
8.513: Coherent and collective phenomena in quantum transport Problem Set # 6 Due: 10/16/08

Greens functions and Kubo formula

1. The density of states.
a) Show that the single-particle Greens function

GR(ε) =
∑
p

|p〉〈p|
ε− p2/2m + iδ

, (1)

where |p〉 = eipx/h̄
√

V
,

∑
p ... ≡ V

∫ ddp
(2πh̄)d ..., can be used to find the density of states as follows

ν(ε) ≡ dN/dε = − 1

π
Im Tr GR(ε)

b) Use this relation to compute the density of states for free particle in space dimension d = 1, 2, 3.

2. Kubo formula and Greens functions.
Consider a quantum mechanical system perturbed by an external field f(t) that couples to the

quantity B̂ as Ĥ(t) = Ĥ0 + B̂f(t).
a) Show that the linear response function of a quantity Â to a harmonically varying field f(t) =

fωe−iωt + c.c. is given by

〈A〉ω = χ(ω)fω, χ(ω) =
i

h̄

∫ ∞

0
〈[A(t), B(0)]〉eiωtdt

where 〈...〉 = Tr (...ρ̂) stands for averaging over the system state described by the density matrix ρ̂
and 〈...〉ω means the Fourier harmonic at frequency ω.

b) Consider quantities A, B of a bilinear many-body form, Â(t) =
∑

mk Amka
+
make

−i(Ek−Em)t,
B̂(t) =

∑
mk Bmka

+
make

−i(Ek−Em)t, where am, a+
m are fermion creation and annihilation operators.

Show that the response function χ(ω) can be obtained from the Matsubara imaginary-frequency
response function

χ(iωn′) = −T
∑

εn=π(2n+1)T

Tr
(
GM(iεn + iωn′)B̂GM(iεn)Â

)
, GM(iεn) = (iεn −H0)

−1

where ωn′ takes discrete values 2πn′T . Show that χ(ω) with real frequency ω is given by the analytic
continuation from discrete frequencies on the positive imaginary axis iωn′>0 → ω.

Use the identity:
∑

n
1

z−πT (2n+1)i
= β

2
tanh βz

2
, β ≡ 1/T .

3. Disorder-averaged Greens function in position-space representation.
a) Show that the Greens function of a free particle, Eq.(1), in position space (in three dimensions)

is given by

GR(ε,x,x′) ≡ 〈x|ĜR(ε)|x′〉 = − m

2πh̄2

eik|x−x′|

|x− x′|
, k =

√
2mε/h̄ (2)

b) We found that the disorder-averaged Greens function takes the form

〈GR(ε)〉 =
∑
p

|p〉〈p|
ε− p2/2m + iγ/2

, γ = 2πλ ν(ε)



(ignoring the real part of self-energy; see Lectures 11,12). Show that in position space this Greens
function can be written as

〈GR(ε,x,x′)〉 = GR
0 (ε,x,x′)e−|x−x′|/2`

where GR
0 (ε,x,x′) is the Greens function in the absence of disorder, Eq.(2), and ` = v/γ = p/mγ is

the mean free scattering path. Assume that scattering on disorder is weak: γ � ε/h̄, or λ � `.


