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Abstract

We consider the problem of approximately integrating a tiijg functionf (with a known Lips-
chitz constant) over an interval. The goal is to achieve aore@f at mostllising as few samples df
as possible. Because the complexity of problem instanagssvaidely, we consider algorithms in the
adaptive framework. That is, on problem insta€el)] the algorithm should use not many more than
OPT(f, Dlsamples, wher®PT( f, Dis de ned to be the number of samples used by the best possible
correct algorithm on instandd, 1 We distinguish betweeDOPT andROPT, the performances of
the best possible deterministic and randomized algorithespectively. We give a deterministic algo-
rithm that use©(DOPT( f, 01 log(C*/DOPT( f, ))) samples and show that an asymptotically better
algorithm is impossible. However, any deterministic aitjon may need(ROPT( f, )%) samples on
some problem instances. By combining a deterministic agaptgorithm and Monte Carlo sampling
with variance reduction, we give an algorithm that uS§ROPT( f, 01 + ROPT( f, I log(1/D)
samples. We also show that any algorithm requR®PT( f, D1 +ROPT( f, D1log(1/0)) samples
in expectation on some problem instarg€e)] which proves that our algorithm is optimal.

1 Introduction

We consider the problem of approximating a de nite integifah univariate Lipschitz function (with known
Lipschitz constant) to withir_uising the fewest possible samples. The function is given lalack box:
sampling it at a parameter value is the only allowed opematibis easy to show thaf ) samples are
necessary and suf cient for a deterministic algorithm ie thorst case (see, e.g., [Wer02]). The results in
[BM03] imply a Monte-Carlo method that requires onfy [C*/3) samples in the worst case.

The Adaptive Framework. The univariate Lipschitz integration problem becomes nirtigresting in the
adaptive setting. The motivation is that, for a givesome problem instances have much lower complexity
than others. For example,fi{f x) = Lx, whereL is the Lipschitz constant, then evaluatihgt the endpoints

of the interval over which the integral is taken is suf ci¢atsolve the problem for anly Thus, it is desirable

to have an algorithm that is guaranteed to use fewer sampleasier problem instances. Such an algorithm
is calledadaptive We formalize this notion by de ning the dif culty of a probm as the performance of
the best possible algorithm on that problem:

Definition 1 LetP be a class of problem instances. llebe the set of all correct algorithms fér (among
some reasonable class of algorithms). C&ST(A, P) be the performance of algorithiy 2 A on prob-
lem instanceP 2 P. DefineOPT(P) = min omCOST(A,P). We useDOPT whenA is the set of
deterministic algorithms an®OPT whenA is the set of randomized algorithms that are correct on each
P 2 P with probability at least/3.
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By de nition, for every problem instance, there is an algorithm whose cost Bnis OPT(P). A good
adaptive algorithm is a single algorithm whose cost is notimgreater tha®©®PT(P) for everyproblem
instanceP . Therefore, an adaptive guarantee is in general much srahgn a worst-case guarantee.

The ultimate goal of investigating a problem in the adaptieenework is to design an “optimally adap-
tive” algorithm. Suppos® is the set of problem instances and each problem inst&n2eP has certain
natural parametersiy (P),...,vk(P), with the rst parametewv,(P) = OPT( P). An algorithm isopti-
mally adaptiveif its performance on every problem instanée2 P is within a constant factor of every
algorithm's worst-case performance on the family of insemwith the same values for the parameters:
fPU2 P j vi(PY = vi(P) for all ig. Note that this de nition depends on the choice of paransetso in
addition toOPT, we need to choose reasonable parameters, sughhesdesired output accuracy.

Related Work. While approximate de nite integration is well-studied hah numerical analysis and in
information-based complexity, their algorithms do notdavovable guarantees about adaptivity. Optimally
adaptive algorithms have been previously designed in théegbof set operations [DLOMOO], aggregate
ranking [FLNO3], and independent set discovery in [BBI]. Lipschitz functions also lend themselves
well to adaptive algorithms. Itis shown in [HIL91] that Rigéii's algorithm [Piy72] for minimizing a uni-
variate Lipschitz function perform®(OPT) samples. [BD04] gives an adaptive algorithm for minimizing
the distance from a point to a Lipschitz curve that is withilogarithmic factor ofOPT. [Bar04] gives
adaptive algorithms for several problems on Lipschitz fioms.

Our Results. We give a deterministic algorithm that us@¢DOPT log(C/DOPT)) samples. We also
prove a matching lower bound on deterministic algorithm&ieWwcomparing tlROPT, however, we show
that any deterministic adaptive algorithm us@®OPT ?2) samples on some problem instance. We present
a randomized adaptive algorithmpsSCHITZ-MC-INTEGRATE, that always use®(ROPT %3 + ROPT
log(C1)) samples and prove a matching lower bound.

