
 

3 TheFokker Planh operate

deP AT Fex PH I 111 deP Hepp where

Hep 8 at Fixi whith cuts on the Hilbertspaceof function

H P that depends on the dimensions boundary conditionsof theproblem

3 1 Relaxation towards equilibrium

Howdoes a system relax towards equilibria

Tulliveasatz PlnEl ftp.cxt
11 dep Hip low e 7 Poé HepPolx 2 Po x

Pola is an eigenfunctionof App 7 is the corresponding eigenvalue

If Hpp is diag aalizable in If P then is a basis 9 n ofeigentwetic

of Hpp with associated eigenvalues 7s suitthat Hep9 n 74 121

a basis any plant can bewritten as Platt Calet42121

then de P Hep Calf4am CactiHeplocal

I Calf Xx 92 n
butalso deP de 2 Calf 6 a Cat 922
Since 92 is a basis this implies cilt 7 calf calt é aid



Take Polal

Expand it as Polal Carol 9 n

For all times t Pla f Calole pacal

If you can diagonalize Hep problem solved

Comment Re 7 1 o is required otherwise Pln E blows up as E D 0
The existenceof a steady state requires Inf X 7 0

Equilibrium dynamics with a confining potential V61

The Person Froebenius theorem states that for a confining potential

Hep is diagonalizable with Xx E Rt

then is a unique grand
state such that 70 0

Ast so the contribution of excited states decay expantially

and the system equilibrals PlnEl cg e
t
9 cal coYok

Gapped spectrumand relaxation rate
Consider P x ol C 4 exit real with Re di Me di then

pixel cie e
it
and e

t
aé at

4 is forgotten at a typical ratewhilis

the typicaltime scalesof the system can be read in the spectrumof
Hip
can be used to define relastability and reaction path

Tanate Nicola Kunshan J Stat Phys 116 1101 10041



For systes with Ndegreesof freeda on may end up with a
continuous spectra as N 00 13 1 00 The relaxation

can then became very slot as in glasing materials E 00

N D donotnecessarily commute

3 2 Example ofdiagonalization of Hep diffusionwithabsorbing
boundaries

V14 If theparticleexits 0,13 then

M
arsat it cannotcome back

random walk in co I with
It

absorbing boundary conditions
howmuchtimeuntil absorption

This is the simplestform of a question frequently encountered
how does a diffusive molecule reach atarget Hen target a 0,17

Megenally
Starting from in 10,1 how doesthe probability to

remain in 0,1 evolve in time P x t no 0 conditioned

to having stayed in Co it Pk Ela 0 for a
231

In practice solve deP a.tl At dy p x t with P no E Pla 1,4 0

Serialprobability Q t Sidx Pixel is the probability that

the system is still in Co is at timt



Sin Consider Hep D and look for a basis of
eigenfunctions satisfying the boundary conditions

HepY 4 4 a 4 a

4 cal Ae B e
i a

Bday ads 4 Col 0 n A B 9 cal 2 A sin Fn
9 111 0 Is her he

4h a sin hex Xa Dh't Ianier basis

to Pla ol on fin hex Ca 25 du sinhen P n o

Planet a sin then e
Dick't

Example P n o d x x Ca 2 sin hero

Pln El IT 2 sin hint sin then e
Pth't

1h
sin on sin no e

Did't

914 sinking e
Pt't

late time absubtionnate k with a position dependent

modulation of the survival probability



4 TimevSymmetry
Historically equilibrium corresponds to Pray EP 8.333

18 0441
Modern perspective on statisticalmechanics puts an emphasis on

dynamics characterize equilibrium by a statistical time

reversal symmetry in the steady state

fÉÉhf
hÉfhhyhfÉhhhhhffhh

h ly
reversiblesystem you
cannot distinguis

P
a recording ofthet
dynamics played
forward or backward

iilition

1 Propagata Dinac Boa ket notation

Remember quantum mechanics Pen lives in a Hilbertspace which is

avector space We can
denote the corresponding veita as IPs

product fly Sdxflatg n
Adjointoperate cf Mgs cmtfly

E g Cfidg Sdxf Widy Sdxdyfg c offly

fly



1 iiik.tn
positionopenata

position hasis

Observable 041 operator suit that as 0cal la

e g Pla PEI in

Scalar product 221 such that cala's dca ul

Flatmease i s In

Representationofprobabilitydistributions

Pa I IPS Sdx las dx Fla Sdx PW lx

compact bq

a.PLtts
saxpixtcge ediffentfi an

Arageofobservable

ornis fdx On ply dx dx'd x y O n'tPlay Sdxdx exit's a lark
L 101ps

101ps

ftp.hefdhffets saxHeppinens Hep IPad

Fanalsolution I Plets e
the

Ipos

Initiditionne



Any observable 0 suchthat Olt ob Ocaol Sdxdex.xolocxol

7IPln.tol dlx.xo IP E o1 120 D

I IPIGS éᵗHFP yo

Nate that fax 8 x x 1 so that P is manalized

Propagate
The probability togo fro to toxin atime t is called a propagate

P x Exo o Cx Et PF yo

1 I starthere
measure evolve

theprobability
in a

2 Detailed balance tim reversalsymmetry

Statistical time reversibility a succession of events is as

likely to occur as the time reversed sequence
E g P x t no to P ro tin to for to Ct 41

