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Toy Car on Rotating Track
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Y

¢

A small toy car of mass m moves on a larger circular track with radius R, center O, and negligible mass.
The massless wheels of the car rotate on frictionless bearings but do not slip at their point of contact with
the track. Thus, the car is constrained to move only in a tangential direction along the track. The track
itself can pivot about frictionless bearings on an axis perpendicular to the direction of gravity g. Assume
the moment of inertia of the car is negligible such that it can be modeled as a point mass.

Define the fixed inertial reference frame O = (O, i, J, K), frame A = (A= O,iA = i,jA, RA) rotating with
the track, and frame B = (B = O,iB,jB = jA,RB) rotating with the car. Define ¢ to be the angle the
track makes with the vertical (K x k4 = sin ¢i), and # to be the angle the car makes from the bottom of
the track (1A< A X EB = sin Hj 4). These two variables ¢ and 6 fully parameterize all possible configurations
of the car. Please answer the following questions about this system.
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Reference Frames and Initial Conditions

(1) Write down the unit vectors iB, j B, and kp in terms of 0, ¢, and the ground unit vectors.

(2) Write down “w,, Awp, and Br,, in terms of 6, ¢, their derivatives, R, and any appropriate unit
vectors. At time ¢ = 0, the car has initial velocity vo = vy jp — vrip. Also write down the
initial values of #y and ¢¢ in terms of vy, vy, R, and 6.

Momentum and Kinematics

(3) Write down the linear momentum ©p,, of the car with respect to the ground reference frame in terms
of 0, ¢, their derivatives, R, m, and any appropriate unit vectors.

(4) Write down the angular momentum ©hS of the car about point O with respect to the ground reference
frame in terms of 6, ¢, their derivatives, R, m, and any appropriate unit vectors.

(5) Write down the acceleration ®a,, of the car with respect to the ground reference frame in terms of
0, ¢, their derivatives, R, and any _appropriate unit vectors. If there exists a non-zero Coriolis term,
underline it. (Hint: ixig= s1n933, Ixkp= —COSQ_]B, and ky x kg = s1n9JB)

Forces, Torques, and Equations of Motion

(6) The car’s massless wheels rotate on their bearings without friction, thus the reaction force between
the track and the car cannot point in the ip direction. Prove that the reaction force between the
track and the car can only point in the kg direction, by considering an appropriate component of
the angular momentum formulation of Newton’s Second Law applied to the massless track.

(7) Draw a free-body diagram for the forces acting on the car. Write down each force in terms of any
appropriate unit vectors.

(8) Write down the linear momentum formulation of Newton’s Second Law for the sum of the forces
acting on the car in a single vector equation in terms of any appropriate unit vectors.

(9) Write down the equations of motion for this system in terms of 0, ¢, their AderivativesA, R, and 9
These should be a system of two cogpled scalaﬁr differential equations. (Hint: kq = cosf@ kg —sinfip
and K = cos¢pcosfkp — cospsinfip +singjp)

(10) Write down the reaction force F' that the track must exert on the car as a function of 6, ¢, their
derivatives, R, m, g, and any appropriate unit vectors.

(*B*) Show that using the angular momentum formulation of Newton’s Second Law of the car about point
O results in the same equations of motion.
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(1) Write down the unit vectors in, ju, and kg in terms of 6, ¢, and the ground unit vectors.

ip=cosfI+sinfsingJ —sinfcosdpK| |jp =cosdpI +sinpK| kg =sin0I — cosfsinpJ + cosfcos p K

These can be written by inspection or by using rotation matrices:

cos# 0 —sinf 1 0 0 I cosf) sinfsing —sinfcos @ I ip
0o 1 0 0 cosd sing J | = 0 Ccos ¢ sin ¢ J =iz
sinf 0 cosf 0 —sing coso K sinf —cosfsing cosfcoso K kg

(2) Write down wy, Awg, and Br,, in terms of 6, ¢, their derivatives, R, and appropriate unit vectors.
At time ¢ = 0, the car has initial velocity vo = vx jp — vriB. Also write down the initial values of
0y and ¢y in terms of vy, vy, R, and 6.