We therefore give optimally adaptive algorithms for theddhitz integration problem in the determin-
istic and randomized settings. Although the algorithms singple, in both cases nontrivial analysis is
required to analyze their adaptive performance. To our kedge,LIPSCHITZ-MC-INTEGRATE is the rst
randomized optimally adaptive algorithm. Also, a simpleatiary of the randomized lower bound is that
the non-adaptive algorithm based on the results in [BMO8pismal in the worst case.

Some of the results in this paper, primarily in Sections 3 4nare based on the rst author's master's
thesis [Bar04]. Many of the proofs are omitted from this exied abstract.

2 Problem Basics

We start by giving a precise formulation of the problem wesider:
ProblemLIPSCHITZ-INTEGRATION:

Given: (F,a,b, L, D1
Such that: f:[a,b]! R
and forxy, X2 2 [a,b], jF(x2) T(X1)] LjX2 Xqj
Zy
Compute: I 2 Rsuchthat | T(x) dx ]

a

A randomized algorithm needs to be correct with probabditieast?/3.

1The full version of this paper is available fattp://www.mit.edu/ ibaran/intfull. fpdf,ps g
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Figure 1: lllustration of area looseness. Lipschitz boumr@sdashed.

Some of the parameters in the input are redundant. The pnobltancgf, a, b, L, [is equivalent to
the problem instancef 70,1, 1, [ZL(b a)?) wheref'{x) = f *=2 /L(b a), sowe canassume without
loss of generality thaa =0,b=1,andL = 1.

We now develop some basic tools we will need for discussinbearalyzing the algorithms. Essentially,
we show how to make use of the Lipschitz condition to boundetier of our estimates.

The Lipschitz condition allows an algorithm that has samfiet two points to bound the value of the
integral off on the interval between them. We call the quality of this lwbarea loosenessand it depends
on both the length of the interval and the values ait the sampled points. A greater difference between
values off (a steeper function) results in a smaller area loosenessleWie area looseness as follows (see
Figure 1):

Definition 2 Given a Lipschitz functiorf on [0, 1], define thearea loosenessf a subinterval[xi, X»] of
[0,1]asALs(x1,X2) = (( X2 X1)?2 (F(x1) F(x2))?)/2. When itis clear whictf we are talking about,
we simply writeAL (X1, X2).

Our analysis relies on area looseness being well behavesl following proposition shows that it has
the properties one would expect a bound on integration éorbave and that an additional sample in the
middle of the interval decreases total area loosenesslguick

Proposition 1 Area-looseness has the following properties:
(1) 0 AL(X]_, X2) (X2 X1)2/2.
@Iy x3<xz X5thenAL(xy,X2) AL(XLX5).
(3) If X 2 [X1,X>2], thenAL(x1,X) + AL(X,X2)  AL(X1,X2).
(4) AL X4, X1+TX2 + AL %, X2 AL (X1, X2)/2.

For the lower bounds, both ddPT and on adaptive algorithms, we need “extremal” Lipschitections,
whose integral is either maximal or minimal, given the samplWe call these functiortdl andLO. We
also de neloosenessthe maximum difference betweétl andLO over an interval.

Definition 3 Given a Lipschitz functiofi, and0 a<b 1, define the Lipschitz functiomsl © and LO"
on[a,b] as: ng(x) =min( f(a)+ x a,f(b)+b Xx) andLog(x) =max(f(a) x+a,f(b) b+ x).
Also defind_f asL¢(a,b)= b a j f(b) F(a)j.



Proposition 2 Given a Lipschitz functiofi, the functiondH| g and LOE1 have the following properties:
(1) If g is Lipschitzg(a) = f(a), andg(bh) = f(b), then forx 2 [a, b], HI g(x) g(x) Log(x).

(2)AL(a,b)/(b @) maxeap(HI5(X) LOY(X)) = L(a,b) 2AL(a,b)/(b a)
(3)R:ng(x)dx:(b a)LJZ“f@+AL(a,b)/ZandR;Log(x)dx:(b 2) T@XTO) Al (a,b)/2,

Proposition 3 Given a Lipschitz functioffi, looseness has the following properties:
(1)0 L(a,b) b a
2)1fa” a b bYthenL(a, b L(a5by.

) Ifx1 X2 xn, then  "TML(xi, Xi+1)  L(X1,Xn).

3 Proof Sets

In order to compare the running time of an algorithm on a mobinstance tOPT , we de ne the concept
of a proof set for a problem instance. A &0f points in[0, 1] is aproof setfor problem instancéf, [Jand
outputx if for every fthat is equal tof onP, x is a correct output ogf 5 I In other words, sampling

at a proof set proves the correctness of the output. We stig 8&t of samples is a proof set for a particular
problem instance without specifying the output if some augxists for which it is a proof set.

