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1 Information-Theoretic Interpretation for Model Fragility

In Chen, Dou, and Kogan (2017), we provide an econometric justification for our Fisher fragility
measure: it essentially quantifies the over-fitting tendency of the functional-form specifications for
certain structural components of a model. In this section, we formalize the intuition that excessive
informativeness of cross-equation restrictions is fundamentally associated with model fragility. More
precisely, we formally show that structural economic models are fragile when the cross-equation
restrictions appear excessively informative about certain combinations of model parameters that
are otherwise difficult to estimate (we refer to such parameter combinations as “dark matter”). To
do so, we introduce a measure of informativeness of the cross-equation restrictions, and express it
in terms of the effective sample size. This informational measure of cross-equation restrictions is

interpretable in finite samples and provides economic intuition for the Fisher fragility measure.

We develop our analysis in a Bayesian framework. Starting with a prior on (6,), denoted by
m(60,1), we obtain posterior distributions through the baseline model and the structural model,
respectively. Then, the discrepancy between the two posteriors shows how the cross-equation

restrictions affect the inference about 6.

We assume that the stochastic process {x¢} is strictly stationary and ergodic with a stationary
distribution P. The true joint distribution for x™ = (x3,-- ,Xy) is P,,. Similarly, we assume that
the joint stochastic process {x,y¢} is strictly stationary and ergodic with a stationary distribution
Q. The econometrician does not need to specify the full functional form of the joint distribution
of (x™,y") = {(x¢,yt): t=1,---,n}, which we denote by Q,. The unknown joint density is
q(x",y").

We evaluate the performance of a structural model under the Generalized Method of Moments
(GMM) framework. The seminal paper by Hansen and Singleton (1982) pioneers the literature
of applying GMM to evaluate rational expectation asset pricing models. Specifically, we assume
that the model builder is concerned with the model’s in-sample and out-of-sample performances as

represented by a set of moment conditions,' based on a Dg x 1 vector of functions go(6,v;x,y) of

We can also adopt the CUE method of Hansen, Heaton, and Yaron (1996) or its modification Hausman, Lewis,
Menzel, and Newey (2011)’s RCUE method, or some other extension of GMM with the same first-order efficiency and
possibly superior higher-order asymptotic properties. This will lead to alternative but conceptually similar measures
of overfitting. To simplify the comparison with the Fisher fragility measure, we chose to use the original GMM
framework.



data observations (x¢,y;) and the parameter vectors 6 and v satisfying the following conditions:

E [ga (0o, %05 x¢, yt)] = 0. (1)

The baseline moment functions gp(6;x¢) characterize the moment conditions of the baseline model.
They constitute the first Dy elements of the whole vector of moment functions gq(, 1; x¢,y¢). Thus,

the baseline moments can be represented by the full set of moments weighted by a special matrix:

gp(0;x¢) = Lpga(0,v;%¢,yt) where T'p = [Ip,, Op,x(Do—Dy)] - (2)

The moment functions gp(6; x¢) depend only on parameters 6, since all parameters of the baseline

model are included in 6. Accordingly, the moment conditions for the baseline model is

E [gp(60; x¢)] = 0. 3)

Denote the empirical moment conditions for the full model and the baseline model by

. 1< . 1 < .
Gon(0,v) = - tzng(e>¢§Xt7Yt) and gp ,(0) = - ;gw(G;Xt), respectively.

Then, the optimal GMM estimator (éQ, 12)9) of the full model and that of the baseline model 67

minimize, respectively,

~ ~

Tn50(0,) = 1Ga.n(0,9)7 S5 G0,n(0,) and Jy 5, (0) = ngp.(0)" S5 Go.n(0). (4)

Here, jmgg(ﬁ,w) and JA,l’Si,, (0) are often referred to as the J-distances, and Sg and Sp have the

following explicit formulae (see Hansen, 1982),

+o0
So = Z E [90(60. vo; X¢, y¢)9a(Bo, to; X¢—e, ys—¢)" ], and (5)

{=—00

+oo
Sp = Z E [gy(@o;xt)gy(eo;xt_g)q, respectively. (6)

{=—00

The matrix Sq and Sp are the covariance matrices of the moment conditions at the true parameter
values. In practice, when Sq or Sy is unknown, we can replace it with a consistent estimator §Q7n
or §g>7n, respectively. The consistent estimators of the covariance matrices are provided by Newey
and West (1987), Andrews (1991), and Andrews and Monahan (1992).

We use GMM to evaluate model performance because of the concern of likelihood mis-specification.
The GMM approach gives the model builder flexibility to choose which aspects of the model to
emphasize when estimating model parameters and evaluating model specifications. This is in

contrast to the likelihood approach, which relies on the full probability distribution implied by the



structural model.

Finally, we introduce some further notation. We denote the GMM Fisher information matrix for
the baseline model as Ip(6) (see Hansen, 1982; Hahn, Newey, and Smith, 2011), and

Ip(0) = G(0)" Sy G (0), (7)

where G9(0) = E [Vgp(0;x¢)],and for brevity, we denote Gp = G9(6y). We denote the analog for
the structural model as Ig(6,1),

IQ(9a¢) = GQ(07¢)T551GQ(97w)7 (8)

where Gg(0,v) = E[Vga(0,1¥;x¢,yt)], and for brevity, we denote Gg = Gg(fy,?p). Computing the
expectation Gq(0) and Gq(0,1)) requires knowing the distribution Q. In cases when Q is unknown,
Gp(0) in (7) and Gg(8,%) in (8) can be replaced by their consistent estimators Vgp(6;x¢) and
Vga(0,¢;%x¢,y¢). For the full model Q, we will focus on its implied Fisher information matrix
Lo(6]¢):

To(0)y) = [Tola(6,v) 'T5] ™", where T'o = [Ty, Opexy) - (9)

More precisely, the Fisher information matrix Ig(6,v) can be partitioned into a two-by-two block

matrix according to 6 and :
(10)

where I(QLl)(@,’(/J) is the Dg X Dg information matrix corresponding to baseline parameters 6,

1(92’2) (0,7) is the Dy x Dy information matrix corresponding to nuisance parameters 1, and
1(91’2)(9, ) = Ig’l)(G, ¥)T is the Dg x Dy cross-information matrix corresponding to @ and . Then

Io(0]y)) can be written as

To(6]¢) = 1510, 9) — 102 (0, )13 (6, ) 1152 (6, 4)7, (11)

which generally is not equal to the Fisher information sub-matrix I(Ql’l)(ﬁ, 1) for baseline parameters

0, except the special case in which 1(91’2)(9, 1) = 0, i.e. the knowledge of # and that of 1) are not
informative about each other. We assume that the information matrices are nonsingular in this

paper (Assumption A4 in Appendix 1.4).

We first introduce a moment-based Bayesian method with limited-information likelihoods in
Subsection 1.1. Then, we introduce the definition of effective sample size to gauge the informativeness
of the cross-equation restrictions and state the main results in Subsection 1.2. Third, we predefine
the necessary special notations in Subsection 1.3. Fourth, we introduce the standard regularity
conditions in Subsection 1.4. Fifth, we prove the basic lemmas in Subsection 1.5, which are

themselves interesting and general. Sixth, in Subsection 1.6, we state and prove propositions which



serve as intermediate steps for the proof of the main results. Finally, the main results stated in

Subsection 1.2 are proved in Subsection 1.9 - 1.11.

1.1 Bayesian Analysis with Limited-Information Likelihoods

When likelihood-based methods are difficult or unreliable, one robust tool for the econometrician
to derive the posteriors of baseline model mp(0|x™) and full structural model 7o (0, |x™,y") is
the limited-information likelihood (LIL). It relies on certain moment conditions used for model
evaluation. Of course, the full likelihood function can be used when likelihood methods are possible.?
Here, restricted to the moment constraints, we embed a likelihood that is closest to the underlying
true distribution into the Bayesian paradigm. We use the Kullback-Leibler divergence (also known

as the relative entropy) to gauge the discrepancy between probability measures.?

We first focus on the limited-information likelihood for the full structural model. The large-
sample results of Kim (2002) provide an asymptotic Bayesian interpretation of GMM, using the
exponential quadratic form and ignoring the finite-sample validity and a valid parametric family for
likelihoods. However, our information-theoretic rationale to model fragility indeed requires a valid
finite-sample interpretation. To achieve this goal, we adopt the framework of Kitamura and Stutzer
(1997), and we focus on the case that moment functions are stable autoregressive processes.* More
precisely, there exists a set of autoregressive (AR) coefficients wo, - - - , wm, such that the error terms

of the following stable AR regression have zero means and zero serial correlations:

Mg
98 (00, %0; 2¢) = > _ w;ga(00, Po; Xe—j, Ye—j) (12)
j=0
where z¢ = {x¢_j,y¢—j: j=0,---,mg}. This assumption does not offer the most general setting;

however, it should provide a fair approximation to the dynamics of moment conditions in many cases
studied in finance and economics, and more important, it allows a factorization of the likelihood for
finite-sample interpretation while guaranteeing the first-order asymptotic efficiency of the analogous
maximum likelihood estimator. Importantly, as a result of stability, the original moment condition

E [ga (0o, vo; Xt,¥¢)] = 0 is equivalent to the moment condition:

E [95 (705 2¢)] = 0, (13)

2The idea of acknowledging that it is often very difficult to come up with precise distributions to be used as
likelihood functions and thus choosing a likelihood (or a prior) among a set of sampling models (or priors) in Bayesian
analysis is referred to as “robust Bayesian analysis” (see, e.g. Wasserman, 1992; Berger, 1994; Pericchi and Pérez,
1994).

3 Alternatively, the empirical likelihood (EL) of Owen (1988, 1990, 1991) and the exponential tilted empirical
likelihood (ETEL) of Kitamura and Stutzer (1997) and Schennach (2007) can also be used as the likelihood part of
the Bayesian inference. In fact, they are the Bayesian empirical likelihood (BEL) of Lazar (2003) and the Bayesian
exponential tilted empirical likelihood (BETEL) of Schennach (2005). One application of BEL and BETEL is the
statistical analysis of disaster risk models in Julliard and Ghosh (2012).

“The same assumption is also adopted by Kim (2002, Remarks 1 and 3). More details can be found in Assumption
A9 in Appendix 1.4. The assumption can be weakened to the case that the lag size mg increases with sample size n.




where we define v = (6,4) and 9 = (0o, 10o) for notational simplicity.
Given each v, we define the set of probability measures, denoted by Q(v;n), such that

Q(yin) ={Qn: Eq, [g6(vize)] =0, V=1, ,n}. (14)

The true distribution of z™ = (z1,--- ,2n), denoted by Q,,, belongs to the distribution set Q(vo;n).
The limited-information likelihood Q. ,, for Bayesian analysis of full model is chosen according to

the principle of minimum Kullback-Leibler divergence:

Qyn = argmin Dy (Q,]|Q,) = argmin /ln (dQ,/dQy) dQy, (15)
QneQ(vin) Qn€Q(vin)

where d@,,/dQ, is the Radon-Nikodym derivative (or density) of @, with respect to the true

probability measure Q. It is well-known that the limited-information likelihood Q- , has the

following Gibbs canonical density (see, e.g., Csiszar, 1975; Cover and Thomas, 1991, Chapter 11):

t=1

dQ,,»/dQp = exp {UQ(’Y)T > g8(vize) — nAQ(v)} , Vo (16)

where Ag(v) = InE [6"9 (V)ng(”“zt)} , and the Lagrangian multipliers ng(y) are chosen to make the

moment conditions satisfied:
0=E |gi(y; ) 80|y . (17)

We denote mq(z¢; ) = exp {no(7)? 94 (7;2¢) — Aa(v) }. The posterior density is

mo(y]x", y*) oc () eXp{ N g8 (v52¢) — nAg(y )} (18)
t=1

More discussions on the validity of the limited-information likelihood and Bayesian analysis can
be found in Appendix 1.1. Analogously, the limited-information likelihood Py, for the baseline
model is constructed based on the baseline moment conditions E [gp(6,x¢)] = 0 and the principle of

minimum Kullback-Leibler divergence (15). It has the density function:

dPg,,/dP, = exp{ Zgg; (0; we) — nAga(G)} (19)

t=1

where wg = {x¢_j: j=0,---,mgy} with underlying true distribution P,,; g% (#; w¢) is the correspond-
ing sub-vector of smoothed moments g¢(6; z¢) for the baseline model; the functions np(6) and Ap(0)
are defined analogous to 7o(7) and Ag(7). We denote mp(wy;0) = exp {np(0)7 g4 (0; wy) — Ap(0) } .
The MLE for Py ,, denoted by é{\’;{L, also satisfies asymptotic normality with variance Ip(fg)~!



