + c2Hz, where H, in-
cludes the terms with the ‘non-diagonal’’ matrices
Apy (p= y) and H; includes the terms with the matrices
A,,. We call attention to the fact that, according to the
rules (5) and (6), we can easily replace the normaliza-
tion of the matrices A, with p = v without damaging
the whole scheme. This gives the possibility of general-
izing the method proposed in Sec. 1 for continuing to
noninteger dimensions for the case under consideration,
and for all integer d the number of matrices 7j and,
consequently, their rank are not increased in compari-
son with the isotropic model.

Without repeating all the arguments,we cite the
principal formulas. Writing

cxH1+czﬂzECzZ| A kak,, (42)
v

we have in place of (9)

dp?

{Anw AW = a—1

2 - 2d
(5“96v¢+6.,«6w? T SnyBpst vy (4=1%) oo, (43)

where u =ci/cz, and §), 55 = 1 when all the indices
coincide and zero otherwise. It follows from (43) that
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2
{c.H (k,) +c.H,(ky), c:H, (o) T Ho (ko) }= dz% [duz (kik,)?
ka1 Y k,szf]. (44)

In particular, for k; = k; = k the right-hand side be-
comes equal to 2(€/cz)’;

2 |,,2 2d 2 K
e=c,k [I.L +E_—1—(H. —1)Azz ] (45)

is the pole of the bare electron Green function;

A= Z n,’n.2,
Y

With the same rule (11) for the rank of the matrices,
we can solve the problem. To obtain the first approxi-
mation in € =4 - d it is sufficient to perform the cal-
culations with logarithmic accuracy for d = 4. Since in
the present case we have not one but two invariants, the
scheme we constructed earlier!!) is not directly applic-
able. However, the basic line of the calculations is the
same. We shall find T and Z in the logarithmic ap-
proximation, assuming c¢; and c. (or cp and p) to be
functions of ¢ = In(ko/k), and then obtain equations
from which it will be possible to determine them.

Substituting G =[w - ¢1H; — c2He ]! into (12), taking
the integral over w and transforming the expression
obtained, we find

=tk 2 f . {u“+‘/s<w—1>(4u2—1>Azz—*/s<u*—1>”Am
@n)* ) e (5 [+, (= 1) A L

0

46
where #6)

Ed n 2n
{ Joo=(2n*) ! j‘ sin® 6 dO j. sin ¢ do j dy{ 3,
0 0 o

A, was defined earlier,
Agsp= Z’ nln,’ng?,
RFEVHED
and the projections n,, of the unit vector are equal to:
ny=cos 6, n.,=sinBcos¢, ns;=sin0sin¢cosy,
n.=sin 0 sin @ siny.

In (46), u depends on £;. It follows from (46) that

4me® 4me®
%o (F—de?Ina) | ol 4(®), (47)

where d(¢) is a logarithmic function.

We turn now to the self-energy. We write, analog-
ously to formula (15),

2(1)(0’ k)= 2me” j. d(Ei) c,H, (ki);i'csz(kx) d’k,
Ko (k1+k)z e(kl) (zn)d
~ i j d () (kik) cH, (k) +c.H,(k,) dk, _ . (48)
o X ey me PETRE.

We take the anticommutator with A, (p #v). Com-

paring the two parts and applying the definition ¢, =cio

+ qi1, we obtain the equation
3

_ 2 4ne’ d(8) p(E:)Ae
a(®) c‘°+(2n)‘ %o /s qj{(1+B/3Azz[w(§1>—1])'/*}m'

By taking the anticommutator of the formula (48) with
App, we have, in the same way,

(49)

c2(§)=ca +

2n? - 4me? j { d(&y) (*/i—"/sAz) } (50)

(231)‘ _70—_ : (1+s/aAzz[H2(gi)'—1])_lh

From (46) and (47) we have
1 " 4ne* 2n°

av

d(g) %o (2m)*
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%
w4/ (nP—1) (4n*—1) A2—%/, (n2—1)24::
xaf { a1

