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ON THE COMMUNICATION COMPLEXITY OF SOLVING A
POLYNOMIAL EQUATION*

ZHI-QUAN LUOTE anp JOHN N. TSITSIKLISt

Abstract. This paper considers the problem of evaluating a function f(x, y) (xe "™, y e R") using two
processors P, and P, assuming that processor P, (respectively, P,) has access to input x (respectively, y)
and the functional form of £ A new general lower bound is established on the communication complexity
(i.e., the minimum number of real-valued messages that have to be exchanged). The result is then applied
to the case where f(x, y) ts defined as a root z of a polynomial equation S:';Ol (x,+y)z' =0 and a lower
bound of n is obtained. This 1s in contrast to the (1) lower bound obtained by applying earlier results of
Abelson.
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1. Introduction. Inacomputer network where a set of processors wishes to perform
some computational task, communication can sometimes become a bottleneck,
especially when communication resources are scarce. This is particularly so in the area
of parallel and VLSI computation (see, e.g., [BT89], [U84]), where the communication
issues have been studied extensively. Insuch contexts, itis desirable to design algorithms
that require as little information exchange as possible. Problems of minimizing the
amount of exchanged information also arise in the context of decentralized signal
processing, where each local processor collects some partial data to be processed
collectively. In this paper, we study the “communication complexity” (i.e., the minimum
possible amount of information exchange) of some particular computational tasks.

Generally speaking, communication complexity.depends both on the topology of
a computer network and on the nature of the computational task under consideration.
In this paper, we ignore the topological issues by assuming that there are only two
processors, say P, and P,. We use the following model of compuwmications introduced
by Abelson [A80]. Let there be given a continuously differentiable function f: D, X
D, — R, where D, and D, are some open subsets of #™ and N", respectively. It is
assumed that processor P, (respectively, P,) has access to a vector x € D, (respectively,
ye D)) and the formula defining f The processors P, P, proceed to evaluate f(x, y)
by exchanging messages, using a fwo-way communication protocol, in which messages
can be sent in both directions. Let us use 7 to denote a two-way communication
protocol and r(r) to denote the number of messages exchanged in . In addition, let
T, ., (respectively, T,.,} denote the set of indices i for which the ith message is sent
from P, to P, (respectively, from P, to P,). The protocol 7 consists of r(s) functions
my, -, My DX Do— W, with m,(x, y) being interpreted as the value of the ith
message. These message functions must depend on the inputs x and y in a very special
way. Precisely, for each i, there must exist some real-valued function #, such that

(LY) m(x,y)=mix,mix,y), - ,m_(xy) Y(x,y)eD.,xD, ifieT.,,

* Received by the editors July 17, 1989; accepted for publication (in revised form) December 5, 1990.
Thus research was supported by Office of Naval Research contract N00014-84-K-0519 (NR649-003) and
Army Research Office contract DAAL03-86-K-0171.

t Operations Research Center and Laboratory for Information and Decision Systems, Massachusetts
Institute of Technology, Cambridge, Massachusetts 02139.

 Present address, Department of Electrical and Computer Engineering, Room 225/CRL, McMaster
University, Hamilton, Ontario, L8S 4L.7, Canada.

936



COMMUNICATION COMPLEXITY 937

or
o
(1.2) m(x, y)=m(y, m(x,y),---,m_(x,y)) VYi(x,y)eD,xD, ifieT,,,.

Furthermore, we require that either:
(a) There exists a function A such that

(1.3) F6 ¥) = h(x, my(x%, y), -+, muy(%,¥)) ¥(x,y)e Dox D,

{this corresponds to the case where processor P, performs the final computation) or
(b) There exists a function h such that

(1'4) f(X,}’)=h(y, ml(x’y)s. * ',mr(n)(X,}’)) V(xa.y)EDxnya

which corresponds to the case where processor P, computes the final resuit.

Typically, some smoothness constraints are imposed on the functions m;, r1;, and
h. For example, [A80] considers the class of two-way communication protocols
(denoted by IT,(f; D, x D,)) in which the functions m;, ri1,, and h are twice continuously
differentiable. In this paper, we consider a more general class of protocols in which
the message functions m;, i, are once continuously differentiable and the final evalu-
ation function k is continuous. We denote this class of two-way protocols for computing
S oy ILi(f; D, x D,). We define the two-way communication complexity of computing
S with protocols in II,(f; D, x D,) as

Cif: DexD))=__ inf  r(m). '
We define the quantity C,(f; D.xD,) similarly. Notice that II,(f; D.xD,)c
IL(f; D,x D,). Thus, Cy(f; D,xD,)=C\(f, D,xD,). As discussed in [L89],
IL,(f; D.x D,) is, in some sense, the most general class of protocols for which the
notion of communication complexity is well defined for problems invelving continuous
variables.

A general lower on Cy(f; D, x D,) was established in the fundamental work of
Abelson [A80]. In particular, let f: D, X D, — R be a twice continuously differentiable
function and let H,,(f) denote the matrix (of size m x n) whose (i, j)th entry is given
by 3%f/ 3x;0y;. The following result was proved in [A80].

THueoreM 1.1. For any pe D, X D, we have

Cy(f; D x D,} = rank (H,,(f))(p).

Note that Theorem 1.1 only takes into account the second-order derivatives of f and
ignores the derivatives of other orders. Thus, this bound should not be expected to be
tight, as was shown in [LT89].