Similar to full model, the posterior of baseline model is

mp(0]x™) o< 7(0) exp {nT(Q)T Zg‘g’;(ﬁ; W¢) — nAy(H)} . (20)

t=1

Without loss of generality, we assume that gp(0;x¢) = ¢5(60; we) and go(v;Xe,yt) = 95 (75 2¢). It
should also be noted that the functions in the limited-information likelihoods np(6), Ap(0), nao(7),
and Ag(y) are not known. It is innocuous for our theoretical exercises and results. However, in
practice, they need to be replaced by their approximating counterparts. For example, np(0) can be

estimated by solving the following equation, for each 6,
1 — =~ (O\T
- = . N7 (6)" g (63%+)
0=— > gp(0:xe)e (21)
t=1
and then we estimate Ap(6) by Ap(6) as follows:

Ap(6) = 1In [i Z eﬁy(H)TgT(G;Xt)] _ (22)

t=1

The functional estimators 7jg () and Aqg (7) can be constructed in the similar way. Under the regularity

conditions, the functional estimators converge to the true functions uniformly in probability.

Discussion: The Validity of Limited-Information Likelihood Q,, The GMM Bayesian
methods of Kim (2002) and Chernozhukov and Hong (2003) are primarily for large sample analysis
and potentially invalid for finite-sample interpretation due to the fact that the GMM framework based
on a quadratic form empirical moments under general assumptions are justified asymptotically (see,
Hansen, 1982). Specifically, Chernozhukov and Hong (2003) motivate the exponential of moment
conditions’ quadratic form as the limited-information likelihood mainly from a computational
perspective, without providing a compelling theoretical rationalization. Kim (2002) justifies the
particular exponential quadratic form by appealing to the principle of minimum Kullback-Leibler
divergence yet based on moment conditions in an asymptotic sense. To guarantee a valid finite-sample
interpretation and valid parametric family for likelihoods, we adopt the framework of Kitamura and
Stutzer (1997).

Here are several reasons for the limited-information likelihood in (16) to be used as a valid
parametric family for likelihood within the Bayesian paradigm. First, the set of distributions Q, .
characterize a proper parametric family of likelihoods for statistical inference, since Q. ,, is the true
distribution if and only if v = ~p, that is ng9(70) = Ag(70) = 0. Further, the MLE of the parametric
family Q,,,,, denoted by 4y, is asymptotically first-order equivalent to the GMM estimator Hansen
(1982) and the ET estimator Kitamura and Stutzer (1997) with a normal asymptotic distribution



(see Section 1.6):

wlim v/7 (45, = 70) = N(0,Ta(30) ™), with nla(0) = —E [V In (dQy./dQy)]

n—oo

It should be noted that Kitamura and Stutzer (1997) propose the exponential tilted estimator based
on Fenchel duality:

na(y) = argminE {e”TQQ(WZ)} , V. (23)
"

Their motivation is computational. But we are not proposing new estimation method here. Thus,
we directly consider the maximum likelihood estimator for the limited-information likelihood family
Qyn-

Second, the limited-information likelihood (16) can be factorized properly so as to be consistent
with the stationary Markovian properties of underlying time series, since the sequential dependence

of Q,,, are fully captured by the true distribution Q,.

Third, the Bayesian analysis based on (16) is equivalent to Bayesian exponentially tilted empirical
likelihood (BETEL) asymptotically (see, e.g., Julliard and Ghosh, 2012). Schennach (2005) provides
a probabilistic interpretation of the exponential tilted empirical likelihood that justifies its use in

Bayesian inference.

1.2 The Effective-Sample Size

We quantify the discrepancy between probability distributions using a standard statistical measure,
the relative entropy (also known as the Kullback-Leibler divergence). The relative entropy between

mp(0|x™) and the marginal posterior mq(0|x™,y™) is
( g

Dicr, [ro (0], y™)| 7 (61x™)] = / In (”9(9”‘nyn)> (0™, y™)d6 (24)
mp(6]x™)

Intuitively, we can think of the log posterior ratio In(mq(0|x™,y™)/mp(0|x™)) as a measure of the
discrepancy between the two posteriors at a given 6. Then the relative entropy is the average
discrepancy between the two posteriors over all possible 8, where the average is computed under
the constrained posterior. Dy (mq(0]x™,y™)||mp(0]x™)) is finite if and only if the support of the
posterior mo(f|x™,y™) is a subset of the support of the posterior mp(#|x™), that is, Assumption A6
in Subsection 1.4 holds.

The magnitude of relative entropy is difficult to interpret directly, and we propose an intuitive
“effective sample size” interpretation. Instead of imposing the cross-equation restrictions from the
structural model, one can gain extra information about € within the baseline model with additional
data. We evaluate the amount of additional data under the baseline model needed to match the

informativeness of cross-equation restrictions.



Suppose we draw additional data X™ of sample size m from the Bayesian predictive distribution
ro &) = [ o (1) (617 (25)

where the effective sample X™ is independent of observed sample x™ given baseline parameters 6,
that is, mp(X™, 0|x") = mp(X™|0)7p(0|x™). Again, we measure the gain in information from this

additional sample x™ using relative entropy,

6 o m n
D i1, (19 (0] %™, x)| |70 (0]x™)) = /m (W) p(0)%™, x™)d6 . (26)
D (mp (0™, x™)||7p(0|x™)) depends on the realization of the additional sample of data X™. The
average relative entropy (information gain) over possible future samples {X™} according to the
Bayesian predictive distribution mp(X™|x™) equals the mutual information between X™ and 6 given

x™:

(™ 0]x") = EX"P [Dgep (o (601%™, ") ||y (6 [x™))]

— [ [ Drcalmo(@5m <)o /) mo (&716) mo(6x) dx™ a6 (27)

Like the relative entropy, the mutual information is always positive. It is easy to check that
I(x™;6|x") = 0 when m = 0. Under the assumption that the prior distribution is nonsingular
and the parameters in the likelihood function are well identified, and additional general regularity
conditions, I(X™; 0|x™) is monotonically increasing in m and converges to infinity as m increases.
These properties ensure that we can find an extra sample size m that equates (approximately, due to
the fact that m is an integer) Dgr (mo(0|x™, y™)||mp(0|x™)) with I(X™;0|x™). It is only meaningful
to match 1-dimensional distributions even in asymptotic senses. Thus, the results in this section are

valid only for scalar feature functions.

Definition 1 (Effective-Sample Size Information Measure). For a feature function vector f : RPe —

R, we define the effective-sample measure of the informativeness of the cross-equation restrictions as

n 4+ mj
g{(L (x™,y") = va (28)
where m}i enables the matching of two information quantities
L(X™F; f(0)[x™) < Drer(mal(f(0) %™, y™)[Imp(f(0)|x™)) < ™ £(0)[x™), (29)

with D (mo(f(0)|x™, y™)||7p(f(0)|x™)) being the relative entropy between the constrained and
unconstrained posteriors of f(0) and L(X™; f(0)|x™) being the conditional mutual information
between the additional sample of data x™ and the transformed parameter f(0) given the existing

sample of data x™.



For scalar-valued feature functions (Dy = 1), there exists a direct connection between our Fisher
fragility measure and the relative-entropy based informativeness measure (i.e. effective-sample
size information measure in Definition 1). The effective-sample size ratio g}t( . (x,y") is defined
with finite-sample validity. The following theorem establishes asymptotic equivalence between the
Fisher fragility measure oY (0p|1o) and the effective-sample size information measure Qf( L(xy").
Intuitively, the extra effective-sample size mj} increases proportionally in the observed sample size n

where the limiting proportional growth rate wlim,, . g{( 1 (x™,y") is stochastic.

Theorem 1. Consider a feature function f : RPe — R with v = Vf(6y). Under the standard
reqularity conditions A1 - A8 stated in Subsection 1.4, it must hold that

wlim In Q{Q (x™,y™) = In[0Y(6o|to)] + [1 - QV(QOWJO)A} (X% - 1), (30)

n—oo

where x? is a chi-square random variable with degrees of freedom 1. It immediately implies that

E [Wlim In Q{(L (x", yn)} =1In[0Y(6o|r0o)] -

n—o0

The result of Theorem 1 follows immediately from the following approximation results sum-
marized in Theorem 2 and Theorem 3. Without loss of generality, we assume that g&(0,v¢;2¢) =
ga(0,v;X¢,yt) or equivalently my = 0 in Equation (12). Also, because of Assumption A7 (the
regular feature function condition), as well as the fact that the definition of our “dark matter”
measure in Chen, Dou, and Kogan (2017) and regularity assumptions Al - A6 in Appendix 1.4 are
invariant under invertible and second-order smooth transformations of parameters, we can assume

that Dg = 1 in the intuitive proofs. The full proofs are in the online appendix.

Theorem 2 (Kullback-Leibler Divergence). Consider a feature function f : RPe — R with
v =V f(by). Let the MLE for the limited-information likelihood of the baseline model P be HA%L, and
the analogy of the structural model Q be f?%ﬂ = (GA%/[L, 1&%/@) Under the regularity conditions stated
in Appendix 1.4,

Dice(molf(O)1x" y") s (FONX) = 5o (T B = F @)

lln VI(p(Go)*lvT 1VIQ(90"¢0)71VT
2 VIQ(Golwo)_lvT 2 VI(p(Go)_lvT

—1/2, (31)

where convergence is in probability under Q,,.

This theorem generalizes the results in Lin, Pittman, and Clarke (2007, Theorem 3) in two
important aspects. It focuses on the results of the moment-based LIL framework, instead of the
standard likelihood-based framework. And also, it allows for general weak dependence among the

observations which makes our results applicable to time series models in finance and economics.

10



Here we provide an intuitive proof. The detailed and rigorous technical proof can be found in

Subsection 1.10. When n is large, it following approximations hold under the standard conditions:
ny . AP -1 -1.T
7o (FO)x™) ~ N (f(Bin).n~"VIp(00) "), and (32)

7o (F(O)x™,y") = N (f(Oie). ™" VIa(Boliio) V7). (33)
Therefore, when n is large, the asymptotic approximation (31) holds.

Corollary 1. Consider the feature function f : RPe — R with v = 0f(0p)/00. Under the

assumptions in Subsection 1.4, if we define

VTIjJ(H())ilV

a=Y o) v
vIIg(0) v’

then it follows that

wlim W(ﬂéﬂ’) — f(09)? = (1 - A", (34)

Moreover,

1—)"1 1

wlim Dici (ral£(6) ", y™)[mo(FO)x™) = =5 — (0 = 1) + 5 In(), (35)

The asymptotic distribution result in (34) is directly from Proposition 11. The asymptotic result
in (35) is based on Theorem 2, limit result (34), and the Slutsky Theorem.

Theorem 3 (Mutual Information). Consider a feature function f : RPe — R with v = Vf(6).
Under the assumptions in Subsection 1.4, if m/n — ¢ € (0,00) as both m and n approach infinity,

I(E™; £(0)x™) — %m (m + ") 0, (36)

n

where convergence is in probability under Q.

There exist related approximation results for mutual information I(X™;0|x™), which consider
large m while holding the observed sample size n fixed. For more details, see Clarke and Barron
(1990, 1994) and references therein. See also the case of non-identically distributed observations by
Polson (1992), among others. Our results differ in that we allow both m and n to grow. Ours is a

technically nontrivial extension of the existing results.

Here we provide an intuitive proof. The detailed and rigorous technical proof can be found in

11



Subsection 1.10. By definition in (27), the mutual information given x™ can be rewritten as
mp (XM, xP|0)mp (%) o
™0 x™0)mp (0 dx™dé
)= [ [ oo

//m 2 10)mp (0] In X gemgg / (01" 1 20 g

mp(X™, X") ﬂg:(xn)

The following approximation is standard in the information-theoretic literature (see, e.g., Clarke
and Barron, 1990, 1994): when m and n are large, it holds that

Tp(X™, xM0) 1, T 18 L. m+n 1 1
In (T ) 25m+n(9) Ip(0)” " Smin(0) + 2lm - +In o(0) + 21n|I(p(9)\,
where
~ 1
Sim4n(0) = ZVlnﬂ'fp x¢;0) + ZV]HT((}) X¢;0)| (37)
v n | =1
Similarly, it also holds that
Tp(X n|0) _1 1. n 1 1
In———F~—— n(@)+-In—+In——+ -In|I ,
n’ o (X7 S (0)TT5(0)715,,(0) + 5o + nta(H) + 5 n |I(0)| (38)
where
1 n
S, (0) = 7 ; V In 7p(x4; 6). (39)
It follows from (37) and (39) that
~ n m ~
Sm+n<0) “\m+ nSn(Q) + m+ nSm(9)= (40)
where
1 m
—— > Vinmp(Re; 0). (41)
mi=

Now recall that the family of limited-information likelihoods 7p(x; 6) satisfy the standard properties:
Y0,

E[mp(x;0)] =1 and E[mp(x;0)VInme(x;60)] =0 and
E {7T(]>(X; 0) [VInme(x;0)] [V Inme(x; 9)]T} = —E {mp(x;0)V? Inmp(x; 0) } = Ip(0).

Thus, the following important identity can be derived:

/ / G () T ()1 G (0) 0 ([0 (0] ™0

/ S, (0)TTp(0) S, (0)mp (0] x™)d0 +

C m+n m4+n

12



Using the Taylor expansion of S, () around éi&L and the normal approximation of posterior (32),
/ S (0) Ip(0) 1S, (0)mp(0]x™)db

n 2
1 R . 2
~ nlp(fo) " [n S V2 In o (xe: egﬁ)] / (9 - egh) 0pn(0)d0
t=1

~1

where p,,(6) = \/det [n=Tp(00)] /(277 exp { = (0 — 03,)7 [nTs(00)] (0 — 65y, }.

