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Abstract

We consider the problem of approximately integrating a tiijig functionf (with a known Lips-
chitz constant) over an interval. The goal is to achieve aor@f at moste using as few samples gf
as possible. Because the complexity of problem instanagssvaidely, we consider algorithms in the
adaptive framework. That is, on problem instaii¢ex), the algorithm should use not many more than
OPT(f, ) samples, wher®PT(f, ¢) is defined to be the number of samples used by the best possible
correct algorithm on instandg, ¢). We distinguish betweeDOPT andROPT, the performances of
the best possible deterministic and randomized algorithespectively. We give a deterministic algo-
rithm that use®)(DOPT(f, €) -log(e "1 /DOPT(f, ¢))) samples and show that an asymptotically better
algorithm is impossible. However, any deterministic aition may need2(ROPT(f, ¢)?) samples on
some problem instances. By combining a deterministic agaptgorithm and Monte Carlo sampling
with variance reduction, we give an algorithm that uUSsROPT(f, €)*/? + ROPT(f, €) - log(1/e))
samples. We also show that any algorithm requit@2OPT(f, €)*/3 + ROPT(f, €)-log(1/¢)) samples
in expectation on some problem instarigec), which proves that our algorithm is optimal.

1 Introduction

We consider the problem of approximating a definite integfal univariate Lipschitz function (with known
Lipschitz constant) to withire using the fewest possible samples. The function is given lalack box:
sampling it at a parameter value is the only allowed opematibis easy to show thad(e~!) samples are
necessary and sufficient for a deterministic algorithm &worst case (see, e.g., [Wer02]). The results in
[BM03] imply a Monte-Carlo method that requires ortfe /%) samples in the worst case.

The Adaptive Framework. The univariate Lipschitz integration problem becomes nirtieresting in the
adaptive setting. The motivation is that, for a givgisome problem instances have much lower complexity
than others. For example, ffz) = Lz, whereL is the Lipschitz constant, then evaluatifigt the endpoints

of the interval over which the integral is taken is sufficiensolve the problem for aryy Thus, itis desirable

to have an algorithm that is guaranteed to use fewer sampleasier problem instances. Such an algorithm
is calledadaptive We formalize this notion by defining the difficulty of a prebh as the performance of
the best possible algorithm on that problem:

Definition 1 LetP be a class of problem instances. L&be the set of all correct algorithms f@ (among
some reasonable class of algorithms). C&dST(A, P) be the performance of algorithmd € .4 on prob-
lem instanceP € P. DefineOPT(P) = mingec4 COST(A, P). We useDOPT when A is the set of
deterministic algorithms an®OPT whenA is the set of randomized algorithms that are correct on each
P € P with probability at least/3.
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By definition, for every problem instande, there is an algorithm whose cost é1is OPT(P). A good
adaptive algorithm is a single algorithm whose cost is notmgreater thai®PT(P) for everyproblem
instanceP. Therefore, an adaptive guarantee is in general much siraghgn a worst-case guarantee.

The ultimate goal of investigating a problem in the adaptimenework is to design an “optimally adap-
tive” algorithm. Supposé is the set of problem instances and each problem inst&neeP has certain
natural parameters; (P), ..., v (P), with the first parameter; (P) = OPT(P). An algorithm isopti-
mally adaptiveif its performance on every problem instanPec P is within a constant factor of every
algorithm’s worst-case performance on the family of insemwith the same values for the parameters:
{P" € P | vi(P") = vi(P)foralli}. Note that this definition depends on the choice of parameserin
addition toOPT, we need to choose reasonable parameters, sugliresdesired output accuracy.

Related Work. While approximate definite integration is well-studiedtbot numerical analysis and in
information-based complexity, their algorithms do notdnpvovable guarantees about adaptivity. Optimally
adaptive algorithms have been previously designed in théegbof set operations [DLOMOOQ], aggregate
ranking [FLNO3], and independent set discovery in [BBB]. Lipschitz functions also lend themselves
well to adaptive algorithms. It is shown in [HIL91] that Rig&ii's algorithm [Piy72] for minimizing a uni-
variate Lipschitz function perform@(OPT) samples. [BD04] gives an adaptive algorithm for minimizing
the distance from a point to a Lipschitz curve that is withitogarithmic factor ofOPT. [Bar04] gives
adaptive algorithms for several problems on Lipschitz fioms.

Our Results. We give a deterministic algorithm that us@éDOPT -log(e~! /DOPT)) samples. We also
prove a matching lower bound on deterministic algorithm&ewcomparing tROPT, however, we show
that any deterministic adaptive algorithm usEROPT?) samples on some problem instance. We present
a randomized adaptive algorithmiPSCHITZ-MC-INTEGRATE, that always useé)(ROPT‘l/3 + ROPT -
log(¢~1)) samples and prove a matching lower bound.

