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FFI conditional distributions constructive definition of the wiener process

2 General Brownian motions

3 stochastic Differential Equations

Ref Wiener process with is defined by
i continuous paths

Ii Stationary independent increments

iii WIE NCO t
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An equivalent definition is
W t is a Gaussian process with WCA 0 and WH W Ital min ti te

The physics definition of WH is that it is the solution totheLangain egn
x ̅ 741 where Mlt 7H'M 8ft t2
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so that we may write

diff MHI
where the quotes emphasize that WHI is not differentiable in the rigorous sense



Yhik Ith an wit suppose I give you win to some 430

What is the conditional distribution of With wal
The following fact is useful
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Pf Clearlythe quantitity is Gaussian so it suffices

to showthatthe covariance is zero OMMWM.gg
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This makes life easy
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This makes sense the mean is just obtained by linearly interpolating btwthe
two points The variance is
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As expeited variance is smallest near

Wntor u and maximized at t u 2

Strangely this is independent of Wu
As Wu is made larger the relative width vanishes
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Maximum variance is always 4 4



Note that the result above gives a procedure for sampling a wiener

process on the interval 70up
or

1 set w 01 0

set was bydrawing anco.us number

3 set W V21 bydrawing a N W a 4 4

4 Repeat forthe intervals 10,4 2 and 4 2,4
it

continue recursively
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The conditional correlation function is for setcu
W a WH Wial s 1

I leave the proof on an exercise

TYIEspii.lyETu sandwa o the resulting conditional distribution

is called a Brownian Bridge This can be uniquely defined as follows

Def A standard Brownian Bridge is a Gaussian process 14 t 1 0,1 with

continuous paths mean zero and 4 51 41 511 t for O S t 1

You can verily that if W is a wiener process the following give Brownian bridges

1H W t t Wil

YIH 11 H W E
You can interpret this as a Wiere process pinned at W I 0

You may verify that a Brownian bridge has the

following Fourier representation

Bt E.EE E Mythmus

where the Ea are i i d NCO 1
The spectral density their falls as I k this is like a simple Gaussian

field theory with Hamiltonian H 4 SdxPUT don't worry if this is meaninglen to you



Generalbromannations with diff

We may generalize the wiener process by adding a drift and a
scale to WIE

A process X t defined as

It 10 ME TW t
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is called a µ 52 Brownian motion

though this terminology is rarelyusedin physics
I bring this up because of an important fact
Tm If a stochastic process X has continuous paths and stationary independent

invements then X is a Brownian motion on defined above

The Gaussanity of increments then comes for free This can be intuited from

the central limit theorem If invements one stationary and independent then

any one increment can be partitioned on the sum of many smaller
increments that are iid

Stochastic differential equations

The solution to a deterministic ODE of the form 14mx ̅ f x to

is a smooth function t so longas f is smooth

Such a solution can everywhere be locally approximated by a linear function

It x to f x to t to as to

A stochasti differential equation

fix T 1 1241
has solutions It which can be locally approximated by a general Brownianmotion

HI Hol flxitol t to T 7H01 W t to as t to
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equation is a shorthand for the corresponding stochastic

integral
It fids f xiii Jods T x s 71st

In math integrals of the form fdsrest h s are typically denoted
to

Jds2191411 fᵗdw s hest
to to

i e we replace Ismest dwest

The corresponding notation for an SDE is
dx ffx.tl It T x t dw

We define as a stochastic version of the Riemann stieltjes integral

Partition the interval to t into n subintervals

to t etn.net
Pick times T within thesesubintervals
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The stochastic integral is defined as the limist isdwest him Sn where

Sn Er h til W ti W t

where W is a standard Wiere prom ah's

Note that the value of this integral depends
or the choice of Ti Forexample consider
his West Then It t t.in t
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If we use an α discretization an mentioned in lecture

Ti at 1 a tin 09 1

Then

Lsn ti ti i x t to

This ranges anywhere between o and t to

In the Ito perscription we make the choice

α 0

In the Stratonovich pescription we use

1 2

For arbitrary heal there is no general correspondence between the two integrals but
in the important special case where h Is h Xist and s is the solution

to an SDE there is in fact a general formula relating the two perscription

We will come back to this in a future recitation


