[Riemann Manifold|

Types: A smooth manifold M
Functions: g, :T,M? - R
Relations: Q

Properties: g, is the inner product on the tangent space of a point p
9p(X,Y) = gp(V, X)

gp(aX +Y,Z) =ag,(X,Z) + g,(Y, Z) .
M’s metric

tensor is now
positive definate

Any point on M ( 3 3 ) |Forest|
has a positive def- Flaucto i Man1folc!| Types: An undirected graph G = (V, E)
.. . Types: A smooth manifold M Punctions:
Inite metric tensor Punctions: g, : T, M2 SR Ru;w 10MS:
5 p:tp elations:

Properties: g, is the inner product on the tangent space of a point p

/ every point / Relations: Properties:  G’s connected component are trees, but G need not be connected

s S on M has a
[Smooth Manifold| non degenerate | gp(X,Y)=0VY — X =0 )
Types: A manifold M metric tensor
Functions:
Relations: A collec-
tion of trees

Properties:  Derivatives of arbitrary orders exist

( |Line GrapEl )
o ) . . Types: An undirected graph L(G) = (V*, E*), with underlying undirected graph G = (V, E) [Bipartite Graphl|
M is infigtiely Functions: f:E—-V”* . Edges represent [Tree] Types: A kepartite graph G = (V. E)
differenti Relations:  ~*={{x,y} e E*}| T vertces (and Types: A undirectd graph G = (V. B) Funct'wns:
Properties:  f maps edges in G to vertexes in L(G) visa versa) of Functions: Relations:
An unordered pair of vertices {v, vj*} € B iff their corresponding edges in G share an endpoint another graph, G Relations ) Properties:  Special case of k-partite graph for k =2
|Manifola| > < o . V1, Vo are disjoint sets partition G’s vertices
. Properties:  There are no cycles in G . .
Types: A topological space, M G is connected All e; € E can be written as {v;,v;} for some v; € V; and v;inVs
- S Functions: G has no odd cycles
|Compact Manifold| M is compact Relations: . G is 2-colorable
Types: A manifold M - as a space Properties: Vpe M,3uel(p):uzR" A special vertex o
Functions: Manifolds are not inherently metric or inner product spaces . . ’ S ’
Relations: is called the root /
elations: . each pointNocally .
Properties: X =Ugec @, then for F' ¢ C, F finite, X = Uger @ looks ik’ G can be prti-
: 5 . c tioned into
1 d { \ . . { \
euclidean spaxe |—|Rooted Tree G is acyclic [Hypercube Graph| exactly 2 sets
S Types: A tree G and connected Types: A regular, bipartite graph Q,, = (X, FE
Y g g
Functions: Functions: 7 3
. Relations: Relations:
Properties:  One vertex is designated as the root Properties: @, has 2" vertices and 2" 1n edges
/’\ |K-partite Graph|
_ The children Types: A graph G = (V,E)
|Euc11dean Space| _ _ of each node G is directed Functions:
Types:} A banach and hilbert space R are ordered |Undirected p— hl el omee
Funct.wns. Tupes: A graph G = (V, E) H is the graph Properties: Vi, Va, ..., V, are disjoint sets that partition G’s vertices
Relatzo@s: ) e £ S - pr t.' . S ’ of an n dimen- All e; € E can be written as {v;,v;} where v; € V;,v; € V; and i # j
Properties: A norm is defined as |z| = \/ (z,z) = \/ M52 |Ordered Treel |Arboresence and Antiarboresence G is directed Ru?ct -zons’. sional cube @ 5 Teeslomsils
d(z,y) =/ 2 (T —y;)? Types: A directed graph G = (V, E) Types: A rooted polytree, G = (V, F) etations: o ) .
Functions: Functions: Properties:  ~ is irreflexive and symmetric
Relations: Relations:
Endow with an Endo with | Properties:  The children of nodes in G are ordered ) | Properties:  Every node has a directed path away from or toward the root L i )
inner product L ) a nor ( [Regular Graph| ]
: ’ Types: A graph G = (V,E)
Functions:
There is a directed Relations:
path between Properties:  All v e V are connected to the same number of edges
any vertex - S - g V can be di- [ Multi )
I—hl | graphl
and the roote Hyper Grap - vided into k Types: A tuple G = (V, E)
Types: A tuple H = (V, E) pairs in FE re- independant sets Funetions: ’
Functions: main unordered All vert h o
I—l Relations: vertexes have Relations:
i | Pro ertie:g- E={ejliel,e; cV} the same number More than 1 Properties: E is a multiset
( |Banach SpacEl ) £ eents Bpmes - f |Polytree| ) P ’ L e f . of neighbors edge can exist More than one edge may connect the same two vertices
Types: An inner product space H : 1. is an index set for edges in H bet th L J
Types: A vector space V Functions: Types: A directed graph G = (V, E) S / etween the
Functions: o Functions: 3 same two nodes
Relations: Liclations: Relations: \
Properties:  for any Cauchy Sequence {x,},limy—co|zn — | =0 properties: érHSIi;Il(l;;?l};}:; Sd(;fli:IchL E}Sx”g;”ljmzz -z|=0 Properties: G's underlying undirected graph is a tree G is acyclic
S =4 nJfy T—> n = A\ 4 s N
: g and connected [Chordal Graph|
s 3 r S Types: A perfectly orderable graph G = (V, E
|Archimedian Local Field INonarchimedian Local Fie1d| \ . FZZ T~ P Y stap (V. E)
. - : A Tocal field K Types: A Tocal fiold & r g Clements in B may r S -
V is complete V is complete Types: 2 ypes: be any subset of V Relations:
as a space as a space Functions: Functions: Properties:  All induced cycles are of order 3
The manifold Relatwr‘w: ) Relatzons: ) A o of 4 G has a perfect elimination order
additionally has L Properties:  The sequence |n|,>; is unbounded ) | Properties: The sequence |n|,>1 is bounded ) Sl @it [Perfect Grapl i i mr;;;ecizseaoCho I?; \ )
- group structure ' [Simple Directed Graph| Types: A tuple G = (V, E) Chromatic nimber Types: A graph G = (X, FE) [Perfectly Orderable Graphs|
( [Normed Vector Space] ) [Inner Product Space| Types: A graph G = (V, FE) Functions: of everv induced Functions: w:Gr~n Types: A perfect graph G = (V, F)
Types: A metric and topological vector space V' Types:. A vect02r space V7 and field of scalars I Functions: - pairs in & Wluiionss = gl € V|| any e ajseeis veriices oa G sub };a h is el <—— (@ has a relation, < Functions:
Functions: ||V >R Functﬁwns: () Vi F Absolute Absolute Value i /7 Relations: — —={(z,y) eV xV |(z,y) € E} are ordered Properties:  Vis the set of vertices in G the sigze I;f the Relations: ’ Relations:  <={(x,y) e VxV |x <y}
Relations: Relations: Value is not a b SO 1clltil fa ue‘ls a endowed with Properties: - is irreflexive FE is made of two element subsets of V' Jareest clique Properties:  w(G) is the the size of the largest clique in G Properties: < is a total order
Properties: ||z >0 for z #0 and 2| =0iff z=0 Properties:  (z,y) = (y, z) bounded function ounded function [Graph Algebral o function to Vu,veVu»v 5 v-u ~ is the adjacency relation & d x(X) is the the chromatic number of G For any chordless path abed € G and a < b, then d ¢ ¢ edges represent . -
laz| = |of|z| (z,2) 20 ) Types: A directed graph D = (V, E) multiply vertices, - ~ is irreflexive and symmetric w(@) = x(@) : . comparable |Comparability Graph|
|z +y| < ] + |yl (z,z)=0iff z=0 PFunctions: -V - VU {0} elements in a poset Types: A perfect graph C' = (S, 1)
|| induces a metric on V : d(z,y) = | - y| Eaﬁ’w =) a_(x,y )+ (g, 2) p S el oy There exists a Functions:
- L TrRE AT W2 ) Local Field Provertios: [z wyeV,(z,y)eE L ) path between { ) Relations:  1={(w,y) €S |z <y}
Types: A topological Field K roperiies: T -Y: 0 o,y VU0, (z,y)¢E \ any two veritces Properties: S 1s the set of vertices
Punctions:  ||: K - Ryp 0¢V dered bai on the graph S is a poset under <
|Complete Metric Space] - - S Relations: ) \ % ierezE o 53 111;(83_ 1 is the edge relation
Types: A metric space M [Topological Vector Space] ‘ Bauinned it Properties: Yu,ve K, U, Ver:uel,veV,UnV =g fure of a group | (z,9),(y,2) e E = (z,2) € E