Therefore, when m and n are large, the mutual information can be approximated as follows

1 m+n m T 1 m
IE™01x") =~ = |1 n(0) Ip(0 (0 O|x™)db —
(o) g [0 P T )1 (0) S, O Gy - T

1. m+n

~ —In

2 n

Now we have completed the intuitive proof. The lengthy full proof in Subsection 1.9 follows the

same main idea, yet with rigorous establishments of the approximation signs “~” above.

1.3 Generic Notations and Definitions

First, we introduce some notations for the matrices. For any real symmetric non-negative definite
matrix A, we define A\j;(A) to be the largest eigenvalue of A and define A,;,(A) to be the smallest
eigenvalue of A. For a matrix A, we define the spectral norm of A to be ||A||g. By definition of

spectral norm, we know that for any real matrix A,

14]ls = /A (AT A).

Denote A(f) and A(6) to be the largest eigenvalue and the smallest eigenvalue of Ip(6), respectively.
That is,

MO) = An(Ip(0)) and  A(0) = A (Ip(0)).
If the matrix Ip(6) is continuous in 6, A(#) and A\(f) are continuous in §. We define upper bound
and lower bound to be

\ = NC d A = inf \(0). 42
Sup (0), and A 5161@*() (42)

Second, we introduce some notations related to subsets in Euclidean spaces. We define the

“Buclidean distance” between two sets S1, So C RPe as follows
dL(Sl,SQ) = inf{|51 — 52‘ 5, €8, 1= 1,2}. (43)

For § € RPe, we denote 6(1) to be the first element of 6 and denote ¢(_y) to be the Dg —1 dimensional

vector containing all elements of 6 other than 61). Define the open ball centered at 6 with radius r

13



to be
QO,r)={9: |9—-0/<r} and Q@,r)={9: [9-0]<r}

Denote
Q1)(0,7) = Q01y,r) CR', and Q_q)(0,7) = Q(f_1),r) C RPo™.

In addition, we define

0
O-1(0(1)) = {9<—1> eRVeT! | ( ! W ) € @}, (44)
(-1)

and we denote

Vo = Vol(0) < 400, Ve(f1)) = Vol(0-1(0(1))) < +00, and Vo1 = sup Ve(f)) < +oc.
01)€9)

Third, we introduce some notations on metrics of probability measures. Consider two probability
measures P and () with densities p and g with respect to Lebesgue measure, respectively. The

Hellinger affinity between P and @ is denoted as
on(P.Q) = [ Vola@)is.
The total variation distance between P and () is denoted as
1P~ Qllrv = [ Ip(a) - a(w)|da.

Fourth, we introduce notations for time series. The maximal correlation coefficient and the

uniform mixing coefficient are defined as

pmax(?la:}r?) = sup |Corr(flaf2)|a
frel? (F1),f2€L2,, (F2)
and
¢(F1,F2) = sup  [P(A2Ar) — P(As)],
A1€F1,A2€52
where L2 (F;) denote the space of square-integrable. F;-measurable, real-valued random variables,

for any sub o—fields F; C F.

1.4 Regularity Conditions for Theoretical Results

The regularity conditions we choose to impose on the behavior of the data are influenced by three
major considerations. First, our assumptions are chosen to allow processes of sequential dependence.
In particular, the processes allowed should be relevant to intertemporal asset pricing models. Second,

our assumptions are required to meet the analytical tractability. Third, our assumptions are

14



sufficient conditions in the sense that we are not trying to provide the weakest conditions or high
level conditions to guarantee the results; but instead, we chose those regularity conditions which are

relatively straightforward to check in practice.

Assumption A1l (Stationarity Condition)
The underlying time series (z¢,y;) with t = 1,---  n follow an mg-order strictly stationary Markov

process.

Remark. This assumption implies that the marginal conditional density for x; can be speci-
fied as mp(24|0, 011, ,Tt—mg). Define the stacked vectors x¢ = (T4, Tt—mgt1)? and y =
(yg, - -+ ,yt,mSH)T. Then the marginal conditional density from the parametric family specified for
the baseline model can be rewritten as wp(xy;0), and the stacked vectors (xg,yt) follow a first-order

Markov process.

Assumption A2 (Mixing Condition)
There exists constant A\p > 2dp/(dp — 1), where dp is the constant in Assumption A3 (dominance
condition), such that (x¢,ys) for t = 1,2,--- ,n is uniform mixing and there exists a constant ¢

such that the uniform mixing coefficients satisfy
d(m) < <;75m*)‘D for all possible probabilistic models,

where ¢(m) is the uniform mixing coefficient. Its definition is standard and can be found, for
example, in White and Domowitz (1984) or Bradley (2005).

Remark. Following the literature (see, e.qg. White and Domouwitz, 1984; Newey, 1985b; Newey
and West, 1987), we adopt the mizing conditions as a convenient way of describing economic and
financial data which allows time dependence and heteroskedasticity. The mizing conditions basically
restrict the memory of a process to be weak, while allowing heteroskedasticity, so that large sample
properties of the process are preserved. In particular, we employ the uniform mizing which is
discussed in White and Domowitz (1984).

Assumption A3 (Dominance Condition)
The function gq(6,v;x,y) is twice continuously differentiable in (6,1) almost surely. There exist

dominating measurable functions a1 (x,y) and as(x,y), and constant dp > 1, such that almost

everywhere
l90(0, 3%, y)[* < ar(x,y), |[Vga(8, ;% ¥ < a1 (x,y),
Hvng,(l)(ng7xvy)H§ < Ch(X,y), fori=1,-- 7Dga
‘Q(X,Y)‘ < QQ(X,Y), ‘Q(X17YI7Xtayt)| < az(X17y1)a‘2(Xt7yt)7 for t > 2,
/[al(x,y)]d” az(x,y)dzdy < +oo0, /az(x,Y)dwdy < o0,

where || - ||s is the spectral norm of matrices.
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Remark. The dominating function assumption is widely adopted in the literature of generalized
method of moments (Newey, 1985a,b; Newey and West, 1987). The dominating assumption, together
with the uniform mizing assumption and stationarity assumption, imply the stochastic equicontinuity
condition (iv) in Proposition 1 of Chernozhukov and Hong (2003). In the seminal GMM paper by

Hansen (1982), the moment continuity condition can also be derived from the dominance conditions.

Remark. Following the discussion of Section 1, for each pair of j and k, it holds that for some

constant ¢ > 0 and large constant C > 0,

E sup 8721n mp(w; 0) T < C, and Esup iln mp(w; 0) e <C, and (45)
oco | 080;00), ’ ’ oco | 00; ’ ’
2 2+4¢ b 24-¢

Ewes(glx)\ll T10m In mq(z;7) <C, and Eﬂ/esgl;)\y 7, In mq(z; ) < C, (46)

where v = (0,v), and mp and mg are defined in Section 1. The dominance condition, together with
the uniform mizing assumption and stationarity assumption, implies the stochastic equicontinuity
condition (i) in Proposition 3 of Chernozhukov and Hong (2003).

Assumption A4 (Nonsingular Condition)
The Fisher information matrices I(6) and Ig(6, ) are positive definite for all 8, ).

Remark. It implies that the covariance matrices Sp and Sq are positive definite, and the expected
moment function gradients Gp(0) and Gq(0,1) have full rank for all 0 and 1.

Assumption A5 (Identification Condition)

The true baseline parameter vector 6y is identified by the baseline moment conditions in the sense
that E [gp(0;x)] = 0 only if 6 = 6y. And, the true parameters (6p, o) of the full model is identified
by the moment conditions in the sense that E [go(0,;x,y)] = 0 only if § = 0y and 1 = 1)g.

Remark. Consider the discussion of limited-information likelihood in Section 1. The continuous
differentiability of moment functions, together with the identification condition, imply that the
parametric family of limited-information distributions Py and Q., as well as the moment conditions,
are sound: the convergence of a sequence of parameter values is equivalent to the weak convergence
of the distributions:

0 — 0y < Py — Py, < E[In (dPy/dP)] — E[In (dPg, /dP)] = 0, and (47)

7= € Q) = Qy & Eln(dQy/dQ)] — E[In (dQ,,/dQ)] =0, (48)

where v = (0,v) and o = (6p,%0). And, the convergence of a sequence of parameter values is

equivalent to the convergence of the moment conditions:
7= < Elgo(vix,y)] = Elga(roix, y)] = 0. (49)
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Assumption A6 (Regular Bayesian Condition)

Suppose the parameter set is © x ¥ C RPeTP¥ with © and ¥ being compact. And, the prior is
absolutely continuous with respect to the Lebesgue measure with Radon-Nykodim density 7 (6, ),
which is twice continuously differentiable and positive. Denote 7 = maxgceo ycw 7(6,¢) and 7=
mingee ypew m(6,1). The probability measure defined by the limited-information posterior density
mo(0]x™,y") is dominated by the probability measure defined by the baseline limited-information

posterior density mp(0|x™), for almost every x™, y™ under Q.

Remark. Compactness implies total boundness. In our diaster risk model, the parameter set for
the prior is not compact due to the adoption of uninformative prior. However, in that numerical
example, we can truncate the parameter set at very large values which will not affect the main

numerical results.

Remark. The concept of dominating measure here is the one in measure theory. More pre-
cisely, this regularity condition requires that for any measurable set which has zero measure under
mo(0]x™,y™), it must also have zero measure under wp(0|x™). This assumption is just to guarantee
that Dgp (mo(0]x™, y™)||7mp(0|x™)) to be well defined.

Assumption A7 (Regular Feature Function Condition)

The feature function f = (f1, -, fp f) : © — RPr is a twice continuously differentiable vector-
valued function. We assume that there exist Dg — Dy twice continuously differentiable functions
IDp+1,+, fpe on © such that F' = (f1, f2, -+, fpe) : © — RPe is a one-to-one mapping (i.e.

injection) and F(©) is a connected and compact Dg-dimensional subset of R,

Remark. A simple sufficient condition for the reqular feature function condition to hold is that

each function f; (i=1,---,Dy) is a proper and twice continuously differentiable function on RPe

of(9)
d
] (7 0D,

k= Dy +1,---,Dg. Then, the Jacobian determinant of F' is nonzero at each 0 € RPe and

) > 0 at each § € RPe. In this case, we can simply choose f1,(0) = O(xy for

F is proper and twice differentiable mapping RPe — RPe . According to the Hadamard’s Global
Inverse Function Theorem (e.g. Krantz and Parks, 2013), F is a one-to-one mapping and F(O) is

a connected and compact Dg-dimensional subset of RPe.

Assumption A8 (Exponential Condition)
For sufficiently small 6 > 0, E [supvxeg(w;) exp {ngQ (7; %, y)}} < 00, for all vectors v in a neigh-
borhood of the origin.

Remark. This assumption is needed to guarantee that the limited-information likelihood Q~ in (16)
1s well-defined and the related Fenchel duality holds. While this assumption is stronger than the
moment existence assumption in Hansen (1982), it is commonly adopted in the literature involving
Kullback-Leibler divergence (see, e.g. Csiszar, 1975; Kitamura and Stutzer, 1997) and general
exponential-family models (see, e.g. Berk, 1972; Dou, Pollard, and Zhou, 2012).
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1.5 Lemmas

As emphasized by White and Domowitz (1984), the mixing conditions serve as an operating
assumption for economic and financial processes, because mixing assumptions are difficult to verify
or test. However, White and Domowitz (1984) argues that the restriction is not so restrictive in the

sense that a wide class of transformations of mixing processes are themselves mixing.

Lemma 1. Let 2t = Z ((Xt4rgs Yttro), " » (Xttrs Yetr)) where Z is a measurable function onto
RP= and two integers 7o < T. If {X¢,yt} is uniform mizing with uniform mizing coefficients
p(m) < Cm™ for some X > 0 and C > 0, then {z¢} is uniform mizing with uniform mizing
coefficients ¢, (m) < C,m™ for some C, > 0.

Proof. 1t can be derived directly from the definition of uniform mixing. O

The following classical result is put here for easy reference. And, it easily leads to a corollary

which will be used repeatedly.

Lemma 2. For any two o—fields F1 and Fs, it holds that
Pras(F1, F2) < 2[(F1, F2)] /2.

Proof. The proof can be found in Ibragimov (1962) or Doob (1950, Lemma 7.1). O

Corollary 2. Let {z¢} be strictly stationary process satisfying uniform mizing such that ¢(m) <

Cm™ for some A > 0 and C > 0, then the autocorrelation function

max ‘COTY(Z(i),ta Z(j),ter)‘ <2VCm >
0]

where z;) ¢ 1s the i-th element of zt.
Proof. 1t directly follows from Lemma 1 and Lemma 2. O

Lemma 3. Let {z} be a sequence of strictly stationary random vectors such that Ep |z¢|? < +o0
and it satisfies the uniform mizing condition with ¢(m) < Cm™> for some X > 2 and C' > 0. Then,

lim,, o0 nVarg (nfl Yoy zt) =V < 4o0.