We therefore give optimally adaptive algorithms for theddhitz integration problem in the determin-
istic and randomized settings. Although the algorithms singple, in both cases nontrivial analysis is
required to analyze their adaptive performance. To our kedge,LIPSCHITZ-MC-INTEGRATE is the first
randomized optimally adaptive algorithm. Also, a simpleotiary of the randomized lower bound is that
the non-adaptive algorithm based on the results in [BMO8pismal in the worst case.

Some of the results in this paper, primarily in Sections 3 4nare based on the first author's master’s
thesis [Bar04]. Many of the proofs are omitted from this exied abstract.

2 Problem Basics

We start by giving a precise formulation of the problem wesider:
ProblemLIPSCHITZ-INTEGRATION:

Given: (f,a,b,L,e)
Such that: fila,b] = R
and forzy, xe € [a,b], |f(x2) — f(z1)] < Llzg — 21

Compute: I € R such that <e

I—/abf(w)dx

A randomized algorithm needs to be correct with probabditjeast2 /3.

1The full version of this paper is available fattp://www.mit.edu/“ibaran/intfull. {pdf,ps }
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Figure 1: lllustration of area looseness. Lipschitz boumrdsdashed.

Some of the parameters in the input are redundant. The pnobktance(f, a, b, L, €) is equivalent to
the problem instancgf’,0,1,1,¢/L(b—a)?) wheref'(x) = f (ﬁ) /L(b—a), so we can assume without
loss of generality thad = 0, b = 1, andL = 1.

We now develop some basic tools we will need for discussinbeamalyzing the algorithms. Essentially,
we show how to make use of the Lipschitz condition to boundetier of our estimates.

The Lipschitz condition allows an algorithm that has samglet two points to bound the value of the
integral of f on the interval between them. We call the quality of this lwbarea loosenessand it depends
on both the length of the interval and the valuesfdt the sampled points. A greater difference between
values off (a steeper function) results in a smaller area loosenesslefife area looseness as follows (see
Figure 1):

Definition 2 Given a Lipschitz functiorf on [0, 1], define thearea loosenessf a subinterval[z;, z2] of
[0,1] asALs(x1,22) = ((z2 — 1) — (f(z1) — f(22))?)/2. When it is clear whictyf we are talking about,
we simply writeAL(x1, z2).

Our analysis relies on area looseness being well behaveslfollbwing proposition shows that it has
the properties one would expect a bound on integration éorbave and that an additional sample in the
middle of the interval decreases total area loosenesslguick

Proposition 1 Area-looseness has the following properties:
(D)0 < AL(z1,22) < (22 — 21)%/2.
(2) If 2} <1 <ag < zhthenAL(xy,xe) < AL(x), xh).
(3) If z € [x1, x2], thenAL(zy, x) + AL(x, x2) < AL(x1,x2).
(4) AL(:L'l, MTM) + AL(%,[L’Q) < AL(I’l,ZL’Q)/Q.

For the lower bounds, both &nPT and on adaptive algorithms, we need “extremal” Lipschitctions,
whose integral is either maximal or minimal, given the saapWe call these function87 and LO. We
also defindoosenessthe maximum difference betweéfV and LO over an interval.

Definition 3 Given a Lipschitz functiorf, and0 < a < b < 1, define the Lipschitz functiorI? and L0
onla,b] as: HI%(x) = min(f(a) + = —a, f(b) + b —x) and LO®(z) = max(f(a) — z +a, f(b) — b+ z).
Also definelL; asL¢(a,b) =b—a — |f(b) — f(a)|.



Proposition 2 Given a Lipschitz functiorf, the functionsHI’; and LO’; have the following properties:
(1) If g is Lipschitz,g(a) = f(a), andg(b) = £(b), then forz € [a,b], HI?(z) > g(x) > LO%(x).

(2) AL(a,b)/(b — a) < max,c|q ) (HI%(z) — LOY(x)) = L(a,b) < 24L(a,b)/(b— a)
@) [V HIY () dz = (b—a) L) | A1(a,0)/2and [ LOY(2) dx = (b—a) L9 — AL(a,b) /2.

Proposition 3 Given a Lipschitz functiorf, looseness has the following properties:
(1)0< L(a,b) <b—a
@ Ifd <a<b<V, thenL(a,b) < L(d,V).
B lfzxy <ao <+ <y, thenE?;ll L(zi,xiv1) < L(xy,xp).

3 Proof Sets

In order to compare the running time of an algorithm on a mwhinstance td OPT, we define the concept
of a proof set for a problem instance. A g&bf points in[0, 1] is aproof setfor problem instancéf, ¢) and
outputz if for every f’ that is equal tof on P, z is a correct output ofif’, €). In other words, sampling

at a proof set proves the correctness of the output. We st 8&t of samples is a proof set for a particular
problem instance without specifying the output if some augxists for which it is a proof set.