In this paper, we derive a new general lower bound. Our result (Theorem 2.1)
makes use of the first-order derivatives of f and is fairly intuitive, but surprisingly
difficult to prove. Our work was motivated from the problem of distributed computation
of a root of a polynomial equation of degree n — 1. We apply our result to this problem
and obtain a lower bound of n, in contrast to the (1) lower bound obtained from
Abelson’s result. In [L89], a similar Q(n) lower bound is established for the same
problem, but under a more restricted class of communication protocols in which the
functions m;, riy; (i=1,- - -, r(w)) are assumed to be polynomials. The proof in [L89]
makes use of a result from dimension theory and is algebraic in nature, in contrast to
the analytic approach in the proof given here.

In related work ([LT89]), Abelson’s result has been extended by considering a
more restricted class of communication protocols; in particular, some improved lower
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bounds on one-way and two-way communication complexity have been obtained by
exploiting the algebraic structure present in certain problems. Communication com-
plexity has also been studied under discrete communication models (see, e.g., [MS82],
[PS82], [PT82], [Y79]). In these models, the messages are no longer real numbers, but
binary strings. A substantial amount of research has been devoted to the study of the
communication complexity of selected combinatorial problems ([AU8R31, [PES6],
{U84]). A different model is introduced in [TL87] for the problem of approximately
minimizing the sum of two convex functions under the assumption that each convex
function is known to a different processor.

The rest of this paper is organized as follows. In § 2, we prove our main result
(Theorem 2.1). In § 3, we apply the result of § 2 to establish a lower bound of n for
the problem of computing a root of a polynomial equation of degree n—1. In § 4, we
compare our result with Abelson’s. Finally, the Appendix contains certain results from
multidimensional calculus that are needed in § 2.

2. Main result. Let f: D, xD,— R be a continuously differentiable function,
where D, and D, are some open subsets of R™ and R", respectively. We use the
notation Vf(x, y) (respectively, V,f(x, y)) to denote the m-dimensional (respectively,
n-dimensional) vector whose components are the partial derivatives of f with respect
to the components of x (respectively, y). Also, for any set S D,, we use [V S5 y); xe
§] to denote the subspace of R" spanned by the vectors V, f(x, y), x € S. Finally, for
any set S< D, [V.f(x, y); y€ S] is similarly defined. .

AssumpTION 2.1. For any y € D,, we let

FNy)={S< D,| (S, y) contains an open interval}.!

(For any x € D,, $'V(x) is similarly defined.)
(a) For any ye D, and any nonempty open set S <-D,, we have S e $®.
(b) For any x € D, and any nonempty open set S < D,, we have Se V.
(¢) For some nonnegative integer n,, we have

(2.1) dim [V, f(x,y); xeS1=n, VyeD, VSe¥{y).
(d) For some nonnegative integer m;, we have
(2.2) dim [V f(x,y); ye Slzm, ¥xeD, VYSe%(x).

Our main result is the following.
THEOREM 2.1. Under Assumption 2.1, the following is true

(2.3) C\(f; D x D,) = min {n., mg}.

The proof of Theorem 2.1 is a long and tedious argument based primarily on
elementary differential geometry. Before proving Theorem 2.1, we first give a sketch
of the basic proof ideas.

Consider an optimal protocol described by (1.1)-(1.2). By symmetry, we can
assume that the final evaluation of f(x, y) is performed by processor P,, in which case
the last message must have been transmitted by processor P,.

We assume, in order to derive a contradiction, that the number r of messages in
the protocol satisfies r < n,. Let us fix a *“crossing message sequence” c=(c,,- - -, c,),

! The notation f(S, y) stands for the set {f(x, y)|x < S}. Similar notation will be used later without
further comment.

T
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that is, the values ¢; = m;(x, y) of the messages under some execution of the protocol.
Fiting ¢ imposes the following constraints on x and y:

(2-4) C,-=""‘l,-(x, Cys ..Ycl—l)S i€ T‘l—-.’!’
(2'5) C.='ﬁi()’a cl!---,cl—l)’ iETl—ﬂ'

Note that these constraints decouple and can be expressed in the form xe S,(¢) and
y € 8,(c). With some technical work (making sure that certain Jacobians are nonsin-
gular), we can show that S.(c), S,(¢) are “smooth™ (continuously differentiable)
surfaces, depending smoothly on c.

The equation

(2'6) f(x’ }’) = h(x’ ml(x’ }’), T, mr(xv }’))

shows that f(x, y) depends on y through at most r functions. Taking derivatives and
using the chain rule, we can show that for any y*, and any crossing sequence c, the
collection of vectors {V,f(x, y*}| x € S.(c)} spans a subspace of dimension at most r.

Note that if y*e€ S,(c), then f(x, y*) = h(x, ¢) for all x e S,(c). We consider two
cases.

Case 1. If there exists some open set of ¢’s in which h(x, ¢) = h(c) (i.e., indepen-
dent of x), for all xe S,(c), then there exists an open ball in which the equation
S(x, y)=h{m(x,y),- -, m(x, y)) holds. But this would imply that f(x, y) could have
been evaluated by processor P, before transmitting the message m,(x, y), and we would
have a protocol with r—1 messages, a contradiction.

Case 2. If Case -1 does not hold, a technical argument shows that there exists
some particular ¢ for which h(x, c) is not independent of x. By continuity, {h(x, ¢)|xe
S.(c)} contains an open interval. Hence, S,(c) belongs to ¥®(y*). Therefore, using
Assumption 2.1 (d) and the fact that the subspace spanned by the vectors {V f(x, y*)|x €
S.(c)} has dimension at most r, we have n, = r, which contradicts our earlier assumption.

To turn the above intuitive argument into a rigorous proof, we have to make sure
that all the functions involved are properly defined and have the degired differentiability
properties. The rest of this section is devoted to a formal proof of Theorem 2.1.