Owy = ol Awg =0ja By, = —Rkp
. U . VN
H = — =
0 R %o Rcos6

(3) Write down the linear momentum ©p,, of the car with respect to the ground reference frame in terms
of 0, ¢, their derivatives, R, m, and any appropriate unit vectors.

Od Od 0 0
O O O O B B, O B O A B
D, =M Uy =1m Tm=1m dt </‘r§v+ ,rm> =m </T{+ wp X rm) - 771( wa + UJB) X T,

= m(gbi + 95/1) X (—RRB) = mR(d)cos QjB — éiB)

(4) Write down the angular momentum ©hS of the car about point O with respect to the ground reference
frame in terms of 0, ¢, their derivatives, R, m, and any appropriate unit vectors.

Oh;)l =9, x %, = (—REB) X mR((b COS HjB — éiB) = mR%g/ﬁcos 0ig + 953)
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(5) Write down the acceleration ®a,, of the car with respect to the ground reference frame in terms of
0, ¢, their derivatives, R, and any _appropriate unit vectors. If there exists a non-zero Coriolis term,
underline it. (Hint: Ixis= 81n033, Ixkp= —COSQJB, and ky x kg = 81n9JB)

0,4 /0 07 /0
“a,, = df <d§l (Orm)> d;l ( d (/T/—l— 'rm>>
Od B."Y% ¢ B Od e} A B
= — /T‘{Jr wB X Ty :*(( wa + wB)X Tm)

dt dt
= (Pwa + 2+ Pwa x fwg) x Pr, + (Cwa + Awp) x (%qot Owp x Br,,)
= (314054 + 61 x 0p) x (~Rkp) + (91 +83n) x ((61+0]p) x (-Rkp))
= R¢ cos 953 — Rip — Réf sin 953 + R¢? cosfk,y — R0 sin QjB — R6% kg

= R{zg CoS 6’53 — Réig — 2R¢Q sin@jB + RngQ cos@lA{A + RO? RB

(6) The car’s massless wheels rotate on their bearings without friction, thus the reaction force between
the track and the car cannot point in the ip direction. Prove that the reaction force between the
track and the car can only point in the kg direction, by considering an appropriate component of
the angular momentum formulation of Newton’s Second Law applied to the massless track.

0 0
Zr%:%(%+%f<%:o

> 12 1=Crmx F,)-1=[(-Rkp)x F,]-1=0

For this to always hold true, F', must only point in the + kg direction. v

(7) Draw a free-body diagram for the forces acting on the car. Write down each force in terms of any
appropriate unit vectors.
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(8) Write down the linear momentum formulation of Newton’s Second Law for the sum of the forces
acting on the car in a single vector equation in terms of any appropriate unit vectors.

Z F,, = pm F, k B — mg K= moam

‘FT kg — mgK = mR(écos@jB —fip — 2<Z.>H.sin953 + gz.52 cos Ok 4 + 62 IEB)‘

(9) Write down the equations of motion for this system in terms of 6, ¢, their derivatives, R, and g.
These should be a system of two cogpled scalaﬁr differential equations. (Hint: ky = cosf kg —sinfip
and K = cos¢pcosfkp — cospsinfip +singjp)

F, RB - mgf{ = mR((}SCOS 933 — éig + 2(/59 sin 933 + (ﬁz COS(QRA + 6? EB)

Note that all but two unit vectors, K and k 4, are expressed in the B reference frame. F, only appears
in the k p direction, so the equations in i g and j J p will yield the equations of motion:

ip 1|0 = RO+ R¢?cosfsinb + g cos ¢sin b

jB 10 = Rdcosh — 2R sind + gsin ¢

(10) Write down the reaction force F' that the track must exert on the car as a function of 6, ¢, their
derivatives, R, m, g, and any appropriate unit vectors.

Projecting in the kp direction yields:

F=Fkp= m(g cos ¢ cos @ + Rp? cos® 0 + R6?) kg
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(*B*) Show that using the angular momentum formulation of Newton’s Second Law of the car about point
O results in the same equations of motion.