It is clear from the definition that sampling a proof set is tiidy way a deterministic algorithm can
guarantee correctness: if an algorithm doesn’t sampleaf pat for some problem instance, we can feed it
a problem instance that has the same value on the sampled,gmihfor which the output of the algorithm
is incorrect. Conversely an algorithm can terminate as smoit has sampled a proof set and always be
correct. ThusPOPT is equal to the size of a smallest proof set.

In order to analyze the deterministic algorithm, we will quame the number of samples it makes to the
size of a proof seP. We will need some tools for doing this.

Let P be a nonempty finite set of points i 1]. Consider the execution of an algorithm which samples

a function at points on the intervé), 1) (if it samples at 1, ignore that sample). Lst s, ..., s, be the
sequence of samples that the algorithm performs in the ahderit performs them. Lel; be the set of
unsampled intervals after samplg i.e., the connected components[@fl) — {s1,...,s;}, except make

each element of, half-open by adding its left endpoint, so that the union bfte elements of; is [0, 1).
Let [l;, ) be the element of;_; that contains;,.
Then sample; is a:

Sp“t if [lt, St) NP 7é 0 and[St,Tt) NP 7é 0
squeeze if [l;,s;) NP #(or[s;,r) N P # (), but not both
fizzle if [l;,r,) NP =0.

These definitions are, of course, relativelto See Figure 2. We can now bound the number of samples of
different types:

Proposition 4 The number of splits is at moge| — 1.

Proposition 5 Suppose that for all and j with i # j, |s; — s;| > € and that for allt, s; = (I; + ¢)/2.
Then if| P| < ¢! /2, the number of squeezes is at md3tlog, (¢~ /| P]).

We now characterize proof sets iaPSCHITZ-INTEGRATION.

Proposition 6 LetP = {z1,z3,...,z,} suchthal) < z; < x93 < --- <z, < 1. ThenP is a proof set for
problem instancéf, ¢) if and only ifz? + (1 — x,,)% + 2?2_11 AL(xi,mip1) < 2e.
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Figure 2: Different types of samples.

4 Deterministic Algorithm and Analysis

Proposition 6, together with Proposition 1 immediatelyvgtdhe correctness of a trivial algorithm. Let
n = [e~!/4] and let the algorithm make samples, at-, 2, ..., 221 and output the integral/ as in
the proof of Proposition 6. It is correct because the areadness of every interval is at m@s/n)?/2.
Because there are — 1 intervals, the total area-looseness of all of them is at st 1)/(2n?). Also,
2?2 =(1—2,)%=1/(2n)2, s02? + (1 — 2,)%* + Z:-Lz_ll AL(z;,m41) = n/(2n?) < 2¢. Therefore@ (e 1)
samples are always sufficient (and if, for instantes a constant, necessary).

We now give a deterministic adaptive algorithm. The aldgonitmaintains the total area-looseness of the
current unsampled intervals, the unsampled intervals skbms in a linked list, and uses a priority queue to
choose the unsampled interval with the largest area-l@sseat every step and sample in the middle of it.

Let L be a linked list of(PARAMETER, VALUE ) pairs and let) be a priority queue ofAL, ELEM) pairs
where the first element is a real number (and defines the ofdgy and the second element is a pointer into

an element of.. The algorithm follows:

Algorithm LIPSCHITZ-INTEGRATE

1. Add (0, f(0)) and(1, f(1)) to L and inser{ AL(0,1), &(0, f(0))) into Q
2. A-LOOSENESS+— AL(0,1).
3. Do while A-LOOSENESS> 2¢:
4. (AL, Py) < EXTRACT-MAX [Q)]
5. Py < NEXT[L, P/]
6. x < (PARAMETER[P;] + PARAMETER[P»])/2
7.ALy < AL(PARAMETER[P], ), ALy < AL(x, PARAMETER|[P])
8. Insert(zx, f(x)) into L after P; and insert{AL,, & P;) and(ALg, &(z, f(z))) into @
9. A-LOOSENESS« A-LOOSENESS— AL + AL + AL2
10. Compute and output/ using the values stored ih as described in Proposition 6.

The correctness of the algorithm is clear from Propositiorth@ algorithm stops precisely when the
total area-looseness of the unsampled intervals is no nmare2e. We need to analyze the algorithm’s
performance.

Theorem 1 AlgorithmLIPSCHITZ-INTEGRATE performsO(DOPT-log(e~!/DOPT)) samples on problem
instance(f, e).

Proof: We will actually compare the number of sampleXOPT( f, ¢/2) rather than tdOPT(f,¢). We
can do this because if we take a proof setf@PT(f,e¢) and sample in the middle of every unsampled
interval, then by Proposition 1 (4), we will obtain a proof 8& DOPT(f,¢/2). Thus,DOPT(f,¢e/2) <
2-DOPT(f,e) + 1. So letP be a proof set fof f, ¢/2) of sizeDOPT(f,¢/2).