Let r= C,(f; D, x D,). We first prove that it is sufficient to show the lower bound
{2.3) under the additional assumption
(2.7) r=min C(f; D,xD,),

Dy, D,
where the minimum is taken over all nonempty open subsets D, 15, of D,,D,,
respectively. Suppose that we have already shown that Theorem 2.1 is true under the
assumption (2.7). Let us now show that (2.3) is valid when (2 7) does not hold. In this
case, there exists some r'<r and some open subsets D, x D of D, x D, such that

r'=Cd(f; Dx X Dy) = fnil} C\(f; Dx X Dy)a

. D,
where the minimum is taken over all nonempty open subsets D, ﬁy of 15,‘, ﬁ,. Thus
(2.7) holds with r, D, and D, replaced by r, D and D , respectively. Since any
nonempty open subset of D (respectively, D ) is also a nonempty subset of D,
(respectively, D, ), we see that Assum tion 2.1 remains valid (with the same constants
ns, my) when Dx, D, are replaced by D,, D Therefore, Theorem 2.1 applies and shows
that r > r' = min {n,, my}, which shows that Theorem 2.1 holds regardless of assumption
2.7).
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In the rest of the proof, we will assume that (2.7) holds. Let us consider a protocol
that uses exactly r messages, described by (cf. § 1) s

(2'8) m,-(x, y) = r?l,-(x, ml(xq y)a T, mi-l(xv y)) V(x, }’)E Dx bS Dy lflE Tl-Z’
(2'9) mi(X,}’)='ﬁ.()f's ml(x’y)$' i '1ml—l(xsy)) V(-",}")ED.:XD,- ifier’!-'ls

where each m, and m, is a continuously differentiable function. By symmetry, we can
assume that the final evaluation of f is performed by processor P,. Thus there exists
some continuous function h such that

(2.10) S, y)=h(x,m(x, y),- -+, m(x,y)) V(x,y)e D,xD,.
Before presenting the main line of argument, we derive three lemmas. Let u = (x, y)

andlet D = D, x D,. Write m(u) = (m(u}, - - - , m,(u)) and let Vm(u) bethe (m+n) x r
matrix whose ith column is the gradient vector Vm,(u),i=1,- - -, r. Define

(2.11) k=m__a[))( rank [Vm(u)].

LemMma 2.1. k=r.

Proof. We show this by contradiction. Suppose that r> k. Consider the con-
tinuously differentiable mapping m: D +— R’, where D= D, x D, is an open set and
m(u)=(m(u), - -, m{u)). We claim that Vm,(x, y) is not identically zero on the set
D. Indeed, if this was the case, then m,(x, y) would be equal to a constant on the set
D, and the first message in the protocol would be redundant. Thus, there would exist
a protocol that uses r—1 messages, contradicting definition of r. We can therefore
apply Theorem A.2 in the Appendix (with the correspondence m <> F,D & Q,r © s)
to conclude that there exists some positive integer i and some continuously differentiable
function g such that

(2.12) m(u)=g(m(u), - -, m(u)) VYueD,
where D is some nonempty open subset of D. By takmg a subset of D if necessary,
we can assume that D is of the product form D, x D,, where D, and D, are some

open subsets of D, and D,, respectively. Then, (2. 12) would imply- that the (i+1)st
message m;, (x, y) is redundant for computing f over D, x D,, which contradicts the
definition of r (cf. (2.7)). o

Loosely speaking, Lemma 2.1 tells us that each message in an optimal protocol
has to contain some “‘new information™ and therefore the corresponding gradient
vectors have to be linearly independent. Before we go on to the next lemma, we
introduce some more notations. Let D, < D,, D, < D, be nonempty open sets such
that Vm(u) has full rank for every ue D, x D,. (Such sets can be taken nonempty due
to Lemma 2.1, and open due to the continuity of Vm(u).) We use D as a short notation
for D, x D,. Furthermore, for any vector ¢=(¢;," -, ¢, )eR" and for i=r, we let
¢'=(cy, €, *,¢). Let also r, (respectively, r,) be the number of messages sent by
processor P, (respectively, P,). In addition, we use the notation [V,m(x, y); ie T,,,]
to denote the mXxr; matrix whose column vectors are V,m(x,y)=
(emi(x, y)/3x,, -+ - ,ami(x,y)/9%xn), i€ T\..,. The nx r, matrix [V, m;(x, y); i€ T,,,] is
defined similarly. As a refinement of Lemma 2.1, we have the following lemma.

Lemma 2.2. For any (x, y)€ D, we have

rank [V, iy(x, ¢ 7'); i€ Tiual=ry,
and

rank [V, #,(y, ¢ ) ie o ]=rs,
where ¢ = m(x, y).
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Proof. By Lemma 2.1, we see that the matrix Vm(x, y} has full rank (and its rank
issequal to r) over the set D. Note that by possibly reindexing the columns of the
matrix Vm(x, y), we can write Vm(x, y} in the form

An Alz]
Ay Anl’
where A, =[V.m(x, y); i T,.,] and A, =[V,m(x, y); i€ T-.,]. From (2.8)-(2.9), it
is easily seen that for each i€ T;_.,, there exists a continuously differentiable function
M; such that
(2.13) m(x, y)=My, {m(x, y): I<ileT.,}, ieTh.;.

(In other words, a message sent by processor P, can be expressed as a function of y
and the messages already received.) By differentiating (2.13), we obtain

(2.14) Vim(x,y)= ¥  dix, y)V.m(x, y), i€ Th.y,

le T\, 0<i

Vm(x, _v)=[

where each d)(x, y) is a suitable scalar. Thus,
V.mi(x,y)espan {V.m(x, y);le Ti.,} VY(x,y)eD VYieT,.,.