ZTron = Ofrm x (F+F,) = (—RIA{B) X (FrRB _mgK)
= —mq(sin@iB + cos f sin ¢jB)
o)
_ OhO +/>< D,

dt
0

d
== — (mR*(dpcosBip +0]p))

= mR2(¢COSQiB — ¢Osinfip + dcosfOwp X i+ 05 + 0wy x jB)

= mR(¢cosip — p0sinbig + ¢ cos 9(¢i +0j5) x ip+0j5+ 0(pT + 953) X Jp)
= mR(chosQiB — ¢0sinfip + ¢ cosOsinbjp — pfcosOkp + 05 + QSQRA)

= mR(¢pcosOip — 2p0sinfip + ¢* cosOsinbjp + 6 ]p)

—mg(sinHiB + cos # sin ¢jB) = mR((ﬁcosQiB — 200sinfip + ¢* cosfsinbjp + HjB)

i |0 = Rdcos — 2Rp0sin b + gsin ¢

jp 0= R5+R<ﬁ2cos€sin0+gcos¢sin0
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In the following generally applicable equations, C' represents the position of the center of mass, B is an

arbitrary point of rotation, O is the inertial ground frame, and A is any arbitrary frame.

Direct Method for Rigid Bodies

1
Newton’s Second Law: ZFM = M%as for Org= i /// p(orv)orv dVv
1%

g d OB o) o) oryB _ 7B O B o)
Euler’s Equations: ZTM i ( HM) +M“vp X “ve  for Hy, =13, "ws+ M r¢ X “vp
Variational Method

. d (0L oL al B

Lagrange’s Equations: (=) - == =, f L=T_-V d = = Fre. —Op,

g (aqj) =5 o R

Moment of Inertia

Definition for Brgy = xiA + yjA + zRA: if} = /// P(BTdv) [(B"“dv : Brdv)fza - (B'r'dV & B"“dv)} av
v

! P+ 22 —ay —zz ]
= /// p(z,y,2) —yr 224 2? —yz |drdydz
v —2T —zy x4 y? ]
Parallel Axis Theorem for Bryo = aiA + bjA + CRA:
b4+ —ab —ac |
Iy =15 +M[Prc Pro)l; — PreePro)] =16+ M —ba A +a*  —be
—ca  —cb a*+b

Useful moments of inertia about center of mass C' with respect to frame C= (C, ic,jc, Rc) oriented with

the body’s principal axes:

Thin Rod Thin Disk

o O =
o = O
N O O
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A mass M is connected to a fixed ceiling by a spring with spring constant k. Mass M is constrained to

move without friction in a vertical shaft strictly in the J direction without rotation. Attached to mass M

at point A is a solid pendulum made up of two rigid bodies: a rigid thin rod of mass m and length 4r
rigidly attached to a thin, flat disk of mass 2m and radius r. Note that the pendulum cannot be modeled
as a point mass. Assume the pivot point is frictionless and cannot transfer torque and that all motion

is restricted to the plane. Also, let [y be the distance from point O to point A such that the spring is

un-stretched.
(a) Define a complete and independent set of scalar generalized coordinate(s) (g1, ..., ¢,) that fully pa-
rameterize the state of the system. Note that n is the number of degrees of freedom of this system.

(b) Find the K ® K component of the moment of inertia tensor 4. (K ® K) for the pendulum about
point A.

(c¢) Find the equation(s) of motion for this system using the direct method.

(Each question is repeated in the following pages. Please write your answer on the appropriate page)
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Problem 2

A mass M is connected to a fixed wall to the left by a spring with spring constant k, and to a fixed wall

to the right by a dashpot with damping coefficient ¢. Mass M is constrained to move without friction in

a horizontal shaft strictly in the I direction without rotation. A point mass m is connected to points O
and B via two rigid, inextensible massless rods, each of length [. Assume pivot points are frictionless and

cannot transfer torque and that all motion is restricted to the plane. Also, let [y < 2[ be the distance from

point O to point B such that the spring is un-stretched. For simplicity, assume that point mass m always

remains above the line of the spring.