Functions: ) ) Types: A vector space V over a topological field K quipp if C ¢ 7 satisfies X = U,cc , then there exists F ¢ C, F finite X = Upep = L ) (1o - S
d with . f | onnecte raphl
Relations: equipped wi Functions: +:V2 >V a function ( , ) L )
.' a function | || Types: A graph G = (V. E)
Properties: VYFVYU:3AeF:Ax AcU,F converges dey) = | ” k X1V -V f |Cayley Graphl ) Functions:
> < r,y) =T - - V-V e
Y Y Relations: * ” Types: A directed graph T' =T'(G, S), S a generating set for group G Relations:
- T . Functions:  f:G - V(G) Each vertex has Properties:  There exists a path between any two v € V' in the graph
Properties:  k x V represents scalar multiplication by elements in a field K K is a field of Each edge has a unique label \ )
—-! and scalar multiplication are continuous g:5—>Cs 08
\ * + J Scalars fOI' 4 Has an absolute Relations.’ E(F) = {(g,gs) € G X G | Vg € G, Vs e S} a unique la‘bel
\ value function Properties:  f assigns each g € G to a vertex in T’
. . g assigns each s € S to a unique color
M is complete as a add a mean- |Topological Field| ] | The identity element generally is ignored, so the graph does not contain loops ) ( [Vertex Labeled Graph ) ( |S trict Totally Ordered Set| )
topological space 7 ) ingful origin T{ypes:- A ﬁ(321d K with topology 7 ‘ Types: A graph G = (V, E) Types: A poset P
Functions: + ‘I;Q_;I; (ayZ)Hme i/_ y ( [Edge Labeled Graph) ) Functions:  f:V - L . Functions: ~
i e R' ) Types: A graph G = (V,E) and set L Relatw@s: Relatqu: <= {(a:,y) E.P x P | x'<'y} ‘ ‘
Metric Space - S i K/{0} - K/{0} Punctions: f:E— L Properties:  f maps vertexes to a set of labels L Properties: < is irreflexive, transitive, asymmetric and trichotomous
|Am | — : — ) . ° \, J \ J
Types: A top2ological space M - ne Spac P — = ellitsiomss ) Relations:
e . es: set A and vector space Yo
Funct'zons. d:M* >R yp ‘ AR P Properties:  +,-,—71,~~! are continuous mappings s |Finite e Set| S | Properties:  f maps edges to a set of labels L )
Relations: Functions: Ax A > A:(a,v) »a+v \ all elements in P < becomes
Properties:  d(x,y) >0 Relations: gyp ei:. Aset ( ) are comparable irreflexive
— - -
d(z,y)=0<=z=y Properties:  A’s additive group acts freely and transitively on A . has in\verses RZI;zctiZo(;Z:
d(z,y) =d(y,x) Vo,we A, Vae A, (a+w)+u=a+(w+u) i the Set Propertics: 9] < & S is in bijec- [Uncountable Set|
r,z)Ldlx,y Y,z = L ), tion with a es: A set S edge labels are
dx,2) < d(@,y) +d(y, 2) Va,be A,Ive R:b=a+v 4 : : h Typ dge label
T o o subset of the Functions: comparable
| Vae A, A - A:v~ a+w is bijective ) natural numbers Relations:
. ) \ Properties: |S|> R - 5 - S
( Y [Strict Poset] [Totally Ordered Set|
Closed sets are Types: A poset P Types: A poset P
those who are th;e ] ) |Countab1e Set| . Z ( |Weighted Graphl ) Funct.z'ons: , Funct.ions:
common zeros o [Topological Ring| Types: A set S There is no in- Types: An edge labeled graph G = (V, E) and labels L Relatzons. <= {(x’ y) E'P |2 < y} . Relatw@s.
a subset f)f the Types: A ring R with topology 7 Functions: A jection from S Functions: | Properties: < is irreflexive, transitive, and asymmetric ) | Properties:  All elements are comparable under < )
.1ndeter1m man.tsl Functions: -:R? > R: Y)Y Relations: into the nat- Relations: ’
Closeness relation i a potynotnia +:R*>R:(D\y)»z+y Properties: |S| < Rg ural numbers Properties: L is an ordered set
. ring over the same l.RLR . )
> S ® is replaced by . + 4=
|Complete Uniform Space] distance fucntion d underlying field Relations:
Types: A uniform Space U ¢ Properties: - distributes over + - S . . 1. ’ .
Functions: > S +,-,— ! are continuous mappings [Infinite Countable Set| S 15 1m bijec- < is now irreflexive all elements in P
e S 2 Types: A set S tion with the = are comparable
Properties: VYFYU:3AeF: Ax AcU,F converges Functions: __— natural numbers
> < Relations: f ) r I— 3
Properties: |S| = Rg [Partially Ordered Space| Cireed [Posed
. . bitection i N .. - : Types: A poset P
. ijection into S has an injec- Types: A poset X endowed with topology .
U is complete as a L J tion into th Functions Functions: p: P >N
. 1on 1nto the : s ) 3 . - .
fopological space natural numbers Relations: <= {(z,y) € X x X|z <y} ﬁi(l)mz:g:s ; <{(x’:y)>E ]:x')ﬂf ‘ f ; -
[Uniform Space add a new opera- Properties: Vx,ye X,z fy:WU,Vcrzeld,yeV:utv,YVueld,Yve)V P ’ <y . p( )_p(y)+1
Types: A topological space U and entourages ® [Topological Space] tion + so (G, +) \ b, | T <y p(y) = p(x
Functions: Types: A set X and 7 ¢ p(X) is a group and
Relations: U ={(z,y)|z ~y y} Functions: (G,-) is a moniod P endowed
. . —— 3 Ph k
Properties:  ® is a nonempty collection of relations on S ——— (f”?ilatlof sin & Relations: |L1e Groupl with a topology funcjisoz ra(nx)
Uedand UcCVEXxX = Ved clne closeness Properties: X,@e€T \ Types: A topological group G that respects < » P
VUe®, IV ed Va,y,z2: VoV Cd:izrnyyyny 2 = xRy 2 T; €T = (e x; € T for finite I X has a group - S i Functions:
VU, IV ed Va,y:VoVed:iyny oz = xrpy zieT = Ujesa; €T structure with con- [Topological Group| =" jresmooth "1 Relations: ( [Preordered Set| ) [Partially Ordered Set| [ y
UVed — UnVed tinuous functions Types: A group G with topology T mapé, the under- Properties:  Vp e G,3U, = B,(p), for some r >0 Set, [Locally Finite Poset|
’ ; 9 : : 1 : : Types: A set P Types: A set P
Functions: -:G?> = QG lying topology is a -~ and x are smooth maps Types: a collection of objects equipped with Punctions: Punctions: any subset of Types: A poset P
3 ==l synooth manifold : jons: ’ <« <i i i ’ i jons:
le GG s ggi;i?:; :’ N0, %0 || a preorder, < Relations:  <={(z,y) e Px Plz <y} < Is antisymmetric Relations:  <={(z,y) e Px Plz <y} n]jaﬁaseﬁaﬁzeizs ggﬁ;ﬁ?&s
: o Properties:  All elements need not be comparable under < Properties:  All elements need not be comparable under < Y o ) .
Relations: Properties: < transitive and refloxive < transitive, reflexive and antisymmtberic Properties: Vw,y€ P,x <y:[x,y] has finitely many elements
Properties: -, —! are continuous mappings L - ) P has group = ’ : -
: S structure that
ts <
L ) reSpeets = each element
is the greatest
. lower bound of
Neighborhoods of ,fhls eqllni),ped mimkt’)erts ‘;)f‘S arte [Partially Ordered group the compact '
points must satisfy with a relation — sets but S is no Types: A poset and group G elements below it
stronger properties Functions: +:G% -G
=il
- ] G — G N J
o
l . < 0eqG A
. 5 Relations:  <={(z,y) e GxG|0< -z +y} any tzo ele-
[Convergent Space] Proper Class _ ) Properties: < respects + ments have an ) .
Types: A set S and filters on S, F P;OP;I: Classa ~olloction O of sots The set of ordinals [Cardinal > < upper bound [Algebraic Poset|
Functions: ypes: ’ Types: Ordinals K | Types: A poset P
Relations: Functions:  ¢(x) that cannot be put Punctions: > S Punctions:
clarions: = Relations: < bijection with UnCtons: [Upward (Downward) Linked Set]| unctions:
EEEIICE U QIR GISL T o < 1T COMEINEINeE 1 2 Properties: (x) is a membership function any lesser ordinal kit Types: A subset S of poset P Relations:
— is centered, isotone, and directed P ’ g s ot a set p Y Properties:  The cardinality « is the least ordinal, «, s.t. there is a bijection between S and « Functions: Properties:  each element is the least upper bound of the compact elements below it
N(@) =N{F e FIF > z} Relations:
Properties: Vax,yeS:3zePst. x<(2)zand y < (2)z