This means that the columns of A, belong to the span of the columns of A,, and
therefore

rank[A;;, Ap]l=rank (A,)=r,.
Similarly, one can show that
rank[A,;, A ]=rank (A,)=r,.
On the other hand,
r=r+r;
Zrank (A,;) +rank (A,,)
=rank [A,, A, ]+rank[A,, A,].
All AlZ] *
AZI AZZ
=rank {Vm(x, y)]
=r ¥Y(x,y)eD.

=Zrank [

This implies that

rank (A,,) =rank [V.m,(x, y); ie T ..1=r,
and

rank (Ay) =rank [V,m(x, y); i€ T,.,]=r,.

To show that rank [V #1,(x, ¢'™"); i€ T,.,]=r,, we differentiate (2.8) to obtain

am

l(xa ci—l)vxml(xv }’) ifie T‘I*Za

i—-1
(2.15)  Vom(x,y)=V.i(x, N+ L
=1 aml

where ¢ =m(x, y) and (x, y)e D. Using (2.14), we see that

1
¥ (@mu/am)(x, ¢V m(x, y)

I=1
can be written as a linear combination of the vectors {V.m(x, y); [<i~1,le T,.,}.
Therefore, (2.15) shows that

[V x, Ci~l); ieT.;]=[V.m(x, y);ie T,.,] C = A,,C,
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where C is some upper triangular matrix whose diagonal entries are equal to 1. Hence

rank [V si;(x, ¢'™'); ie T,.,] =rank (A,,) = r,. The equality »
rank [V 7 (y, ¢’ DY ie Thol=ra

can be shown by a similar argument. a
Let us fix some more notations. For any vector c=(¢,, -, ¢)eNR and 1 Si=n,
we let

S(e) ={(x, y)e DX Dy|m/(x,y)=c,i=1,- -, r},
S.(c)={xe D |(x, ¢ )=c¢,Vie T.,}
S(c)={yeD,|f(y, ' Y=¢,Vie T},
R"={(my(x, 5}, - -, m(x, y)|(x,y)e D, x D,}.

LemmMma 2.3. For any ce R', we have

(2.17) S(c)=S.(c)x S, (c).
Proof. We have, using definition (2.16) and (2.8)-(2.9),
S(c)={(x,y)e D, x D,|i,(x,c' ") =¢c,Vie T.,, iy, ¢ )=¢,Vie T,.\}
=8§,(c)x S,(c). O

(2.16)

We now fix some (x*, y*)e D and let c* = m(x*, y*). Let us défine
Fix,c)=m(x, ¢ "Y—¢ VceR', xeD,, ie T ..

Thus F{x*, c*)=0 for all i€ T,.,. Moreover, it follows from Lemma 2.2 that the
matrix [V, .F(x*, ¢*)] has full rank. It is now clear that we are in a position to apply
Theorem A.3 in the Appendix (with the correspondence that u<>x, and vec) to
conclude that there exist an open subset U, of " containing ¢*, and an open subset
D.of D, containing x*, such that S, (c)N D.is nonempty and connected forall ce U,.
Followmg a symmemcal argument we see that there exist opep subsets U, R" and
D < D, such that ¢*e U,, y*¢e D and S,(c)N D is nonempty and connected for all
ce U,. Let U= U,N U,. Clearly, U is nonempty, since ¢* € U. In light of Lemma 2.3,
we see that for all ce U,

$(c)2 S(c)N (D, x D)
=(5.()N D) x(S,(c)N D,),

and the set §gc) is nonempty and connected. Let us use .§x(c) and §,.(c) to denote the
sets S.(c)N D, and §,(c)N D,, respectively.

We now proceed to prove Theorem 2.1. Since we have assumed that the final
result is evaluated by processor P,, it follows that the last message m,(x, y) must have
been sent by processor P,. (Otherwise, processor P, would be able to evaluate f(x, y)
on the basis of m,(x,y),- -+, m._(x, y), and we would have a protocol with r—1
messages, thus contradicting (2.7).) Suppose that there exists some function w: U—N
such that

(2.18) h(x,¢)=w(c) VeelU VxeS.(c),

where h is the function given by (2.10). We claim that w is a continuous function of
¢ in U. In fact, let ¢ be an arbitrary vector in U and let {c,e U;i=1,2,---} be a
sequence of vectors converging to ¢. By Theorem A.3 in the Appendix, we can pick a
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convergent sequence of vectors {x; € §x(ci); i=1,2,---} such that lim,.-x;=x for
some x € D,. By using (2.18) and the continuity of A, we see that

li‘g w(ci) = lim h(xis ci) = h(xa c)’

which implies that w is continuous on U. Since for any (x, y)e m™'(U )ﬂ(Dx X D,.)
we have m(x, y)e U, (2.18) yields

f(x, y)=h(x, m(x,y)) =w(m(x,y)) V(x,y)eD,xD,.

Thus f can be evaluated on the basis of m(x, y) alone over the set m~'(U)N (D X D )
and this can be done by processor P, before sending the last message. Thus (2. 18)
leads to a protocol with r — I messages for computing f over m “(U)YN (D, x D ). This
will contradict (2.7) once we show that m ™' (U)N (D, x ») ) is a nonempty open set.
To this effect, we notice that $(c) is nonempty and that

S(cye m™{U)YN (D, x Dy) Vece U,

from which it follows that m "Y(U)N (D X D ) is nonempty. Furthermore, m™'(U) is
open since it is the inverse image of the open set U under a continuous mapping.
Thus, m~(U)N (D, x D ) is open, since D, x D is open by construction.