(a) How many degrees of freedom n does this system have? Define distance x as the distance B has
moved from the spring’s equilibrium position such that °rp = (Iy + ) I. Also define angle 0 as the
angle between OA and OB such that ©r 4 = I(cos 61 +sinJ). Are z and # independent variables?
If they are not independent, determine how they depend on each other by finding = = f(0), 0 = f(x),
T = f(@,é), and 0 = f(x, ).

(b) Find the equation(s) of motion for this system using the variational (indirect, Lagrangian) method.

(*B*) Solve for the force F'g that the right massless bar exerts on mass M. Express this force as a function

of the generalized coordinate(s), expressed in terms of the ground unit vectors I,J, and K.

(Each question is repeated in the following pages. Please write your answer on the appropriate page)
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Problem 1

(a) Define a complete and independent set of scalar generalized coordinate(s) (q¢i, ..., ¢,) that fully pa-
rameterize the motion of this system. Note that n is the number of degrees of freedom of this

system.

This problem is a two degree of freedom problem, thus n = 2. Two natural variables that fully describe

O

the motion of this system are a variable parameterizing the the linear displacement of vector “r, and a

variable parameterizing angular displacement of the vector *rp.

Define distance y as the distance A has moved from the

spring’s equilibrium position such that °r4 = —(ly+y) J.

Additionally:

Define angle 6 as the angle between AB and the vertical
such that A7z = 5r(sin @1 — cos 6 J).
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Problem 1

(b) Find the K ® K component of the moment of inertia tensor 14 (K ® K) for the pendulum about
point A.

Moment of inertia of pendulum about point A is given by tables and the parallel axis theorem:

A A

A
y 100 1ol 10 0 10 0
=T, + Ty =m0 0 0 | +m4®| 0 0 0 |+ 2m*| 0 1 0| +2m25°| 0 0 0
00 1 00 1 00 2 00 1
331 1 169 1 HLU
Té = <6m/r2> iA®iA+ <2m7"2> jA ®jA+ <3m7"2> RA®RA = émrz 0 3 0
0 0 338
. 169
I3 (K®K):?m7‘2
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Problem 1

(c¢) Find the equation(s) of motion for this system using the direct method.

Define ground reference frame O = (0,1,J, K) and intermediate frame A = (A,i4,j4, k4 = K) which
rotates with the pendulum such that w, = 0K and Ar B = —57’j 4. Taking Newton’s second law for mass
M:

O Od Odo Od Od ~ A
ZFM:M aA:ME (E TA) :ME (E(—(ZOﬂLy)J)) =—-MyJ

= FsJ — F,J — Fx1+ Fp, 14 Fg,J

Projecting in the J direction yields:
My +ky+ Fry = Mg

In order to apply Newton’s second law to the pendulum, we must first find its center of mass C.

1 1 2 2 2
ATC’ - MT /// p(A'I"dv)A'l"dvdV = 3—m [m(—QT’JA) 4+ 2m(—5TJA)} = —4TJA
\%

Taking Newton’s second law for the pendulum:
04 /94 Od /9d - a
_ 9.0, _ 0 A _ _ A
5 Fp=3m aC—Bmdt (dt( TA+ rc)> Bmdt (dt< (lo+y)d 47‘JA>>

= —3miJ — 12rm(Pwy x jA +Owy x (O

wa X jA))
= —3mij T +12rm(0ia + 0%.4)

= —F,J — Fp,1— Fg,J

— —3mgJ — Fp,1— Fg,J

Projecting in the J direction yields:

—3mij + 12rm(fsin 6 + 6% cos ) = —3mg — Fg,

Combining underlined equations yields one equation of motion:

(M + 3m)ij — 12rm(@sin 6 + 0% cos 0) + ky = (M + 3m)g
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Problem 1

(c) continued...