(1427 (0*~1) 42,17

Ii“rom Egs. (49), (50) and (51) we can find the three func-
tions c, ¢z, and d. Our purpose is not this, however,
but the determination of the laws

e~ES,  c~En, g (52)

in thezasymftotic region, Using the notation B = 2 x 27°
X 4me®/ (27)* ko, introducing p =c,/cz and differentiating
the equations with respect to ¢, we have

dlnp _ ﬁd(E){ An—*/s
& @ Hda@—DT" % (532)
d1n62= ﬁd(E) Y= A
dg c:(§) {[1+s/sAzz(u2—1)]"’} o (530)
dlnd™ _ Bd(E) [ p'+%s(W—1) (4p*—1) An—"/s (0 —1) Aoz
dE [ { [1+8/3A22(}L2—1)]5/’ }m)' (53C)

First of all, we make the assumption that p = const.
For this it is necessary that the right-hand side of
(53a) vanish, or, in other words,

1 E o 2n A _i/
in’0 . 22— /4
o Jsm dG!smq;dq;! dy T 0. (54)

sl (p2—1) 1" -
This equation is satisfied for p =1, since {Az}yy = /s
This solution corresponds to the isotropic case. But in
principle (54) could also have other solutions.

We note that the left-hand side of Eq. (54) has the
asymptotic forms®

e v T (552)
1 A—/.
m{ Td) " } o BT (55b)

The maximum value of Az, corresponding to nZ = n2
=n3 =nf = /4, equals 75, and the minimum value equals
zex;o. Since Az = 74, we should expect that values Aj,
> 74 will play the principal role in the averaging of
(55a), i.e., the result will be positive, and that values
Az < 74 will play the main role in averaging of (55b),
i.e., the result will be negative.

These arguments are reinforced by the following esti-
mate. We expand the integrand in (54) in Az — 74 and
confine ourselves to the first nonvanishing term. The
integral is then easily taken and we obtain

4 12 (p*-1) 1 (w—1) -

?{ (Azz *4—) o 1 (0 —1) 1" = —‘m['1+z/a(uz_1)]z,, . (56)
This formula is accurate near p? =1 and somewhat
less accurate at the limits (the expansion parameter is
of the order of /s). But it is, however, sufficient for the
following conclusions to be drawn: 1) there is only one
value p® =1 at which the expression (54) vanishes;

2) for p — 0 this expression is positive and for y —
the coefficient of | i |™ is negative.

We return now to Egs. (53) and make an assumption
about the powers in (52): a1 > a,. This means that for
¢ — we have p —=, i.e., the power of y is positive.
But for this the right-hand side of (53a) must be posi-
tive for p — < (d cannot become negative and in
reality c, implies |c2|). But it is proportional to (55b),
and, according to the analysis carried out above, the
coefficient of 1/| | is, in reality, negative. The same
contradiction arises if we assume that the powers in
(52) satisfy o: < oz, i.e., p — 0as £ —x,

Thus, it follows from the arguments given that ;2
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=1 is the only solution, i.e., “isotropization"’ gx:ises
in the asymptotic region, irrespective of the initial
conditions (cio and Czo)-

6. CONCLUSION

Although the calculations performed a.bt_)ve pertained
to the singular region, in which all qua:nt1t1es zjlre
strongly renormalized because of the 1nte?act10n,
nevertheless, since we have used a m‘at‘chmg mt‘athod,.
we can analyze qualitatively the transition to this region.

Deviation from the ‘free’’ behavior begins fox.'
k < ko, w < wo. So long as the momenta and energies
are not too small (we shall denote the lower bOunc'lary
by k,, w1), the change in the electron Green function
can be neglected. In the region k, < k < Ko, wi<w < Wo,
which we shall call the second region (the f1.rst is tl?e
“free’’ region), only the electron-electron 1r}teracF10n
describable by the function I' changes. The inclusion
of the zeroth-approximation polarization ol[Jse]rator has
already been made by a number of au'thors . Our cal-
culation justifies this approximation in the second re-
gion. The Coulomb law in this region is replz.tced by an
interaction proportional to 1/r? (in the cqordmates).
For w > ck?, allowance for the polariggtwn leads ?o .
the appearance of a dielectric permittw%ty’ propor.tlfc?nalt
to 1/wY?. From formulas (26) and (28) it is not difficu
to obtain

e*(1+isign @)

_— (587)
(20c)™

H=%o

In this form, this formula is also true~ for w 2, wo. It can
be shown that formula (57) also remains valid 1‘f we take
an isotropic model, but with different masses, 1.e.,

f 0. In this case, ¢ = /a(1/me + 1/my).