It is clear from the de nition that sampling a proof set is thely way a deterministic algorithm can
guarantee correctness: if an algorithm doesn't sample @f ged for some problem instance, we can feed it
a problem instance that has the same value on the sampled,gmihfor which the output of the algorithm
is incorrect. Conversely an algorithm can terminate as s®oit has sampled a proof set and always be
correct. ThusPOPT is equal to the size of a smallest proof set.

In order to analyze the deterministic algorithm, we will quame the number of samples it makes to the
size of a proof selP . We will need some tools for doing this.

LetP be a nonempty nite set of points {0, 1]. Consider the execution of an algorithm which samples

a function at points on the intervgd, 1) (if it samples at 1, ignore that sample). Lt s,,...,Sy be the
sequence of samples that the algorithm performs in the dahderit performs them. Lel; be the set of
unsampled intervals after samdg i.e., the connected components[@f1) f si,...,St0, except make

each element of; half-open by adding its left endpoint, so that the union bfted elements of; is [0, 1).
Let[l, ry) be the element of—; that contains;.
Then sample; is a:

split if [l,sp)\ P 6 ; and[s¢, r))\ P 6 ;
squeeze if [l,s))\ P 6 ; or[s, ry)\ P 6 ;, but not both
fizzle if [l,r)\ P=;.

These de nitions are, of course, relativeRo See Figure 2. We can now bound the number of samples of
different types:

Proposition 4 The number of splits is at mgfj 1.

Proposition 5 Suppose that for all and j withi 6 j, js; sjj > [and that for allt, s¢ = (It + r¢)/2.
ThenifjPj [/2, the number of squeezes is at m@§tlog, ([C/jPj).

We now characterize proof sets iaPSCHITZ-INTEGRATION.

Proposition 6 LetP = fxy,Xo,...,Xngsuch thatd <Xy < <Xn 1 ThenP is a proof set for
problem instancéf, [iif and only ifx? + (1 xn)2+ DMAL(X, Xi+1) 200
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Figure 2: Different types of samples.

4 Deterministic Algorithm and Analysis

Proposition 6, together with Proposition 1 immediatelyvgtdhe correctness of a trivial algorithm. Let
n = d*/4e and let the algorithm make samples, at-, =, ..., 23=1 and output the integra¥l as in
the proof of Proposition 6. It is correct because the areadness of every interval is at mg&yn)2/2.
Because there ame 1 intervals, the total are(i'g—,looseness of all of them is at rwst 1)/(2n?). Also,
X2=(1 xp)2=1/2n)2,s0x3+(1 xn)2+ [MAL(Xi,Xi+1) = n/(2n?)  20TTherefore,( )
samples are always suf cient (and if, for instan€ds a constant, necessary).

We now give a deterministic adaptive algorithm. The aldponitmaintains the total area-looseness of the
current unsampled intervals, the unsampled intervals skéms in a linked list, and uses a priority queue to
choose the unsampled interval with the largest area-l@sseat every step and sample in the middle of it.

Let L be a linked list o PARAMETER, VALUE) pairs and leQQ be a priority queue ofAL, ELEM) pairs
where the rst element is a real number (and de nes the ord€)and the second element is a pointer into

an element oL.. The algorithm follows:
Algorithm LIPSCHITZ-INTEGRATE

1. Add (0, f(0)) and(1, f(1)) to L and inser{ AL(0, 1), &(0, f(0))) into Q
2. A-LOOSENESS AL(0,1).
3. Do while A-LOOSENESS> 2[7]
4. (AL,P1)  EXTRACT-MAX[Q]
5.P,  NEXT[L, P4]
6.X  (PARAMETER[P1] + PARAMETER[P2])/2
7.AL;  AL(PARAMETER[P1],X), AL>  AL(X, PARAMETER[P2])
8. Insert(x, (X)) into L afterP; and inser{AL1, &P;) and(AL2, &(X%, f(X))) into Q
9. A-LOOSENESS A-LOOSENESS AL + ALj + AL>
10. Compute and outpu¥l using the values stored Inas described in Proposition 6.

The correctness of the algorithm is clear from Propositiorthe algorithm stops precisely when the
total area-looseness of the unsampled intervals is no nhare2f.1\We need to analyze the algorithm's
performance.

Theorem 1 AlgorithmLIPSCHITZ-INTEGRATE performsO(DOPT log(C/DOPT)) samples on problem
instance(f, 0

Proof: We will actually compare the number of sample®OPT( f, [/R) rather than tdOPT( f, D We
can do this because if we take a proof setD®@PT( f, Ddand sample in the middle of every unsampled
interval, then by Proposition 1 (4), we will obtain a proof && DOPT( T, [/R). Thus,DOPT( f, [/R)
2 DOPT(f,DH} 1. So letP be a proof set fo(f, [/R) of sizeDOPT( f, [/R).

