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1 Overview

The purpose of this appendix is to prove Theorem 4.6 in [5] and establish various facts used
in verifying some of the assumptions of Theorem A.1 therein. We use the same notation
and assumptions as in [5], and to simplify the analysis, we assume that the parameter 6
is scalar. The setting used here is similar (but not identical) to the one in [4]. The major
difference is that the setting of [4] allows only RSPs of the form

Uk = f( Xk, Wi),

where the parameter 6 enters only through the distribution of W}, which does not depend
on x. In contrast, our setting allows for any RSPs of the form

Uk - f@(Xk7 Wk)7

as long as the distribution pg(u|z) of fo(z,U) satisfies the required assumptions.
The differentiability results presented in this report are based on the following key
lemma (see [3, Corollary 2.2.1]).

LEMMA 1.1. Consider a parameterized family of random variables {Fp(w);60 € R} on a
Polish space Q). Suppose the following hold:

1. For each 6y, there exists some d > 1 and K4z > 0 such that,
d d
B |Fy — Fao|"| < Kalo — 60l",
for all 0 sufficiently close to 0g.

2. There is a family of random variables {fp} such that

wif% as h — 0, V6,

where —— denotes convergence in probability.



Then the map 0 — E[Fy] is differentiable with

%E[Fe] =E[fy].

Our proof of the differentiability results involves the following steps.

1. Obtain a representation of the steady-state expected cost and of solutions to the
Poisson equation in terms of suitably defined expectations Eg ;.

2. Using likelihood ratios, represent the above expectations using only the expectations
Eg, » corresponding to some fixed 0. This new representation has the advantage
that the probability law w.r.t. which expectations are taken does not depend on
the parameter . Only the random variables inside the expectation depend on the
parameter ¢, making our key result Lemma 1.1 applicable to this representation.

3. Verify the hypotheses of Lemma 1.1.

The next section carries out these steps for expectations over finite horizon. In Section 3,
we recall the results on the regenerative representations for the average cost and solutions
to the Poisson equation. In Section 4, we introduce the likelihood ratio representations
and show that they satisfy the assumptions of Lemma 1.1. In Sections 5 and 6, we use
all the previous results to prove differentiability of expectations over infinite horizon and
verify some of the assumptions of Theorem A.1 in [5].

2 Finite Horizon

In this section, we prove the differentiability of expectations of the form Eg ,[IV] where W
is a random variable that depends only on a finite number of state-decision pairs (X, Ug).
For each 0 and k, let

k
= peo (Ui X7)
T Heo (Ul X3)

It is easy to see that Ag i, is the Radon-Nikodym derivative of the distribution of (X;, U) f:o
under policy 8 with respect to the distribution under policy 6y. We will use the following
basic lemma to derive some bounds on Ag .

Ay

LEMMA 2.1. If Wy, ... ,Wi_1 are positive random variables satisfying

E[]Wl—l\d- < do(d), Vd>1, 1=0,... k-1,

for some monotonic function C(-) > 1, and if e < 1/k2*, then
k—1
E H W, —1
1=0

k—1 T
[Twi
=0 i

-
< €l(2k)4C(kd),

E

IN

21C (kd),

for any d > 1.



Proof. For any d > 1 and z > 0, we have
24 < 9d-1 (1 + |z — 1|d) , (1)

we have

IN

29711+ €'C(d))
< 20(d), 1=0,...,k—1.

B /]

To prove the first part, note that
|20 2zk—1— 1| <l|z0— 1|+ 20|21 — 1|+ -+ 20 zk—2|2—1 — 1]
and therefore
|20 - zp_1 — 1% < k471 [\zo 14 2z =1 22 o — 1\d} :

We now use Holder’s inequality to see that

k—1 d k—1 -1
E[|[[wi-1] | <& B |[[Wiw -1/
1=0 1=0 j=0
- k—11-1 (141)d 1/(1+1) (141)d 1/(1+1)
<k ZHE[WJ. } E[\W,—l\ ]
1=0 j=0
k—1
< KN 241+ 1)d)
=0

< k428 (kd).
To prove the second part, use (1) and the fact that e < 1/k2* to simplify the bound. [

The following are two immediate consequences of the above lemma. In the following
lemma, note that the constant Ky might depend on k. This dependence can be safely
ignored as the next lemma is intended to verify the first assumption of Lemma 1.1 for a

fixed k.
LEMMA 2.2.