Since no function w can have the property (2 18), we conclude that there exists
some ée U such that A(x, &) is a nonconstant function of x on the set § (é). Since h
is a continuous function and the set S () is nonempty and connected, we see that
h(S (8), c) must contain an open interval in R. Using the fact f(x, y) = h(x, &) for all
(x,y)e S, (c)xS (¢), we have

F(8.(8), y)=h(8.(8),8) VyeS,(é).

Therefore, f(8.(8), y) contains an open interval, or equivalently, 5.(8) e $9(y) for
all ye S y(€) (cf. deﬁmtlon 2. 1) Let us fix some yeS (¢). T'hen usmg the definition
of n; (2 1), there exist x', ,xe§ () such that V f(x',§ , V. f(x™, §) are
linearly independent. Meanwhlle we observe that P

$,(8)={yeD,|m(y, & V=8 VieTpn}

and that, for any fixed x e S, (&), f(x, y) = h(x, &) is a constant function of y on the set
S ,(C). Moreover, by Lemma 2.2, we have

(2.19) rank [V i (y, 67" i€ oo l=r, VyeD,.

Thus we are now in a posmon to apply Theorem A.4 (with the correspondence
Ao 8,(8), Fo{m(y,é ) ~é;ie Ty..}) and conclude that

V,f(x, §)espan (V,i(5, &Y, ie T} ¥xe S,

Since each x’e S,(c), we see that V,f(x’, §) is the span of the vectors {V, (5, &),
i€ Ty}, for j=1,---, n. Using the fact that the vectors V, f(x’, §) are linearly
independent, we conclude that r= r, = n, Z min {my, n;}, which is the desired resulit,
under the assumption that processor P, performs the final evaluation of £ A similar
argument yields r = r, = n; = min {my, n;} for the case where processor P, performs the
final evaluation of f. This completes the proof of the theorem.

As a remark, we note that in the preceding proof we have actually shown that
r,Zn, in the case where processor P, performs the final computation and r, = my if
processor P, performs the final computation. Therefore, if C,(f; D,xD,)=
min {my, ns}, then either r,=m, and r, =0, or, r,=0 and r, = n,. This means that our
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lower bound is tight only for those problems for which one-way communication

protocols are optimal. )
CoroLrLary 2.1. IfC\(f; D, x D,} = min {ng, mg}, then any optimal communication

protocol for computing f over D, x D, is necessarily a one-way communication protocol.

3. Computing a root of a polynomial. We now apply Theorem 2.1 to the distributed
computation of a root of a polynomial. We shall demonstrate that in this case Abelson’s
result is far from optimal.

Letx=(xg, ", X, )ER"and y=(yo, - - *, ¥u-1) € R"; let F(z; x, y) be the poly-
nomial in the scalar variable z defined by

a-1

(3.1) F(z;x,y) = Zo (x:i+y)z',
Processor P, (respectively, P,) has access to the vector x (respectively, y); and the
objective is the computation of a particular root of the polynomial F(z; x, v). In order
for the problem to be well defined, we must specify which one of the n—1 roots of
the polynomial is to be computed. This is accomplished as follows. We fix some
(x*, y*) € R?" such that one of the roots (call it z*) of the polynomial F(z; x*, y*) is
real and simple. This root will vary continuously and will remain a real and simple
root as x and y vary in some open set containing x*, y*. We formulate this discussion
in the following result. .

LeMMA 3.1. Suppose that z* is a real and simple root of F(z; x*, y*). Then, there
exist open sets D,, D, < R" such that (x*, y*)e D, x D, and an infinitely differentiable
function f: D, x D,—R such that f(x*, y*)=z* and

(3.2) F(f(x,y);x,¥)=0 V¥(x,y)eD,xD,.

Proof. Note that (9F/dz) (z*; x*, y*) # 0, since z* is a simple root. By the implicit
function theorem ([S65, p. 41]), we see that there exists an open set D containing
{x*, y*) and an infinitely differentiable function g: D— R such that g{x*, y*)=z* and
F(g(x, y); x, y)=0for all (x, y) € D. Now by the continuity of (6F/az) (z: x, ¥) lzsg(w,
at the point (x*, y*), there exist open sets D,, D, such that (x*, y*)e D, x D, = D and
such that (3F/9z) (z; X, ¥) |.—gxsn %0 for all (x, y) € D, x D,. As a result, g(x,y) is a
simple root of the polynomial equation F(z; x, y) =0 for all {x, y)e D, x D,. Let f be
the restriction of g on D, x D,. Clearly, f has all the desired properties. 0

By Lemma 3.1, we see that f(x, y) is a root of F(z; x, y) and is a well-defined
smooth map from D, x D, to R. We are interested in the communication complexity
C\(f;, D, x D,) of computing f(x, y) as (x, y) varies in the set D, x D,. We start by
pointing out that Abelson’s lower bound (Theorem 1.1) is rather weak.

LEmMA 3.2. The rank of the matrix H,,(f ), whose (i, j) th entry is equal to 8f/ ox;0y;,
is at most 3, for any (x,y)e D, x D,.

Proof. We have

n-1 .
_Z=Zo i+ y)(f(x, y))'=0 ¥Y(x,y)e D,xD,.

We differentiate both sides of the above equation, with respect to y,, to obtain

af(x, y)
3

n—

z: i+ ) y))

+(f(x, yN)"=0 V(x,y)eD.xD,,

(3.3) 0=m=n-1.
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We differentiate (3.3) further, with respect to x;, to obtain

"il i(i— 1) (x+y)(f(x, )2 af(x, ¥) af(x, y)

i=t ax; 7

£ i RYSEt! azf(xa )’)

(3.4) T it ()
+m(f(x, y)" ‘af( y)+1(f( e laf(x 2 —o,

m

Vix,y)e DXXD,., 0=m,I=n—1.