First, we argue that no interval of length smaller tlank ever subdivided. Suppose for contradiction
that amongn intervalsly, ..., I, of lengthsay, ..., an, interval Iy with ay < 4Lk chosen for subdivision.



By Proposition 1 (1)AL(I;) ai2/2, S(IprL(Ik) I.’_;J%)n the other handl,:> aj=1, soP I:)AL(Ii)
1. Multiplying the inequalities, we get AL(l;) AL(I;))AL(ly)  2[LIBut this implies that the
algorithm should have terminated, which is a contradiction

Now, we count the number of samples relativdPto The number of splits i©(jPj) by Proposition 4.
The above paragraph shows that we can use Proposition 5 ¢ttuderthat there ar®(jPj log([1/jPj))
squeezes. We now show that there @(gPj) zzles and so prove the theorem.

A zzle occurs when an interval not containing a point®fis chosen for subdivision. Consider the
situation aftem points have been sampled. Let the sampled point8 bex;  X» Xp = 1.
Because the total area—loosi_e,ness of intervals betweetspiR is at mostl, by repeated application of
Proposition 1 (2,3), we have x ’Xiﬂ)nP:IﬁL(xi,xiH) QThe algorithm has not terminated, so the
total area-looseness must be more tBgdwhich implies that [, .y paAL(Xi, Xi+1) > L Because
there are at mogP|j elements in the sum on the left hand side, the largest elemast be greater than
[Z]Pj. Therefore, there existskasuch tha{xy, Xk+1) contains a point oP andAL(Xy, Xk+1) > Z]JPj. So
if a zzle occurs, the area-looseness of the chosen intenedt be at leasiZ]P|.

Now let S¢ be the set of samples made by the algorithm after ftt e ne A; as follows: let
fyi,¥2,...,¥n0 = S¢[ Pwith0O =y, vy yn and letA; = i”:_ll AL(Yi,VYi+1). Clearly,
At 0, At A+ (by Proposition 1 (3)), and therefor&: Ag 2L Every zzle splits an interval
between adjacents into two. Because the area-looseness of the intervarédiie split was at leas?]P|,
by Proposition 1 (4)A: decreases by at leasf{2jPj) as a result of every zzle. Therefore, there can be at
most4jP| zzles during an execution. 2

We prove a matching lower bound, showing that the logarithfactor is necessary and thakscHITz-
INTEGRATE is optimally adaptive:

Theorem 2 For any deterministic algorithm and for ariy3> 0 and any integek such thai0 < k < [11/2,
there exists a problem instan¢g, Ddof LIPSCHITZ-INTEGRATION with DOPT( f, D= O(k) on which that
algorithm performs( k log([T1/k)) samples.

5 Algorithm LIPSCHITZ-MC-INTEGRATE

A standard strategy in a Monte Carlo integration algorittaria sample at a point picked uniformly at
random from an interval. The expected value of such a samsplded by the length of the interval, is
precisely the value of the integral over the interval, sodbal is to minimize the variance. When the
function is Lipschitz, the variance of the integral estimmafised on such a sample can be as high as a
constant times the fourth power of the length of the interiAwever, if we use the fact that when the area
looseness of an interval is low, we approximately know thecfion, we can adjust the sample to get an
unbiased estimator of the integral over that interval wha@s@&nce is the square of the area looseness in the
worst case. Procedunec-SAMPLE shows how to do this.

Procedure MC-SAMPLE(X1, X2):

1. Let x be a random number, uniformly chosen fr@xa, X;]
2.1f f(x1) F(xz), thensampLE  f(x) x+ 3%
3.ElsesampLE  f(x)+ x 23X

4. ReturnSAMPLE (X2  X1)

R
Proposition 7 MC-SAMPLE(X7, X2) returns an unbiased estimator oflz T (x) dx with variance at most
ALZ(x1, X2).



In order to compute the integral o€ 1], we would like an estimator for that integral with low varzan
If we split [0, 1] into intervals whose totaAL? is small and runvc-SAMPLE on each interval, we will get
such an estimator, as shown in the following corollary.

IDn—l 2
rollary 1 Let0 = X1 < Xp < R< Xn = 1 and suppose ;_; AL"(Xi, Xj+1) 273. Letf =
Nl MC-SAMPLE(Xi, Xi+1). Letl =, f(x)dx. ThenPr{jf 1j [ 1/3,

The remaining dif culty is to nd a small number of intervalshose totalAL? is smaller than2¥3.
Note that the deterministic adaptive algorithm in Sectiomds a small number of intervals whose total
AL is smaller thar._IWe show that we can use the same idea here. Thus, to obtand@maed adaptive
algorithm, we use a deterministic adaptive algorithm toagetugh idea of the function and then use Monte
Carlo sampling with variance reductiom¢-SAMPLE) to improve our estimate of the integral.