Proof. Let z;) ¢ be the i-th element of vector z¢. Denote o? = varg(z(),¢) for each 7. And, we denote
the cross correlation to be p; (1) = Corr(z(i)7t, Z(j),t+r) for all ¢, 7, ¢ and j. Then, we have, for each

pair of ¢ and j,
= - n—1 1
nCovo (”1 ; 24 ;%m) = 0i0; {Pm‘(o) + 2 —pij(1) + -+ 2-pij(n 1)

According to Corollary 2, we know that p; j(m) = o(m™1). Thus, by verifying the Cauchy condition,
we know that p; j(0) + 221 p; (1) 4+ -+ + 22 p; ;(n — 1) converges to a finite constant. O
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The following two lemmas are extensions of Propositions 6.1 - 6.2 in Clarke and Barron (1990,
Page 468-470). Lemma 4 shows that analogs of the soundness condition for certain metrics on prob-
ability measures imply the existence of strongly uniformly exponentially consistent (SUEC)
hypothesis tests. A composite hypothesis test is called uniformly exponentially consistency
(UEQ) if its type-I and type-1I errors are uniformly upper bounded by e~&" for some positive &,
over all alternatively (see e.g. Barron, 1989). A strongly uniformly exponentially consistent
(SUEC) test is a hypothesis test whose type-I and type-1I errors are upper bounded by e " for
some positive constant &, uniformly over all alternatives and all null parametric models over two
subsets in the probability measure space. Lemma 5 shows that metrics with the desirable consistency

property exists, which extends Proposition 6.2 in Clarke and Barron (1990).

Lemma 4. Suppose dg is a metric on the space of probability measures on X with the property
that for any € > 0, there exists £ > 0 and C' > 0 such that

P {dc(@n,P) > e} < Ceén, (50)

uniformly over all probability measures P, where @n is the empirical distribution. And, the metric
dg also satisfies
dg(Po,Pg) =0 = 0 — 0. (51)

Then, for any & > 01 > 0 and for each 6 € Q(0y,01), there evists a SUEC hypothesis test of
0 € Q(6y,8,) versus alternative Q(6g, 6)C.

Proof. The proof is an extension based on that of Lemma 6.1 in Clarke and Barron (1990). From
(51), for any given § > &; > 0, there exists e; > 0 such that dr, ({6}, Q2(y,8)%) > 6 — 6, > 0 implies
that dg(Pg,Pg) > € for all 8 € Q(hy, 5)B. Thus, for any § > §; > 0, there exists €; > 0 such that,
de:(Py,Py) > € for all § € Q(6, 1) and ' € Q(6y, §)b. Therefore, for each 6 € Q(6y, 61), if we have
a SUEC test of

Hy: P=Pyversus Hy: P e {P: dg(P,Py) > e1},

then we have a SUEC test of
Hy: 0/ =0versus Hy: Pe{Py: |0/ —0] >6— 1}
Let ]/P\’n be the empirical distribution. We choose € = €1 /2 and let
Agn = {x™: dg(Bn,Pg) < ¢}

be the acceptance region. By the condition (50), we have that the probability of type-I error satisfies,
for some £ > 0 and C' > 0,

Pg,nﬂgm < Ce ", uniformly over 6 € Q(6y, 81).
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We want to show that the probability of type-II error Py Ag ,, is exponentially small uniformly over
9 € Q(6y,6)¢ and 6 € Q(by, 61 ).
More precisely, using triangular inequality, we know that for any 6 € Q(6g, 1) and 6" € Q(6, 5)E

2 < de(Pg, Py) < de(Pg, Pp) + de(Pr, Pyy). (52)
By definition and inequality (52), for each 6 € Q(6y,d1), on the acceptance region Ay, we have
2 < €+ dg(P,,Py) for any 0" € Q(6y,5)C. (53)
Thus, for each § € Q(fg, 1), on the acceptance region Ag n, it holds that
de(P,,Py) > €, for any ¢ € Q(6,6)C.
Therefore, for each 6 € Q(6y, 1) and each ¢’ € Q(fy, §)¢, we have
Pornhon < Py {do(Pa,Py) > ¢} < Ce™m,

0

Lemma 5. For a space of probability measures denoted by P(V,\), on a separable metric space X
such that the mizing coefficient ¢p(m) < Um™ with ¥ > 0 and X > 2 being universal constants, there
exists a metric dg(P, Q) for probability measure P and Q in P(W,\) that satisfies the property (50)
and such that convergence in dg implies the weak convergence of the measures. Thus, in particular,

for probability measures in a parametric family
dg(Pgl,Pg) — 0= Py — Py. (54)

Proof. We extend the proof for the existence result in Proposition 6.2 in Clarke and Barron (1990)
to allow for weak dependence. Let {F; : i =1,2,---} be the countable field of sets generated by
balls of the form {z : dy(z,sj,) < 1/j2} for ji,jo =1,2,---, where dy denotes the metric for the
space X and s1, o, - -+ is a countable dense sequence of points in X. Define a metric on the space of

probability measures as follows

do(P,Q) = 27'|PF, - QF,|.
=1

According to Gray (1988, Page 251-253), if dg(@n,IP’) — 0, then @n converges weakly to P. Now,
for any € > 0, we choose k > 1 —1In (¢) /In(2). Thus,

k 00
do(Pp,P) <> 271 [P, F —PF|+ Y 27' < max P, F; — PF;| + ¢/2.
=1 i=k+1 -
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Then, we have

P,F, — PF, P,F, — PF,

P {dG(@n,P) > e} < P{ max > 6/2}

k
> <
2} < 3 r
=1
The Hoeffding-type inequality for uniform mixing process (see, e.g. Roussas, 1996, Theorem 4.1)
guarantees that there exists C7 > 0 and £ > 0 such that

sup ]P’{ @an — PF;

PEP(T,\)

> 6/2} < Cleffn.

Thus,
i {dc(@n,ﬂ») > e} < Ce (55)

with C = kC}. O

Lemma 6 extends the large deviation result of Schwartz (1965, Lemma 6.1) to allow time
dependence in the data process. Let z™ = (z1,--- ,2n) be strictly stationary and uniform mixing
with ¢(m) = O (m_)‘) for some positive A. The process z" have the joint density Py . Denote the
mixture distribution of the parametric family Py ,, with respect to the conditional prior distribution

75 (-|N?) to be Pyc ,, with density 75(z°|NC). More precisely, we define

(2" |NC) = /N : m5(2"]0) (0| NC)do. (56)

Lemma 6. Assume that the mizing coefficient power X\ > 2. Suppose there exist strongly uniformly
exponentially consistent (SUEC) tests of hypothesis 8 € Ny against the alternative 6 € NC such that
No C N with dL(NO,NC) > 6 for some § > 0. Then, there exists € > 0 and a positive integer k such
that, for all 6 € Ny,

HIP’gm —Pye,, v >2(1—2¢*™), where m + k < n.

Proof. We assume that there exists a sequence of SUEC tests, denoted by {A,}, for any sample

with size n. Then, there exists a positive integer k such that for all n > k

1
Py An < 3 for all € Ny and (57)
1 / L
Py pAn > 1 — 3 for all 8" € N~. (58)
For each j = 1,2, -+, we define
Ak = Ak (2341, 1 Zj1k) (59)
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then, according to Lemma 1,

1 m
Y, = — Ay s 60

is an average of strictly stationary and uniform mixing such that ¢(m) < ¢*m~*. The expectation
of Yy,,, under distribution Py, is pu(6) with

1 -
<z if6eNg
0) = 8 61
(6) {>§ if € NC. (61)

By Corollary 2 and the uniform mixing conditions with A > 2, together with the fact that Ay ; € [0, 1],
we know that the assumptions of Theorem 2.4 in White and Domowitz (1984) holds and hence the
CLT for the time series holds, i.e.

m'2Y,, & N (u(6), V(9)), (62)

2
where V() = limy,— 400 Py, |m'/? S (A — ,UJ(Q))} . From Lemma 3, we know that V(6) <

V* < co. Therefore, the moment generating functions converge
-1 tmY, 1 2
m~ " InPg e — §t V(6). (63)

On the one hand, when 6 € NC, we have p(0) > %, according to Theorem 8.1.1 of Taniguchi and

Kakizawa (2000), we can achieve the following large deviation result

1 1 1
li Py, Vi <~ ¢ = — < — . 4
motoo 97"{ m = 4} 2V (0) ~ 32V (64)
Therefore, there exists & > 0 such that
1
Py, {Ym < 4} <e 8™ forall § e NE (65)
Thus,
1 1
Pye ., {Ym < 4} = / Py {Ym < 4} 7Tg>(0|NC)d9 <e 8™ forn>m+ k. (66)
K NC

On the other hand, when 6 € Ny, we have pu(6) < i, according to Theorem 8.1.1 of Taniguchi

and Kakizawa (2000), we obtain the large deviation result

1 1 1
li Py, V> ¢ = — < — : 67
mstoo T "v”{ m = 4} 32V(0) = 32V~ (67)
Therefore, there exists & > 0 such that
1 —tam
Popn<Ym > Z <e*? (68)



For £ = min(¢1,&2), it follows that

[Po = e[, = 2500 [Po,nd — Pye 4] = 201 = 2e76m) (69)
TV AeF ’
for m 4+ k < n by considering A = {Y,,, < 1}. O

We introduce Le Cam’s theory on hypothesis testing (see, e.g. Le Cam and Yang, 2000, Chapter 8).

Lemma 7. Under the regularity conditions in Subsection 1.4, there are test functions A, and
positive coefficients C, £, € and K such that Pon(1 — Ay) = 0 and Py A, < Cem8l0=001*/2 for gl
0 such that K/y/n <10 — 6y| <e.

Proof. For all z € RE(P=+Dv) | define the rectangular F, = (—00, 21X (—00, 29] X - - X (—00, ZK(Da+Dy))-
The empirical process is defined as II,(z) = P,F, = n™! >oie1 Ygeer,y- We define Tlp(z) =
PyF,. According to Le Cam and Yang (2000, Page 250), there exists positive constants ¢ and
e such that sup, |lg,(z) — g(x)| > ¢|@ — | for |6 — 6p] < e. Denote the expectation to be
tn(0) = Ep, sup,, Il () — lg(x)|. By the classical result of weak convergence for the Kolmogorov-
Smirnov statistic y/nsup,, [Ilp, (x) — Ip(z)|, we know that there exists a large constant M such
that u,(0) < -2 for all |0 — 6| < e. We choose K = %. Consider the test functions

— 2¢v/n
Ay, = {sup, |y, (2) — p(2)| < K/+/n}. Using triangular inequality, we obtain

P < Pa { 510~ 00| < sup [T (2) — T(e)| — a(0)

Using Dvoretzky-Kiefer-Wolfowitz type inequality for uniform mixing variables in Samson (2000,

Theorem 3), we can show there exists £ > 0 such that
Py {;9 —fo| < sup ‘ﬁn(z) — H@(Z)‘ - Mn(e)} < eEl0-002/2
z

for all K/\/n < |0 — 6y| < e. Thus, Py A, < e 80=0/2 for all K/\/n < |0 — 6y < e. By the
same inequality, it is straightforward to get Py (1 — A,) — 0. O
1.6 Basic Properties of Limited-Information Likelihoods

The MLE for Limited-Information Likelihood Q,, The empirical log-likelihood function

is defined as

~ 1 <&
Ln(y) = " Zlnﬂ'Q(XtaYt;'Y)a V. (70)
t=1

The maximum likelihood estimator 2 is defined as follows:

. . — Ag(7)- (71)

X ~ 1 &
6 = argmax £, (7) = argmaxna(1)" [ PORACIESEY
t=1
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We shall show that the MLE %\Q/[L is consistent and asymptotic normal with asymptotic efficient
variance-covariance matrix. This is important to justify the use of our limited-information likelihood

Q, of (16) in the Bayesian paradigm as a valid likelihood.
The first-order condition is 0 = vin(@ﬁﬂ) which is

T

1 ¢ . . .
- > Voo xe,ye) | mo(ii) — VAo(ai)-
=1

n
ZQQ(’%%/{L;Xt,Yt) +

0= {VUQ(’AYI%/IL)}T [1
t=1

n

(72)

The definition of %?/IL in (71) and the properties of expected log-likelihood £(7) plays a vital role
in establishing the consistency of ’?I?/IL. The first-order condition (72) is crucial for obtaining the
asymptotic normality of ﬁf(}[L.