Each element any two elements

is either the set of P have an
upper bound

f Magma) ) of the elements
Types: A st M before it or 0
__—> Functions: -+ M 2o M <«
. . iOTIS: M is cancellitive 7 S
- is associative ﬁii‘;’::gz‘;‘ e B S ors @ 1 7 IOd—l| S [Upwards (Downwards) Centered Set|
: ) fu- rdina -
\ ) es: A linked subset S of poset P
7 - - / S Types: A collection of sets, X; IZZ]; s P
|Quotient Ring| i . . Functions:  x,+,X",5(n) Relations:
Tupes: A i Q [Quasigroup] Relations: > Properties: VZ ¢ P,Z has an upper (lower) bound € P
Functions: ( : ) - o _ L P : S pp )
_ |Sem1group| Types: A magma @ Properties: X ={0,1,2,..Xx_1}
Ilielatwt@s: ~Q= (z, y}:E € Rt deb| xd—' Y dG'I } . i el ( Im ) .,—~1 are contin- Types: A magma S of elements Functions: \:Q% - Q > is trichotomous, transitive, and wellfounded T
roperties: s constructed by dividing R with one of its ideals ; e .02 S 4
\ ) Types: A subgroup of elements I uous 1mappings Functions: /@7 > Q
Functions: S is endowed with / Relations: . 1r, 1 €@ any subset
Relations: ( I—gls emirin ) a new operation | Properties: - is associative ) Relatzm?s: . ' of P has an
| Properties: abel =—> a€lorbel ) Types: A sot R + such that - ’ ¢ | Properties: @ is a cancellative magma ) upper bound
Functions: - R?> > R distributes over +
+R2 > R @ has an iden- O has In iden-
Oc¢R tity element, 1 ity el s S
A ring formed If the prodyct of Relations: ’ tity element, 1 [Upward (Downward) Directed Set|
by the 'quotient igw}) ilffli lsf Properties:  + is a commutative monoid - S ~ I S ]i;’yp ei:. . LEIERCIYE
MMaximal id /‘ of a ring and S - is a monoid and distributes over + [Monoid] 0op Lnetons:
[Maximal ideall one of its ideals +, -1 - are \ / Tupes: A : S TUDes: A : Relations:
Types: A subgroup of elements, I - f incipal id ) ypes: semmgroup ypes: apesigeny ¢ Properties: < i d
: ) continuous [Principal ideall Functions: 1€S Functions: 1e.Q) roperties: < is a preorder
Funct.zons: N Types: A subgroup of elements, I Relations: Relations: Ve,ye P:3zs.t. z<(2)z and y < (2)2
Relatzor?s: Functions: " [P Grou ] Properties: 1 is the identity for - Properties: 1 is the identity for -
Properties: IcJ = I=JorJ= i D
| D : c = = ) Relatzor?s: . _ Types: A group G l-u=u-1l=u l-x=x-1=x
Properties: I is generated by a single element Functions: \ / \ /
. ' Relations:
I is not the propeér ) . n .
subset of any | Properties: VgeG:|g|=p",p priméyp e N )
other ideals of J I is generated from
m a single element |Torsion Free Group| T of any pair of
ea - any pair o
Types: A group G
Types: A subgroup of a ring, 'all elements . . pr tions: e elements have a elements have
. in S have an - 18 assoclative unclons: . : 1
Functions: . S Relations: unique greatest a unique least
: inverse in :
7 S I is a right and left / Relations: ) remaiesy W6 @hg Ll @ = 1maly 7 Froe Abelian Group) S lower bound upper bound
|Left (right) Ideal| idea of the same Properties:  The left and right ideals generated by a subgroup are equal all elements ( ? ) \ J Types: A group F
Types: A subgroup of a ring, I / underlying subset Vzel,VreR:rxe have order p" Functions:
Functions: / Relations:
I;iiai@:g:;' Veel,VreR:rx (ar)el f ) there are no add commuta- Properties:  F is generated by a set S
L P i ’ i J > . elements in G tivity relation The only relation on F is commutativity
/ \ |Sigma Algebra| of finite order / > 2
Types: A subset X, of p(X), X a set | | Im
A sullosetdof tge Functions:  n,u,\ — |Group| Types: A group F [ 29 [ 29
ring closed under — . .
1 fg ioht) ri Relatw@s. [Abe 1a'n roup) Typ es: ALEH G Funct-zons: Types: A poset P Types: A poset P
eft (right) ring ATpEeE 2L EX Types: A group G Functions: -:G* > G There are no fur- — |  Relations: Functions: Functions:
multiplication i Functions: = =l ) e : . T .
P (R,+) be L 70 @llozdl wier COmE]D eeiens ) Relations: - is commutative G~ G ther relations on G Properties:  F is generated by & set S ' Relations: <={(xz,y) e Px P |z <y} Relations: <={(x,y) e PxP |z <y}
A subset of the ; - : leG@ There are no relations on Fg (beyond group axioms) Properties: Vxz,yeS,Icic<z,c<y Properties: Vx,ye P,3c:x<c,y<c
; comes a group Froperties: - 1s commutative Relati s \ y, ] ‘ 5 )
- 5 ring closed under _ elations: ) o c is the unique greatest lower c is the unique least upper
ring multiplication A ring under Properties: - is associative 7 m— - — — m— - —
symmetric 1 is the identity for - |Meet Semilattice: Algebraic Ed1t10n| |Jom Semilattice: Algebraic Edltlonl
difference as + and —~1 is the inverse map for - G has a fi- Types: A poset P Types: A poset P
4,71, =t set intersection as - nite number Functions: A:P? - P Functions: v:P? - P
: T are continu- \ / of elements Relations: Relations:
|Noncommutat1vg Ring us mappings / G has no nor- Properties: A is associative, commutative, and id Properties: v is associative, commutative, and id
Types: A ring R ( ) mal subgroups L L
Functions: 7 S
Relations: - S
Properties: - need not be commutative
~ S I—gl - S L ) any pair of
[Artinian Ring| Boolcagtiin — [Simple Group)] elements have
_ Types: A commutative ring R i
Types: A ring R |Commutative Ringl All clomets are Punctions: Types: A group G a unique least
gqé?ai?oo%% ;’yp e:;:. A Ting R «— idempotent with | Relations: gﬁ;ﬁ;ﬁﬁ: (i has a]fl' m ) . upper bound
: \ unctions: . 2 : nite number 5 :
. . respect to -, + Properties: VreR:x*=z . Types: A group G Permutation Grou
| Properties:  For any Iy 217 2... 2 Ij, there is some k >0 s.t. I = [x41 ) Relatiom: | . P ) D Vs | Propertiest N< G== N={1} or G ) of generators Pnetames l Teo: A grmf;l) P,
Properties: - is commutative Relations: Punctions:
. c . Properties: |G| =n,neN Relations:
Properties: P, <.S,
- need not be L ) G is closed under : ’ JPn contains only
commutative { ) multiplication by even permutations
f |—|Semimodule a ring of scalars = A bset
( ; : ) initely Generated Group (o ) \ / proper subse
|Noether1an RlngJ Types: A set M l Types: A growp G | |F1n1tely Presente(.i Group| \\ G is the group of the Finite
Types:' A ring R Functions: +: M? = M Functions: G has fi- Types:. A finitely generated group G of all bijective Symmetric Group
gu?czwnsf s | y - RxM - M Relations: < nite relators g u?ctt.zons': functions from [Alternating Group|
clations: . Ideals in R satisfy ( Relations: Properties: G is of the form (S|R), S a generating set, R relators clations: the set to itself Types: A permutation group A,
Properties:  For any Iy € Iy € ... € I, there is some k >0 s.t. I = Iy the descending Properties:  + is associative and commutative ' ’ Properties:  |R|=n,neN ( ) Functions:
L J chain condition (M, +) is an commutative monoid 1S =n,neN : 8 [Fintie Symmteric Group| unevions:
. . A e . Types: A finite group S, Relatzo@s.
- is additionally R x M is scalar multiplication by elements i - Properties: Ay ={o|lo €S, Ao even }
; e . . o Functions: L )
commutative Scalar multiplication is associative and digtributes over additi Relati
\ ) elations:
Ideals in R satisfy T L J | Properties:  Sp = {o]o : X - X is bijective } )
the acending - Misa T |
chain condition in abelian gro .No IlOIl.tI"IV—
Types: Aset R 5 . ial partitions
( ) Functions: -1 R?> >R [Artinian Module| G has one are preserved
- +:R? >R Types: A module M F 3 generator
ere are no = ¢ S > S
: : — R-R Functions: |Primitive Group|
zero divsors in R 0cR Al ens _
. . . . Types: A permutation group G that acts on a set X
m Relations: Properties:  For any chain of submodules Sy 2 57 2 ... 2 Sy, there is some k > 0 s.t. Si = Ski1 Functions:
omal Properties: (R, +) is an abelian : g f ) S
; D Relations:
Types: A ring R . . T )
L . 2 - is a monoid and digtributes over + R is a ring of M S?‘tISﬁeS . Properties: G preserves only trivial partitions
/__) Functions: scalars for an decending chain \ J S is also a join S is also a meet
Relations: condition on ilatti ilatti
) - o ~ B ~ abelian group M |Module| _ semilattice semilattice
- is commutative Properties:  Va,be R,ab=0 = a=0o0rb=0 \ submodules Tipes: A sot M [Cyclic Group| ' and obeys ab- and obeys ab-
; - Functions: +:M?* - M ; . Types:. A group G with element a ; . sorption law sorption law
[Noetherian Module] % MM [Cyclically Ordered Group| FPunctions: G has a chain of [Polycyclic Group| s functions L'has a re-
Types: A module M SAUISes™ RxM—~ R Types: A group C Add a rela- Relatw@s: . cyclic subgroup Types: A group P with subgroups H; distrib stricted asso-
Functions: accend.lr'lg chain Relations: Functions: tion, [ , , ] Properties: G can be generated from a and a set of relations R whose quotients Functions: istribute over ciative property
) ’ ) ’ Relations: — cori)dltlc;lnlon Properties:  + is associative and commutative Relations: [, , ]={(a,b,c) e CxC xC|[ayh,c]} - G is necessarily commutative are also cyclic Relations: cach other
Properties:  For any chain of submodules Sy € 57 € ... € Sy, there is some k > 0 s.t. Sk = Sk+1 submoduies (M, +) 1 5 & alpeliom group . . Properties:  [a,b,c] is cyclic, asymmetric, Properties: P is necessarily finitely presented . L is addition
[ Hnteeral Domai ) All submodules of M are finitely generated Rx M is scalar multiplication by elements in a ring transitive and total . ) _ . {Hi}ieq12, m-1y : Hi/ His s cyclic .
A T £ ; x gl R \ 2 Scalar multiplication is associative and distributes over addition . All finitely gen G is a subgroup in . = v 2 . ally algebraic
ypes: omain erated subgroups another group V and atomic
Functions: of G are cyclic
Relations:
| Properties: - is additionally commutative ) Ms ring is differ- n<?2 Add a functon, —
ential operators |Heyting Algebra|
Types: A distributive lattice H
L ) . (Ro: : ) . < Functions: —>: H?> - H
|Locally Cyclic Group |V711rtua'lly Cyc:c Srot‘l/pl T suberoun H |Metacyclic Group| Relations:
Types: A group L Ring addition is szzec;ony GOl I g e Types: A group G Properties: (cna)<b<c<(a— D)
All elements Functions: the symmetric Relations ) Functions: Monoid (H,-,1) has operation - = A