Let L be a linked list o PARAMETER, VALUE) pairs and letQ be a priority queue ofAL, ELEM) pairs
where the rst element is a real number (and de nes the ord€)and the second element is a pointer into
an element of.. The algorithm is as follows:

Algorithm LIPSCHITZ-MC-INTEGRATE:

1. Add (0, (0)) and(1, (1)) to L and inser{ AL?(0, 1), &(0, £(0))) into Q
2.ALSQ  AL?(0,1).
3. Do while ALsQ > 273
4. (AL,P1)  EXTRACT-MAX[Q]
5.P,  NEXT[P1]
6.X (PARAMETER[P1] + PARAMETER[P2])/2
7.AL1  AL?(PARAMETER[P1],X), AL,  AL?(X, PARAMETER[P>])
8. Insert(x, f(x)) into L afterP; and inser{AL1, &P;) and(AL», &( X, F(x))) into Q
9.ALSQ ALSQ AL+ ALj+ AL
10. o
11. For each elememR® of L except the last:
12.1 '+ Mc-saMPLE(PARAMETER[P], PARAMETER[NEXT[P]])
13. Outputf*

Correctness is guaranteed by Corollary 1 because the thligoeixits the loop in lines 3-9 only when the
total AL? of intervals between points in is no more thari2/3.

6 Performance Analysis
For the analysis of the algorithm, [&tbe the Lipschitz function input toilPSCHITZ-MC-INTEGRATE.

Lemma 1 Givenf, there exists a set of poinfs= X; < Xy < <Xp=1suchthatfol i n 2
AL(Xi, Xj+1) =3 [ BndAL(Xn—-1,Xn)  3LJFurthermore ROPT(T, D1 (n  2)/3.

Proof: We begin by constructing a set of points that satis es thedd@mns. Obviouslyx; should be 0.
Suppose we have constructed the kspoints andxy 6 1. If AL(xk,1) 3[LIsetxx+; = 1 and we are
done. Otherwise, notice thétis continuous, sé\L is also continuous. By Proposition 1 (BL(Xk, Xx) =
0. Therefore, by the intermediate value theorem, there is an[xy, 1] such thatAL(xk, x) = 3 [&nd we
setXy+1 to be thatx.

Consider an algorithmA that is correct with probability at leag/3 on all inputs and consider its
executions orf. Letejforl 1 n 2 be the expected number of sampleperforms in(Xj, Xj+1).



We claim that in ordes, foA to be correct, it must havg  1/3 for all i and therefore, the total expected
number of samplesis ["Ze; (n  2)/3.

Suppose for contradiction, that < 1/3 for somei. Then, by Markov's inequality, the probability that
A samples in(xi, Xi+1) is less tharl/3. Now consider two functions de ned as follow$i(x) = f3(x) =
T(X) everywhereRexcep(b(i,xiﬂ) andf\l(x) = LO§§+1(X) andf\z(x) = HI§§+1(X) on (X, Xj+1). By
Proposition 2 (3), ; f2(x)dx 4 f1(x) = AL(xi, Xi+1) = 3 [0 no output is correct for bot andf.
Suppose, that we feel] andf’ with probability 1/2 each as input té\. Conditioned onA not sampling
in (Xi, Xj+1), the output ofA is independent of which function was input. Therefore, éomaed onA not
sampling in(X;, Xj+1), the probability of error is at leadt/2. Becausd; = f, = f not on(X;, Xj+1), the
probability of A not sampling or(X;, Xj+1) is greater thar2/3, so the probability of error is greater than
1/3, which implies thatA is invalid. 2

Because the number of samples in steps 11-13 is smaller (fhad)the number of samples in steps
1-9, we only focus on the samples in steps 1-9. For the asalys split the execution of the algorithm
into two phases. The algorithm is in Phase 1 while there isiagbadjacent elementg; and Xj+; in L
for which AL(xj, Xj+1) = 3L IWhen all pairs of adjacent elements hae at most3L[,_the algorithm is in
Phase 2. Note that by Proposition 1 (2), area looseness éetadgacent points ib never increases as the
algorithm executes, so once it enters Phase 2, it never gmdstd Phase 1. We now bound the number of
samples made in steps 1-9 in the phases.