Taking Euler’s Equations for the pendulum about point A:
o}
o)

—(A’I‘C X O’UA> +OUA X “vo

Z’TP— IAOwA)+3m o

Note that pivot point A is not the center of mass and is not stationary in the ground frame, thus the

second term on the right will be non-zero. Only torque about A acting on the pendulum is due to gravity:

A~

ZT}@ = Apo x Fy = (—4rja) x (—mgJ) = —12rmgsin K

Thus:
0

°d (1 d A a N . .
—12rmgsin K = o ( o = ((—47"j,4) X (—ng)) + (=gJ) x (=g +4rfiy)

3
69 . ;. 5 . 5
=g mr K +3m [ 4r(§sin @ + 07 cos ) K + 4rdy COSQK)}

29K> +3m {

169
Tmﬁ@ + 12mgrsin € = 12mrijsin @

Note that the variational method would yield the same equations of motion. There are no non-conservative

forces, thus all =; must be zero.

1 1 1 - 1 3 : : 25 :
T = EM(OUA-OvA)+§m(OvC-Ovc)+§OwA~(I GOwy) = §My2+§m[(4r9 sin 0—1)+16r%0* cos 6]+Emr292

A A 1 1
V= Mg(Ora-J) +3mg(Orc - 3) + Sk(Pra-Pra) = —Mgy = 3mg(y + 4r cos0) + ky’
1 3 : : 25 : 1
L=T-V= §M?)2 + 5m[(47"9 sin@ — ) + 161260° cos® 0] + r mr*0® + Mgy + 3mg(y + 4r cos ) — §ky2



2.003J Spring 2011: Dynamics and Control I Quiz 2

Massachusetts Institute of Technology 7:30pm-9:30pm

Department of Mechanical Engineering April 13th, 2011
Problem 1

(c) continued...

For ¢ =y9:
d (0L oL
Lagrange’s Equations: 7 (8_3/) - a_y ==, =0

% (My—?)m(élrésin@ —y)) — (M +3m)g — ky] =0

(M + 3m)ij — 12mr(@sin 6 + 0% cos 0) + ky = (M + 3m)g

I
S

For ¢

d
Lagrange’s Equations: — (

oL oL
dt

20

d <8£) i (48mr29 — 12mrysinf + %57717"29)

dt \ ) ~ dt
) o . 25
= 48mr<0 — 12mrijsin @ — 12mr0y cos 6 + i 0
8[: N . . A 212 . .
20 3m(4r0 sin 0 — y)4rl cos @ — 3m(16r<0- cos O sin 0) — 12mgr sin 0

= —12mrfy cos § — 12mgr sin 0

169 i
Tmrze + 12mgrsin @ = 12mrijsin
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Problem 2

(a) How many degrees of freedom n does this system have? Define distance x as the distance B has
moved from the spring’s equilibrium position such that °rp = (Iy + ) I. Also define angle 6 as the
angle between OA and OB such that ©r 4 = [(cos 01 +sinJ). Are z and 6 independent variables?
If they are not independent, determine how they depend on each other by finding z = f(0), 0 = f(x),

= f(@,é), and 0 = f(x, ).

This problem is a single degree of freedom problem, so . Thus, x and 6 are ’not independent‘ and

are geometrically related in the following way:

l o
lo+x=2lcost SO = 2lcosf — I HZaI"CCOS(();;UL>

Taking derivatives yields:

: . —7 21 . —T
Tz = —2l0sin0 = —— SO 0 =
2sing 25 \/452 (lo + ) VA — (lg + )

Though it was not asked, accelerations of x and 6 can also be related by taking an additional derivative:

— lo +x 2\/4l2 lo + %’
\/4l2 (lp + x) (4l2 (lo + x)?)?

i = —2lfsinf — 210% cos 0 =

10
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Problem 2

(b) Find the equation(s) of motion for this system using the variational (indirect, Lagrangian) method.

Define ground reference frame O = (0,1, 3, K). Write down what we know:

O"'A:l(COSQi—i-Sinej) OTB:(lo—i-:C)i
d o Odq A . L . 5 oq 04
UA:E( TA)Za[l(cosﬁl—l—lsm@J)]:10(—81HHI+COS(9J) 03:5( _

O

1 1 1 . 1
T = §m(OvA : O’UA) + §M(O’UB : O’UB) = éml292 + §MZI}2

- 1 1
V =mg(®r,-J)+ 51{3(07"3 -Orp) = mglsinf + §kx2

1 . 1 1
L=T-V = Eml202 + §Mx'2 — mglsinf — §kx2

For ¢ =ux:

All forces acting on the system are conservative except for the force from the dashpot which removes energy
from the system. Thus:

- o %9, ) .
E1=) F. ~ O, =F,. —Orp= I l I
1 ; S T C (meal) - o—|(lo +2) 1] =
1 i 1 VAR = (lp+2)? 1
= —ml? —Mi?® —mgl — —ka?
b= oml g o T 2ME 2 2"t
d
Plugging into Lagrange’s Equations: — 6—£ — (9_5 ==
0T or
d x . (lo + CE) lo — T .
— [ mi? Mi ) — [ mi? —kz | = —
di <m (o2 x) (m @2 =(ra2r =Gty o
B X (lo + SL’)$2 . lo — X
M 12 s+ kx =
L (4l2 "o+ o) @ (o +ape) T T T

11
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Problem 2

(b) continued...

For ¢ =206":

All forces acting on the system are conservative except for the force from the dashpot which removes energy

from the system. Thus:

== ZF[W P r,=Fp- aiqurB = (2cl0sin 1) - %(21 cos 0I) = —4cl?Gsin’ 0

1, : 1
L= §ml292 + 2M1%6*sin® § — mgl sin  — 516(21 cosf — Iy)?

d (0L oL
Plugging into Lagrange’s Equations: 7 (%) - = =5

d : . . .
pr (ml20 + 4M 1?0 sin? 9) - [4Ml292 sin @ cos @ — mgl cos 0 + k(21 cos § — y)2l sin 9} = —4cl*0sin® 0

mi?0 + 4AM1%(A sin? 6 + 6 sin 6 cos 0) + 4cl*Gsin’ 0 + mgl cos 6 = 2k1(21 cos 6 — Iy) sin

12
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Problem 2

(*B*) Solve for the force F'p that the right massless bar exerts on mass M. Express this force as a function

of the generalized coordinate(s), expressed in terms of the ground unit vectors i, J , and K.

The direct method can help us solve for internal reaction forces. Note that because the rigid rods are
massless, the sum of the torques on them must be zero, and, since no torques act at either pivot the

reaction forces at either end must be collinear with the rod. Taking Newton’s second law for mass M:
Od (9d Od (©d A -
Fyu=Map=M—(—"rg)=M—(—(lp+2)1)=Mil
2 Fu a5 dt(dt TB) dt(dt<0+£> ) !
= FyJ—F,J - Fs1—Fpl+ Fp
= FnJ = F,J — ka1 —ci1+ Fgr(cos0T —sin6 J)
Projecting in the I direction yields:
Frcos = M+ ct + kx

Thus:
Fp=(Mi+ci+ka)(I—tandJ)

For ¢ =2

. 2 _ 2,
Fp = (Mi+ ci+ kx) (I— VAE = (o + ) J)
lo—i—l'

For ¢ =0:

Fp = [M(—210sin6 — 216% cos 0) + ¢(—210 sin 0) + k(21 cos §)] (i — tand j)

13
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Problem 1 (30 Points)

[

A uniform cylinder of mass M, radius R and length L has a small point mass m attached to its circular
base at a distance r from the center. The cylinder rolls without slip along a horizontal plane in the I
direction in the presence of gravity —g J.

(a) (10 points) Find the non-linear equation of motion of the system in terms of the angle of rotation 6.

(b) (10 points) Find the static equilibrium positions and analyze their stability.

(c¢) (10 points) Linearize the equation of motion around stable equilibria and determine the natural

period of oscillation T,.
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(a) (10 points) Find the non-linear equation of motion of the system in terms of the angle of rotation 6.

Either the direct or indirect method can be used to solve for the equation of motion. Indirect yields:

1 1. 1
L:T—V:§M0v0-0v0+5192+imo’vp-ofvp—morp-g
Ove = —ROT Ovp = —ROT+ rf(cos AT +sinf J) Orp=—ROT+ RJI +r(sin01—coshJ)
1 . 111 . 1 .
L= 5MRZ&2 + 5 [2]\/[]?2] 0% + Emé’z[(R —rcosf)? 4+ r?sin® 0] — mg(R — 7 cos 6)

1.
L= B]WR2 +m(R* 4+ r? + 2rR cos 0)} 502 —mg(R — rcosf)

d (9L 0L _
dt \ 96 00

BMR2 +m(R?* +r* — 2rR cos 9)} 0 + mgrsinf =0

9 =0 No non-conservative forces

[1]
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(b) (10 points) Find the static equilibrium positions and analyze their stability.