Now, let’s consider the expected log-likelihood of Q,:

L(v) = no() ga(v) — Aa(). (73)

where go(7) = E [go(7;x,y)]. It holds that £(vy) = 0 since ng(y0) = 0 and Ag(y0) = 0. Further,

it holds that V£ (v) = 0 since VL (30) = [Vna(10)]" 9a(v0) + [Vga(10))" na(v0) — VAa(70), and
ga(v0) = 0 and VAg(y9) = 0. The Jacobian matrix of £() evaluated at 7 is equal to the negative

Fisher information matrix Ig(7o):

V2L(v0) = —=V?Aa(70) = —Vna(10) Vga(ro) = =G4 S5 Ga = —Ia(70). (74)

Here the first equality is simply implied by the formula of V2£(7y) from (73). The second equality
of (74) is due to

VAa(1)e ) = E [n0(3)T Vga(i, y)e 0 90 03] g, (75)

which is implied by the definition of Ag(7y) and the condition (17). The third equality of (74) is due
to the relation Vgq(v9) = Gg and the following relation implied by (17):

Vno(v0) = S5 ' Ga. (76)

And, the fourth equality of (74) is simply due to the definition of Ig(vp).
Another important property of expected log-likelihood of Q, is the identification of v in the

following sense:

L(’Y) < L(/VO) = Oa v e (77)

where the inequality is due to the Jensen’s inequality applied to Ag(). The Jensen’s inequality
holds with equality if and only if 70(7)? ga(7; x,y) is constant almost surely under Q which is true
only when v = 7.
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Consistency We first prove the consistency of the estimator %?/IL. To our knowledge, the
theoretical result for the MLE of limited-information likelihood Q. based on the principle of minimum
Kullback-Leibler divergence is new, though we appeal to the standard approach of Wald (1949) and
Wolfowitz (1949).

Proposition 1. Under Assumptions A1 - A5 and A8 - A9, %%L converges to 7y in probability.

Proof. Our goal is to show that for any € > 0 there exists N such that

Qn {ﬁﬁm € Q(m),e)} <eforn> N, (78)

where Q(y0,€) = {v: |y — 0| > €} is the open ball centered at o with radius e.
For all € > 0, it holds that (due to the definition of 45y, in (71))

{32, € Q0,0 <1{ sup  Ln(7) > Lulr0)}- (79)
¥E€Q(0,€)C

Moreover, for all € > 0 and h > 0, it holds that

1{ sup zn(’y) > 271(70)} = 1{zn(70) < _h}l{ sup zn(’)/) > 271(70)}

YEQ(Y0,6)° YEQ(70,6)°
+ 1{271('70) 2 _h}l{ sup L’n(y) Z L’n(’YO)}
YEQ(70,€)C
<1{Ln(0) < —h}+1{ sup Ln(y) > —h}. (80)
YEQ(70,€)C

Combining (78) and (80), it suffices to show that for all € > 0 there exists h > 0 and N such that
forn > N

max {Qn {zn(’yo) < —h} ,Qp {Sup'yEQ('yo,e)E Zn(y) > —h}} < €/2. (81)

The first probabilistic bound in (81) is straightforward due to the LLN result

wlim £, (70) = £(v0) = 0. (82)

n—o0

Now, we consider the second probabilistic bound in (81). From the dominance condition (Assumption

A3) and the remark of identification condition (Assumption A5), we know that

lim sup Inmo(x,y;7) =Inmo(x,y;y) as. Q for all 4. (83)
070 4/€0(y.,9)

Thus, we have the following Dominance Convergence result:

ImE | sup Inmo(x,y;v)| =L(y). (84)
6—0 7 €Q(,8)
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Therefore, there exists a small constant ¢ > 0 such that for all 4 in the compact set Q(~p, e)C =
(© x W)\ Q(v0,€) (Assumption A6)

limE sup Inmo(x,y;v) < —3¢. (85)
020 y/eq(y,0)

Thus, for each v € Q(70, €)° there exists 0, > 0 such that

E sup Inmo(x,y;v) < —2¢. (86)
7 €Q(7,6y)
The collection of small open balls Q(~,d.,) cover the compact set (o, €)C, thus there exists a finite

cover consists of small open balls {€2(v;,0;) : j=1,---,m.} where m,. is a constant integer. Take

h = € in the second probabilistic bound of (81), we have

Q, { sup Ln(y) > —e’} < i@n{ sup  Ln(y) > —6’}

YEQ(70,€)C v €Q5,05)

mg 1 n
<> Qa {Z sup  Inmo(xe,y4;7') > —e’} .

j=1 n t=1 7' €Q(v4,05)

According to the LLN and the inequality (86), it follows that there exists N such that for all

Jj=1,,myg:

1 n
Qn = sup  Inma(xe,ye;7) > —€ p < —, Vn>N. (87)
N v eQ(v;,65) 2my
Thus, it holds that
Qn{ sup zn(y) > —e'} < E, ¥ n>N. (88)
'YEQ(’YO’G)E 2
Therefore, we have finished proving the proposition. O

Asymptotic Normality The asymptotic normality is also new, though the result is not
surprising given the asymptotic normality result in Kitamura and Stutzer (1997) for the exponential
tilted (ET) estimator.

Proposition 2. Under Assumptions A1 - A5 and A8 - A9, the asymptotic normality of @]?/_[L holds:

ylvggg\/ﬁ <§/J%,L - 70) =N (0,Ia(v0)""), where Io(yo) = G5Sy ' Go. (89)
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Proof. Let’s consider the following three Taylor expansions around g:

no(imr) = Vna(3y) G — 70) and VAo(3yi) = V2 Aa(Fa) (i, — 70) and

*ZQQ ’YMLaXt,Yt ZQQ Y03 Xt Yt)

1« N 5
g Z Vga(Tg; Xt Yt)] (71?/1L —%);
where 7, 74, and 7, are all between 'Ayl?/[L and 7p.

Plugging the three Taylor expansions above into the first-order condition of 42, in (72), it
follows that

R T |1 & 3 .
VUQ Avi) [ ZQQ (o3 X¢, ¥t) | + [VWQ('YI%/[L)} [n ZVQQ(’Yg;Xt,Yt)] (%L = 0)
=1

T

Vna(Fn) i, — %) — V2 A(Ta) (Baz, — 70)- (90)

n
ZVQQ (ML Xt Yte)

The consistency of ’Ayl%m implies that, in probability

Vna(n) = Vna(yo) = Sg'Ga, and Vno(da,) — Vno(y0) = S5 Go, and
V240 (5a) — V2 Aa(70) = La(y0) = GE S5 ' Ga.

The uniform law of large numbers (ULLN) (see, e.g., White and Domowitz, 1984) implies that, in
probability,

1 & N
o Z Vga(Yg; X¢, yt) = Go. (91)
t=1

Thus, according to (90), it holds that

. _ —1 I
Vi, =) = = (645" Ca) ~ GaSa" 7= > ga(v0ixe, ¥e) +0p(1), (92)
t=1
where the CLT implies
1 n
wlim —= » ga(70;%¢, y¢) = N (0, Sa). (93)
Therefore, we have finished proving the result of the proposition. O

The MLE for Limited-Information Likelihood Py,

Proposition 3. Under Assumptions A1 - A5 and A8 - A9, the asymptotic normality of HA]%[L holds:

whim /i (eML 90) = N (0,Tp(00) "), where Ip(0o) = GE S5 Gy (94)
Proof. 1t is the same as the proofs for the full model Q above. g
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Asymptotic Normality of LIL Posteriors

Proposition 4. Under Assumptions A1 - A6 in Appendiz 1.4, it holds that
D, (79 (0]x™)||N (0%, n Tp(0p) 1)) = 0 in P,.

Proof. We extend the proof of Theorem 2.1 in Clarke (1999) which is under the i.i.d. condition.
However, we have to adjust two parts of their proof, to extend the result to the case that the

observations are time series with uniform mixing. The first part is to show that supycgq |ﬁ(}3’n(9)| =
Op(1) where

n

Fp () =~ > Inmy(xi;6). (95)
t=1

When n is large enough, we obtain that
. 1 <&
sup |Hp,(0)] <1+ = sup |[Inmp(xq; 6)].
0co n ] 6€6

Based on the mixing condition and the dominance condition, it follows from Theorem 2.3 of White
and Domowitz (1984) that

n

1
— Zsup | In 79 (x¢; 0)| — Esup | In7mp(x¢; 0)|  a.s.
n i 0ce 6cO

which further implies that supgcg |ﬁ(p7n(9)’ = Op(1). The second part is to show that

/uTu ’7@(9@& +u/y/n|x™) — cpga(u)‘ du =0 in P, (96)

where pp(u) = \/detIp(6)/(2m)Pe exp [—sulIp(fp)u]. In Clarke (1999), it shows that when
X1, ,Xp are i.i.d., the limit result (96) is satisfied under the regularity conditions in Assumptions
A3 - A6. To extend this limit result to allow weak dependence, we appeal to Theorem 1 and
Proposition 3 of Chernozhukov and Hong (2003) whose conditions are implied by Assumptions A1 -
A6 in Appendix 1.4. O

Proposition 5. Under Assumptions A1 - A6 in Appendiz 1.4, it holds that

D1 (mo(41x™, yn) [N (37 Ta(10) 1) = 0 in Q.
Proof. 1t is the same as the proofs of Proposition 4. O

Proposition 6. Denote 01 to be the first element in 6. Then, we have

D (ma (6%, y?)lImp(01)[x")) < Drcr(ma(0x", y™)|Imp(0]x")). (97)
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Proof. Denote 6_y) to be the vector containing all parameters other than 6(;) in 6. Then, we have

Dy (mo(0]x™, y™)||mp(0]x™))
= E'OD gL (ma(01)|x™, ¥, 01) |72 (0—1) X", (1)) + Dxcr (ma(O1)[x™, y™)|Imp (01| x™)) -

(98)
Because the term (98) is nonnegative, the result of the proposition is proved. ]
Corollary 3. Denote v =V f(6y). Under the assumptions in Subsection 1.4, we have
Dt (mo(f O IN(FE). 0~V To(00) V) ) =0 in By, (99)
and
Dict, (mal£(O)x" y™) IN(FE%),n~ 'V Ta(00) v)) = 0 in Q. (100)

Proof. Because of Assumption FF and the assumptions in Subsection 1.4 are invariant under
invertible and second-order smooth transformations, without loss of generality, we assume that
f(0) = (01, 02), - - ,H(le)). Applying Proposition 4, Proposition 5 and Proposition 6, we know
that the results hold. O

1.7 Information Matrices of Limited-Information Likelihoods

Definition 2. We define the following quantities which are expected negative log (limited information)

likelihood will be used repeatedly in the proofs.

Hqo(vy) = —/ﬂ'Q(X,y|")’0)anQ(X,y;’Y)dXdy, and Hyp(0) = —/mp(x|90) Inmp(x;6)dx. (101)

Define the sample correspondences as

. 1 R 1
Hon(y) = —- > Inmo(xe,ye;y) and Hpp(0) = — > Inmp(x; ). (102)
=1 =1

Proposition 7. Under the regularity conditions in Subsection 1.4, we have
flgm(’y) — Hg(v) and f]y,n(ﬁ) — Hp(0) a.s. uniformly in 0,~.

Proof. Simply follows the uniform law of large numbers (ULLN) in White and Domowitz (1984,
Theorem 2.3). O

Definition 3. We define the observed Fisher information matrices as

= 1 1<
I, (0) = ——V?Inmp(x"|0) = - ZV2 In7p(x¢;60) + 0p(1), (103)

n
t=1
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and

~ 1 1
Ion(y) = —;VZ Inmo(x,y"|7) = —~ > VZInmo(xe, yii7) + op(1), (104)
t=1

Definition 4. The empirical score functions are

1 n
Vinme(x™0) = - ZVany(xt; ) + op(1),

=1

1
spn(0) = -

and

1 n
Vi Tyty) = — Vi Yt 1),
nmo(x", y"|y) n; n 7o (X, yt;y) + op(1)

S|

SQ,n('Y) =

The standardized empirical score functions are

S?,n(e) = \/ﬁSij(g), and ngn(e) = \/ESQ,H(H).

Proposition 8. Under the assumptions in Subsection 1.4, the uniform law of large numbers (ULLN)
holds:

sup [fan(2) ~To(m)|| =0 in Q. (105)

where
Io(y) = —E [V Inmo(x,y;7)] -

Proof. By applying Theorem 2.3 of White and Domowitz (1984), the ULLN gives
RN . .
— Z VeInrmg(x¢,yt;7) — Io(y) a.s. uniformly in .
t=1
O

Proposition 9. Under the assumptions in Subsection 1.4, the uniform law of large numbers (ULLN)
holds:

supr@m(H)—pr(G)H =0 in Py, (106)
0co 8

where
Ip(0) = —E [V Inmp(x;0)] .

Proof. By applying Theorem 2.3 of White and Domowitz (1984), the ULLN gives

1 n
- E VZInmp(x¢;0) — Ip(f) a.s. uniformly in ©.
t=1
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Corollary 4. Under the assumptions in Subsection 1.4, for any sequence of random variables 4y

and 0, such that An — Yo and 6,, — 0o in probability, we have
T0.0(5n) = Ta(0) in Q,, and Ip,(6,) = Ip(6) in Py,

where Tym(é) and /I\an(é) are observed Fisher Information matrizes defined in (103) and (104),

respectively.