Lemma 2 In Phase 1,LIPSCHITZ-MC-INTEGRATE makes at mosD(ROPT( f, Dlog(1/0)) samples on
problem instancéf, O

Proof: Let X be the set ok;'s constructed as in Lemma 1. We count the samples madeP$CHITZ-
MC-INTEGRATE relative toX. By Proposition 4, there are at mad{(jXj) splits. We now need a lower
bound on the size ofd'ntervals in Phase 1 to count the numbsgudezes. We note that an interval whose
length is smaller than 6[has area looseness at m8&ilby Proposition 1 (1)) and will thsre_fore never be
chosen for subdivision in Phase 1. Tllge_refore, in Phase 1y @verval has length at least6[/R. So by
Proposition 5, there are at mg3¢j log((" 6[7R)"1/jXj) = O(jXjlog(1/0)) squeezes. There are no zzles
because any interval whose area looseness is greateBlanst have a point oK (by Proposition 1 (2)
and by construction aK). By Lemma 1jXj = O(ROPT( f, ), so we have the claimed bound. 2

Lemma 3 In Phase 2LIPSCHITZ-MC-INTEGRATE performsO(ROPT( f, )#3 + ROPT( f, [log(1/0)
samples on problem instan¢g, [

Proof: After Phase 1 is completé, consists of points such that the area looseness betweareatjzairs
isatmosBLlet0=y; <y, < <ym =1 bethe smallest subset of pointdir{including 0 and 1) such
thatAL(yi,Vyi+1) 3lbrally. We claimthatm 6 ROPT(f, I Consider the set of;j's constructed
as in Lemma 1. If;'s are a minimal set of points with area looseness no grelater3 between adjacent
ones, then every interval of the forfri, Xj+1] has at most twgj's (if there are three, the middle one is
unnecessary). Therefore there are at most twice as M&ysX;'s.

Now assume the algorithm makes more samples in Phase 2 tRénage 1 because otherwise, it makes
O(ROPT( f, Dlog(1/0) samples and we are done. We apply Propostion 8 to prove thimée LetY be
the sgs ofyi’s, let Z© pe the set of points ih at the end of Phase 1 and tgt= 550 ROPT*3. We have
A= ﬂzl AL(yi,vi+1) 18 ROPT [By Proposition 8, aftety samples, the totahL? will be at most

4608-(6-ROPT)?:(18-ROPT)?[2] . .
= ROPT? [2¥3 so the algorithm will stop aftetr steps. 2

The following proposition shows that as our algorithm sasapthe total squared area looseness declines
as the cube of the number of samples. We prove it by assagiatiumber with each interval that is an upper

8



bound on its area looseness. We then show that these nunmbevglan a factor of four of each other and
use this to show that that the sum of their squares decreasbhe aube of the number of samples.

P
Proposition 8 LetY = fyi,...,ymgwith0 = y; < <VyYm =1, and letA = ?;_ll AL(Yi,Yi+1).
Consider the sequenc@©®,z® 7@ of sets of samples whe®® Y is an arbitrary superset
of Y and, for eacht 1, Z® = z®&D [ z0g wherez® is the midpoint(x® + y®)/2 of the
ipterval (x®, y®) of Z&D with the largest area loosenegsL(x®,y®). Then, for anyty | Zoj,

Proof: In this proposition ifX = fXy,...,Xngis a set of real numbers witky < < Xp, letl (X) =
f(xi,Xi+1) j1 i<ng.

First we de ne a number®(x,y) associated with each intervék,y) of Z;. De ne q©@(x,y) =
L(X’y) (y X). Fort > 0O, |etQ(t) = L(X(t)’y(t)) (y(t) x(t))_ De ne q(t)(x(t), Z(t)) = q(t)(z(t),y(t)) =
Q®W/2, and de neq®(x,y) = min fqD(x,y), 2QMg for all other intervalgx, y) (those withouz® as
an endpoint).

We claim thatg®(x,y) L(x,y) (y x). Fort = 0, this property holds with equality. Fdr>
0, qOx®, zM) = QWy/2 = L(x® y®) (y® x®)/2. The claim follows for(x®,z®) because
L(x®, y®) L (x® z®) by Proposition 3 (2), and becaugg® xM)/2 = z®  x®O_ The claim
follows symmetrically for(z®,y®). For all other intervalgx,y) of Z®, t > 0, we know by induction
ontthatg®™D(x,y) L(x,y) (y X), so it remains only to show thaQ® L(x,y) (y X). By
Proposition 2 (2)20®  2AL(x®,y®). Becausgx®,y®) has the maximum area looseness among
intervals ofZ(D, 2AL(x®,y®)  2AL(x,y). By Proposition 2 (2)2AL(X,y) L(x,y) (y X).
Thus2Q®  L(x,y) (y x) and the claim follows.

