
 Recitation Stochastic Integrals SDEs andtheirsimulation

Recaps A stockenhi differential equation

x ̅ f x TM 21H
has solutions that locally resemble a generalized Brownian motion
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ÉithFhnn equation is a shorthand for the corresponding stochastic

integral
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In math integrals of the form fdsrest h s are typically denoted
to
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The corresponding notation for an SDE is
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We define as a stochastic version of the Riemann stieltjes integral

Partition the interval to t into n subintervals
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Pick times T within thesesubintervals

ti E Ti E t

The stochastic integral is defined as the limit
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Note that the value of this integral depends on the choice of Ti
Forexample consider h 1s W s Then
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If we use an α discretization an mentioned in lecture

Ti at 1 a tin 09 1

Then

Lsn ti ti i x t to

This ranges anywhere between o and t to

In the Ito perscription we make the choice

α 0 we primarily use this

In the Stratonovich pescription we use

1 2

For arbitrary heal there is no general correspondence between the two integrals but
in the important special case where h Is h Xist and s is the solution

to an SDE there is in fact a general formula relating the two perscription

We will come back to this in a future recitation

1 Example exact calculation of StW s dwist in the Ito sensel

We work in the Ito perscription and let W whtil DW Wi Wi
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The sum DW is the so called Quadratin variation of theWienerprocess
since the terms are i i d we may invoke the Law of large numbers on n a
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Thus

wis dw s WE t

2 Expectation values of Ito integrals

let us first define the notion of an adapted or nonanticipating function

Def A stochasticprocess M is adapted to W if for every t Mlt is some
deterministic function ofthe portion WISI 0 s t of thepath of W

up to time t

i e MILI isdetermined by thehistory of Wandis independent of its future
Forexample w is itselfadapted to W

The solution to an SDE XH Xo the f xist Jodwist o xss is also adapted toW

Ito integrals of adapted processes have an important property
Theme if M is adapted to W then

SEMistdwist O

Pf 1M's dwisily Gm Sn
notice thatthisdoesnot apply to

Sn Eam Itil DW
stratonovich integrals

If M is adaptedtoW then it canbewritten as a deterministic function of increments

of W within the interval 0 ti Bythe independence ofnonoverlappingincrements
we conclude Mlt ΔW KMCti.ly DWiY 0 Fat

This means that if H is an Ito process all integrals of the form

dWi forany functiong

have vanishing expectation This is consistent with thenotation in lecture settingdwis meald

we saythat glxist 2151 0

Youcancheckthetheorem for whidwiel calculatedexplicitly above



Simulating an Ito process SDE

1 The Euler Maruyama algorithm

From now on we work in the Ito convention Wewish to numerically sample the
solutions to an SDE

x ̅ f x t T x t yet
That is we wish to sample the stochastic integral

H Stdsflxist s Idwal T xcsl s
The simplestway todo this is to directly apply the definition of the Ito integral

by discretizing time to k Dt

Hn X 01 Éif x ta tu at 2T Hal ta W taxi W tal

The RHS depends only on the pastvalues to tn i and on the quantity
W ta Dt W tu N O BE

Itn can then be determined recursively

tri th f xctnl.tn Dt T xctnl tn Ft In
wherethe Zn an i i d N 10,1
This definesthe socalled EulerManyama EM algorithm

11 set 10 Xo t 0

12 Draw Z NCO 1

13 Set It Dt f it t Dt T it t Dt Z
4 set t t Δt If tctmax return to 2

This algorithm becomes more accurate as Dt 0 Howquicklydoes it converge

Few multiplinativenoise we will show shortly thattheerror scales as Ft

This is muchworse than the standard Euler scheme for an ODE for which

the error is 0 9 1



Youmay know that for ODEC there exist higher order methods methods that

converge faster than 01St They are similarmethods for SDEs but it is a
much trickier business then her ODEs inpartbecause of thevariety of definition
one can use to quantify the convergence of SDE integrators

A detailed account of such techniques can be found in the book
Kloeden PE Plater E Numerical solution ofStochastic Differential Equations Springer Verlag

1992

We discuss below a procedure for generating integration schemes that improve onEM

2 Thestochastic Ito Taylorexpansion
a Warm up Deterministic case

Let us first consider deterministic ODEs of the form
x ̅ f x

We writethis in integral form

A Col 5 f xssilds
Now note that for any function g x we have g x g x f x g x
so that

g x t1 g x ol Stds flxist g x s

g1 101 Stds L g Ixcsil where L f x Ox
Let us now use this to rewritethe integral in by setting g f

E 101 flxioll ᵗds Fds du L f x us
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where R StdsSidu L f x ul 0 It For small t un maythus neglectRa

This gives the Euler scheme 14 7101 f x101 t R2

To dobetter we continuethe expansion setting g I f
14 xcoltflxoist Iflxolfdsfdatnc.de glxl
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We may in general work up to any order

1H 101 th Im f 1 101 Rr
where Rr Ottrt is

Rr Sids Idsa dsr I fix Ismill
This is effectively a Tayler expansion in integral form

b Stochastic case and theMilstein scheme

In moving to SDEs the main difference is that we must use Ito's formula in

place of the chain rate For an SDE

x ̅ f x T x MHI
we have
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Integrating
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where
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me now apply this to

It 710 Stdsflxist for xist dwest
Setting g f and g o in the above
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dwislfdwinsL.tlx L T x101 dwis durus o t

L 01 01 twistdwls we calculated this above

0 1 1 WE t

To conclude we have

It Xo f Xo t Tix Wit 12Th T no WE t R2

where R EOCE Setting R 0 gives theMilstein scheme accurate toOIDES

DefMilsteinschene to integrate an SDE x ̅ f1 1 51 1721 discretize time
to not and compute tn Xn recursively as

Xn Xn f la At Tin Ft In 12TIn T la Dt Zn t

when Zn are i i d V10 1

Note that for additive noise 51 1 T theMilstein scheme reduces tothe EM
scheme implying that EM is also accurate to OCDt in the additive case