Since the ““free’’ Green function and the interaction
have the form (1) with a =v =2, all theztemperaturg
and other dependences found earlier inl?! .are operative
in the second region. As regards estimating thg coef-
ficients, the effect can be appreciably reduc.ed' in those
cases in which interaction of the electrons is 1mportapt.
For example, the electron-electron scattering probabil-
ity will be proportional to the number (1 — a/v) (41a),
which is approximately 0.08. In view of tt.le. fact that the
second region is very simple for cal?ulat'lons, ijll the
express‘ions for the physical effegts in ‘thls region .can

" pe found, without great complications, in an explicit
form with numerical coefficients (in any cgse, for the
-isotropic model)‘”, and this has beel%_'?one in a number

of papers (cf. the literature cited in )

According to Sec. 4, change of the electron Green
function begins either when

k<ki~koe" @2 ~1,6- 10"k,

or when
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o< e ¥ ~10"w,.

These limits are somewhat different. ?n f‘act, ekl ~ %.5
x 10™* wo, whence it follows that, m prmgple, therg 1151
a certain region of energies in which T is substantia fy
renormalized and, at the same time, the c?ependex‘lce o
5 on w can be neglected. But this me'fms in practu‘:e
that a single-particle spectrum remains for energuils1
9.5 % 10~ wo > w > 107 wo, although it differs from the
«free’” spectrum. For w < 107° wo, the single-particle

spectrum is strongly damped.

However, all these changes occur in tt}e regior} of
extremely low energies. We shall f:all this the third
region. In the known zero-gap semiconductors, because
of the large dielectric permittivity. Ko and the: smay‘ll
effective mass, the second region 1s 1tse_1§ shlftid into
the region of energies of the order of 107" — 107" eV, so
that even this region, in the purest samples, may be
difficult to ‘‘seek out.”” In principle, we can assume
that substances with significantly large? valt{es of wo
will be found. However, even in a case 1n .whlch wo
reaches 10 eV, the third region will remain extremely
difficult to attain.

In conclusion, the author expresses his gratitl{de to
A. A. Migdal and . E. Dzyaloshinskil ?or discussion of
the work, to Yu. V. Petrov and V. L. 'F%sher for th‘e nu-
merical calculations, and to S. I. Amsgnov for friendly
assistance in organizing these calculations.

DThe expression (34) contains no such divergence.

2We recall that the single-particle spectrum may not exist in the singular

region (cf. the Conclusion). . )
3)Agclhange of sign of u corresponds only to a change of basis and, there

fore, has no physical significance. ) ) . ‘
9Qur calculation had the purpose of matching with the singular region,

and we have therefore considered the isotropic model with f = 0‘.‘;11 .
calculations for the second region it is necessary to use the true “free

Green function.
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Nonlinear size effect in bismuth

G. |. Babkin and V. T. Dolgopolov

Institute of Solid State Physics, USSR Academy of Sciences
(Submitted November 23, 1973)

Zh. Eksp. Teor. Fiz. 66, 1461-1468 (April 1974)

It is shown that when a semimetal is placed in a constant magnetic field parallel to its surface and
is exposed to radio waves, a system of dc spikes is produced in addition to the spikes of the
high-frequency current in the interior of the sample. The appearance of the dc spikes is due to the
change in the length of the electron path in the skin layer under the influence of the magnetic field
of the wave itself. In samples of limited dimensions, the presence of a system of dc spikes, the
distance between which depends on the magnitude of the constant magnetic field, should lead to the
appearance of a nonlinear size effect. This effect is experimentally investigated in bismuth.

Several authors™*) have shown recently that, at least

in semimetals, various nonlinear phenomena can be ob-
served even at relatively small electromagnetic-wave
powers. In particular, direct current is produced in a
skin layer under the influence of electromagnetic
radiation.