Let 1® = 1 (ZO) n 1 (ZO©) be the set of intervals & ® that are the result of subdivision. Notice
that fort > 0, t < jI®]  2t. We claim thatmax, ,y rrzoy 0%, y)  4ming )y 39(x,Y),
for anyt > 0. (Fort = 0, 1 is empty, so the claim is meaningless.) We use the argumeneabat
2QM  L(x,y) (y x) for any interval(x,y) of Z®, and thus2Q®  max, ,y oy 9P (X,Y).
Fort = 1, max, ,yrrz@)y AP 0(6y)  2Q® andmin, ) g 4P (x, y) are the common valu@®/2
assigned to the two interva{x®, z(M) and(z®, y®) resulting from the rst subdivision. Thus the base
case oft = 1 follows. Fort > 1, letM™* = MaX ( vy @ ¢ DN{(D ,y®)} qtD(x,y) and letM~ =
MiN Gy o v yoyy A4 (X,y). By the inductive hypothesis dnmax, ) rrze vy A (X, )
4min(xly)m 1» 9 D(x,y), so by dropping a term each from each sifa;} 4AM™~. By construc-
tion of theq®'s, we havemin , .y ry 4®(x,y) = min fM~,Q®/2g andmax, , rrz®y AP (X,y) =
maxf minf M*,2Q®Mg, QM/2g. As argued aboveQ® gD (x®, y®) and by dropping terms from
the induction hypothesigft(x® y®)  4M~. From this, we conclude thaminf4M—,2Q®g =
maxf minf4M ~, 2Q®Mg, QMg  maxf minf M*, 2QMgQ® /2g and the claim follows.

Theintervalsin (ZO)[I (ZzM)[ [I (Z) (removing duplicate occurrences of intervals) form
a natural structure of rooted binary trees. For eich t  tg, de ne the interval(x(®®,y®) to be the
parent of intervals (x®,z®) and (z®, y(t)). This de nitions yields a unique parent interval for every
interval in 1M [ [ 1) The parent of such an interval may not bel@® [ [ 1®) butitis in
LEZOY[1 (ZD)[  [1I (Z®™)). The intervals without parents are thus precisely the waterin Z (@,
which we de ne agoots This parent and root structure de nes a forest of rootedyirtirees on intervals
Nt (ZOY[1 (M) [I (Z®). Every interval is a subinterval of its parent and has haiflémgth.
The leaves of the trees correspond precisely to intervafsef.

We now obtain an ILég)per bound on ®'s. Let Ij(t‘)) = f(xy) 2 10 jy; X <yjrg. We claim

that, foralll j <m, (xy)cgﬁo)q(tO)(X’y)/(y X)  6L(Yj,Yj+1)- Theintervals irij(to) are precisely
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the leaves of the trees of nonzero height rooted at intenfa®&® that are subintervals d¥;.yj+1). By
Proposition 3 (3), it suf ces to prove the claim separa]gyéach such tree: for each treen the forest, with
rootinterval(r(T),s(T)) of Z(D and with leaves( T), ", yytaqry A" Y/(y X)) 6L(r(T),s(T)).
For thPFproof, we make the following stronger claim aboutghbtreeT (r, s) rooted at any nonleaf node
(1) xyymr ey ANy x) (6 227"TEM)L(r,s). Let(a,b) and(c, d) be the left and
right children of(r, s), respectively. If bot(a,b) and(c,d) are leaves, theh(T) = 1 andq({@)(a,b) =
q(c,d) = L(r,s) (s r)/2,soq®(a,b)/(b a)+ q®)(c,d)/(d c)=2L(r,s) as desired. If neither
(a,b) nor(c, d) are leaves, then we can break the sum into two pieces and iagpigtion on height to each
piece:

X q(tO)(X’y) _ X q(tO)(X,y) N X q(tO)(X,y)

" y x y X y
\Y) EAQT (r,5)) (x.y) IAQT (a,b)) (x.y) IAQT (c,d))

6 23—h(T (a,b))) L(a,b)+ (6 23—h(T (C,d))) L(c, d)

6 227"TEM)(L(a,b)+ L(c,d)),
which by Proposition 3 (3) is at mogs 23~ N(T("s))|_(r, s) as desired. If exactly one ¢&, b) and(c, d)
is a leaf, then we relabel so thi, b) is the leaf. Let(e, f) be a leaf ofT (¢, d) whose distance in the tree
from (c,d) ish(T(c,d)) = h(T(r,s)) 1 sothatf e=(d ¢)/2"0CEN=1 = (p g)/20T TN
Becausemax, y rrgz oy A0, Y)  4ming a0 4(x,y), we haveq™)(a,b)  22q)(e, f).
Thusq®)(a,b)/(b a) q@(e, f) 28-NTEN/(F ). At the timet that interval(e, f) was created
from its paren{(g, h), (e, ) = L(g,h) (f e), which by Proposition 3 (2) is at moki(c,d) (f e).
As timet progresseqi(® (e, ) only decreases. Thug©) (e, £)23 T /(f  e)  L(c,d)23"Trs),
By induction on height,

X @y a®@@b), X a@xy)

y X h a y
(x.y) EAQT (r.s)) (x.y) IAQT (c,d))

L(c, d)23—h(T rs) + (6 23—h(T (C,d))) L(c, d)
(6 +2 3—h(T (r,s)) 24—h(T (I’,S))) L(C, d)
= (6 227"TEM)(c,d),

which by Proposition 3 (2) is at mogs 23~ "(T("S))|_(r, s) as desired. This completes the proof of the
claim.