can be factored Relations: ifFerence and o ertie:s" I <V H is ovelic Relations: If a covers the ) N
into the product b Properties: VH < L, if H is finitely generated, it is cyclic ; ¢ multiplica- P ’ Ve B IiI, Properties: n <2 greatest lower L is addl‘tlonally
of a unit and . M os 1o M is generated ( ] ; tion is greatest \ 7= S e ) > ‘ bound of @ and algebraic and
prime elements s |—|D e 3 zero divisors from a finite set e %) e ) o b, then b is semimodular
\ a - =a
Types: A module M[X] covered by the
Functions:  Op,: M - M bgrezzltesft lowe; \
S ound of a an . .
Relations: o . [Finitely Generated Module| L is additionally
Properties: X ={x1,%3,...,2,} where z; is an indeterminant - : S Types: A module M H’s underlying semimodular
Og, is in the ring of scalar multiplication N Functions: lattice is complete and atomic
Og, satisfies the Leibniz product rule S (\ , . - S
L ) Relatzom. ' M.s generating |Simple\Mo dule|
r ‘ Properties: M has a finite number of generators set is one element Tipes: A module M
|Unique Factorization Domainl . . ypes: moduie . ¢
Types: An integral domain R [Torsion Free Module] [Cyclic Module| M has no proper —  Functions: [Complete Heyting Algebral
Functions: Types: A module M Types: A finitely generated module M Relatzops. Types: A heyting algebra H
2 Y v 8 submodules 2 yUng a‘g
5 ellittomes Functions: Functions: < | Properties:  The only~submodules of M are 0 and M ) Functions: L only must satisfy
i Properties:  All ideals are finitely generated Relations: L ) Relations: Relations: th'e Modular‘law
All irreducible elements are prime Properties: ImeM,r,m+0:7-m=0 Properties: M is generated from a single element Properties:  H is complete as a lattic in the spec1lal
l Ve e R,x # 0,z =upips...pn for u unit, p; prime h ’ . case b = a All non zero ele-
ments are either
atoms or compa-
rable to atoms
All ideals are
principal
—= -z VY L has an element each are the great-
~ S 1 and a function - est lower bound
[Principal Ideal Domain| such that (L,-,1) of the compact
Types: A unique factorization domain R is a monoid elements below it
Functions:
N Relations:
Properties:  All ideals are principal
| Any two elements have a greatet common divisor ) ( |Relational Algebr. al
M has no re- Types: A commutative algebra, ( 1
lators beyind Functions: v:R?>-> R
module axioms A:R?> >R
-:R-R
Relations:
Properties:
R can be en- :
dowed with a eu-
clidean algorithm
> < a is the least upper
. . |Lie Algebr5| ( bound for the
[Euclidean Doma1F1| - . ( [Exponential Fieya| ) TypeS{ A nogassomatlve Algebra g ‘ set of elements
Types: A principal idea domain R Functions:  []:9° > g way below a
: Types: A field K .
Functions:  f;: R~ {0} - R . " x Relations:
. Functions: &) K™ > K .
Relations: Relations: Properties: Vz,yeg:[z,y]=-[y,x] . .
Properties:  f; is the euclidean (gcf) algorithim o . . Va,y,z€g: [z, [y, 2]] + [y[z,2]] + [z, [z,y]] =0 [Polynomial Algebral
. Properties: is a homomorphism - S ;
R may have many f; or just one \ J Differential Field| > S Va,y,z €g:[ax +by,z] =a[z, 2] + by, 2] and [z, ay + bz] = a[z,y] + b[z, 2] Types: A commutative Algebra A[X | r
S - ' |Fr Mod lél = jOnS:
. / Types: A polynomial field K ee _0 u — L [2,2] =0 ) Funct'wns. Le A[X] every subset in
The euclidean Functions: 6 : K — K Types: A projective module M Relations: I has a loast
algorithm is one there exists a Relations o Functions: Properties: X ={z1,%2,...x,} where z; is an indeterminate, n > 1 [Boolean Algebral L has a greatest woper bound
for all values homomorphism Prope rtz'e'S' Finitely many 9 exist over K Relations: . ‘ Types: A complemented, distributive lattice and algebr: All elements lower bound and I()ip tost
in the field from the addivitive K has finitely P ’ 5 satis?,ﬁes th}; Lleibniz product rule Properties: M has no further relations beyond module axioms Functions: -:B—> B have relative least upper bound aﬁ)wgrgggine c?
to multiplica‘_ * o 9 + M haS a baSiS @D : B2 - B L Satisﬁes aV al A
tive groups many dera'— | 0; is a homomorphism of K ) L J eqippued with > |F1e —— a| S A has an alphabet Relations: = e for g <( . complements
vations on it a function [ , ] X1 gebr _ of indeterminates Properties: VxeB,z?=x -
Types: A nonasscoative Algebra A ’ . "y .
S - is negation (complementation
7 S Functions: gation (compl tation)
/ Relations: o @ y=(zvy)A —|(a: & y) - L additionally
z(yx) = (zy)z Properties: Vz,ye A:x(yz) = (zy)z @ is algebra addition, A is algebra multiplication satisfies (x A y')’ =
/ : g All elements "o
. . yv (2’ ry')
are idempotent
[Field| ( [Power Associative Algebral )
Types: A ring K Types: A nonassociative Algebra A [Commutative Algebral
Functions: +:K? > K . Functions: ~ Types: An algebra A
[Characteristic Zero Field| The multiplica- x:K? > K Indeterminates Relations: w(x(zx)) = - ( - ) Functions:
A 2 in M are basis : (zz)(zz) = [Nonassocative Algebral [Alternative Algebral :
Types: A field K tive identity -1 K-> K Properties: Vz,ye A:z(x(xzx)) = (xz)(zx) = (z(xz))x - Relations:
) ¥ vectors for V . J (z(zz))z Types: An algebra A Types: A nonassocative Algebra A : . .
Functions: cannot be added - K/{0} > K/{0} 2 I _ - Properties: - is commutative
: —— . —_—> Functions: zx(y) = x(zy) ——— |  Functions:
Relations: finitely many 0,1e K Relations: Relations: A eqipped with
Properties: IneN:1+1+..+1=0 times tog et the Relations: Pro ertie:S' B el ot e sessia e Pro ertz'e:S' Va,y e A: zx(y) = 2(zy) finitely many
— additive identity Properties:  +, x both associate and commute i ’ L P ) i ) v = y ) derivations L itself can act for each element
x distributes over + as the interval in L, there is a
0 is the identity for + and 1 is the identity for x K acts as scalars second element
equipped with a (K,+) and (K, x) are groups over a free module L ) . - Complements in L such that
partial order, < L ) . is commutative |Differential Algebra| are unique glb and the lup
- need nqt be Types: A commutative algebra A are the maxium
. < > ‘ assocative Functions: 0;: A— A and minimum
|Ordered F1e1d| Relations: element of L
Types: A characteristic zero field K . ¢ . Properties:  There are finitely many 0; over A
Functions: L ) (2y)(zz) - All 9; satisfy the Leibniz product rule
Relations: < ( y( ( ))_ 0; is a homomorphism of A*
Properties: < respects + and x |Vector Spacel Tyre > £
K is necessarily infinite Types: A set V over a field K ( |Jordan Mgebral )
\ 2 The multiplica- Functions: +:V? >V A iative algebra A ( )
tive i . Extension such 1. nonassociative algebra
. . ive identity hat 1 ial - VoV Fungtions:
can be added that a polymonia KxV >V Rglations:
finitely many canbe decompased OeV ties: v A (2y) (o) = (z(y(zz))
; : roperties: Va,yeA: (zy)(zz) = (z(y(zz
times tog et the into liner factors Relations: \ Y y y r ‘
additive identity Properties:  + is associative and commutative |Zer0 Algebrz-il
|Characteristic Nonzero Fieldl K xV is scalar multiplication by K Types{ An algebra A
Types: A field K (V,+) is a group [Algebra Over a Field| Functions:
Functions: f |Sp1itting Fie1d| ) Types: A set of elements A, with underlying field K Relations: n
o 3o . A2 Properties:  Yu,v € =0
Relatzoqs. Types: A field K', along with field K, polynomial ring K[X] . ) Functions:  -: A e A the product of all e Aui7svinhe7rZ:1}tl associative and commutative
Properties: IneN:1+1+..+1=0 Functions: }'{: AA—’ :44 elements in Ais 0 Y v v )
n Relations: XAz
Properties: K’ is a algebraic extension of K Relations: ) o )
K’ of some = € K[X] is the smallest extension so that z can be decomposed into linear factors Properties:  + is associative and EoMMIDIEEILeE _
\ / - is not assumed commutative or associ
equipped with a L ) A man from a - distributes over + - is associative
partial order, < p o K x A represents scalar multiplieation
- g to a unital (A,+,K) is a vector space
All polynomials assocative algebra B p
can be decompased - need not be
into linear factors commutative
{ ?? N\
[ [Finite Field ) ( |Algebraically Closed Fie1d| ) _ L ) _ T ypes: An associative algebra and locally finite poset, A
— — [Noncommutative Algebral [Associative Algebr Functions: 6:A— A
Types: A characteristic nonzero field K Types: A field K and a polynomial ring K[X] Times: An alechra A Times: An alocbra A A made up of v A2 5 A
Functions: Functions: pr t" ) & pr t" ) 2 functions that Relations: '
Relations: Relations: netions: nesons: assign subinte- crations:
. . . . . Relations: Relations: Properties:  * is algebra multiplication
Properties: K has a finite number of elements Properties:  All polynomials z € K[X ] can be decomposed as the product of linear factors . . . . . . . vals to scalars
. n . - . . . Properties: - in A is need not be commutative Properties: - is associative Any a € A behaves such that [b,c] — a(b,c)
The order of some k € K is p™ for some p prime, n € N Equivalently, there is no proper algebraic extension of K - S A has an alphabet The idenitit . S
L ) L ) I—alFr e Algebr of indeterminates e 1denitity a(b,c) is taken from a commutative ring of scalars
Types: noncommutative algebra A[X] for - is in A § is the identity function
Functions: /1€ A[X] The symmetric
Relations; algebra is a free
Properties: X ={x1,%2,...,2,},2; is an indeterminate unital commu-
\ 1 is the empty word ) - g tative algebra ) : ) ) —7 ’
|Unital Algebra| Members of A are
Types: An algebra A linear opertors
Functions: 1€ A . c - '
T(V) is the free Relations: |Operator Algebral 'A equipped
algebra over a Properties: 1 is the identity for - Types: An associative Algebra A with a norm, ||
vector space < the ¢ : ‘ Functions: o0:A? - A
- is the ten- :
Relations:
sor product Properties: a € A are continuous linear operators over a topological vector space
o is operator composition (and algebra multiplication) > 5
( [Tensor Algebral ) - ’ [Banach Algebral _
Types: A noncommutative Algebra T' Typ il An associative algebra A
FPunctions: @:T? T Functions: |[[|: A—>R
®: T2 >T Relations:
Relations: Properties:  Vx,ye A:|lzy| <|lz||yll
A is also a Banach space