It is known that spikes of high-frequency current can
be produced in the interior of a metal™!in the presence
of a static magnetic field under the conditions of the
anomalous skin effect, and are due to the individual
motion of the electrons of the extremal sections of
the Fermi surface. One can expect the presence of
direct current concentrated at the surface of the sample
to lead analogously to the onset of direct-current spikes
in the interior of the sample.

Let us examine the qualitative aspect of the pheno-
menon. We confine ourselves to the case of low fre-
quencies wT <K 1, §/r <K 1 (w is the frequency of the
electromagnetic wave, 7T is the electron relaxation time,
0 is the depth of the skin layer, and r is the Larmor
radius). In this case we can assume that the electron
move in a quasistatic but spatially strongly inhomo-
geneous electromagnetic field. Since the phase shift
between the alternating electric field E and the mag-
netic field H; differs from /2, superposition of the
magnetic field of the wave itself on the static mag-
netic field H, causes the two half-cycles of the alter-
nating current to become unequal, owing to the change
in the path length of the effective electrons in the skin
layer. As a result, an electric current proportional
to H,E and having a dc component appears in the skin
layer.

It was easy to estimate the density j. of the direct
current if the field H, is parallel to the surface of the
metal. The high-frequency. current j, is proportional
to 0, Edr™", where 0, is the static conductivity. The
influence of the magnetic field is estimated from the
relation j, ~ Hidj,/dH,. Using the estimate H, ~ cE/w3,
we obtain j, ~0,E(wT)"eElep™ where ! is the electron
mean free path and ef is the Fermi energy.

In a magnetic field parallel to the surface of the
metal, the electrons of the extremal section of the
Fermi surface, after passing through the skin layer,
are again focused at a depth 2r as they move along
the trajectories and produce at this depth a direct-
current spike. At the same distance from the surface
there is a spike of fields H, and E, which leads to the
appearance of direct current at the depths 2r and 4r.
Thus, a system of direct-current spikes is produced.
It is clear from the foregoing arguments that a similar
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system of spikes is produced also for the current j, at
the frequency 2w,

In a sample of limited dimensions, the presence of
a system of dc spikes, the distance between which is
determined by the value of the external magnetic field
Ho, should lead to the appearance of a nonlinear size
effect, similar to the radio-frequency size effect!].
The present article is devoted to this phenomenon.

1. THEORY

We shall show that a more rigorous allowance for
the change in the electron path length in the skin layer
to the proper magnetic field of the wave leads to the
appearance in the skin layer of a direct current j, and
to the appearance in the interior of the sample of dc
spikes. Assume that an electromagnetic wave is inci-
dent on the surface of a metal occupying the half-space
z > 0. The electric field E of the wave is parallel to
the x axis. A static magnetic field H, is parallel to the
y axis. We assume that the quasistationarity condition
wT >> 1 and the strong-magnetic-field condition
Q7 >> 1 are satisfied (2 =eH,/mc is the cyclotron
frequency). As the model of the Fermi surface of the
metal we use a cylindrical surface pk + pz =p° (@
similar model can be used in the case of bismuth, the
electronic part of the Fermi surface of which consists
of three strongly elongated ellipsoids). The length of
the cylinder is assumed to be Py 8O that the electron
density is n = 21rpHp2h'3.

To find the response of the electron system to an -
external perturbation, it is necessary to solve the
Boltzmann kinetic equation. In the T-approximation we
have

of , o 0f .
vza—z+9£+1; f=g,

1)
where fdf,/de is the nonequilibrium part of the distri-
bution function, ¢ = Qt is the dimensionless time of

motion along the orbit, and g describes the external
perturbation.

When solving the kinetic equation we shall use the
methods developed in the theory of anomalous pene-
tration of the electromagnetic field into a metal ™,
Neglecting the field E, and the boundary conditions for
the distribution function at z = 0, and continuing the
field E in even fashion to the region z < 0, we employ
the Fourier transformation:

A= [aa @) e, A()=n) [dkdie™ @)

We can then easily obtain the electric current ji
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