Finally considerz(®), Let MF“; = MaX () (o)) q(tO)(xl,:y). For any interval(x,y) 2 1),
+ (to) i + (to) i
M 4q\")(x,y), so for anyj, (X’y)qﬁo) M*/ly x) 4 (x,y)tgﬁo)q (x,y)/(y x), which
gy the previous claim is at mo&4L (y;j,yj+1). Because leaf intervals in a tree partition the root interva
(x,y)uﬁo)(y X) Yj+1 Yj. Multiplying these two inequalities,

x > G VR
240 (yj,Yj+1) (Yj+1 i) . o° x5
(XYY)D-ﬁO) (x0y0) D_—iﬁo)
= M™ + M+u + |\/|+y X
yH xU y X
(va)E[jﬁO) (va)D:jﬁO) (x0y 0)2 IOj(to)
= 1M+ < > m+ L X yH xH
J yo xH oy x
(x.y) Eﬁﬁ(’) (xo;y0)2|j(tO) | {z 1
xx 0 —a+1l/a=2

10



i (to);
. . I

i Ij(to)JM++2 I M*
— jlj(tO)j2M+-

Summing ovej,

T P | L) Ly 1L
J .

24L(yj,Yj+1) (Yj+1 Yj) LR = =

j=1 j=1

Now jl (Z@)j = jl (ZO)j+ tog=jzZz@j+ty 1 Becausdy j Z@j 2,211} j zOj+ ¢, 1.
Thus

2 - -
q(x,y) (GZQj+ g 1(M™)?
(xy) (I 0))

21 @j(M™)?
i) 1,

L
2j1%°7%) @tojl(tO)j - 24L(Yj,Yj+1) (Yj+1 Yj)

o) 1,

1152m?
- W@ L(yj.Vi+1) (Vj+1 YA,
j=1

which by Proposition 2 (2) is at mo§4608m2A)/(t3j1)j). Recall thag®)(x,y) L(x,y) (y X),
which is at leasAL(X,y) by Proposition 2 (2). Therefore

4608M°A

ACky) o y) .
’ ' t%jl(to)j

(x.y) @z o) (x.y) @z o)

The upper bound follows immediately from the two lemmas weetghown.

Theorem 3 Algorithm LIPSCHITZ-MC-INTEGRATE performsO(ROPT #3(f, O+ ROPT( f, Ddog(1/0)
samples on problem instan¢g, [

7 Randomized Lower Bounds

We rst show that Lemma 1 is actually a tight (to within a caanst factor) lower bound oROPT by
proving the following upper bound.

Lemma 4 Given a Lipschitz functioff, there is a set of point8 = x; < Xp < < Xk = 1 such that for
1 1 k 2 AL(Xj,Xj+1) = /B, andAL(Xk-1,Xk) [Z#A. Furthermore ROPT(f, D1 2k 1.

The above lemma implies that deterministic algorithms arevery powerful relative td(ROPT. For
instance, iff(x) = 0 for all x, ROPT(f, D0= O([/?) by Lemma 4, buDOPT is ( [I'). Therefore
every deterministic algorithm requirdgROPT ?) samples on some instances.

11



Theorem 4 Given an3> 0 and an integek such thaD < k < [T11/2, there is a family of problem instances
such thatROPT = O(k) on every member on the family, but any algorithm requifek®® + k log(1/D)
samples in expectation on some member of that family.

A simple corollary shows that the nonadaptive method in [B6 optimal.

Corollary 2 Any algorithm requires( [#/3) samples on some problem instance.

8 Conclusion

We have given optimally adaptive deterministic and rand@uahialgorithms foLIPSCHITZ-INTEGRATION.

To simplify the analysis, we have been lax with constantiacin the randomized algorithm and the related
proofs. Thus, it is possible to improve both the algorithpgsformance and its analysis by constant factors.
A more interesting open problem is to design adaptive algms for de nite integration over two or

higher-dimensional domains or to prove that good adapty@i#hms do not exist. Although simple Monte
Carlo methods readily extend to higher dimensions, desgpand analyzing adaptive algorithms seems very
dif cult.
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