First, we argue that no interval of length smaller thans ever subdivided. Suppose for contradiction
that amongn intervalsiy, ..., I, of lengthsa, .. ., a,, interval I}, with a;. < 4¢ is chosen for subdivision.
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By Proposition 1 (1)AL(I;) < a?/2, s0+/AL(I;) < 2¢. On the other handy_ a; = 1, 50> \/AL(I;) <
1. Multiplying the inequalities, we get AL(I;) < > /AL(I;)AL(I;) < 2e. But this implies that the
algorithm should have terminated, which is a contradiction

Now, we count the number of samples relativetoThe number of splits i€)(| P|) by Proposition 4.
The above paragraph shows that we can use Proposition 5 ¢ttuderthat there ar®(|P|log(e/|P|))
squeezes. We now show that there @(¢P|) fizzles and so prove the theorem.

A fizzle occurs when an interval not containing a pointfofs chosen for subdivision. Consider the
situation aftern. points have been sampled. Let the sampled point§ bex; < 2o < --- < z, = 1.
Because the total area-looseness of intervals betweetspdi® is at moste, by repeated application of
Proposition 1 (2,3), we havE[xi,xm)mP:@ AL(x;,z;+1) < €. The algorithm has not terminated, so the
total area-looseness must be more thanwhich implies thay >, .\ pp AL(zi, zi41) > €. Because
there are at mostP| elements in the sum on the left hand side, the largest elemest be greater than
¢/|P|. Therefore, there existskasuch thafzy, x;+1) contains a point oP and A L(x, x+1) > €/|P|. So
if a fizzle occurs, the area-looseness of the chosen intenst be at least/|P|.

Now let S; be the set of samples made by the algorithm after timeDefine A; as follows: let
(U1, Y2, Un} = SsUPWith0 =y < 5o < --- < y, and letAd; = 7' AL(y;,yi11). Clearly,
Ay >0, Ay > A (by Proposition 1 (3)), and thereford, < Ay < 2e. Every fizzle splits an interval
between adjacents into two. Because the area-looseness of the interval®diie split was at leasy|P|,
by Proposition 1 (4)A; decreases by at least(2|P|) as a result of every fizzle. Therefore, there can be at
most4|P| fizzles during an execution. O

We prove a matching lower bound, showing that the logarithfacitor is necessary and thaksScHITz-
INTEGRATE is optimally adaptive:

Theorem 2 For any deterministic algorithm and for ary> 0 and any integek such thatd < k < e~1/2,
there exists a problem instan€g, ) of LIPSCHITZ-INTEGRATION with DOPT(f, ¢) = O(k) on which that
algorithm performs2(k log(e~*/k)) samples.

5 Algorithm LIPSCHITZ-MC-INTEGRATE

A standard strategy in a Monte Carlo integration algorittaria sample at a point picked uniformly at
random from an interval. The expected value of such a samsplded by the length of the interval, is
precisely the value of the integral over the interval, sodbal is to minimize the variance. When the
function is Lipschitz, the variance of the integral estimmatised on such a sample can be as high as a
constant times the fourth power of the length of the interi#wever, if we use the fact that when the area
looseness of an interval is low, we approximately know thecfion, we can adjust the sample to get an
unbiased estimator of the integral over that interval wha@s@&nce is the square of the area looseness in the
worst case. Procedunec-sAMPLE shows how to do this.

Procedure MC-SAMPLE(z1, z2):

1. Let z be a random number, uniformly chosen frgm, z-]
2.1f f(21) < f(x2), thenSAMPLE « (f(z) — x + L:522)
3. ElseSAMPLE « (f(z) + z — £1522)

4. ReturnSAMPLE - (zg — 21)

Proposition 7 MC-SAMPLE(x1, z2) returns an unbiased estimator gfff f(z) dz with variance at most
ALz(wl,wg).



In order to compute the integral ov@r 1], we would like an estimator for that integral with low varéan
If we split [0, 1] into intervals whose totall Z? is small and rurmc-SAMPLE on each interval, we will get
such an estimator, as shown in the following corollary.

Corollary 1 Let0 = z; < z9 < --- < z, = 1 and suppos& "' AL*(x;,xi11) < €2/3. Let] =
S MC-SAMPLE(2, %41). Letl = [ f(x)dx. ThenPr[|I — I| > ¢] < 1/3.

The remaining difficulty is to find a small number of intervalbose totalAL? is smaller thar?/3.
Note that the deterministic adaptive algorithm in Secticfinds a small number of intervals whose total
AL is smaller thare. We show that we can use the same idea here. Thus, to obtaml@ma&ed adaptive
algorithm, we use a deterministic adaptive algorithm toagetugh idea of the function and then use Monte
Carlo sampling with variance reductiom¢-SAMPLE) to improve our estimate of the integral.