1. For every d > 1, there exists Kg > 0 such that
Eo, . [|A(,,k - 1|d} < Kal0 — 0o[°L(x), VO, z.
2. For every d ¢ (1,—1), there exists K4 > 0 such that
Eoy.e |[honl’] < KaL(z), va,

and for all 0 sufficiently close to .



Proof. Use the mean-value theorem to see that

Viug(ulz)

’ po(ulx)
10, (u|7)

- 1‘ < 10 — | sup
pay (ul) j

7,00

Since Vg (u|z)/pe, (ulz) belongs to D, we have

sup Vug( X, Uy)

Ey —_—
o0 100Xk Ug)

for some constant Ky. Part 1, and Part 2 for d > 1, are implied by Lemma 2.1. To prove
Part 2 for d < —1, note that the inequality (2) holds even if # and 6y are interchanged. [J

The above lemma verifies the first assumption of Lemma 1.1 for expectations of random
variables that are functions of state-decision pairs up to time k. The next lemma verifies
the second assumption and derives a formula for the gradient.

LEMMA 2.3. Consider a family of random variables {Wp} such that the map 6 — Wy(w)
is differentiable for each w, Wy is a function of the state-decision pairs up to time k, and

Eo[[Wol%] < 00, Eg. [sup\vwg\d} <o Vo.z.
]

for some d > 1. Then, the map 0 — Eq ,[Wy| is differentiable with
VE@I [Wg] = E@ym [VWQ] + Eg}x [AIakW@] ,

where

k k
Vi (X, Ur)
o= DR IA D PSSy
ok ZZ;W(Z ! ZZ; po( X1, Ur)
Proof. Note that
Eg . [Wy] = Egy 2 [Ao W .

Using the bounds of the previous lemma, the fact that d-moments of Wy and supy VWy
are finite, and the mean-value theorem, verify the first assumption of Lemma 1.1. Using
the fact that ug(ulx) and Wy are differentiable in 6, the second assumption of Lemma
1.1 follows easily. The gradient formula now follows from interchanging the order of
differentiation and expectation. O

The following is an immediate consequence of the previous result. It uses the formula in
the previous result to derive bounds on the rate at which the gradient

VEQ,m [f@(Xk7 Uk)]

grows with k.



COROLLARY 2.4. Consider a family of functions {fo(z,u)} in D such that the family
{Vfo(z,u)} is also in D. Then, the map 6 — Eg . [fo(Xk,Ux)] is differentiable for each
x, and there exists some K > 0 such that

|VE9’E [f@(Xk, Uk)” < (]C + 1)KL(JZ), V.
Furthermore, the families of functions

{Eo [fo(Xk, Ul}s  {VEgq [fo(Xk, Ur)l}
belong to D.

Before we move on, we would like to point out that the above result holds for expec-
tations of the form Eg.[-|Uy = u] as well, if we redefine Aj, as

K
6,0 =0, br =D Va(X,U1), VE>0.
=1

3 Splitting

In this section, we recall the splitting technique of Athreya and Ney [2], and Nummelin [7]
to obtain a regenerative representation for the average cost function @(é) and the solutions
Qg of the Poisson equation. Let ¢, N, Xy and ¢ be as in Assumption 4.2 of [5]. Consider
the {0, 1}-valued process (Bj) constructed as follows:

1. If k£ is not divisible by IV, then By = 0.
2. If k is divisible by N, then
P(B,=11X;,U,l=0,1,... ,B;,l #k) = P(Br=1|Xk, Xxin)
= 13 (X, Xirw)

where

I(dy)
PG,&U(XN € dy)

o
(@) = 5 % Iy ()

(Assumption 4.2(a) ensures existence of fe(l).)
Let

F ) = 1= f,y), V0,2,

Qou(dy) = Py . (XN € dy) — % X Ixo(x)ﬁ(dy).

1-— % X IXO({L‘)

It is easy to see that for each 0, z,




where the existence of the Radon-Nikodym derivative is guaranteed by the fact that

2
Q@,m(dy) < mpe,x(XNedy)'

With this construction it is not difficult to see that the process (Xpn, Bxn) is a Markov
chain for which X x {1} is an atom. Consider the first time this atom is hit, i.e.,

7 = min{k|By = 1}.