Properties: T is defined over any vector space V'
TRV =V @1 V.0,V
T(V)=CeVe(VeV)a(VeVeV)®...
TV o T'V = TV
T(V') is the most general algebra over V

A is a quoient A is a quoient

algebra of T'(V) algebra of T'(V)
( [Universal Enveloping Algebral ) \/ is a quoient [Exterior Algebral _
Types: A unital associative Algebra U(g) of a Lie Group g algebra of T(V) Types: A nopassociative algebra A(V) of a vector space V
Funct%ons- Functions:
Relations A Relations:
Properties: T is the ideal generated from 2 ® y -y ® z - [z,y]Vx,y € T(g) Properti€s: f\(lifghf ;’(t?;/g;nerated from w®v+v®w,Vw,veV
L Uls) = 29)/T ) Division by the anticommutator makes V(V') anticommutative
\ U(g)’s un-
derlying Lie
Algebra is abelian
( |Symmetric Algebra| )
Types: An associative, commutative algebra \/ (V') of a vector space V'
Functions: 1€\ (V)
Relations:

Properties: T is the ideal generated from w® v —v @ w, Yw,v eV
vV(V)=T(V)/T
Division by the commutator makes V(V) commutative
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2 ALGEBRA:COMMUTATIVE ALGEBRAS

SECTION 1
ALGEBRA: BASIC

Algebra Over a Field

Types: A set of elements A, with underlying field K
Functions: -: A2 A

+: A2 - A

K x A - A
Relations:

Properties:  + is associative and commutative
- is not assumed commutative or associative
- distributes over +
x by k € K represents scalar multiplication
(A, +, K) is a vector space not assumed commutative or associative
- distributes over +

SECTION 2

ALGEBRA:COMMUTATIVE ALGEBRAS

Commutative Algebra

Types: An algebra A
Functions:

Relations:

Properties: - is commutative

Differential Algebra

Types: A commutative algebra A
Functions: 0;: A— A
Relations:

Properties:  There are finitely many 0; over A
All 9; satisfy the Leibniz product rule
0; is a homomorphism of A*



3 ALGEBRA: ASSOCIATIVE ALGEBRA

Polynomial Algebra

Types: A commutative Algebra A[X ]
Functions: 1€ A[X]
Relations:

Properties: X ={x1,x9,...x,} where z; is an indeterminate, n > 1

Heyting Algebra

Types: A distributive lattice H
Functions: —:H? > H
Relations:

Properties:  (cna)<b<c<(a—b)
Monoid (H,-,1) has operation - = A

Boolean Algebra

Types: A complemented, distributive lattice and algebra B
Functions: -:B - B

D 32 - B
Relations:

Properties: VreB,z?=x
- is negation (complementation)
zoy=(zvy)A-(zry)
@ is algebra addition, A is algebra multiplication

Relational Algebra

Types: A commutative algebra R
Functions: Vv:R?>-> R
A R2S R
-:R->R
Relations:
Properties:

SECTION 3

ALGEBRA: ASSOCIATIVE ALGEBRA



4 ALGEBRA: NONCOMMUTATIVE ALGEBRA

Associative Algebra

Types: An Algebra A
Functions:
Relations:
Properties: - is associative

Banach Algebra

Types: An associative algebra A
Functions: ||||: A—-R
Relations:

Properties:  Va,ye A:|lay| < |||yl
A is also a Banach space

An associative algebra and locally finite poset, A §: A - A
x: A% > A % is algebra multiplication
Any a € A behaves such that [b,c] — a(b,c)
a(b, c) is taken from a commutative ring of scalars
¢ is the identity function

Operator Algebra

Types: An associative Algebra A
Functions: o0:A%2—> A
Relations:

Properties: a € A are continuous linear operators over a topological vector space
o is operator composition (and algebra multiplication)

SECTION 4
ALGEBRA: NONCOMMUTATIVE ALGEBRA

Noncommutative Algebra

Types: An algebra A

Functions:

Relations:

Properties: - in A is need not be commutative



4 ALGEBRA: NONCOMMUTATIVE ALGEBRA

Free Algebra

Types: A noncommutative algebra A[X]
Functions: 1€ A[X]
Relations:

Properties: X ={x1,x9,...,x,} where x; is an indeterminate from an alphabet
1 is the empty word

Tensor Algebra

Types: A noncommutative Algebra T
Functions: @:T%2—>T

®:T?>T
Relations:

Properties: T is defined over any vector space V'
TRV =V & V®y...0pV
T(V)=CeVeae(VeV)e(VeVelV)e...
TV @ T'V = TV
T (V) is the most general algebra over V

Universal Enveloping Algebra

Types: A unital associative Algebra U(g) of a Lie Group g

Functions:

Relations:

Properties: T is the ideal generated from z ® y —y ® z — [z, y]Vz,y € T(g)
U(g) =®9)/T

Symmetric Algebra

Types: An associative, commutative algebra \V (V') of a vector space V
Functions: 1eV(V)
Relations:

Properties: T is the ideal generated from w® v —v @ w, Vw,v e V
V(V)=T(V)/T

Division by the commutator makes (V) commutative

Exterior Algebra

Types: A nonassociative algebra A(V') of a vector space V
Functions:
Relations:
Properties: T is the ideal generated from w® v +v @ w, Vw,v e V
A(V) =T(V)/T
Division by the anticommutator makes V (V') anticommutative



5 ALGEBRA: NONASSOCIATIVE ALGEBRA

SECTION 5
ALGEBRA: NONASSOCIATIVE ALGEBRA

Nonassocative Algebra

Types: An algebra A

Functions:

Relations:

Properties: - is need not be associative

Jordan Algebra
Types: A nonassociative algebra A
Functions:

Relations:
Properties: Va,ye A: (xy)(zx) = (z(y(az))

Power Associative Algebra
Types: A nonassocative Algebra A
Functions:

Relations:
Properties: Vx,ye A:xz(x(xx)) = (zx)(zx) = (x(z2))x

Flexible Algebra
Types: A nonassociative Algebra A
Functions:
Relations:
Properties: Vx,ye A:xz(yx) = (zy)z

Alternative Algebra
Types: A nonassociative Algebra A
Functions:
Relations:
Properties: Vx,ye A:zx(y) = z(xy)




6 ALGEBRA: NOT FURTHER CATEGORIZED

Lie Algebra

Types: A nonassociative Algebra g
Functions: []:9°> - g
Relations:
Properties: Vx,yeg:|[z,y]=-[y,x]
Va2 € g+ [, [, 2] + [yl 2] + [ [, 5] = 0
Va,y,z€g9: [a:c +by,z]=a x,z] +b[y, z] and [z, ay + bz] = a[z,y] + b[z, 2]

[z,2] =0

SECTION 6

ALGEBRA: NOT FURTHER CATEGORIZED

Zero Algebra
Types: An algebra A
Functions:
Relations:
Properties: Yu,ve Auv=0
A is inherently associative and commutative

Unital Algebra

Types: An algebra A
Functions: 1€ A
Relations:

Properties: 1 is the identity for -



8 FIELDS: TOPOLOGICAL + RELATED

SECTION 7
FIELDS: BASIC
Field
Types: A ring K
Functions: +:K?>->K
x: K25 K
K- K
- K[{0} - K/{0}
0,1e K
Relations:

Properties: 4, x both associate and commute
x distributes over +
0 is the identity for + and 1 is the identity for x
(K,+) and (K, x) are groups

SECTION 8

FIELDS: TOPOLOGICAL + RELATED

Topological Field

Types: A topological ring F'

Functions: - R*>—> R:(z,y)~z-y
+ZR2—>RZ(JZ’y)l—)x+y
-1"R-R

= F/{0} > F/{0}
Relations:
Properties:  +,-, —;17 —;1 are continuous mappings

Local Field

Types: A topological Field K
Functions:  ||: K - Ry
Relations:

Properties: VYu,ve K,U,VeT:uecld,veV,UNV =07
if C' ¢ 7 satisfies X = Ugec @, then there exists F' € C, F finite X = Ugerp x



9 FIELDS: CHARACTERISTICS

SECTION 9

Archimedian Local Field

Types: A local field K
Functions:

Relations:
Properties:  The sequence |n|,»1 is unbounded

Nonarchimedian Local Field

Types: A local field K
Functions:

Relations:
Properties:  The sequence |n|,s1 is bounded

FieLDS: CHARACTERISTICS

Characteristic Zero Field

Types: A field K

Functions:

Relations:

Properties: IneN:1+1+..+1=0
- -

n

Ordered Field
Types: A characteristic zero field K
Functions:
Relations: <
Properties: < respects + and x
K is necessarily infinite

Characteristic Nonzero Field

Types: A field K

Functions:

Relations:

Properties: IneN:1+1+..+1=0
—_—

n



10 FIELDS: NOT FURTHER CATEGORIZED

Finite Field
Types: A characteristic nonzero field K
Functions:
Relations:
Properties: K has a finite number of elements
The order of some k € K is p™ for some p prime, n € N

SECTION 10

FIELDS: NOT FURTHER CATEGORIZED

Vector Space

Types: A set V over a field K
Functions: +:V?->V
vV
KxV -V
OeV
Relations:

Properties:  + is associative and commutative
K xV is scalar multiplication by K
(V,+) is a group

Exponential Field

Types: A field K
Punctions: ®:K* - K~
Relations:

Properties:  ® is a homomorphism

Differential Field

Types: A polynomial field K
Functions: 0;: K - K
Relations:

Properties:  Finitely many 0; exist over K
0; satisfies the Leibniz product rule
0; is a homomorphism of K*

10



12 GRAPHS: BASIC

SECTION 11

FIELDS: ALGEBRAIC

Splitting Field

Types: A polynomial field K
Functions:

Relations:
Properties: K is extended so that some polynomial (or set of polynomials) k € K can

be written as the product n linear factors, where n is the degree of the polynomial

Algebraically Closed Field

Types: A field K and a polynomial ring K[X]
Functions:
Relations:
Properties:  All polynomials x € K[X] can be decomposed as the product of linear factors
Equivalently, there is no proper algebraic extension of K
SECTION 12

GRAPHS: BAsIC

Simple Graph
Types: A tuple G = (V,E), V, E are sets
Functions:
Relations: FE
Properties: E is composed of unordred pairs of V'
FE is irreflexive and symmetric