Let L be a linked list ofPARAMETER, VALUE ) pairs and let be a priority queue ofAL, ELEM) pairs
where the first element is a real number (and defines the ofdgy and the second element is a pointer into
an element of.. The algorithm is as follows:

Algorithm LIPSCHITZ-MC-INTEGRATE:

1. Add (0, £(0)) and(1, f(1)) to L and inser{ AL*(0, 1), &(0, £(0))) into Q

2. ALSQ «— AL*(0,1).

3. Do while ALSQ > €2/3:

. (AL, Py) «+ EXTRACT-MAX [Q)]

. Py « NEXT[P]

. ¢ < (PARAMETER[P;| + PARAMETER|[%])/2

. ALy «— AL?*(PARAMETER[P], ), ALy < AL?(x, PARAMETER[P,])

. Insert(z, f(x)) into L after P, and inser{AL, &P;) and(ALz, &(z, f(z))) into Q
9. ALSQ < ALSQ — AL + ALj + AL>

10.7 « 0.

11. For each elemenP of L except the last:
12.1 « I + MC-SAMPLE(PARAMETER[P], PARAMETER[NEXT|[P]])

13. Output/

N

0 ~N O O

Correctness is guaranteed by Corollary 1 because the thligoeixits the loop in lines 3-9 only when the
total AL? of intervals between points i is no more than?/3.

6 Performance Analysis
For the analysis of the algorithm, Igtbe the Lipschitz function input tolPSCHITZ-MC-INTEGRATE.

Lemma 1 Givenf, there exists a set of points= =1 < 29 < --- < x, = 1 such that forl <i <n — 2,
AL(x;, xi41) = 3¢, and AL(zp—1, z,) < 3e. Furthermore ROPT(f,€) > (n —2)/3.

Proof: We begin by constructing a set of points that satisfies theitons. Obviously,z; should be 0.
Suppose we have constructed the firgioints andry, # 1. If AL(zg,1) < 3¢, setxy; = 1 and we are
done. Otherwise, notice thgtis continuous, sol L is also continuous. By Proposition 1 (YL(xy, x) =
0. Therefore, by the intermediate value theorem, there ig8 anzy, 1] such thatd L(z, ) = 3e and we
setxy. 1 to be thatr.

Consider an algorithm! that is correct with probability at leagt/3 on all inputs and consider its
executions ory. Lete; for 1 < ¢ < n — 2 be the expected number of sampléperforms in(z;, z;41).



We claim that in order ford to be correct, it must hawe > 1/3 for all i and therefore, the total expected
number of samples 5.7~ > ¢; > (n — 2)/3.

Suppose for contradiction, that < 1/3 for somei. Then, by Markov’s inequality, the probability that
A samples in(z;, z;,1) is less tharl /3. Now consider two functions defined as followg:(z) = fo(z) =
/() everywhere except;, z;1) and f1( ) = LO* (x) and fo(x) = HIG* (x) on (w;,241). By
Proposition 2 (3) ;) fo(z)dx — [ fi(x) = AL(z;,:41) = 3¢, S0 no output is correct for both and fo.
Suppose, that we feeﬁ andf2 with probability 1/2 each as input tol. Conditioned onA not sampling
in (z;,x;+1), the output ofA is independent of which function was input. Therefore, dtmed onA not
sampling in(z;, z;+1), the probability of error is at leadt/2. Becausqfl = f2 = fnoton(z;,x;y1), the
probability of A not sampling on(z;, z;11) is greater thar2/3, so the probability of error is greater than
1/3, which implies thatA is invalid. O

Because the number of samples in steps 11-13 is smaller (fhad)the number of samples in steps
1-9, we only focus on the samples in steps 1-9. For the asalys split the execution of the algorithm
into two phases. The algorithm is in Phase 1 while there isimgbadjacent elements; andx;. 1 in L
for which AL(z;,z;1+1) > 3e. When all pairs of adjacent elements hai/é at most3e, the algorithm is in
Phase 2. Note that by Proposition 1 (2), area looseness éetadgacent points ii never increases as the
algorithm executes, so once it enters Phase 2, it never gadstd Phase 1. We now bound the number of
samples made in steps 1-9 in the phases.

Lemma 2 In Phase 1,LIPSCHITZ-MC-INTEGRATE makes at mosO(ROPT(f, ¢)log(1/¢)) samples on
problem instancéf, e).