Claim At long tires to do theevolution inducedby Hpp leads
to a steady state that is time reversal symmetric

Q Can we readdirectly in Hep thisproperty

liewithnthavingtosolvefapla.io tot
Since P a b P alb p b i can beManittenas



P x t 20fol Plato P ro t a to P n fol

cxie
f.to HFPlyoSPlyotd caole

lt to11ttP1xsPlx to 21

If to 0 PlnEl D Ps xo the stationary state

Sime
xol e

k totter ER

e
It folkip

x exo it to Heppy ax e
t totHip

yo

2 x e
t tottipsy Ps x ex e

t t É
ly Pj lol

CX Ps e
t totHit pj lyo

Expand forsmall t to e Id n Hpp

A CX Xo E fol 1HpplXo 2 1 0 t tot 2 18Hipps lo

Holds x xo sothatTRS Hpp PgHtpPs aHÉPJ'HFPPf 131

Comments this is an operator equality itmeans that Ff x
Hepf1 1 PsHfpPsfx1

The converse isalso true Hip Ps HepPs not toP xeixo.to PHostity

Proof e
this
I 11 Hip pitltepps.Ps.fr

PiHirPs

P5 Hpp.rs ps e'thepp

EE isMiTasfnHFp Cent8xtuaB and



Pst x1 éβ let's use that getfixi glexifly get fly
g x 9418 fly 4

Psittppsf PI ht8 tag's fat

PI EYEetthtdyt.mx fix
PÉE Bu 8 hi fix
W
v1 ht fix v41this 8 fly
htdytuexiptflxt blps.tlPsHIpI

For the Brownian equilibrium dynamics one this has

Psno 1 P n t Roro Ps n P not n o which can be

fummarized as Pg ro P no 2 E β n P x Dro t DAD

1 is often calleda detailed balance relation 13 is it

operatorial fam for a langerin dynamics

M nytoschidngsequation

let us note that it implies that a change of basis canbe

Hep into a Hermitian form



Hʰ Psi HepPst is said that 010

Hh Pst Http Psi P PstHipPsepst 17h

Direct algebra shows that Hh at If which

looks like a Schrodingeroperator Hs 1h text up to the ht
andvsex

Loof Hh 1 at vex é 1 é peeventh

E 8Mt at t

f jhi exit

i Etim'II j usable in an orthonormal basis with a
real spentrum

It is Hpp in another basis Hephas a real spectrum it is
also diagonalizablebut not in
an orthonormalmatrix

Cent Allthis can begeneralized to thecasewith inestion but
it's muchmore subtle and difficult



Diagonalizationof Fp
Eigenbasis 14ps suit that Hpp 14ps In 14K

2421 s.t.cat Hpp 7x24a4

Since Hep is not Hemition 2441 141st

A Hip144 144 Xx 14 since HER

PjHFPP 144 7 142s

Hephygs 1k
14 Ps144 144 Pj 149

Impoltecuple 740 l e β 1404 1

1 Hpp 0

Conservation of probability a Sdx Platt I 1PM

de Sdx P X t de C I payed 1Hpp PhxE 0

C IHfp o SdxPlanet is conserved

mathematicalencoding ofphysicallaws

Symmetry of two times correlation femation

Taketwo observables AW Bex and the corresponding operators
Alse A I BID B x Tah t E



Cap t t I ACE BLE Study A x Bix Plantin t

1 A é
ᵗ
B é I Pinitial

Take t very large e IPinitial IPs
Since the system is in the steady state at t Caplet CAB t.tt

due to time translational invariance which can beread in

Carlt e C 1 AE
t t

BIPS Can t EY

ACN BWIEIR CABEIR CAT CAB

CAB It e Psi Bt e
t 1 at using e t.tn Hh

tSinaCPs1

C 1Ps we get I 4th

CAB IP B Ps e p A l S 1 BE A 1ps

CBA

Measuring Bandthen A or A and then B leads tothe same result

Idea for a numerical project checkthis laidits departure from
equilibrium

3 Fluctuation dissipation theoren
Einstein relation kit E 28kt 8 t t 12

the Boltzmann weighthas thus enforced
time reversal symmetry