Since f(x, y) is a simple root, it follows that ¥|_ ' i(x;+ y:)(f(x, ¥))' "' #0. Equation
(3.4) shows that 3*f(x, y)/3x3y,. is of the form u,(!)v,(m)+ u,(1)vs(m)+ us(Hvy(m),
where u;(l), v,(m) are some real numbers depending on x, y. Therefore the rank of the
matrix H,,(f) can be at most 3, for any point (x, y)€ D, x D,. 0

We now illustrate the power of our general results by deriving a lower bound that
matches the obvious upper bound.

THEOREM 3.1. Let D, D, be as in Lemma 3.1. Then, C,(f(x, y); D, X D,)=n.

Proof. The upper bound C\(f; D, x D,) = n is obvious, so we concentrate on the
proof of the lower bound. To this effect, we will employ Theorem 2.1 and it suffices
to verify that Assumption 2.1 holds with n; = m, = n. Since the roots of a polynomial
equation cannot remain constant when the coefficients vary over an open set, it follows
that the continuous function f(x, y) given by Lemma 3.1 satisfies parts (a) and (b) of
Assumption 2.1. Now we fix some y€ D, and some Se ¥?(y), that is, S< D, and

f(S, y) contains an open interval. Let ¢,,- -, c, be some distinct real numbers in
f(S,y) and x',- - -, x" € S such that
(3'5) f(xi’y)=cis i=l’."9‘\n'

Let x; be the jth coordinate of x". Using (3.3), we see that

(3.6) av,f(x, ) =- “ |,
c,".'l

where a; —ZI lj(x +y,)c’ . If we form a matrix whose columns are the vectors
(L, --,ct ™, i=1, , 1, this matrix is a Vandermonde matrix and is nonsingular,
becaiuse the values ¢, - - -, ¢, are chosen to be distinct. Then, (3.6) implies that the
vectors V,f(x', y), i=1,- - -, n, are linearly independent. This proves that n,=n. The
proof that m, = n is similar. a

As a remark, we point out that Theorem 3.1 is in some sense the strongest result
possible. The only assumptions we used in showing Theorem 3.1 are that (a) the
message functions are continuously differentiable; (b) the final evaluation function is
a continuous function; (c¢) the protocol computes a root of a polynomial on some open
set. As discussed in [L89], assumption (a) is necessary since its removal could lead to
unreasonable conclusions. Assumption (b) is basic and natural since the function to
be computed, i.e., a particular real simple root of some polynomial, is continuous,
while assumption (c) is minimal. Finally, we note that no truly two-way communication
protoco! can be optimal. In other words, if each processor transmits at least one
message, then at least n + 1 messages have to be exchanged. This is a simple consequence
of Corollary 2.1 of § 2.
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4. Comparison with Abelson’s bound. In the previous section, we saw that Theorem
2.1 can yield a much better bound than Abelson’s result (Theorem 1.1). However; it
is not true, as we shall see next, that Theorem 2.1 always provides a stronger lower
bound. The reason is, loosely speaking, that our result only places a constraint on the
minimum number of messages that has to be sent by a single processor, while Abelson’s
result is a bound on the total number of messages sent by both processors. As pointed
out at the end of §2, any two-way communication protocol that attains the lower
bound in Theorem 2.1 is necessarily a one-way protocol. Notice that our result makes
use of information about the first-order derivatives of function f. This is in contrast to
Abelson’s result which uses only the second-order derivatives of £ In what follows,
we provide an example where Abelson’s bound is more effective than our bound.

Let f(x, y) = x"Qy, where Q is some m X r matrix, xe R™ and y € R". By Theorem
1.1, we see that C,(f; ™ xNR") Zrank (Q). Using the singular value decomposition
of Q, one can construct a protocol that uses exactly rank(Q) messages (see [LT89]).
Therefore, we conclude that Cy(f; ™ xR")=rank(Q). To see what lower bounds
are provided by Theorem 2.1, we need to calculate the values of m, and n,.

Suppose that rank (Q)=r>0. Let D,, D, be some convex open subsets of R™
and R", respectively. We assume that 02 D, and 02 D,, in which case f(x, y) is
nonconstant as x or y vary in an open subset of D, or D,, respectively. Thus parts
{a) and (b) of Assumption 2.1 are satisfied. We now show that Assumption 2.1 can
only hold with min {m,, n;} =2. By the singular value decomposition, there exist two
linearly independent families of vectors u,,- -+, u, in R™ and v, - - -, v, in R", such
that

(4.1) Q=uvf{ +uv; +-- - +uuvl.

It follows that x'Qy =¥ _, (4] x)(v]y). Since r> 0, there exists some point (x,, yo) €
D, x D, such that Xa Qy, # 0. Hence, we can, without loss of generality, assume that
(uIx)(vlyo) #0. Let S={xe D.|ulx=ulx,,1=isr—1}. Clearly, S is nonempty
since xp€ S. We claim that if r> 1, then f(S8, y,) contains an open interval. In fact,
(4.1) shows that P
x'Qyo= z (ux)(v] yo)
4.2) et
=Y (ulx0) (vl yo) +(ulx) (vl y) VxeS.
=1

Since u, is linearly independent from u,, - - -, 4,_,, we see that u[x is a nonconstant
function of x on S. Using (4.2) and the fact that.v[ y,# 0, we see that x”Qy, is also
a nonconstant function of x on the set S. Note that S is connected because D, is
assumed to be convex. It follows that f(S, y,) contains an open interval. To see that
ne =2, we note that

r—1
V(x5 yo)= ¥ (ulx)vi+(ulx)v, ¥xe§
i=1

Hence, dim [V, f(x, yo); x € §]1=2. Thus Assumption 2.1 can only hold with n,=2. The
relation m, =2 can be established in a symmetrical fashion. As a result, we have shown
that min {m, n;} =2.