The time 7 is well-defined and finite w.p.1. as the set Xg is hit infinitely often from any
initial state (cf. Assumption 4.2 in [5]) and the probability that By is 1 given that X = =
is 6/2 whenever z € Xj. Using standard results [6, Theorems 10.0.1 and 10.2.2] on Markov
chains with atoms, the average cost @(f) can be written as

Egy { 5;/(1)\1)—1 EH,N(XkN)]

a(0) = ,
©) Eg [7]
where
N-1
con(z) = Z Eg . [c(Xk, Ur)] -
k=0
Furthermore, the functions Vjy(x) given by
(r/N)-1
Vo(x) =Egu | Y (Con(Xpn) — Na(0)) (3)
k=0

satisfy the Poisson equation
Vo(z) = Eg ; [e(z, Up) + V(X1)]

for the Markov chain {X}}. To see this, note that Vp(z) is a solution to the Poisson equa-
tion for the cost function ég x and the Markov chain {Xyn} (see [6, p.441] ). Furthermore,
if Vg is a solution to the Poisson equation for the cost function ¢4 ; and the Markov chain
{Xk}, then Vp is a solution to the Poisson equation for the cost function co,n and the
Markov chain {X;xy}. Since Vg and Vp are two solutions to the Poisson equation for a
positive Harris chain {Xjy}, they must differ by a constant (cf. Proposition 17.4.1 of [6])
and therefore, Vj is a solution to the Poisson equation for the cost function ¢p; and the
Markov chain {X}}.

4 Likelihood Ratio
For each 0, k, let
Nos = Mo snAg

where



Rop— kl_[l féo) (Xin, Xin+n)

1=0 fe(g) (Xin, Xinen)

Y

and 0/0 is interpreted as 1. It is easy to see that 1~\97k is the Radon-Nikodym derivative of
the joint distribution of (X;,U;;0 <1 < kN, B;;0 <1 < (k—1)N) under Py with respect
to that under Pg, on the set of outcomes for which 7 > kN. Therefore for any W that is
a function of only these random variables, we have

Eg, [WI{r > kN}| = B, |WI{r > kzv}fxg,k} .
To show that the map
0 — Eg, [WI{r > EkN}]

is differentiable, we need to verify the hypothesis of Lemma 1.1 for the likelihood ratio
Ay .. We now derive several bounds to verify the first assumption of Lemma 1.1.

LEMMA 4.1.

1. For each d > 1, there exists K4 > 0 such that

d
< K40 — 0o|*L(x) V0,z,i=0,1.

2. For each d > 1, there exists Kq > 0 such that

@Dy x|
f9 (.7}', N)

@ < K4L(x) Vz,i=0,1,
feo (':L‘aXN)

6o,x

and for all 0 sufficiently close to 0.

3. For each d > 1, there exists Kg > 0 such that
. d p
Eoo.0 UAM . 1) ] < K0 — 0o]°L(z) V9,
4. For each d > 1, there exists Kg > 0 such that
. d
Ego7z UAM‘ :| § KdL(iL') \V/:L‘,

and for all 0 sufficiently close to 0.



Proof. To prove the first part, note that for x ¢ X,

@y
© =1
f@o (J:a y)
and for x € X,
£ y)  Paa(Xn € dy)
fo(ol) (x,y) PG,:E(XN € dy)
= {Eopz [Mon| Xn =y} .
Therefore, we have
(1) d
z, X _ d
| D7 0(1)( N) -1 < Egy 2 “Eeo,a: [Ag,n| XN] - 1‘ }
f90 x, XN)

< \/Ee [Bo [ Ao Xn) 7| Boyo oy [Ao.x — 1] X

Y e

where the last two inequalities follow from Holder’s and Jensen’s inequalities respectively.
For ¢ = 0, note that

£,y 9 (@, y) £ (@)
© —1 =" —H{ o
9, (T, Y) 9, (T, Y) foy (%,9)
(1)
f@o (-’L',y)

since fg(l) < 1/2 for all §. The proof of the second part is similar. The last two parts
follow from the first two and Lemma 2.1. O
The next lemma proves that the first of the two hypotheses for Lemma 1.1 hold for A.
LEMMA 4.2.

1. For each d > 1, there exists K4 > 0 such that
~ d d
Eg, » UAe,k — 1’ ] < Kg4l0 — 60o]"L(),

for 0 sufficiently close to .

2. For each d > 1, there exists Ky > 0 such that

~ d
Eoo.0 “AM‘ } < KaL(2).