3 .
5]\/[]%2 +m(R* +7r® —2rRcosf)| 0 +mgrsing =0

Static equilibrium when 6 = 6 = 0, thus when sin 6 = 0, yielding;:

Oeg =0+ nm Vn=...,—2,—-1,0,1,2,...

For n even, the system is |stable|. For n odd, the system is | unstable |
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(c) (10 points) Linearize the equation of motion around stable equilibria and determine the natural

period of oscillation T,.

()0 +h() =0 f(0) = ;MR2 +m(R* +r® — 2rRcosf) h(0) = mgrsin 6

Oeqg = 0+ nm Vn=...,—2,—-1,0,1,2,...

Linearization around equilibria given by f (96(1)@ + h(feq) = 0, thus for n even:

2MR2 +m(R—r)%| 04 mgro =0

while for n odd (unstable):

;]\/[R2 +m(R+7)% 6 —mgrd =0

Natural frequency w, of stable system is:

k mgr 27 SMR? +m(R —r)?
wn =)= = [+ T, =" = on
m SMR? +m(R —r)? W, mgr

Using parameters 0 = R/r for 0 > 1 and pu = M /m, natural period becomes:

3
T, = 2m ;\/(0' —1)2+ 5“02
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Problem 2 (15 points)

X(w) [m]
A
X X

4 % x

x

X x
3x x

X
X
2 x
F X

_ 0 x

1 X<w)_\/(k—mw2)2+(cw)2 *ox X
x

0
0 1 2 3 4 5 6 7 8

~ w [rad/s]

We apply a known oscillatory force F(t) = F cos(wt) with Fy = 9 N to an unknown system at twenty-one

different known frequencies w from 0 to 10 rad/s. The amplitude of the steady state response of the

system for each w is plotted above. Assume the system behaves as a second order linear system of the

form m& + ¢t + kx = F(t).

(a) (8 points) Estimate the physical values of m, ¢, and k for this system.

(b) (7 points) Write down and sketch the unforced response (Fy = 0) of this system with initial conditions

z(0) =1 and #(0) = 0.
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(a) (8 points) Estimate the physical values of m, ¢, and k for this system.

F 9N
X(0rad/s) =3 m= ?0 = — k=3 N/m
k 3N 3
Wy =4/ — =1/ /m%élrad/s m =~ — kg
m m 16
Fy

9
X(4rad/s)=4m= czﬁkg/s

\/(k —mw?)? + (cw)?
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(b) (7 points) Write down and sketch the unforced response (Fj = 0) of this system with initial conditions

x(0) =1 and %(0) = 0.

3
wn ~ 4 rad/s (= o

x(t) = e “m[Asin(wgt) + B cos(wqat)] for wg =wpy/1—¢C2

z(0)=1 B=1 #0)=0 A=-—

- S :
z(t) = et | cos(wgt) — ——=— sin(wyt) for Wy = wpy/ 1 — (2
Vi<
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Problem 3 (25 points)

Two identical pendulums made of massless rigid rods of length 3/ and point masses of mass m are connected
at a distance [ from their frictionless pivots O and O’ by a spring k such that the spring is un-stretched
when both pendulums are vertical. Let #; and 6, measure the angles of rotation of the left and right

pendulums respectively in the counter-clockwise direction from the vertical positions shown.