Proposition 10. Under the assumptions in Subsection 1.4, it holds that the Hausman test statistic

based on ML estimation of the limited-information likelihood satisfies
_ —17—-1
(B, — 030)" [To(00) "~ Ta(00) '] (B — O3) ~ xDe

Proof. Under the constrained model Q, the estimator 51%& is asymptotic efficient with asymptotic
variance n~'Ig(fp) !, while the estimator %L is asymptotic normal but not asymptotic efficient. The
estimator é}%ﬁ becomes inconsistent when Q is false, while the estimator é}&L is always consistent since
P is assumed always to be true. Thus, the statistic n(%L - %L)T [Ip(60) " — To(6o) '] - (HA&L -
gl?/m) is effectively the Hausman specification test statistic based on MLE of limited-information
likelihoods for subset of moments. In fact, the result directly follows from Theorem 3 of Newey
(1985b) with Dg to be the rank of Ip(p) ! — Ig ()~ . O

Proposition 11. Denote v =V f(0y). Under the assumptions in Subsection 1.4, it holds that the

Hausman test statistic based on MLEs satisfies

1

n(f(O) — FOR)T [V Ip(00) v = v Ta(60)"'V] " (F(Oh) — FO3) ~ XD, (107)

Proof. By using the Delta method and Proposition 10, it follows that \/ﬁ(f(alf@m) — f(gl?/[L)) has
v —vTIg(6g) " tv.

According to continuous mapping theorem, we know that the result holds. ]

asymptotic normal distribution with the asymptotic covariance matrix v? Ip(6p)

Proposition 12. Suppose that the assumptions in Subsection 1.4 are satisfied. Define the sets
Tn(8,m) = {|[Tran® —To0)||, <n[[L@) 7" 70 € 60,0) and € 2(0.0)

and

To.n(0,8,7) = {Hiy,n(é) . I?(G)HS <n|[Tp0) 7|5, Ve 9(9,5)} .

Then, for any n > 0 there exists small enough positive constants 61 and § such that

1 1
PpJ1 n(5,n)B =o(—| and sup Py,J2., (0,9, 17)8 =of=]).
’ n 0eQ(00,61) n

Proof. Appealing to the fact that the Spectral norm and the Frobenius norm are equivalent for the

Dg x Dg matrixes and following the argument on page 49 of Clarke and Barron (1994) or page
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465 of Clarke and Barron (1990), we can prove the results very similarly. We omit the detailed
proofs to avoid tedious repetition of the proofs in Clarke and Barron (1990) and Clarke and Barron
(1994). d

Corollary 5. Suppose that the assumptions in Subsection 1.4 are satisfied. Define the sets
To.n(d,7) = {1 < ]‘1?(9)—1/%,”(5)1?(9)—1/2(]S <14n, Y0eQbd) and e 9(0,5)} ,
and
T1n(0,6,m) = {1 =0 < |[Lo(O) o O)Ts(0) 2| <1+, ¥ 00,0}
Then, for any n > 0 there exists small enough positive constants 01 and § such that

1 1
P, J3 n(5,77)c =o(—=), and sup Py,Jsn.(0,5, 17)[3 —o=).
’ n 0eQ(00,61) n

Proof. We have

1) 2T O12(0) 2| =1 < [[1(0) T O)12(0) /2 1|,
= ||E )7 [Ton(0) ~ 1o(6)| 1o ()7

< |[T(0) ~ 150)|| [112(6) ] (108)

The first inequality is due to the triangular inequality for spectral norm. The second inequality is

because for each unit vector v in RY,
vI1p(0) "1/ [iy,n(é) - Iy(e)} Ip(0)Y%v < Ay (i?,n(é) _ 1?(9)) \VTI?(Q)*V2

- Hip,n(é) - I?(O)HS vITp(6) v

< Hil’,n(é) - I?(H)HS |[T2(0) 71| -

’2

Therefore, the results of this corollary follow directly from the inequality (108) and the results of
Proposition 12. ]

Proposition 13. Under the assumptions in Subsection 1.4, for any n > 0 there exists § > 0 such
that

c
Pn{ sup  sp.,(0) Ip(0) Ly, (0) < 77} =o(1).
0cQ(00.,9)

Proof. Due to the continuity, we know that there exists §; > 0 such that for all § € Q(6p, 61),

% < Am (Iy(e)—l/QIy(Ho)Iw(G)‘” 2) < Amr (19,(9)—1/ 219’(90)19’(9)_1/2) <2
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It follows that for all 6 € Q(6p, d1)

591 (0) Tp(0) 59, (0) < 259.,(0) Tp(00) " 59,,(0)
< 459, (00) Ip(00) " 5,(00)
+ 4 [59.0(0) — 590(00)]" Tp(00) ™" [55.0(8) — 59.(60)] -

By Taylor’s expansion of the score function sp,, () around 6y, we know that there exists 9
between 6y and 6 such that

[59.2(8) — 59.1(00)] " Ip(60) " [59.(6) — 53.(60)]
= (60— 00) T, (0)Tp(00) " Tp, (6) (6 — o)
< A7H0 — 00)TT5,,(6)(6 — o). (109)

where the inequality above is due to the fact that A < A(6p). According to Proposition 12, there
exists d2 € (0, 01) such that

1
Pnjl,n(52a 1)E =0 <> )

n

where
Tin(82,1) = {Hi?,n(é) . Iy(H)HS < [|1p(6) 7|5, V6 Q(60,02) and § € 9(9,52)} .

Therefore, we only need to focus on the big probability set Jj ,,(d2,1). Thus, by the triangular
inequality, for any 6 € (6o, J2), we know that

[rn(®)]], < @)l + [[E(6) ]| < 3+ A

Then, following the inequality (109), if we restrict on the big probability set Jq ,,(d2, 1), it follows
that

[59.0(0) = 55.(00)] " Tp(00) ™" [53.0(0) — 59 (00)] < A~ (X + )20 — 6o|*.

. / n
0= o 755 “TA—1/% . o (>
mll’l{ 1,02 8)\_1()\+)\)2}

and when 6 € Q(6p,9) and x™ € J; (6, 1),

Therefore, we choose

59 (0) Tp(0) 59, (0) < 459.,(00) Ip(00) 59, (60) +

N3

By Markov’s inequality, it is straightforward to see that

59.1(00) Ip(00) 59, (00) — 0 in P,.



Therefore, we have shown that

C
Pn{ sup s, (0) Ip(0) L5y, (0) < 77} =o(1).
0 (8o,0)

1.8 Properties of Posteriors Based on Limited-Information Likelihoods

<n}_

Suppose that the assumptions in Subsection 1.4 hold. For any n > 0, there exists 6 > 0 such that

Proposition 14. Let’s define

8.(6,1) = { / 79 (0]%™)Sp ,(0) Ip(0) ' Sp.,(0)d0 — Do
Q(00,9)

P8 (8,m)" = o(1).

Proof. We first show that for any n > 0
Py, {/ wp(0]x™)Sp 0 (60) Ip(0) " Spn(6)d6 > De + 77} =o(1). (110)
9(90’6)

According to Corollary 5, we know that there exists d; > 0 such that
C
7 1
P,J 01, — | =ol—
n3,n< 1’2D@> 0<n>7

1/2 1/2
_n = __n (0" V2T (0o () /2 _n 7]
Tam (51, QDQ) = { (1 2D@) < HIy(@) Ty (0)I5(0) HS < (1 + ) , Y 0eQ00,6)and f € 9(9,51)} .

where

2De

According to the consistency of the estimators, the set A, (d1) = %L € Q(bo, (51)} has probability

going to 1. Thus, on the big probability event I3, (51, ﬁ) N A, (1), by Taylor’s expansion, we
have

S9(0) Tp(0) ™ Sp.n(0) = n(0 — Ogr) Ty 1 (0)Tp(0) ™' Tp  (0) (0 — O

= (0~ i) 1 (0) [Lp(0) Ty 0 (D)15(0) /2] 15(0)"12(0 — By

1/2
<n(14gpe) 0~ B D)6 - F)
(S

where 6 is between 6 and %L. By the continuity, we know that there exists do > 0 such that for all
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RS Q(QQ, (52)

"1?(90)—1/2139(0)19(90)—1/2"S < (1 n 2;@)1/2.

Choose § = min{d1,d2}. Thus, when considering 8 € Q(6y,d) and restricting on the event
I3 <5, ﬁ) NAL(d), we have

ST (6)5(0) < (1 55 ) (6 B Do (00) 0 — i)

Therefore, we have

/ 7 (B3 S, (0T (6) S, (6)6 < <1+’7> / o (B0 — By T (60) (60 — By )6,
(60,5) 2De ) Jo00.0)

According to Theorem 1 and Proposition 3 of Chernozhukov and Hong (2003), we know that

<1 N ?7> / 701%™ (0 — B2 ) T Tp(B0)(0 — 8 )d0 — Do + 1 in B,
2De ) Jo,,6) 2

Therefore, the limit result in (110) holds. The proof of the following limit result is quite similar

P, {/ 7 (0]%x™) Sp.0 (0) Tp(0) 1 Sy, (0)dO > D — n} =o(l), ¥ n>0. (111)
2(6o,0)

So, we ignore the detailed proof. O

<n}.

Suppose that the assumptions in Subsection 1.4 hold. For any n > 0, there exists 6 > 0 such that

Proposition 15. Let’s define

VTIg><6)7ISg> n(@)S? n(@)TIy(H)v
mp(6]x" : : o — 1
/ﬂ(eo,6> PO viIp(0) v

Syn(d,n) = {

PpSyn(6,m)° = o(1).

Proof. The proof is similar to that of Proposition 14. U

Proposition 16. Under the assumptions in Subsection 1.4, for any open subset N C © and open
set Ng C N such that dL(NE,NO) > 0 for some § > 0, there exist positive constants C, &1 and &
such that

sup P, {m(xn\e) < e / mw)m(xnw)dﬁ} < Ceom.
0€Ny NC

Proof. According to Lemma 4 and Lemma 5 at the end of Section 1.6, the assumptions in Sub-
section 1.4 guarantee the existence of strongly uniformly exponentially consistent (SUEC)

hypothesis tests.

35



In particular, for any open subset N C © and Ny C N such that dz(N,Ny) > ¢ for some 6 > 0,
for each 6 € No, there exists a sequence of tests with acceptance region Ag ,, for null hypothesis
¢’ = 0 versus 0’ € N such that

sup ]P’g’n./lgm < Ce & and sup sup Py nAgn < Ce™¢", for some & > 0.
0€Ng 0€No 9'eNC

Denote the mixture distribution of Py, with respect to the conditional prior distribution 7Tg>(-|fNC)

by Pye,, with density 79 (x2|NE). More precisely, we define
mp(x™NC) = /NE (%" |6) 5 (0| NE)d6. (112)
Following Lemma 6, we can show that there exist a real number r > 0 such that
HP@W _ iPNC’”HTV >9(1-27™), ¥V 6eN.

For any positive sequence ¢, by Markov’s inequality, it follows that for each 8 € Ny

Tp(x™[0)

1 1
< 1/2\/1 - (2 [Pon —Pxo,,
€n

rmn

If we choose ¢, = ¢~ 2, then we have

n NC rn T™n
sup Py, {773:(}(\) > 6_4} < 2e7 7,

o (x2|NE 1 1
Py {?(H > en} < 7 /7Tfp(xn|9)1/27rg>(xn|j\fc)l/2dxn = T/zaH(PQ,”’PNG,n)
€n

2 JR _rn
1 272 2e” 2
__ _ _ — 2 "7 /1 — e -
)Tv> S qpVI- (-2 = = Vi—emm < =g
n

0eNo mp(x™|0)
O

Proposition 17. Under the assumptions in Subsection 1.4, for any open subset N C © and open
set Nog C N such that dL(NC,No) > § for some § > 0, then there exist positive constants C,&1,&2
such that

sup By, {m<x“|e> <en [ bl o)l 6 02-1>>d9£-1>} <ceen (113)
GENO N_1(9(1>)C

Proof. The proof is the same as that of Proposition 16. O

Proposition 18. Under the assumptions in Subsection 1.4, for any open neighborhood N C © of

Oy there exist positive constants C' and & such that

Qn {Trg(xn,yn|90) < et /NC ﬂy(ﬁ)ﬂg(xn,yn|19)d19} =o(1). (114)
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Proof. For any open neighborhood N of 6y, from the identification assumption (i.e. Assumption
ID) and the compactness of ©, it follows that there exists € > 0 such that min,_y¢ Ho(f)) > € where
Hq(0) is defined in (101). Consider the large probability set

An = {228 ]ﬁgm(ﬁ) — Hq(0)] < 6/2} .

From Proposition 7, we know that Q,A, — 1 as n — oco. Thus, we only need to focus on event A,,.