11



13 GRAPHS: UNDIRECTED GRAPHS

SECTION 13
GRAPHS: UNDIRECTED GRAPHS
Undirected graph
Types: A graph G = (V, E)
Functions:
Relations:
Properties:  ~ is irreflexive and symmetric
Tree
Types: A undirectd graph G = (V, E)
Functions:
Relations:
Properties:  There are no cycles in G
G is connected
Forest
Types: An undirected graph G = (V, F)
Functions:
Relations:

Properties:  G’s connected component are trees, but G need not be connected

Rooted Tree
Types: A tree G
Functions:
Relations:
Properties:  One vertex is designated as the root

Line Graph
Types: An undirected graph L(G) = (V*, E*), with underlying undirected graph G = (V, E)
Functions: f:E -V~
Relations: — ~*={{x,y} € E*}|
Properties:  f maps edges in G to vertexes in L(G)

An unordered pair of vertices {v,v}} € E* iff their corresponding edges in G share an endpoi

*
avj

12



14 GRAPHS: DIRECTED GRAPHS

SECTION 14
GRAPHS: DIRECTED GRAPHS
Simple Directed Graph
Types: A graph G = (V,E)
Functions:
Relations: — —={(z,y) eV xV |(z,y) € E}
Properties: - is irreflexive
Vu,veViu—-v+v-u
Polytree
Types: A directed graph G = (V, E)
Functions:
Relations:

Properties:  G’s underlying undirected graph is a tree

Ordered Tree
Types: A directed graph G = (V, E)
Functions:

Relations:
Properties:  The children of nodes in G are ordered

Arboresence and Antiarboresence
Types: A rooted polytree, G = (V, E)
Functions:

Relations:
Properties:  Every node has a directed path away from or toward the root

Cayley Graph

Types: A directed graph I' =T'(G, 5), S a generating set for group G
Functions: f:G - V(G)
g:8->Cs

Relations:  E(T)={(g,9s) e GxG|VgeG,VseS}
Properties:  f assigns each g € G to a vertex in I'
g assigns each s € S to a unique color
The identity element generally is ignored, so the graph does not contain loops

13



15 GRAPHS: K-PARTITE GRAPHS

Graph Algebra

Types:
Functions: -: V% -V {0}
Relations:

: z zyeV,(z,y)eE
Properties: x-y:
0 zyeVU{O} (z,y) ¢ E
0¢V

SECTION 15
GRAPHS: K-PARTITE GRAPHS

K-partite Graph
Types: A graph G = (V,E)
Functions:
Relations:
Properties:

V1, Va, ..., V, are disjoint sets that partition G’s vertices
All e; € E can be written as {v;,v;} where v; € V;,v; € Vj and ¢ # j
G is k-colorable

Bipartite Graph

Types: A k-partite graph G = (V, E)

Functions:

Relations:

Properties:  Special case of k-partite graph for k =2
V1, V4 are disjoint sets partition G’s vertices
All e; € E can be written as {v;,v;} for some v; € V; and vjinVs
G has no odd cycles
G is 2-colorable

Hypercube Graph
Types: A regular, bipartite graph @, = (X, E)
Functions:

Relations:
Properties: @, has 2" vertices and 2" 'n edges

14



16 GRAPHS: PERFECT GRAPH

SECTION 16

GRAPHS: PERFECT GRAPH

Perfect Graph

Types: A graph G = (X, E)
Functions: w:GreHn

x:Grn
Relations:

Properties:  w(G) is the the size of the largest clique in G
X(X) is the the chromatic number of G
w(G) = x(G)

Perfectly Orderable Graphs
Types: A perfect graph G = (V, E)
Functions:
Relations:  <={(z,y) e VxV |z <y}
Properties: < is a total order
For any chordless path abed € G and a < b, then d £ ¢

Chordal Graph
Types: A perfectly orderable graph G = (V, F)
Functions:
Relations:
Properties:  All induced cycles are of order 3
G has a perfect elimination order

Comparability Graph
Types: A perfect graph C = (S, 1)
Functions:
Relations:  1={(z,y) eS|z <y}
Properties: S is the set of vertices
S is a poset under <
1 is the edge relation
(z,9),(y,2) e E = (x,2) € E

15



17 GRAPHS: NOT FURTHER CATEGORIZED

SECTION 17
GRAPHS: NOT FURTHER CATEGORIZED

Hyper Graph
Types: A tuple H = (V,E)
Functions:
Relations:
Properties: E={ejliel.,e;cV}
I, is an index set for edges in H

Connected Graph
Types: A graph G = (V,E)
Functions:
Relations:
Properties:

There exists a path between any two v € V' in the graph

Multigraph
Types:
Functions:

Relations:
Properties: E is a multiset
More than one edge may connect the same two vertices

Vertex Labeled Graph

Types: A graph G = (V, E)
Functions:  f:V > L
Relations:

Properties:  f maps vertexes to a set of labels L

Edge Labeled Graph

Types: A graph G = (V,FE) and set L
Functions: f:E—L
Relations:

Properties:  f maps edges to a set of labels L

16



18 GROUPS: PRELIMS

Weighted Graph
Types: An edge labeled graph G = (V, E) and labels L
Functions:
Relations:
Properties: L is an ordered set

Regular Graph
Types: A graph G = (V,E)
Functions:

Relations:
Properties:  All v e V are connected to the same number of edges

SECTION 18

GROUPS: PRELIMS

Magma
Types: A set M of elements
Punctions: -+ M? - M
Relations:

Properties: VYu,veM:u-veM

Semigroup
Types: A magma S of elements
Functions:
Relations:
Properties: - is associative

Monoid
Types: A semigroup S
Functions: 1€ S
Relations:
Properties: 1 is the identity for -
l-u=u-1=u

17



19 GROUPS: RANDOM/UNCATAGORIZED

Quasigroup
Types: A magma Q
Functions:  \:Q? > Q
/1Q* > Q
1R, 1y € Q
Relations:
Properties: @ is a cancellative magma

Loop

Types:

Functions:

Relations:

Properties:

Group

A quasigroup @

o 1le@

1 is the identity for -
lz=2-1=x

Types:
Functions:

Relations:
Properties:

SECTION 19

A set G
G2 -G
-1:G-aG
leG

- is associative
1 is the identity for -
-1 is the inverse map for -

GROUPS: RANDOM/UNCATAGORIZED

P Group

Types:
Functions:
Relations:
Properties:

18

A group G

VgeG,lg| =p",p prime, n € N



20 GROUPS: FINITE GROUPS

Torsion Free Group
Types: A group G
Functions:
Relations:
Properties: 3geG,g#1:9g"=1,neN

Simple Group
Types: A group G
Functions:

Relations:
Properties: N< G== N={1} or G

Topological group

Types: A group G

Functions:

Relations:

Properties: -1 and x are continuous maps

Lie Group
Types: A topological group G
Functions:

Relations:
Properties: VpeG,3U, = B,(p), for some r >0
-~1 and x are smooth maps

SECTION 20
Grouprs: FINITE GROUPS

Finite Group
Types: A group G
Functions:
Relations:
Properties: |G|=n,neN

19



21 GROUPS: FREE GROUPS

Fintie Symmteric Group

Types: A finite group S,

Functions:

Relations:

Properties: S, ={o]o: X - X is bijective }

Permutation Group
Types: A group P,
Functions:

Relations:
Properties: P, <5,

Primitive Group
Types: A permutation group G that acts on a set X
Functions:

Relations:
Properties: G preserves only trivial partitions

Alternating Group
Types: A permutation group A,
Functions:

Relations:
Properties: A, ={clo €S, Ao even }

SECTION 21
Grouprs: FREE GROUPS
Free Group
Types: A group F
Functions:
Relations:

Properties: I is generated by a set S
There are no relations on Fg (beyond group axioms)

20



23 GROUPS: GROUP PRESENTATIONS

Free Abelian Group
Types: A group F
Functions:

Relations:

Properties:  F is generated by a set S
The only relation on F' is commutativity

SECTION 22
GROUPS: ABELIAN (GROUPS
Abelian Group

Types: A group G

Functions:

Relations:

Properties: - is commutative
SECTION 23

GROUPS: GROUP PRESENTATIONS

Finitely Generated Group
Types: A group G
Functions:
Relations:
Properties:

G is of the form (S|R), S a generating set, R relators
|S|=n,neN

Finitely Presented Group
Types: A finitely generated group G
Functions:
Relations:
Properties: |R|=n,neN

21



24 GROUPS: CYCLIC GROUPS

SECTION 24

GRroupPs: CycrLic GROUPS

Cyclic Group
Types: A group G with element a
Functions:

Relations:
Properties: G can be generated from a and a set of relations R

G is necessarily commutative

Virtually Cyclic Group

Types: A group V with subgroup H

Functions:

Relations:

Properties: 3H <V : H is cyclic
|[V:H|=n,neN

Locally Cyclic Group
Types: A group L
Functions:

Relations:
Properties: VH < L, if H is finitely generated, it is cyclic

Cyclically Ordered Group
Types: A group C
Functions:
Relations: [, , ]={(a,b,¢) e CxC xCl[a,b,c]}
Properties: [a,b,c] is cyclic, asymmetric,
transitive and total

Polycyclic Group
Types: A group P with subgroups H;
Functions:

Relations:
Properties: P is necessarily finitely presented

{Hi}ieq1,2,...n-13 + Hi/ Hisy is cyclic

22



26 MODULES: NOT FURTHER CATEGORIZED

Metacyclic Group
Types: A group G
Functions:

Relations:
Properties: n <2

SECTION 25
MODULES: BASIC
Module
Types: A set M
Functions: +: M? > M
—;1 M- M
RxM—-R
Relations:

Properties:  + is associative and commutative
(M, +) is an abelian group
R x M is scalar multiplication by elements in a ring
Scalar multiplication is associative and distributes over addition

SECTION 26
MODULES: NOT FURTHER CATEGORIZED

Semimodule
Types: A set M
Functions: +:M? - M
RxM—->M
Relations:

Properties:  + is associative and commutative
(M, +) is an commutative monoid
R x M is scalar multiplication by elements in a ring
Scalar multiplication is associative and distributes over addition

23



27 MODULES: CHAINS

Simple Module
Types: A module M
Functions:

Relations:
Properties:  The only submodules of M are 0 and M

D Module
Types: A module M[X]
Functions:  Ogr,: M - M
Relations:

Properties: X ={x1,%2,...,2,} where x; is an indeterminant
Og, is in the ring of scalar multiplication
Og, satisfies the Leibniz product rule

SECTION 27

MODULES: CHAINS

Noetherian Module

Types: A module M
Functions:

Relations:
Properties:  For any chain of submodules Sy € S € ... € S), there is some k >0 s.t. Si = Sk1

All submodules of M are finitely generated

Artinian Module

Types: A module M
Functions:

Relations:
Properties:  For any chain of submodules Sy 2 57 2 ... 2 Sy there is some k > 0 s.t. Si = Ski1

24



29 MODULES: TOWARD VECTOR SPACE

SECTION 28
MoODULES: FINITELY GENERATED
Finitely Generated Module
Types: A module M
Functions:
Relations:
Properties: M has a finite number of generators
Cyclic Module
Types: A finitely generated module M
Functions:
Relations:
Properties: M is generated from a single element
SECTION 29

MODULES: TOWARD VECTOR SPACE

Torsion Free Module
Types: A module M
Functions:
Relations:
Properties: ImeM,r,m+0:7-m=0

Flat Module
Types: A torsion Free module M
Functions:
Relations:
Properties:  Taking the tensor product over M preserves exact sequences

Projective Module
Types: A flat module M
Functions:
Relations:
Properties:

25



30 POSETS AND LATTICES: BASICS

Free Module
Types: A projective module M
Functions:
Relations:
Properties: M has no further relations beyond module axioms
M has a basis

Fintie DimensionalVector Space

Types: A set V over a field K
Functions: +:V2->V

LV v

KxV >V

0eV
Relations:

Properties:  + is associative and commutative
K x V is scalar multiplication by K
(V,+) is a group

SECTION 30

POSETS AND LATTICES: BASICS

Set
Types: a collection of objects
Functions:  c,n,u,\, %, g, 1
Relations: ¢
Properties:

Preordered Set
Types: A set P
Functions:
Relations: <= {(x,y) e Px Plx <y}
Properties:  All elements need not be comparable under <
< transitive and reflexive

26



31 POSETS AND LATTICES: POSETS NOT FURTHER CATAGORIZED

Partially Ordered Set
Types: A set P
Functions:
Relations:  <={(z,y) e Px Plz <y}
Properties:  All elements need not be comparable under <
< transitive, reflexive and antisymmteric

SECTION 31
POSETS AND LATTICES: POSETS NOT FURTHER
CATAGORIZED

Partially Ordered Space
Types: A poset X endowed with topology 7
Functions:
Relations: <= {(x,y) e X x X|x <y}
Properties: Vr,ye X,xty:WU,Vcrzeld,yeV:utv,Vueld, YveV

Locally Finite Poset
Types: A poset P
Functions:

Relations:
Properties: Vx,ye P,x <y:[x,y] has finitely many elements

Partially Ordered group

Types: A poset and group G
Functions: +:G?> > G

-G -aG

0eG

Relations: <={(z,y) e GxG|0<-z+y}
Properties: < respects +

27



33 POSETS AND LATTICES: GRADED STUFF

SECTION 32
POSETS AND LATTICES: STRICT/TOTAL POSETS

Strict Poset
Types: A poset P
Functions:
Relations:  <={(z,y) e P* |z <y}
Properties: < is irreflexive, transitive, and asymmetric

Totally Ordered Set
Types: A poset P
Functions:
Relations:
Properties:  All elements are comparable under <

Strict Totally Ordered Set
Types: A poset P
Functions:
Relations:  <={(z,y) e Px P |z <y}
Properties: < is irreflexive, transitive, asymmetric and trichotomous

SECTION 33
POSETS AND LATTICES: GRADED STUFF

Graded Poset
Types: A poset P
Functions: p: P—->N
Relations: <={(x,y) e P|3z:x<z<y
Properties: x<y = p(x) < p(y)
v<y = p(y) =px) +1

Eulerian Poset
Types:
Functions:
Relations:
Properties:

28



35 POSETS AND LATTICES: SEMILATTICES

SECTION 34
POSETS AND LATTICES: LINKED + RELATED

Upward (Downward) Linked Set
Types: A subset S of poset P
Functions:
Relations:
Properties:

Vez,yeS:3zePst. x<(2)zand y< (2)z

Upwards (Downwards) Centered Set
Types: A linked subset S of poset P
Functions:

Relations:
Properties: VZ ¢ P,Z has an upper (lower) bound € P

Upward (Downward) Directed Set
Types: A preset P
Functions:
Relations:

Properties: < is a preorder
Ve,ye P:3zst. x<(2)zand y < (2)z

Algebraic Poset
Types: A poset P
Functions:
Relations:
Properties:  each element is the least upper bound of the compact elements below it
SECTION 35

POSETS AND LATTICES: SEMILATTICES

29



36 POSETS AND LATTICES: LATTICES

Meet Semilatttice: Order Theoretic Edition
Types: A poset P
Functions:
Relations:  <={(z,y)e PxP|x<y}
Properties: Vzx,yeS,dc:c<x,c<y
c is the unique greatest lower bound

Meet Semilattice: Algebraic Edition

Types: A poset P
Functions: A:P2->P
Relations:

Properties: A is associative, commutative, and idempotent

Join Semilatttice: Order Theoretic Edition
Types: A poset P
Functions:
Relations:  <={(x,y) e Px P |z <y}
Properties: Vx,ye P,3c:xz<c,y<c
c is the unique least upper bound

Join Semilattice: Algebraic Edition

Types: A poset P
Functions: v:P?2->P
Relations:

Properties: v is associative, commutative, and idempotent

SECTION 36
POSETS AND LATTICES: LATTICES

Lattice (order theory)

Types: A set L
Functions:

Relations:  <={(z,y) e Lx |z <y}
Properties: Vx,ye L,3c,d: cis the greatest lower bound and d is the least upper bound

30



36 POSETS AND LATTICES: LATTICES

Lattice (Algebra)

31

Types: A set L
Functions: v:L?>—> L

AL2 S L
Relations:

(L,v),(L,A) are both semilattices connected by absorption laws

Properties:
Va,be L:av (anb)=a,an(avbd)=a

Complete Lattice
Types: A lattice L
Functions:
Relations:
Properties:

VA c L, A has a greatest lower bound and least upper bound

Continuous Lattice

Types: A complete lattice A
Functions:
Relations:
Properties:

«={(z,y)e LxL|VDcL:y<supD,3zeL,3de D s.t. x<d}
Vo e P,{a|a <« z} is directed and has least upper bound x

Algebraic Lattice
Types: A continuous lattice A
Functions:
Relations:

Properties:

Each element is the least of compact elements below it: those x who satisfy = < a



37 POSETS AND LATTICES: A BIG WEB OF LATTICES

SECTION 37
PoOsSeETS AND LATTICES: A Bic WEB OF LATTICES

Relatively Complemented Lattice

Types: A lattice L

Functions:

Relations:

Properties:  VcVd > ¢, [e,d]:Vae[c,d],3b s.t.:
avb=d
anb=c

a and b are relative complements

Bounded Lattice

Types: A lattice L

Functions:

Relations:

Properties: VYxelL:
zAl=zx
zvl=1
zv0=x
zA0=0

Complemented Lattice

Types: A lattice L

Functions:

Relations:

Properties: VaeL,3beL:
avb=1
anb=0

Residuated Lattice
Types: A lattice L
Functions: -:L?>—> L

lel
Relations:

Properties:  (L,-,1) is a monoid
(L,<) is a lattice
Vz:Vx, there exists a greatest y and Vy, there exists a greatest x s.t. x-y <z

32



37 POSETS AND LATTICES: A BIG WEB OF LATTICES

33

Atomic Lattice

Types: A lattice L
Functions:
Relations:  <={(z,y)eP|3z:x<z<y}
Properties: VYbeL:0Ab=0
Elai elL:0< a;
Vb+a;,3a;:0<a; <b
{@;}ier is the set of atoms in L

Semimodular Lattice

Types: A semimodular lattice L
Functions:

Relations:

Properties: a<c = av(bac)=(avb)rc

Modular Lattice

Types: A semimodular lattice L
Functions:

Relations:

Properties: a<c = av(brc)=(avb)Aac

Distributive Lattice

Types: A modular lattice L

Functions:

Relations:

Properties:  xA(yvz)=(xry)v(zAz)
xv(ynz)=(zvy)a(zvz)

Orthomodular Lattice
Types: A lattice L
Functions:
Relations:
Properties: a<b = b=av (bnra')




37 POSETS AND LATTICES: A BIG WEB OF LATTICES

34

Orthocomplemented Lattice

Types: A lattice L

Functions: 1:L — L

Relations:

Properties: 1 maps an element a to its complement
avat=1
anat=0
(')t =a

a<b = a'>0b*

Geometric Lattice
Types: A semimodular, atomic, algebraic Lattice L
Functions:
Relations:
Properties: L is finite

Heyting Algebra

Types: A distributive lattice H
Functions: —:H?> > H
Relations:

Properties: (cna)<b<c<(a—D)
Monoid (H,-,1) has operation - = A

Complete Heyting Algebra
Types: A heyting algebra H
Functions:
Relations:
Properties: H is complete as a lattice

Boolean Algebra

Types: A complemented, distributive lattice and algebra B
Functions: -:B — B

®:B?>-> B
Relations:

Properties: VreB,z’=x
- is negation (complementation)
zoy=(zvy)A-(zAy)
® is algebra addition, A is algebra multiplication



39 RINGS: IDEALS + RELATED

SECTION 38

RINGSs: BAsIcs

Ring
Types: Aset R
Functions: -:R?> > R
+:R’> R
-1“R->R
OeR

Relations:
Properties: (R, +) is an abelian group
- is a monoid and distributes over +

Commutative Ring
Types: A ring R
Functions:
Relations:
Properties: - is commutative

Noncommutative Ring
Types: A ring R
Functions:
Relations:
Properties: - need not be commutative