(a) (10 points) Find the linear equations of motion for small motions of this coupled two-degree of
freedom system in #; and 6, for small deviations from 6; = 65 = 0. The solution will be of the form
below. What are the values of the constants? (Hint: Assume for small motions that the spring force

will be horizontal along the I direction)

e IHEE

(b) (15 points) Solve for the natural modes of vibration for this system and the natural frequency

associated with each mode.
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(a) (10 points) Find the linear equations of motion for small motions of this coupled two-degree of
freedom system in 6; and 6 for small deviations from 6; = 6, = 0. The solution will be of the form
below. What are the values of the constants? (Hint: Assume for small motions that the spring force
will be horizontal along the I direction)

mq 0 él + 1{31 :I{ZQ 81 B 0
0 Mo ég kg k?4 02 0
Euler’s equation for each pendulum around its fixed point of rotation for small 8, so sinf ~ 0:

O

d .
ZTO = —kl(10, — 105) — mg(3l6,) = pr (Orm X movm) = m(3l)(316,)
G

Imiby + (kl + 3mg)hy — klfy = 0

0 .
Z 79" = —ki(16, — 16,) — mg(316,) = i;i (7 x mPv,,) = m(31)(316,)
¢

Imilbfy + (kI + 3mg)hy — k16, = 0

mi=my=9ml| |k =ki=kl+3mg|  |ky=hs=—kl

10
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(b) (15 points) Solve for the natural modes of vibration for this system and the natural frequency

associated with each mode.

Assume solution of the form:

[illzlzllsin(thr(b)
(Lo = [ ] )= 3
—w + sin =

Moo ks Ky as 0

aq _kQ k,’4 — m2w2

a9 k’l — m1w2 *k3

/{?2]{33 = (]{31 — m1w2)(k‘4 — m2w2)

m1m2w4 — (m1k4 + mgkl)CUQ + (k‘lk’4 — k’Qk’g) =0

9 (m1k4 + mgk'l) + \/(7’)11]434 + m2k1)2 — 4m1m2(k1k4 — k’gk’g)

w =
2m1m2

m1:m2:9ml k1:k4:kl+3mg kgzkgz—k’l

wQZkl—l—Smgi/{;l o= ]9 oy — %—1—2

9ml 3l 9n 3l
@ _ M i 4l -
as  kl+3mg — 9Imlw? as|, as|,

11
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Problem 4 (30 points)

Two masses, M; and Ms, slide on massless rollers in a bent track such that they cannot rotate with respect
to the track. They are connected via an inextensible massless string which wraps without slip around a
circular pulley of uniform density, mass m, and radius . M is connected to a fixed wall to the left by a
spring k and a dashpot c. M, moves along a track rotated by a fixed angle 6, and moves under an applied
external horizontal force F (t)i and gravity —g J. For simplicity, assume that we only consider motion for

which the string is under tension.
(a) (5 points) How many degrees of freedom n does this system have? Define a complete and independent
set of scalar generalized coordinate(s) (q1, ..., ¢,) for this system.
(b) (10 points) Write down the Lagrangian for this system.

(¢) (10 points) Write down the generalized force(s) associated with each generalized coordinate for this

system.

(d) (5 points) Find the equation(s) of motion for this system.

12
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(a) (5 points) How many degrees of freedom n does this system have? Define a complete and independent

set of scalar generalized coordinate(s) (g1, ..., ¢,) for this system.

This problem is a one degree of freedom problem, thus n = 1. A natural variable that fully describe
the motion of this system is a variable parameterizing the linear displacement of M; from the spring’s

un-stretched postion.

Define distance x as the distance M; has moved from the

spring’s un-stretched position.

13
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(b) (10 points) Write down the Lagrangian for this system.

r

1 1 1/1 i\ 2
T = SMi + M + 5 <2m7’2> (‘T)

1
V= ék;xQ — Mygx sin Oy

Li

1 1 1
=3 (Z\Jl + My + 2m> i? — 5/{11;2 + Mgz sin 6

14
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(¢) (10 points) Write down the generalized force(s) associated with each generalized coordinate for this

system.

N
0 - - R
E.=) F/° (’TO” = —ci+ F(t)1-(cosfyI —sinfyJ) =
T
i=1

—ci + F(t) cos by

15
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(d) (5 points) Find the equation(s) of motion for this system.

d(ory oL
dt \ Oz or "

1
<Z\/f1 + My + 2m) ¥ — (—kx + Msgsiny) = —ci + F(t) cos by

1
<J\L + My + 2m> T+ ci + kx = Mygsin Oy + F(t) cos 6y

16