Proof: Let X be the set oft;’s constructed as in Lemma 1. We count the samples maderisy¢CHITz-
MC-INTEGRATE relative toX. By Proposition 4, there are at mas{| X|) splits. We now need a lower
bound on the size of intervals in Phase 1 to count the numbsaudezes. We note that an interval whose
length is smaller thar/6e has area looseness at msst(by Proposition 1 (1)) and will therefore never be
chosen for subdivision in Phase 1. Therefore, in Phase ty @verval has length at least6e/2. So by
Proposition 5, there are at masf| log((v/6¢/2) 71 /| X|) = O(|X|log(1/¢)) squeezes. There are no fizzles
because any interval whose area looseness is greateBdimanst have a point ok (by Proposition 1 (2)
and by construction akK). By Lemma 1| X| = O(ROPT(f,¢)), so we have the claimed bound. 0

Lemma 3 In Phase 2LIPSCHITZ-MC-INTEGRATE performsO(ROPT(f, €)*/3 + ROPT(f,¢) log(1/e))
samples on problem instan¢é, ¢).

Proof: After Phase 1 is completé, consists of points such that the area looseness betweareatjzirs
isatmosBe. Let0 = y1 <y < --- <y, = 1 be the smallest subset of points/ir{including 0 and 1) such
that A L(y;, yi+1) < 3e for all y. We claim thatn < 6 - ROPT(f,¢). Consider the set of;’s constructed
as in Lemma 1. Ify;'s are a minimal set of points with area looseness no grelader3e between adjacent
ones, then every interval of the forfm;, z;11] has at most tway;’s (if there are three, the middle one is
unnecessary). Therefore there are at most twice as m&a®sz;’s.

Now assume the algorithm makes more samples in Phase 2 tRénage 1 because otherwise, it makes
O(ROPT(f,€)log(1/e)) samples and we are done. We apply Propostion 8 to prove thinde LetY” be
the set ofy;’s, let Z(©) be the set of points il at the end of Phase 1 and tgt= 550 - ROPT*/3. We have
A= Zﬁ‘ll AL(y;,yir1) < 18-ROPT - €. By Proposition 8, afte, samples, the total Z? will be at most

4608-(6-ROPT)2. (18- ROPT)2¢2 . .
( 5503F){O(PT4 )" < ¢2/3 so the algorithm will stop aftefr, steps. O

The following proposition shows that as our algorithm saapthe total squared area looseness declines
as the cube of the number of samples. We prove it by assagiatiumber with each interval that is an upper

8



bound on its area looseness. We then show that these nunnbevglan a factor of four of each other and
use this to show that that the sum of their squares decreasbe aube of the number of samples.

Proposition 8 LetY = {y1,...,ym} With0 = y; < --- < y,,, = 1, and letA = 2;’;—11 AL(Y;, Yiv1)-

Consider the sequencg®, Zz() 7z . of sets of samples whetg®) D Y is an arbitrary superset
of Y and, for eacht > 1, Z() = zZ(t=1 y {>(") where () is the midpoint(z® + 3®)/2 of the
interval (z(®), (¢ )) of Z(t=1 with the largest area loosenessL(z("),y"). Then, for anyty > |Z|,

Z(z’y €T(Z®) AL (2,y) < (4608m2A)/t0

Proof: In this proposition ifX = {z1,...,z,} is a set of real numbers withy < --- < z,, letZ(X) =
{(xi,ziq1) | 1 <@ <n}.

First we define a numbey'!)(z,y) associated with each intervéat, y) of Z,. Defineq® (z,y) =
L(z,y)- (y —x). Fort > 0, letQ® = L(z® y®). (y®) —2®), Defineq® (z®), 2(0) = ¢ () 4®)) =
QW /2, and defing) (z,y) = min{q"~V(z,y),2Q®} for all other intervalgz, y) (those without:*) as
an endpoint).

We claim thatg® (z, )
0, (@0 0y = QW /2
L(z® y®) > L(ac(t =), by Proposition 3 (2), and becaugg) — z()/2 = 2 — () The claim
follows symmetrically for(z(*),4(®). For all other intervalgz,y) of Z®), t > 0, we know by induction
ont thatg®=V(z,y) > L(x,y) - (y — ), so it remains only to show thaQ(t) > L(z,y) - (y — z). By
Proposition 2 (2)2Q") > 2AL(z®", y®). Becausgz® ") has the maximum area looseness among
intervals of (=1, 24L(z® y®) > 2AL(x,y). By Proposition 2 (2)2AL(x,y) > L(z,y) - (y — x).
Thus2Q® > L(z, y) (y — :c) and the claim follows.