Proof. Follows from Lemmas 2.2, 4.1 and 2.1. O

We are now ready to state the following result on differentiability of finite horizon expec-
tations.

LEMMA 4.3. For any family of functions { fo(z,u)} in D such that the family {V fo(z,u)}
is also in D, the map 0 — Eg [f@(XkN)I{T > k:N}], where

=

Jo(x) = Eg . [fo(Xk, Ur)],
0

B
Il

18 differentiable for each x, with
|VEo,. [fo(Xen)I{7 > kN}]| < (k+ 1)pg K L(=),
for some pg < 1.

Proof. Since
Eg. [fo(Xin)I{r > kN}| = Egy 2 [Ae,kfe(XkN)I{T > k‘N}] ;

we can use Lemma 2.1 to prove its differentiability and to calculate the derivative. To
verify the first assumption of Lemma 2.1, use Holder’s inequality to see that

E90,&? |:‘f9(XkN)I{T > kN}]\g’k — f@(XkN)I{T > ij}]\go’k‘d:|

—_ d ~ d
| DTS [‘fO(XkN)‘ ‘Ae,k — 1’ ]

1/2

< Ege [‘fH(XkN)}Qd} A 2d] 1/2.

Eq, UAG,k -1

The first assumption now follows from the fact that fy(z,u) (and therefore fy(x)) belongs
to D, and the first part of the previous lemma. To verify the second assumption of Lemma
1.1, use Assumption 4.4 of [5] to conclude that the map

0 — A97k(w)
is continuously differentiable for all w, and therefore it is enough to prove that

Aggrnp —1
h

converges in probability. This in turn is verified if the functions

£ @)/ 13 (2 y),i = 0,1,

can be shown to be differentiable w.r.t. 8 for all x,y. Since

£ @)/ 13 (@, y)



is equal to
Egyo [AoN| XN =],
for all z ¢ X and is equal to 1 otherwise, use part 3 of Assumption 4.4 in [5] and the
mean-value theorem to see that
Agynn —1
h

is bounded above by an integrable random variable. Therefore, we invoke dominated
convergence theorem for conditional expectations to show that there exists a version of

D@,/ 150 (@, y)

that is differentiable at 6y for all x,y. Furthermore,

Agyin — 1
h
converges in probability to ]\,90, . Where
) kN k-1 FN+N-1
b = D Uo(XiUn) = Y Ixg(Xjn)Eoe | > ¥o(X0,U1)| Xjn, Xjngn
1=0 j=0 I=jN

Therefore, we have
VEs [fo(Xin)I{r > kNY] = Egu [A,fo(Xin)I{T > KN}
+Eoo [Ae,kva(XkN)I{T > k:N}]

To derive the bound on the derivative, use Holder’s inequality to obtain

Nt _
\VEo. [fo(Xen)I{T > k}]| < Ega UM”’“H Ej. [|f9(XkN)‘3T/3

Py (r > kN)Y/3
_ 1/3
B, [[Vio(Xan)] - Poalr > k)Y

To calculate
~ 3 1/3
E@,x |:)A/67k;‘ :| )

note that ]\é,k is a sum of 2kN + 1 terms. Since ¥y(x,u) belongs to D, the 3-norm of each

of these terms is bounded by KL(z)'/3 for some K. Similarly, since fp(x,u) and V fp(x, u)
(therefore fp(z) and V fy(x)) belong to D, the terms

Eg . Ufe(XkN)ﬂ v and Eg , [‘er(XkN)ﬂ v

are also bounded by K L(a:)l/ 3 for some K. Finally, due to uniform geometric ergodicity,
we have

Po.(T > kN) < KpfL(x),

for some pg < 1. Combining all these terms it is easy to establish the stated bound on the
derivative. O

10



5 Infinite Horizon

The above lemma concerns the differentiability of expectation w.r.t. finite dimensional
marginals of Py ,. We use the following result from advanced calculus (e.g., see Apostol
[1]) to extend the above result to the infinite horizon case.

THEOREM 5.1. Assume that each fy is a real-valued function defined on a neighborhood
© of by such that the derwative f;(8) exists for each 6 in ©. Assume that

1. > fx(6g) converges,
2. there exists a g(0) such that >V fr.(0) = g(8) uniformly on ©.
Then:
1. There exists a function f(0) such that >’ fr,(0) = f(0) uniformly on ©.
2. If 0 € ©, the derivative V f(0) exists and equals YV fr.(0).

