
 RecitationsNumerialsimulationofSDEs

Recaps A stockenhi differential equation

x ̅ f x TM 21H
is a shorthand forthe integral equation
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we defined Ito integrals and computed explicitly an example
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1 Thestochastic Ito Taylorexpansion
1 1 Warm up Deterministic case

Let us first consider deterministic ODEs of the form
x ̅ f x

We writethis in integral form
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Now note that for any function g x we have g x g x f x g x

so that
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Let us now use this to rewritethe integral in by setting g f
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where R Stds du L f x ul 0 It For small t un maythus neglectRa

This gives the Euler scheme 14 7101 f x101 t R2
To dobetter we continuethe expansion setting g I f
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We may in general work up to any order
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where Rr Ottrt is
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This is effectively a Tayler expansion in integral form

11.2 Stochastic case and theMilstein Scheme

In moving to SDEs the main difference is that we must use Ito's formula in

place of the chain rate For an SDE

x ̅ f x T x MHI
we have
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Integrating
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where
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me now apply this to
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Setting g f and g o in the above
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where
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If an set R 0 we getthe EM scheme This is accurateonlyto OIF because

we have neglected a term of order t in T.Togetnalgor.fm that's
accurate to OH we ment further expand this term
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L T 101 twistdwls we calculated this above
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To conclude we have
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where R EOCE Setting R 0 gives theMilstein scheme accurate toOIDES

DefMilsteinschene to integrate an SDE x ̅ f1 1 51 1721 discretize time
to not and compute tn Xn recursively as
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when Zn are i i d V10 1

Note that for additive noise 51 1 T theMilstein scheme reduces tothe EM
scheme implying that EM is also accurate to O Dt in the additive case

Q How canthisbe extendedto higherdimensions Trying the above for a 2Dsystem
we would encounter integrals like

It dWn dW
where W and W are two independent Wiener processes Such integrals have no known

analytical expressions though they can be simulated

For rectorial problems it is oftenbest to look for a method specialized to theparticular

SDE at hand

EEitidf.LI nsoea numerical scheme
In general them are twokinds of convergence results that one can look for

1 Stonvergence pathwise convergence For a given realization of We3
how well does the discrete algorithm reproduce the continuum limit



2 Weakconvergence suppose I measure some observable glx Howwell is Gix
approximated by the algorithm

We now give explicit definitions Let It denote the true stochastic solution to

on SDE on the interval O T Suppose I run a numerical integrator with time

step At and that it produces a discrete approximation y y Ypt y

with N T Dt

Dele y converges strongly to X at time T with order α if CSO 830 s t
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Deff gotconverges weakly to at T withorder β if for any smooth test
function f Cpo 8 0 independentof Δt s t
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You cancheck that for f that don't growtoo fast β α so that strong weak

One can show
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Proving the strong or weak order of an algorithm is difficult for generic f and t

But it can be cherked numerically if youhave an exact solution you can
estimate the above by running many simulations fordifferent Dt In the strong
case use the same Wiere process sampledat successively higher resolution

recall Dec 3 on conditionaldistributions compute ly x1 for different Δt and

then repeat for many different wiere realization to get 19 17
In the weak case use a different WHI on each run

What if you don'thave an exact solution Compare to a veryhigh res simulation

or look at the differenceas you double the resolution
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