Let 1M = 7(ZM) \I( 0)) be the set of intervals aZ(®) that are the result of subdivision. Notice
that for¢ > 0, ¢ < I < 2. We claim thatmax, ,c7(z0y ¢" (z,y) < 4ming, 0 ¢ (2, ),
for anyt > 0. (Fort = 0, I*) is empty, so the claim is meaningless.) We use the argumeweahat
20 > L(z,y) - (y — z) for any interval(a: y) of 2, and thu2Q"") > max, , 770 4" (z,y).
Fort = 1, max, ,ycr(z0) 4 ¢ (z,y) <20 andming, o) ¢ (x,y) are the common valu@® /2
assigned to the two intervals:("), (1)) and (2(1), y(1)) resulting from the first subdivision. Thus the base
case oft = 1 follows. Fort > 1, let M™ = max(, ,yer(z-v) (a0 4oy ¢ (2,y) and letM~ =
Ming, e -\ (@0 40y 40 (2,). By the inductive hypothesis dnmax, 7z q" (2, y) <
dming, -1 ¢V (z,y), so by dropping a term each from each sidé,” < 4M~. By construc-
tion of theq®’s, we havemin(x eI ¢ (z,y) = min{M‘ QW /2} and Max (, ) e7(z() ¢ (z,y) =
max{min{M+,2Q0®}, Q" /2}. As argued aboveR") < ¢~ (2", 4®) and by dropping terms from
the induction hypothesis;(*~ D (z(®), 4(1)) < 4M~ From thls, we conclude thahin{4M—,2Q"} =
max{min{4M—,2Q"}, Q" > max{min{M+ zQ 1Q® /2} and the claim follows.

The intervals inZ (Z() uzZ(ZW)uU---UZ(Z%)) (removing duplicate occurrences of intervals) form
a natural structure of rooted binary trees. For edch t < tg, define the interva(z®,y®) to be the
parent of intervals (z(*), 2(Y)) and (2("), y(¢)). This definitions yields a unique parent interval for every
interval in I U ... U I(), The parent of such an interval may not bell® U --- U I®0) but it is in
Z(ZOYuz(ZzW)yu--.-uzZ(ZW). The intervals without parents are thus precisely the vatsrin Z(©),
which we define asoots This parent and root structure defines a forest of rootedrpitiees on intervals
inZ(ZO)Yyuz(zM)yu-..uZ(ZW)). Every interval is a subinterval of its parent and has haiflémgth.
The leaves of the trees correspond precisely to intervatsof.

() — {(z,y) € It | yj < < yjy1}. We claim

We now obtain an upper bound on thé’'s. Let I
that, foralll < j < m, Z yerio) q")(z,y)/(y — x) < 6L(yj,y;+1). The intervals inlj(.tO) are precisely

> L(x,y) - (y — z). Fort = 0, this property holds with equality. Far>
= L(z®,y®) . (y® — z®)/2. The claim follows for(z*, 2()) because
b



the leaves of the trees of nonzero height rooted at intenfa&”) that are subintervals dly;,yj+1). By
Proposition 3 (3), it suffices to prove the claim separatehefich such tree: for each tfEén the forest, with
root interval(r(T"), s(T')) of Z() and with leaves\(T), 32, , ea (1) ™) (z,y)/(y—x) < 6L(r(T),s(T)).
For the proof, we make the following stronger claim aboutghbtreeT’(r, s) rooted at any nonleaf node
(7,8) 2 () eA(T(r5) ™) (z,y)/(y — x) < (6 — 25T (1, 5). Let (a,b) and(c, d) be the left and
right children of(r, s), respectively. If both(a, b) and(c, d) are leaves, theh(T) = 1 andq*)(a,b) =
q")(c,d) = L(r,s)- (s —r)/2,50¢")(a,b)/(b—a) + ¢*)(c,d)/(d — ¢) = 2L(r, s) as desired. If neither
(a,b) nor (¢, d) are leaves, then we can break the sum into two pieces and iagpigtion on height to each
piece:

3 ¢ (z,y) 3 ¢ (z,y) 3 q")(z,y)

Yy—x y—T Yy—x
(z,y)eA(T(r,5)) (z,y)eA(T(a,b)) (z,y)eA(T(c,d))

< (6 o 23—h(T(a,b)))L(a’ b) + (6 o 23_h(T(c’d)))L(C, d)

< (6—22"TCD)(L(a,b) + L(c,d)),
which by Proposition 3 (3) is at mogt — 23~ *(T("5)) L(r, 5) as desired. If exactly one ¢f., b) and(c, d)
is a leaf, then we relabel so th@t, b) is the leaf. Let(e, f) be a leaf ofl'(¢, d) whose distance in the tree
from (¢, d) is h(T'(c,d)) = h(T(r,s)) — 1. so thatf — e = (d — ¢)/2MT D=1 = (b — q)/2MT(s) -1,
Becausemax, ,c7(z(t0)) 4 ¢ (z,y) < dming, e o) ") (z,7), we haveqt)(a,b) < 22¢(0) (e, f).
Thusq®) (a,b)/(b — a) g g (e, f) - 23T (5) /(f — ). At the timet that interval(e, f) was created
from its parent g, h), ¢! (e, f) = L(g, h) - (f — e), which by Proposition 3 (2) is at mostc, d) - (f — e).
As timet progresses;(®) (e, f) only decreases. Thugl) (e, £)23-"T(9) /(f —¢e) < L(e, d)23~MTs)),
By induction on height,

3 g®(z,y) q(to’(a,b)Jr 3 g (z,y)

— b— —
@werdrs) ¥ F C @wermeay Y77

L(C, d)23—h(T(r,s)) + (6 o 23_h(T(c’d)))L(C, d)
(6 + 23—h(T(r,s)) o 24_h(T(T’S)))L(C, d)
(6 — 25T (c, d),
which by Proposition 3 (2) is at mogt — 23~ (T(")) (1, s) as desired. This completes the proof of the
claim.