Then, we have
Q,A, {ﬂ'g(xn,ynwo) < e/t /NE 7rg>(9/)7rg(xn,yn\9/)d9/}
_Q,A, {enﬁg,n(eo) < el /

NC
<Qn {e—nﬁg’n(ao) < ene/4/ 7_(?(Ql)e—n[HQ(Gl)_e/Q]del}
NC

<Qn {e—nﬁgm(eo) < ene/4/ 7_‘_:})(9/)6—17,6/2(19/}
NC

<Q, {6—nﬁ9,n(90) < e—ne/4} < e—ne/lﬁEenIA{Q’n(Go)/zL

ﬂ_?(el)enﬁg,n(e)del}

Because nﬁQ7n(90) converges to a chi-squire random variable with degree of freedom Dg in distribu-

tion, we know that REenfan(00)/4 _y 9De/2. Thus,
QuAn {w9<x“,ynwo> < e/t / C w(@’m(xn,y“m')ae’} < Ceme/16
N

for some constant C' > 0. Therefore, if we take £ = €/4, the proof is completed. O

Proposition 19. Under the assumptions in Subsection 1.4, for any open subsets N C © and any

positive constant &, there exists a neighborhood No of 0y such that

sup Py {m(x“w) > efn/Nm(ﬁ)m(xnm)dﬁ} =0 (i) . (115)

0eNg

Proof. Let r,, = 1/4/n and it is sufficient to show that

sup Py, {mx“w) > ¢én /

QEN() Q(@,Tn)

ww)m(xnﬁ)dﬁ} —0 <71L> .

It is equivalent to show that

o (x[0) } (1)
sup Py, < In &y =o0|—],
oo b { o (xm|Q(0, ) n
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where

b0 =€~ - mp(Q(6,12))

with
mp(V)

— 27 ae(x™9)dY.
oy T, 1) )

mp(x"|Q(0, 1)) E/Q

In fact, we have
1\ De/2
(20, 1)) :/ mp(9)dd > mgI'p, () ,
Q0,rn) n
where I'pg is the volume of the unit ball in RPe . Thus,
& =E6—-0(m tnn).
Therefore, for all large n, &, > £/2 and hence it suffices to show that
mp(x"|0) 1
sup]P’g,n{ln >én/2, =0 —].
T e e ) R ]

For each 8 € ©, by Markov’s inequality, we have

Py, fm 20 b« 2 gy | my(xlf) 7’ (116)
P A T IO, ) TS T e | e (xn(Q(0, 1)

‘We consider the set
T10(0.6,1) = {|[Eo(0) T D)o (0)1%|| <2, W0 € 26,0)}.

According to Corollary 5, it follows that there exist positive constants § and dg such that

1
sup Py ,J4,(6,9, 1)E =0 () .
969(90,6@) n

Therefore, we only need to focus on the big probability set Jy4 (6,9, 1) for each 6 € Q(fo, do).
We choose Ny = (6, dp). We have for each 6 € Ny the following equality holds

Tp(x™|Q(0, 1))
Tp(x™[0)

mp(x" V)
= ln/ (O, 1)) —————=
QA0 3’( ’ ( )) W?(XHW)

I / p (91920, 1))V PST O (9=0)=3n(9-0)TTp L (D)9-0) g 9.
Q0,rrn)

In

dd

where 0 is between 6 and ¥.
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On the one hand, on the event J4 (0,4, 1), we have

Tp (X0, 7))

In
mp(x|0)

< / Tp(9|Q0, 1)) el 57 O Olls 4y = | Sy (0)] + [[Tp(0)]] -
Q(0,rn)

Thus, on the other hand, on the event J4,(0,0,1), we have by Jensen’s inequality

o (x™Q0, 1))
p(x2|6)

In > [ VS 0) 0~ 0) = 40~ 07T (0)0 - 0] 0106, )0
Q(0,rn)

> [ [VRSa0) (0 0) 0~ O T0)(0 )] ma(910(6,ra )0
Q(0,rn)
> —[550)] - [1(0)]
Therefore, we have

mp(x"(0)
1
[“anmw,rn

2
))] < [1S2(0)] + [[Tp()]]s]* < 21S5,0(8) + 2 [T (B)][5 (117)

Combining (116) and (117), we know that

Py, {m F?(m(xnye) > @/2} < 8 [Ems?,nw)r? + Egp, HI?(9)H§]

’ x2|Q(0,1ry,)) n2g2
—
< o [ @0+ 2 (o)) < X5

0

Proposition 20. Under the assumptions in Subsection 1.4, for any open subsets N C © and any

positive constant £, we have

1
Q. {mx“,yw > [ m(v’)m(xn,y“\v’)dv’} . (n) . for every v €N,

Proof. Let r,, = 1/4/n and it is sufficient to show that

1
Qa3 2 ¢ [ ey b b= o () .
Q("/,T’n) n

It is equivalent to show that
mo(x", y"|7) 1
1 > =0l =
@ {2 onf = ()

1
£ = €= Inmo(Q(y,70)

where
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with

/
rale ¥ ) = [ _ 0D ey
Q(v,rn) WT(Q('.%T’H))

Thus, we have

1\ P/2
@) = [ e 2w (1)

Qv,rn) n

where Bp is the volume of the unit ball in RP. Thus,
£n=E6—-0(m tnn).
Therefore, for all large n, &, > £/2 and hence it suffices to show that
mo(x", y"[7) } <1>
In >&nf2, =0 — ).
@ {2 n

By Markov’s inequality, we have

mo(x™, y") 1 mo(xy"h)  ]°
@ (A > €012 < B [ i

We consider the set
T = {|[Llo(0) ™ Tan(A)La(h0) 2| <2, ¥ 5 € Q00,m)} -

According to Proposition 8, it follows that QRJEL = 0(1). Therefore, we only need to focus on the
big probability set J,,. It holds that

7T Xn’ HiY yI'n T Xn’ n
In Q( y | (’70 )) — ln/Q( )WT(’”Q(’YO,Tn)) Q( y |’7) d’}/
Y0,Tn

WQ(Xnvynh/O) TFQ(Xn7yn|’YO)

1o [ mpll0 r)eTen (e Ody. - (119)
Q("/Oﬂ'n)

By a second-order Taylor expansion around 7y and Cauchy-Schwarz inequality, it holds that

nHg . (v0) — nﬁg,n(v)‘ <

1 & 1 1< 3
7 ZVanQ(%;Zt) + 5(7 —70)" [_nZVQ In7mo(¥;2¢) | (v —0)
t=1 t=1

1 & n = -
% g Vin 7TQ('70§ Zt) + 5(7 - WU)TIQJL(/Y)(V - ’70)
t=1
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where 7 is between vy and . Thus, on the event J,, and when v € Q(~o, 7, ), we have

o n(10) = nion ()| < 1Ta(0)lls +

1 n
— ) Vinma(yo; zt)
Vi

Combining (119), we know that on the event J,, it holds that

2

{m(xn,ynlﬂ('m,rn))

2
< 2|[To(v0)|l3 + 2
e U IR AOATT

1 n
ﬁ ZVIDWQ(%;Zt)
t=1

In fact, it easy to see that

n 2
1
N ZVID?TQ(’)/Q;Zt)

t=1

E — tr [IQ('yO)_l] , asmn — oo.

The trace tr [Io(70) '] is upper bounded by Ay, (Io(v0))~*. Then, combining (118) and (119), we
know that

| nyn 8 .
lira sup @ {1“ oty 2 6 2} < wzer { oGl + A (lol00)) '}
]

Proposition 21. Assume the regularity conditions in Subsection 1.4 hold. For any open neighbor-
hood N of 8y, there is an & > 0 and a open neighborhood Ny of 6y such that

sup Py, {/j\fﬂga(@’)ﬂg:(x“\ﬁl)dy > et /NC TF(}:(QI)WT(anl)dHI} = o(1).

6Ny

Proof. According to Proposition 19, for any positive constant £, there exists a neighborhood Ny of
0o such that dz(NE, Ng) > & for some § > 0 and

1
sup Py nAn(0,&1) =0 <n> ,

6Ny

with
An(6,6) = {779(X“|«9) > eilnAwT(ﬁ)w?(x“|ﬁ)dﬁ}.

By Proposition 16, there exist positive constants C, £’ and &, such that

sup Py p, {ﬂy(xn|9) < 65/”/ ij(l?)ﬂ(p(xn|l9)dl9} < Ce %,
6Ny NC
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We take a constant 0 < £ < ¢ and let &’ = ¢ — £. Then,

sup Pa { [ @ malerip)a0’ < 0 [ @i yao |
N

0Ny N

< sup Py An(6,€") { / o (0o (<100 < o / m»w’wx“w')de'} T sup Pondn (6, €M
#eNg N NC 0cNo

< sup Py, {m<x“|e> < et [

m(e')m(xnw/)de)/} +o(1)
6Ny NC

< sup Bo fro10) <€ [ ma@molon0)a0' | + 001
6€No NC

< Ce " 4 0o(1) = o(1).
O

Proposition 22. Assume the reqularity conditions in Subsection 1.4 hold. For any open neighbor-
hood N of 0y, there is an & > 0 such that

Q. { [ momal g = e maw')m(x“,y“wmv’} — o(1).
N NC

Proof. According to Proposition 20, for any positive constant &7, there exists a neighborhood Ny of
0 such that d;, (N, Ng) > & for some § > 0 and

QuAn(&r) = 0 (i) ,

with
An(€1) = {mx“,y“wo) >eon [ m(ﬁ)m(x%y“h’)dw’}.

By Proposition 18, there exist positive constants C' and & such that
@ {mala v < € [ oy )malo = o)
We take a constant 0 < £ < & and let &’ = ¢ — £. Then,
Qu{ [ rotmalen, 370y < e [ moe oty )
< Qunl€) { [ mole/ ol y ' < e [ molef o,y |+ Qo)
<Qn {Trg(xn,y“ho) < enee) /NE ww(v’)ﬂg(xn,y“h’)d’y’} +o(1)

< @ {male,y7ho) < € [ memala v /)y b+ of1) = of0),
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1.9 Proof of Theorem 1

It follows immediately from the results of Theorem 2 and Theorem 3, which are proved in Section

1.10 and Section 1.11, respectively.

1.10 Proof of Theorem 2

Because of Assumption FF and the assumptions in Subsection 1.4 are invariant under invertible
and second-order smooth transformations, without loss of generality, we assume that f(0) = 6y

and hence v = (1,0,---,0)7. Let us denote

n 1 1 NP \2
op(0|x™) = expl — — 01y — 07))
(1 \/QW%VTIga(GO)*lv 2Ly Ty (6) v (O RERAY)
n _n 1 1 N9 2
pa(f) X", y") = exp ¢ — —— 0y — 61)
: \/QW%VTIQ(QOWJO)_lv 2LvTTy (folwo) v )
where 6% and 62 are MLE estimators for baseline model and full model, respectively, and 5?(1) and
67?1) are the first elements of 67 and @\Q, respectively. Let’s now focus on the decomposition of the

relative entropy between constrained and unconstrained posterior distributions:

DKL (WQ(9(1)|XH,yn)HW?(Q(l)|Xn)) = An + Bn + Cn (120)
where (60 %™ y™)
. MoV |xty
An—/ﬂ' 01y |x", In dé 1y, 121
Q( (1)’ y ) @Q(H(l)‘xn yn) (1) ( )
ea(f(1)|Ix™, y™)
Bn:/ﬂ' 0y |x", y™) In déqy, 122
o(Ony1x", ¥y™) oGy 20 (122)
ep(O1y1x")
Cn:/ﬂ'G x", y™M 1 déqy. 123
Q( (1)| y ) 7_‘_?(0(1 |Xn) (1) ( )
We shall show that
Ap =0 in Qp, (124)
and
n ~p ~0 2 1 VTpr(eo)_IV 1VTIQ(00’T/JO)_1V 1 .
n = - =1 - — > inQu,
2VTI:]D(0 )_1V (0(1) 9(1)> - 2 nVTIQ(G()WJ())_lv + 2 VTI?(Q())_lV 2 n Q
(125)
and
Cp—0 in Q. (126)

43



Step 1: we prove the weak convergence of A,, in (124). In fact, A, = Dr (mo(0(1)[x™, y™)|la(01)|x™, y™)) -

And, according to Corollary 3, we know A, — 0 in Q,.

Step 2: we prove the weak convergence of B, in (125). We know that

nQ \2 P \2
| VT Ip(00) v (60 — 0) (O — )

B, = - 0, [x™, y™) |1 - by (12
2/@( CLate [nVTIQ(GOWO)_lV nVTIQ(HOWO)_IV +nVTIT(90) Ly | W (127)

Now let’s define

_ n 5 s \2 1 vIIp(f)"'v 1vTIg(folto) v
Appn=B,— ————— (07, —0 - =1 - = 1/2.
B 2VTI(]>(90) ly ( @) (1)> 2 . VTIQ(Q()‘"(bQ)_lV 2 VTI?(Ho)_l + /
(128)
We consider the following decomposition for Ap ,:
1 n _n n _n VTI'?(GO)_lv
Apn 22/ [T (01 [x", y™) — o (0 Ix™, y™)] dfqy In T (old0) v (129)

1 . w oy, O =05
—2/ [ (01y %™, y™) — o (0 Ix", y )]anIQ(Ho!z/zo)—l dfy) (130)

1 non o oy O =00
+2/ [WQ(G(I)‘X ,Y™) — g (9(1)‘X Y )]ane(l) (131)

The term in (129) is denoted as By, 1, the term in (130) is denoted as By, 2, and the term (131) is
denoted as B, 3.