SECTION 39

RINGS: IDEALS + RELATED

Left (right) Ideal
Types: A subgroup of a ring, I
Functions:
Relations:
Properties: VYx el VreR:rx (xr)el
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Ideal
Types: A subgroup of a ring,
Functions:
Relations:
Properties:  The left and right ideals generated by a subgroup are equal

Veel,VreR:rxel

Maximal ideal
Types: A subgroup of elements, I
Functions:

Relations:
Properties: 1cJ = I=JorJ=R

Principal ideal

Types: A subgroup of elements, I

Functions:

Relations:
Properties: 1 is generated by a single element

Prime Ideal
Types: A subgroup of elements
Functions:

Relations:
Properties: abel —> aelorbel

Quotient Ring

Types:

A ring Q

Functions:
Relations:  ~={(z,y} e RxR|xz—-yel}

Properties:

Q is constructed by dividing R with one of its ideals
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SECTION 40

37

RINGS: BOOLEANS + RELATED

Boolean Ring

Types: A commutative ring R

Functions:

Relations:

Properties: VreR:z’=x
VrxeR:2x=0

Boolean Algebra

Types:
Functions:

Relations:
Properties:

A complemented, distributive lattice and algebra B
-:B—- B
®:B?>-> B

VeeB,z? =z

- is negation (complementation)
zoy=(zvy)A-(zAry)

® is algebra addition, A is algebra multiplication

Sigma Algebra

Types: A subset X, of p(X), X a set
Functions: n,u, \
Relations:

Properties: X eX

N, U closed under countable operations
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SECTION 41

RINGS: RANDOMS/NOT FURTHER CATAGORIZED

Semiring
Types: Aset R
Functions: -:R?> > R
+R’> R
OeR
Relations:

Properties:  + is a commutative monoid
- is a monoid and distributes over +

Noetherian Ring
Types: A ring R
Functions:
Relations:
Properties:  For any Iy € I; € ... € Iy there is some k >0 s.t. Iy = Ij41

Artinian Ring
Types: A ring R
Functions:
Relations:
Properties:  For any Iy 2 I; 2 ... 2 Iy, there is some k >0 s.t. Iy = I41

Topological Ring

Types: A ring R with topology 7

Functions: -:R?> - R:(z,y)wx-y
+:R2—>R:(x7y)r—>aj+y
-Y*R->R

Relations:

Properties: - distributes over +

+,-, —;1 are continuous mappings
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SECTION 42

RINGS: VALUATION BS

Domain
Types: A ring R
Functions:

Relations:
Properties: VYa,be R,ab=0 =—> a=0o0rb=0

Integral Domain

Types: A ring R

Functions:

Relations:

Properties: - is additionally commutative

Unique Factorization Domain
Types: An integral domain R
Functions:
Relations:
Properties:  All ideals are finitely generated
All irreducible elements are prime
Ve e R,x + 0,z =upips...py for u unit, p; prime

Principal Ideal Domain
Types: A unique factorization domain R

Functions:
Relations:
Properties:  All ideals are principal
Any two elements have a greatet common divisor

Euclidean Domain

Types: A principal idea domain R
Functions:  f;: R~ {0} > R
Relations:

Properties:  f; is the euclidean (gcf) algorithim
R may have many f; or just one
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SECTION 43

RINGS: BUDGET VERSIONS OF FIELDS

Field

Types: A ring K

Functions: +:K?—>K
xK? > K
—;1 K-> K
L KJ{0) > K/{0}
0,1e K

Relations:

Properties:  +,x both associate and commute
x distributes over +

Module
Types: An abelian group (M, +)
Functions: -:rxM —-> M
Mxr—-M
Relations:
Properties: - is scalar multiplication by elements in a ring, R

- associates and distributes over addition

Vector Space

Types: A set V over a field K
Functions: +:V2->V
VeV
KxV >V
0eV
Relations:

Properties:  + is associative and commutative
K x V is scalar multiplication by K
(V,+) is a group

Finite Field
Types: A characteristic nonzero field K
Functions:
Relations:
Properties: K has a finite number of elements
The order of some k € K is p™ for some p prime and n € N
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SECTION 44
SETS: BASICS
Set
Types: a collection of objects
Functions:  c,n,u,\, x,0,] |
Relations: €
Properties:
SECTION 45
SETS: COUNTABLE

Countable Set

Types: A set S
Functions:
Relations:
Properties: |S| < Ro

Infinite Countable Set

Types: A set S
Functions:
Relations:
Properties: |S| =Ro

bijection into N

Finite Countable Set

Types: A set S
Functions:
Relations:
Properties: |S| < Rg
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SECTION 46
SETS: UNCOUNTABLE
Uncountable Set
Types: A set S
Functions:
Relations:
Properties: |S|> R
SECTION 47
SETS: CLASSES
Proper Class
Types: a collection, C of sets
Functions:  ¢(x)
Relations:
Properties:  ¢(x) is a membership function
C is not a set
Ordinal
Types: A collection of sets, X;

Functions:  x,+,X"™ S(n)
Relations: >
Properties: Xy ={0,1,2,..Xp_1}
> is trichotomous, transitive, and wellfounded

Cardinal

Types: Ordinals k
Functions:

Relations:
Properties:  The cardinality & is the least ordinal, «, s.t. there is a bijection between S and «
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SECTION 48
TOPOLOGIES: BASICS

Convergent Space

Types: A set S and filters on S, F
Functions:
Relations:  —

Properties: VFeF,reS F —x< F convergences to X
— is centered, isotone, and directed

N(z)=N{F € F|F - z}

Topological Space
Types: A set X and 7€ p(X)
Functions:
Relations:
Properties: X, BeT
T; €T = (jeg x; € T for finite T
T, €T —> UjGJ{I,‘jGT

SECTION 49
TOPOLOGIES: ALGEBRAIC TOPOLOGIES

Topological Group

Types: A group G with topology T
Functions: -:G* -G :(z,y)mx-y
-:G-aG
leG
Relations:
Properties: -, —~! are continuous mappings
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K

Topological Ring

Types: A ring R with topology 7

Functions: -:R%* - R:(x,y) =2y
+:R2 > R:(2,y) > x+y
-'“R->R

Relations:

Properties: - distributes over +

+,-,—;1 are continuous mappings

Topological Field

Types: A topological ring K
Functions: A field K with topology 7
Relations: -1 K? > K:(z,y)» 2y
+: K25 K:(z,y)»x+y
-1'K-R
L K[{0) > K/{0)
Properties:
11, -1 are continuous mappings

Topological Vector Space

Types: A vector space V over a topological field K
Functions: +:V2->V

kxV >V

VsV
Relations:

Properties:  k xV represents scalar multiplication by elements in a field K
+,—7! and scalar multiplication are continuous
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SECTION 50

ToPOLOGIES: WEB [

Uniform Space

Types: A topological space U and entourages ®

Functions:

Relations: U ={(z,y)|x ~, y}

Properties: @ is a nonempty collection of relations on .S
UebdandUcCcVcXxX = Ved
VU e®, IV ed Va,y,z: VoVCd:ixnyyynsy 2 = TRy 2
VU e®, I3V ed Va,y:VoVCd:iynyr = xzryy
UVed —= UnVed

Complete Uniform Space
Types: A uniform Space U
Functions:
Relations:
Properties: VFVYU:3AeF:AxAcU,F converges

Manifold
Types: A topological space, M
Functions:
Relations:
Properties: V¥pe M,Juel(p):uzR"
Manifolds are not inherently metric or inner product spaces

Compact Manifold
Types: A manifold M
Functions:

Relations:
Properties: X = Ugec x, then for F € C| F finite, X = Uyep x

Smooth Manifold
Types: A manifold M
Functions:
Relations:
Properties:  Derivatives of arbitrary orders exist
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Riemann Manifold

Types: A smooth manifold M
PFunctions: g, :T,M? >R
Relations:

Properties: g, is the inner product on the tangent space of a point p
9p(X,Y) = gp(V, X)
gp(aX +Y,7) =agy(X,Z) + gp(Y, Z)

Pseudo Riemann Manifold

Types: A smooth manifold M
Functions: g, :T,M? >R
Relations:

Properties:  gp is the inner product on the tangent space of a point p
gp(X,Y)=0VY — X =0

Affine Space
Types: A set A and vector space A

Functions: Ax A - A: (a,v) »a+wv
Relations:

Properties: A’s additive group acts freely and transitively on A
—
Vo,we A)Vae A, (a+w)+u=a+(w+u)
—
Va,be A,Jve R:b=a+v

VaeA,Z»A:vHa+vis bijective

SECTION 51

ToPOLOGIES: WEB 11

Metric Space

Types: A topological space M
Functions: d:M? >R
Relations:

Properties:  d(z,y) >0
d(z,y)=0e=x=y
d(z,y) = d(y,z)
d(z,2) <d(z,y) +d(y, 2)
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Complete Metric Space
Types: A metric space M
Functions:

Relations:
Properties: VYFVYU:3AeF: Ax AcU,F converges

Normed Vector Space

Types: A metric and topological vector space V/
Functions:  ||:V >R
Relations:

Properties: ||z| >0 for x #+0 and ||z| =0 iff z=0
o] = ||z
|z +yl < =]+ [yl
| || induces a metric on V : d(z,y) = |z - y|

Banach Space

Types: A vector space V

Functions:

Relations:

Properties:  for any Cauchy Sequence {2y, Himy_oolzn — 2| =0

Inner Product Space

Types: A vector space V and field of scalars F’
Functions:  (,):V? > F
Relations:
Properties: (x,y) = (y,z)
(z,xz) >0
(z,z)=0iff z=0
(ax,y) = (I3y>
(z+y,2) = (2,2) + (y,2)

Hilbert Space

Types: An inner product space H

Functions:

Relations:

Properties: A norm may be defined as |z| = /(z,z)

for any Cauchy Squence {2, },lim;co||z, — 2| =0
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Euclidean Space

Types: A banach and hilbert space R™
Functions:
Relations:

Properties: A norm is defined as |z| = \/(z,z) = /X1y (2)2

d(z,y) =V it (i - i)?
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