Finally considerz(). Let M+ = max, , 7zt d" (z,y). For any interval(z,y) € I,
M* < 4g®) (), s for anyj, 5, e M7/ —2) < 4X a0 (y)/(y — ), which
by the previous claim is at moQtLL(yj,yjH) Because leaf mtervals |n a tree partition the root interva
Z(w)eéto) (y — z) < yj+1 — y;. Multiplying these two inequalities,

IN

Mt
UL(yjy541) - Wit —vs) = D > w(y —a')
(z)ely® (2 y)el'

— + + Yy -z +Y
D IELETD DD SN €V = SRy
(:c,y)EIJ(.tO) (:c,y)EIJ(.tO) (w’,y’)elj(.tO)

<z’

SN LT S P = S Ay

y —a y—x
(:v,y)EIJ(tO) (2! ,y /)el;to)
s<a! =a+1l/a>2
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@ |I(t0)|
> |1 °\M++2< ) >M+

_ (t0) )2 4 7+
= | [“M™.
Summing overj,
pl +m_1 (to)|2 L 102 L tol 1))
241( yy>yy+1 (yj+1 —Z/j) > M Z |Ij |“>M T > M o
7j=1 7j=1

Now [Z(Z())| = |Z(ZO)| 4 tg = |Z©] + to — 1. Becausey > |ZO)] — 2, 2[T(0)| > |2O)] 4 ¢, — 1.
Thus

2
> (@) < (2904t - ()
(2.y)€T(Z(00))

IN

Q‘I(to)‘(M—i-)Z

2
m—1
m
o[ 1(t0)| (tol(to) Z 24L(y;,yj+1) - (Yj+1 — yj))

IN

2
1152m?
T B (ZL%%H (Y541 = yj)),

which by Proposition 2 (2) is at mo$t608m?A)/(t3|1%)]). Recall thaig®) (z,y) > L(z,y) - (y — z),
which is at leastd L(x, y) by Proposition 2 (2). Therefore

Z AL2($7?/) < Z (q(tO)(aj,y)>2 < M

2 7(0)]
(z.y)EL(Z (1)) (2.9)ET(Z0)) tg 1)

The upper bound follows immediately from the two lemmas weetsghown.

Theorem 3 Algorithm LIPSCHITZ-MC-INTEGRATE performsO(ROPTY3(f, ¢) + ROPT(f, ) log(1/¢))
samples on problem instan¢¢, ¢).

7 Randomized Lower Bounds

We first show that Lemma 1 is actually a tight (to within a canstfactor) lower bound oROPT by
proving the following upper bound.

Lemma 4 Given a Lipschitz functiorf, there is a set of point8 = x1 < 29 < --- < x; = 1 such that for
1<i<k—2 AL(x;,xiy1) = €/4, and AL(zj_1, ) < €/4. Furthermore ROPT(f,¢) < 2k — 1.

The above lemma implies that deterministic algorithms artevery powerful relative t(ROPT. For
instance, iff(xz) = 0 for all z, ROPT(f,e) = O(e~*/?) by Lemma 4, buDOPT is ©(¢~'). Therefore
every deterministic algorithm requir€§ ROPT?) samples on some instances.

11



Theorem 4 Given anc > 0 and an integek such thad) < k < ¢! /2, there is a family of problem instances
such thalROPT = O(k) on every member on the family, but any algorithm requidés*/3 + k log(1/¢))
samples in expectation on some member of that family.

A simple corollary shows that the nonadaptive method in [BIVi6 optimal.

Corollary 2 Any algorithm require:ﬂ(e‘z/?’) samples on some problem instance.

8 Conclusion

We have given optimally adaptive deterministic and randeuohialgorithms foLIPSCHITZ-INTEGRATION.

To simplify the analysis, we have been lax with constantiacin the randomized algorithm and the related

proofs. Thus, it is possible to improve both the algorithpesformance and its analysis by constant factors.
A more interesting open problem is to design adaptive algms for definite integration over two or

higher-dimensional domains or to prove that good adapty@i#ghms do not exist. Although simple Monte

Carlo methods readily extend to higher dimensions, desiggand analyzing adaptive algorithms seems very

difficult.
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