
 Recitation 6 Manipulating Ito SDEs

Consider an Ito SDE
x ̅ MIX 01 1714 GA MCE 8 t t

Multiplyingby dt we getthe math notation

dx Mix It 01 1dw

The above is intended todenote the corresponding integral We can develop heuristic
rules formanipulating infinitermals like the above Here are the rules

Rules for eane like 1 Set dW It

12 Neglect terms oforder higher that It
e g dt 0 dtdw 0 01 312

what is meant bythe above is that for an adaptedprocess M It the following hold

given a partitioning of Ot into Oct 4 ctrict with Dt t n
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Let's check Define In E 1GEAtINotice
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So to check equation I it suffices to show that In converges to zero We will show

this in the mean square cense i.e we will show
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Now use law Δt DW 2 DW2 Dt DE 3Δt2 2Dt Δt 2Dt

Thus In 2 CM the 0 to
Theother rules canbe proven similarly

Using these rates we can manipulate infinitesimals like dWand It andTaylor expand

with respect to them knowing when to terminate the series

Eqye.IEYftat rmdw
Consider fly for some smooth f Then

If f x1 dx f 1112 folds
f x dx mix It Tix dw

f x dx pixidt 2uixdtdw o dt

Dividing by It

I f x x ̅ off
we have recovered Ito's formula

87hfiefmn.me thYfatotoutt
see dx mixide six

corresponding to the integral

It Xo Stdsmixist Sidwist orthill

where dwo denotes the stratosovich integral defined by

dwistorixist ftp.E 0 Ex DW

I wish to rewrite this as an Ito SDE

dx fixide Fixided

where it 5 are to begiven in terms of µ Let write x Xx Dx andexpandthe

stratonovich integral w r t DX
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Taking n 0 the term Dt DW OLDER is subleading DW becomes dW It

so that leg T mil J xi DW Sids T xist Flasil
Thus

dwist o r xist dwist 51 14 ds t xis xess

Altogether the Ito expression for It is

It Xo ᵗdsf xis Fixes Oxrixist dues 51 151

Matching terms we see T
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In summary
The stratorovich SDE dx Mmdt rhoda 191

is the same as the Ito SDE dx Mix 00 x1 It Tix do Ibl

Notice that for additive noise T x 0 there are the same
We may take the above as thedefinition of the Stratonovich SDE andstudy its properties

Forexample we can prove that Stratanovich SDEs obey the standard chain rule

Let fly be some smooth function with obeying a Apply Ito's lemma to b

f f x ̅ 5 f
If f µ dt f or dt f't dW 102 f It

f µ f or r f It f Tdw

This last result is an Ito equation To convert to Strato we use

Ito SDE df Malfidt Tplf dw
equivalent strato If Mff 125ft fi It Tplf o dw

so that above has the strato form

Of f'm f or rf f't dp f r dt f't no dw
Notice
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Plugging into above we get
df f'm dt f rodw f x ̅

Thus the stratonovich equation obeys the standard chain rule