By combining the previous two results we have the following theorem. Recall that 7y
is the steady state expectation of the state-decision process { (X, Uy)}.

THEOREM 5.2. For any family of functions { fo(z,u)} in D such that the family {V fo(x,u)}
is also in D, the map

(/N1
60— Eg, Z Jo(Xkn)
k=0

1s differentiable for each x, and the families of functions

(r/N)-1 (r/N)-1
Eoo | > fo(Xin)| 23 VB | > fo(Xin)| ¢
k=0 k=0
belong to D.
Proof. Note that
(r/N)-1 %0 )
Eoo | Y. fo(Xin)| =Y Eou [fo(Xen)I{T > kN}] .
k=0 k=0

The differentiability now follows from the previous two lemmas. To show that the functions

(r/N)-1 /N1
Eo. fo(Xin)| 054 VEoe | Y fo(Xin)
k=0 k=0

11



are in D, consider

(r/N)-1 !
Eo, [sup Y fo(Xen)
0 k=0
[1(r/3)—1 d
<Eg, Z sup fp(Xen)
k=0 ¢
i rM-1 d
<Ego [(7/N)T0 ) |sup f5(Xen)
i k=0 o
00 _ d
<Y Ego |(r/N)* sup fp(Xpn)| I{r > kN}]
k=0 0
[e%S) 3(d—1) 1/3 B 3d 1/3
<> Eg, [(T/N ) } Eg. | sup f5(Xkn)
k=0 0

xPg (1 > EN)/3,
It is now easy to see that the right hand side is bounded by K L(zx) for some Kz > 0. O

The following corollaries are immediate consequences of this result.

COROLLARY 5.3. For any family of functions { fo(x,u)} in D such that the family {V fo(x,u)}
s also in D, the map

0 — no(fo)

s bounded and differentiable with bounded derivatives.

COROLLARY 5.4. (Lemma 5.1 in [5]) If Xy is singleton (i.e., Xo is an atom and therefore
splitting in unnecessary) and T is the first hitting time of Xg then the functions defined as

T—1
> e(Xk, Up)

k=0
Ty(x,u) = Egu[7|Us =1,

Qo(w,u) = Eg, Up=u

)

belong to D. Furthermore, for each (x,u), the maps 6 — Qqp(x,u), 0 — Ty(z,u) are
differentiable, and the derivatives VQg(z,u), VTy(z,u) also belong to D.

COROLLARY 5.5. The average expected cost function a(f) is bounded and differentiable
with bounded derivatives. Furthermore, the solutions Vy(x) to the Poisson equation given
by (3) belong to D and the map

0 — Vy(x)

is differentiable for each x and the derivatives VVy(x) also belong to D. Furthermore, the
family of functions



belongs to D, with the map 0 — Qq(x,u) being differentiable for all (z,u) and VQq(x,u)
belonging to D.

This corollary is used in [5] to establish Theorem 4.6 in [5], which is again proved here
for completeness.

THEOREM 5.6. For any solution Qg to the Poisson equation we have

Va(l) = (vo, Qo)o-
Furthermore, Va(0) has bounded derivatives.

Proof. Note that the (Jy defined in the previous corollary satisfies the Poisson equation:

Qo(z,u) = c(z,u) — () + Eg o [Qo(X1, U1)| Uo = u] .

Since Qg belongs to D, @y is differentiable in 6, and V(Qy also belongs to D, we can
differentiate both sides of the above equation to obtain
VQ@(:L‘,U) = —V@(@) + Ee,x [VQ@(Xl, U1)’ Uy = u]
+Eo,o [1o( X1, U1)Qo(X1, Ur)| Up = u] .
Taking expectation with respect to the steady state distribution of (X, Uy) we obtain
the desired formula with @y defined as in the previous corollary. To see that Qg can be

replaced by any other solution Qg to the Poisson equation, note that QQy — Qg is some
function C(#) (Proposition 17.4.1 of [6]) and that

Eg . [Yg(x,Up)] =0

To prove that @y is twice differentiable with bounded derivatives, note that Vay =
19(YeQp) and apply Corollary 5.3. O

The above result leads to the following theorem on differentiability of a common repre-
sentation for solutions to Poisson equation.