Thus, for the problem f(x, y) = x’Qy, Theorem 2.1 provides a lower bound of at
most 2, as opposed to the lower bound of rank(Q) provided by Abelson’s result.
Hence, Theorem 2.1 can be quite far from optimal, in general. Furthermore, the above
example and the results of § 3 illustrate that Theorems 1.1 and 2.1 are incomparable.
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Appendix. This appendix contains some results concerning multivariable functions
that are used in § 2.

Let F: U x Vi—X* be a continuously differentiable mapping, where U and V are
open subsets of M" and R’ respectively. We assume that r>s and that
rank [V . F(u*, v*)]=s, for some (u*, v*) € U x V. Then, the matrix VF, (u*, v*) has s
linearly independent rows and we can find a set S < {1, - - -, r} of indices, of cardinality
s, such that the vectors (3F,(u*, v*)/ou, - --,dF(u*, v*)/ou,),icJ are linearly
independent. We define the projection I1:R"—R""° by letting TI(u) be the vector
with coordinates u,, i 2.J. We have the following lemma.

Lemma A.l. There exists a connected open subset R of U x V, and a connected open
set Sc R, and a continuously differentiable function g: S—> R such that (u*, v*)e R,

S ={(F(u, v), I(u), v){(u, v) € R},
and such that
(A.1) (u, v)=g(F(u,v),M(u),v) V(4 v)eR

Proof. Consider the mapping gq:UxV—R"™ defined by g(y,v)=
(F(u, v), I(u), v). We claim that Vg(u*, v*) has full rank. To see this, let us permute
the rows of Vg(u™*, v*) so that the last r+ ¢ — s rows correspond to the partial derivatives
with respect to the variables v and u;, i € J. Then, Vq(u*, v*) will have the structure

A O
sater =2 °].

where A, B are suitable submatrices of VF(u*, v*) and [ isthe (r+t—s)x{r+t—ys)
identity matrix. Each one of the s rows of matrix A is a vector of the form
(3F (u*, v*)/du,, - - - ,dF,(u*, v*)/du;), i € J,and these vectors are linearly independent
by construction. Thus det (Vq(u*, v™)) = det (A) # 0. The result then follows from the
inverse function theorem [S65, p. 35]. a

TuHeEOREM A.1. Let Q be an open subset of R". Let F: Q-—>iﬁ be a continuously
differentiable mapping such that

(A.2) msaqx rank (V F(z)) =35

Suppose that f: Q— R is a continuously differentiable function with the property
Vf(z)espan {VF{(z)} VzeQ.

Then, there exists some continuously differentiable function h such that f(z) = h(F(z))
Jor all ze R, where R is some open subset of Q.

Proof. Suppose that z* € Q is a vector at which the maximum in (A.2) is attained.
By taking ¢ =0 and dropping the set V, we see that all the assumptions of Lemma A.1
are satisfied?, and thus Lemma A.1 applies. Let R, S, and g be as in Lemma A.1. By
assumption, Vf(z)espan {VF(z)}, for all ze R. Thus, for every z€ R, there exists a
vector d(z) € R° such that

(A3) Vf(z)=VF(2)d(z) VzeR

2 We have assumed that r> s here. The proof for the case r =s is essentially the same except that [1
is redundant.
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Using Lemma A.l, we have

F(z)=F(g(F(z),II(z)}) VzeR,
or
(A.4) u=F(g(u,v)) V(uv)es.

Let V,g be the (r—s)xr matrix of the partial derivatives of g, with respect to the
components of v. Since the left hand side of (A.4) does not depend on v, the chain
rule yields

(A.5) 0=V,g(u,v)-VF(g(u,v)) V(u,v)es.
We use Lemma A.1 once more to obtain
f(z) =f(g(F(z),1I(z)})) VzeR
We define a function h: SN by letting
(A.6) h(u, p)=f(g(u,v)) Y(y,v)eS
Note that A is continuously differentiable. Using the chain rule,
Voha(u, v) =V g(u, v) - Vf(g(y v)) V(u v)es,

where V A(u, v) is the vector of partial derivatives of i with respect to the components
of v. Using (A.3) and (A.5), we conclude that V, a(u, v) =0, for all (&, v)< S. Since S
is open and connected, it is easily shown that & is independent of v and there exists
a continuously differentiable function h: VN such that

h(u, v)=h(u) VY(y v)eS.
Here V = F(R), which is obviously open and connecteq: For any z € R, we have
f(2)=f(g(F(2),TI(2))) = h(F(2), T1(2)) = h(F(2)),

as desired. 0 .

THEOREM A.2. Let F: Q> R° be continuously differentiable, where Q = R’ is open.
We assume that rank (VF(z))<s, for all z€ Q, and that YV F,(z) (the first component
mapping of F) is not equal to zero on the set Q. Then, there exists some positive integer
i and some continuously differentiable function h such that

Fi.(z)=h(F(2),---,F(z2)) VzeR,

where R is some nonempty open subset of Q and F; denotes the ith component mapping
of F.
Proof. We let i be the largest index such that there exists some 7€ Q with the

property
dimspan {VF,(2),---,VF/(2)}=Li
Clearly, 1=i<s. By continuity, there exists some open subset é of Q containing ?

such that VF,(z), - - -, VF(z) are linearly independent for all ze Q. By our choice of
the index i, we have

VE,.(z)espan{VF(z), - ,VF(2)} VzeO.