THEOREM 5.7. For any family of functions { fo(z,w)} in D such that the family {V fo(x,u)}
s also in D, the map

6 — ZEB,I [fo(Xk, Ur) — no(fo)]

k=0

1s differentiable for each x, and the families of functions

{iEM [fo(Xk, Ur) — na(fe)]} , {v

k=0

> Eou [fo( Xk, Up) — na(fo)]] } :

k=0

belong to D.

13



Proof. To simplify the proof, assume that fy = ¢. Then the results on differentiability for
the finite horizon case, imply that the function

0 — Egz [c(Xy, Ux) — a(9)]
is differentiable with

|VEq [e(Xk, Ur) — a(8)]|

k
= 3" B [$6(X0, Uh) (e(Xi, i) — a(6))] — Va(6)

1=0
[k/2]
< Z Eogo [1o(X1, U)Eg x,,, [|c(Xk, Ur) — a(0)]]]
1=0
k
+ Y Egu [[9e(X0, U) (e( Xk, Ur) — a(9))
I=[k/2)+1

Sa—
+ i <¢9, Pl(c— d(@)l)> ;
I=[k/2]

where [k/2] represents the “foor” of k/2. Using geometric ergodicity, the fact that V1/4
also satisfies the geometric Foster Lyapunov criterion with the decay factor p'/¢, and
Schwartz inequality, we can see that each of these terms can be bounded by K p'éL(x) for
some pg < 1. The result now follows from an easy application of Theorem 5.1. O

6 Verification of Assumption A.3 parts (d) and (e)

In this section, we verify parts (d) and (e) of Assumption A.3 of [5] for the two cases of
TD(1) and of TD(A), A < 1 separately. Since ¢g, Qp, Ty belong to D, part (d) in both
cases follows from Corollary 5.3. Therefore, we will verify only part (e). We start with
the TD(1) case.

6.1 TD(1)
We will now verify part () for hg(-). Note that

ho(y) =

ZhGYk —h(8 ‘Yozy,
—0

= i [hOYk )I{T>k}‘yo—y]

k=0

Since hy(Yy) is a function of the state-decision pairs up to time k and satisfies the assump-
tions of Lemma 2.3, a formula can be derived for the derivative of the expectation

Eoz |(ho(Yi) = R(O)I{T > k} | Yo =y .

14



Using this formula, a bound on this derivative of the form
K(k+1)%pEL(z,u)z ,d>1,K >0,po <1,L € D.

can be obtained. This bound and Lemma 5.1 can be used to conclude that hg is differen-
tiable with respect to 6 and the derivative is bounded by K L(z,u)z for some other K > 0.
It is now easy to verify that

Eoa [ho(Y1)|Yo = o]
is differentiable with the derivative bounded appropriately. The verification of part (e) for

Gy is similar.

6.2 TD()\), A <1

Since the verification of part (e) for hy is simpler and the verification for Gy is similar, we
will consider hg only. Note that the first component of the vector hg does not depend on
z and is equal to

LZEM[ (e( Xy, Uy) — a( ))‘Uo :u} :

Therefore, part (e) for this component follows from Lemma 5.7. For the second component,
consider the sum

iEé,x [C(Xk, Uk)Zk - Bl(e) - @(H)Z(HHYO = Z/]

k=0
—ZZA Eaz[ (Xk, Ur) — (Pje, do)a| Yo :y}
e
+ D> N o [e(Xk, Ur)bo(Xit, Ur—t) — (Fje, d9)o[Yo = o]
k=0 1=0
+Y > A(Pje,do)o
k=0I1=k+1

— zzz\kEex [ (X, Uy) — (Ple, Po)o|Yo = 3/}

+Z>\l Z Eo . [¢(Xk, Ur))¢o(Xk—1, Ux—1) — (Pje — a(0)1, ¢o)o|Yo = v]
1=0 k*l—&—l

+ Z A Z Ple, d)o.
=0 k=0

It is now easy to see that the second sums of the first two terms are differentiable with the
derivatives uniformly bounded in [ as the second sum of the second term is an expectation
of the solution to a Poisson equation for the Markov chain (Xy_;, Ux—;, X, Ug) (cf. Lemma
5.7). The second sum of the third term is also differentiable with the bound on the
derivative linear in k. It now follows from Theorem 5.1 that hg(y) is differentiable with
the derivative bounded above by K L(x,u)z for some L € D.

15
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