By Theorem A.l, we see that there exists a continuously differentiable function
h: U~—®R such that

Fi(z)=h(F\(2),- -+, F(2)) VzeR
where R is some open subset of Q and U = F(R). a
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THEOREM A3. Let F: U X V> NR* be a continuously differentiable mapping, where
U and V are open subsets of R" and W', respectively. Let (u*, v*)e U X V be such that
rank [V F(u*, v*)]=s and F(u*, v*) =0. Then, there exists some nonempty open subsets
W< U, V< V such that u*e W, v*e V, and

{u|F(u, v)=0INW

is nonempty and connected for all v € V. Furthermore, if {v,€ V;i=1,2,-- -} isa sequence
of vectors such that lim; .., v; = v and ve V, then there exists a sequence {u,c W} such
that F(u;, v;)=0 and lim,_ . u; = u for some uec W,

Proof. We are in a situation where the assumptions of Lemma A.1 hold.? Let
q, g R, S be given as in Lemma A.1. Thus (y, v) = g(q{u, v)) = g(F(u, v), [I{u), v), for
all (u, v)e R. Let g,, g, be the corresponding component mappings of g such that
u=_g,(q(u,v)) and v=g,(q(u, v)). Since S is open, we can take a connected open
subset of S with the form W, x W, x V such that W,c R*, W,c R’ and q(u®, v*)e
W, x W,x V. It is easy to check that W, is nonempty and connected and that v*e V.
Since g is a diffeomorphism, it follows that the set g( W, x W, x V) is open. Moreover,
we claim that g has following properties:

(a) g,(wy, wy, v) =0 for all (w, w,, v)e W, x W,x V;

(b) TI(g.(w,, ws, v)) =w, for all (w,, w,, v)e W, x Wyx V.

To prove the first property, let us write {w,, w,, £} =q{¥, v') for some (&, v') e R.
This is possible since (w, w,, v) € S. Hence, (w,, w,, v) = (F(u, v'), II(r), v’). It follows
that v = v and (w,, w,, v) = g(u, v). Thus, g,(w,, w,, v) = g.(q(y, v)) = v, which proves
(a). We now show the second property. As we have just seen, there exists some u such
that (w,, w,, v) =q(u, v) and (&, v)e R. Thus, (w,, w;, v) ={(F(y4, v), [I(u), v), from
which it follows that w, =II(u). On the other hand, we have

[(g.(wy, ws, v)) =T1(g.(q(u, v))) =TI(u),

from which it follows that w, =TI{g,.(w,, w,, v)).

Now let W=g, (W, x W,x V) and S,(v)={ue U|F(u, v} =0}, Since W is the
projection of the open set g( W, x W, x V), it follows that W is‘open in R". Also, it
can easily be seen that W< U and u* e W. Furthermore, we claim that

(A7) 5.(0)N W={g,(0, w,, v) | wye W2} VveV.

In fact, let us fix some ve V and let E(v) be the set in the right-hand side of (A.7).
We will show that E(v)< S,(v)N W. Clearly, E(v) < W. Thus, we only need to show
that E(v) < S,(v). Let u be an element of E(v). Then, there exists some w,e W, such
that u=g,(0, w,, v). Since g(u*, v*)=(F(u*, v*), I(u*), v*)=(0, (u*), v*) and
g(u*, v*)e W, x W,x V, we see that 0 W,. Thus, (0, w,, v) € W, x W, x V. In light of
property (a), we see that v=g,(0, w,, v). Consequently,

F(u, v) = F(g.(0, w,, v), 8,(0, w,, 1)) = F(g(0, w,, v)) =0.

It follows that E(v)< S, ()N W.

For the reverse inclusion, given any u € S,(v) N W, we have F(u, v) =0. Further-
more, there exists some (w;, w,, v')e W, x W,x V such that u=g,(w,, w,, v). By
property (b), we see that II(u)=w,. Thus (0, w,, v) =(F(u, v), TI(u), v) = q(u, v).
Hence, u = g,(q(u, v)) = £,(0, w,, v). This implies that uc E(v), and (A.7) has been
established. As a result, the set S,(v) N W is connected because, according to (A.7),

3 Here we have assumed that r>s. The same argument works for the case r=s5 except that II should
be dropped in the remaining proof.
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it is the image of the connected set W, under a continuous mapping. Since E(v) i3~
nonempty for each ve V, (A.7) also shows that S,(») W is nonempty. 4

Given a sequence of vectors {v,€ V;i=1,2,- - - }suchthatlim;,., v;=vand ve V,
let us pick u; =g,(0, wy, v;), i=1,2,-- -, where w, is some fixed vector in W, Hence,
u, € E(v;) for all i. According to (A.7), we see that F(u;, v;) =0. Furthermore, by the
continuity of g,, we see that :

lim U, = lim gu(o, W, vi) = gu(os Wy, U),
which is clearly in W. O

THeOREM A.4. Let Q be an open set in R'. Let also F: Q—NR* be a continuously
differentiable mapping such that

(A.8) rank (VF(z))=s VzeA,

where A={z|F(z)=0}. Suppose that f: QR is continuously differentiable and is a
constant function of z on A. Then,

(A.9) Vf(z)espan {VF(z)} VzeA
Proof. Consider the following constrained optimization problem:
(A.10) rgi;lf(z).

By assumption, each z in A is an optimal solution to (A.10). Since the regularity
condition (A.8) ensures the existence of a set of Lagrange multipliers, the necessary
condition for optimality gives the desired result ([L84, p. 300]). 0
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