Step 2.1: We show that B, ; — 0 in Q,. We know that, in Q,,

1 v ITP ‘90 n _n
Bl < 5 VTTo(Bold0) 1V/!WQ Hx™y™) = 0oy X", y™)| db 1) — 0 (132)

where the convergence result in (132) is due to the fact that the squared total variation distance® is

upper bounded by the relative entropy (see e.g. Kullback, 1967) and due to the result in Proposition
3.

Step 2.2: We show that B, 2 — 0 in Q,. Equivalently, we show that

(O — 022
vTTo(folt0)

5The total variation distance between the constrained posterior on 01y and normal distribution is
S ma(@y %™, y™) = pa (B Ix™, y™) | db).

/@ [ma (0%, y™) — wa (0]x", y™)| n -4 =0 in Q.
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This is actually a direct implication from Theorem 1 and Proposition 1 of Chernozhukov and Hong
(2003).

Step 2.3: Similar argument can be used to prove that B, 3 — 0 in Q,. More precisely, it is
equivalent to show that
P 2
1 n on n nyy, P —00) .
2/ [WQ(9(1)|X ,¥™) = wa (9(1)\X Y )} aneu) — 0 in Qp,

and
70 Q P
1 non n oy 200) = 00))0G) — 0) .
2/ [WQ(9(1)|X , Y )—QOQ (9(1)|X Yy )] n VTIQJ(Qo)*lV d@(l) — 0 in Qn,
and

1 n on o oy, 00— 00
5 [WQ(9(1)|X ¥ — ¥ (9(1)‘X Y )] ane(l) — 0 in Q.

According to Chernozhukov and Hong (2003, Theorem 1 and Proposition 1), all the three limiting

conditions above are satisfied.

Step 3: We prove the weak convergence of C), in (126). For a constant r > 0, we decompose the

term C), as follows

Cn = Unl + Cn,2 - Cn,?)y (133)
where (0 [x™)
n ..n PP X
Cni = / ma(0y[x", y") In 0(71)&9(1) (134)
200, (1y:7) 7TTP( (1)‘ )
Crs = / ro(61) 1%, y™) In 9p(0,1)[x™)db (135)
(90,(1):7)
Crs = / 70001y %7, y™) In (01 x™)d0 . (136)
(b, (1))

Step 3.1: we show that C), 3 — 0 in Q,. Equivalently, we show that for any € > 0

limsup Q,, {|Cp 3| > €} <e. (137)

n——+oo

Let

Ja ¢ J; Tp(01), 0(—1)) 72 (x10(1), 6(—1))dO(1)d0 1)
An(n) {Q(’ou)) 0-1(6(1)) <7

S, Jo1600y) T Oy, O—1)) T (510(1), 0(—1)) A0 1) A0 1)

By Proposition 21, we know that for any 7 > 0
QnAn(n ) = o(1).
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Define the set

Bn(n) = {21618 Hyp ,(0) - Hcp(ﬁ)‘ < 77},

where Hp(f) and ﬁym(e) are defined in (101) and (95), respectively. By Proposition 7, we know
that for any n > 0

QuBn(n)t = 0(1).
Define the set

T1n(8,7) = {nyﬁn(é) . I?(H)HS <n|[Tp(6) 7|5, V6 € Q8,6) and § € 9(9,5)} :

By Proposition 12, we know that for any 1 > 0 there exists § > 0 such that

t_,(L
anl,n((syn) =0 <n> .

Define the set
€. (8) = {53’ € 9(90,5)}.

By consistency of MLE for limited-information likelihoods, we know that
Qn€n(6)® = o(1).

Let

Kn(6,m) = {Wfp(xn) <(1+mn) /Q( W?(H)W?(X“IG)dH}-

600,9)

According to Proposition 21, we know that for any 6 > 0 and n > 0 we have
QuXKn(8,7)° = 0.

We define
Mn(‘Sa 77) = An(n) N Bn(n) N jl,n((sﬂ 77) N 8”(5) N gcn(é? 77)7

then, we have

QM (8,7 = o(1).

Let’s consider the decomposition

Qn {|Cns| > €} < QM (6,7) N {|Crs| > €} + QuM(5,7)E.

Our strategy of proving the result (137) is to find random variables C,, 3 and C,, 3 such that

Ch3<Cn3<Cps on An(n) (of course on) My(4,n)
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and
Cns—0 in Q, and Cns—0 in Q.

Thus, we have

limsup Q,, {|Cp 3] > €} < limsup QgM,,(0,n) N {|Cr. 3] > €}
n—-+oo n—-+oo

< lim sup Q, M, (0,7) N {max{\éng,], ]Qn73|} > 6}

n—-+o0o
< lim sup QnMn(57 77) N {‘6n,3‘ > 6} + lim sup QnMn(57 77) N {|Qn,3‘ > 6} =0.
n—-+oo

n—-+o0o

Now, let’s figure out the limits of C 3 and C,, 3. On the event M,,(d,7), we have that

fefl(om) 7p(0) o (0]x™)dO 1)

(O |x™) = 138
e A ISR, (1)
_ f®71(9(1>) 7Tg><9)ﬂ3>(9’xn>d9(_1) (139)

e (senlgdg [ 1 4 om0 CnIOds

Joay 1y T (O (210) T Tty gy @ra 0000
Jo_1(0)) T (O)mr (<"16)A6 ) 110

~ (1+n) fQ(eo,(l),r) mp(0)mp(x2(0)do
Because 67 is the MLE for limited-information likelihood of baseline model Py, we have
mp(x"|0) < 7rg>(xn]§fp) =exp{ —In % = exp {fnflg)n(gfp)} (141)
Tp(x2|07) 7
Thus, we have
Jo o) To(O)mp(x210)d0

(0 x) > o) ! (142)

(1 + )70 1), 7)) exp{—nHy ,(67)}
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Plug (142) into the expression for C, 3, we have

J Tp(0)mp(x™|0)db 1)
Cn,3 > / 71'9( (1)‘Xn7yn) In ©-1(8(1)) (= de(l)
Q(b,(1),m)° (1+ 77)7'(3’(9(90,(1)7 7)) eXP{_nHCP,n(H?)}

2/ / ma(01)|x", y™) e (01 |0(1)) In [0 (01 ) e (x"]6)] d6(1)dB 1)
(60,(1),m)° (O1y)

— /(9 : ng(&(l)‘xn7yn) []n(l +n)+In WT<Q(907(1),T)) — an)’n(a:P)] dH(l)
0,(1)-"
= / / ﬂg(ﬁ(l)]x“,yn)ma(ﬁ(,l)]&(l))ln7rg>(6?(1))mz(x“\ﬁ)de(l)dé?(,l)
(00,(1),m)® (O1y)
— 7 (0o, 1), 7)1, ¥™) [In(1 4+ 1) + I (@6 (1),7)) — nlpn (87 (143)
We define the term in (143) to be C,, 3. Thus, we can further decompose C,, 5 as follows,
Qn,3 = Qn,3,1 - Qn,3,2

where

Crsi —/ / T (0 [X™, y™)mp(0(—1)|01)) In [7p(01)) 7 (x"|0)] dB1)dO_1y
200, (1) 0(1y)

and
Conzz = ma( (B0 1y, )%, y™) [I(1 + ) + I (00, 1), 7)) — i (@7)]
‘We have
Cpsal < / / (B X", Y™ (01 |01y) In mp(61) )0y d6 1
Q(0,(1).7) 1(0¢1))
/ X" ¥y (0 1)|0(1)) In mp(x]0)d01)d0 1)
Q(09,(1),r)t SO 1 9(1)
/ / ’X Y )W?(Q( 1) |9 \lnm(&(l))\dﬂl)de(_l) (144)
90 (1) T’)E O_ 1
/ / ’X Y )71'3)(9( 1) |9 ’I”L|1£\[g>’n(0) —H:p(@)|d9(1)d9(,1) (145)
Q(0o,(1) J”)E ©-1 9(1)
/ / I,y (01 6000l H(6)] 46116 (146)
90 (1) T‘)E e_ 1 9(1)
+ 0p(1).

The term (144) can be bounded from above by

M,y /Q(e : w01y 1™, y™)dO 1) = Mima(Q(0o (1) ) x",y") = 0 in Qp, (147)
0,(1)°"
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where the existence of such constant M; is due to the compactness of © C R? and the continuity of

7p(0—1)10(1))| In79(6(1))| and we have
/ 7T(p(9(_1)|9(1))’ In ’7T(p(9(n)|d9(_1) < Ml. (148)
©-1(6(1))

The term (145), for large enough n, is bounded from above by

n T (011%™, y™) e (0~ 1)|0(1))dO(1ydO 1), (149)
/9(90,(”77‘)“ /@_1(9(1)) (1) ( (1)) (@)4Y(-1)
because
sup \f[y,n(ﬁ) — Hp(0)| <1 for large enough n. (150)
0cO

The term (149) can be further bounded from above by
Man /Q(o ) a0y X", y™)db(1) = Manma(0p 1), )C|x™, y™) = 0 in Qy, (151)
0,(1)s"

where the existence of such constant My is due to the compactness of the © C R? and the continuity

mp(001y,0(_
of my (6-1) 61)) = o5t

/ 7T9>(¢9(_1)|9(1))d¢9(_1) < M. (152)
©_1(0(1))
The term (146) is bounded from above by
M3n/ 7-‘-Q('9(1)|Xnayn) = M3n7TQ(Q(90,(1)7T)’Xnayn) =0 in Q. (153)
9(90,(1)’7")0
Therefore, the term C), 3 — 0 in Q. It is straightforward to see that C), 3 o converges to zero in
probability, because nmg(2(6y (1), 7)[x™,y") — 0 in Q, and ﬁ?n(@’) — Hyp(0y) in Q.

Now, let’s construct Cy, 3 and show it indeed converges to zero in probability. By restricting the

domain to Q(fy,d), we have

T (0]x") < Jo_ 182y T (O)m (x710)d0(—1)
P

B fQ(aO,g) 7 (0)mp(x1]0)do (154)
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By Taylor expansion of In mp(x™|#) around 6%, we have

f®,1(0(1)) 7T(}3(9)7T(p(xn‘9)d9(_1)
mamp(x10%) [o 605 eXP{—n(0 — 67) 5, (0)(0 — 67)}do
Jo_1 (0 ™(0)d0 (1)
M Jog,.5) eXP{—n(0 — 07)TT5,,(6)(0 — 67)}do
< My
" o) {10 — 67)TT5,(0)(6 — 67)}d6

Tp(0)x™) <

where 6 is on the segment between 8% and 6. And, the existence of the constant M, such that

f@_l(e(l)) mp(0)do( 1)

M

< M. (155)

Thus, we have

M4dby)
fQ(eo,a) exp{—5(0 — 07) 1Ty ,(0)(0 — 6%)}do

s < / ra(6) X", y) In (156)
Q(6o,(1y,m)°

We define C,, 3 to be the term on the right hand side of the inequality (156). On the event M, (4, 7),
we have

(0 — 6" Tp,,(0)(0 — 67) < 2(0 — 67) Tp(0p) (0 — 67)

and
M4d9(1)

Joxoy.8) xp{=n(0 — 67)TTp(680) (6 — 67)}d6

Cn73 < / 7TQ(9(1)|XH, y“) In
9(90,(1):7")'3

By the normal distribution and the \/n— consistency of MLE o” , we know that for any v > 0, it
follows that

exp{—n(0 — 67)TT3(6p) (6 — 67) }d6
Q, fQ(Goﬁ) { _ _ ! <l—v})—0. (157)
Jeve exp{—n(6 — 67)TTp(60)(6 — 67)}d6

Thus, we have

limsup Q,{|Cp. 3| > €}

n—+o00

1—v)"tMydo
< limsup Q,, / WQ(0(1)|xn7yn) In ( V)A 449(1) _ > €
n—+00 Q(6o,(1m)° fRDe exp{—n(0 — 67)TIp(0o)(0 — 67)}do

M4(27T)D@/2
(1 = v)[2nIp(6o) /2

>e}:0,

In

= limsup Q, {/ mo (0 [x", y")
n—-+0o 9(907<1),7‘)G

= limsup Q, {71'9((2(907(1) , T)C\Xna y?)

n—-+o0o

M4(27T)D®/2

1
Y= 0)|2nTe(00)[12
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where the last limiting result is a direct implication of Proposition 18. Thus, €, 3 — 0 in Q.

Therefore, we have C, 3 — 0 in Q.

Step 3.2: We show C), 2 goes to zero in Q,. The expression (135) for Cj, 2 can be rewritten as

|nVTIg>(90)V|1/2/ (0 [ n)n(e(l)_é\(&))2
(2m)'72 a2V Tp(gg) Y

Chz =m0 (20 (1), )E|x™, y™) In

Thus, the term C,, 2 can be decomposed as follows

|anIg>(90)v\1/2

Cni = mal oo ) ™) (2m)1/2 (158)
n(0) — a?i))z
— n ny n n SR ¢ I
/Qwo’(l)m)lj [ma (0™, y™) = pa () Ix", y")] TG P (159)
n _n n(e(l) o @()’1))2
_/5;(90’(1)77~)E @Q(9(1)|X Y )Wd@(l) (160)

It is easy to see that the first term (158) goes to zero in Q,,. The second term (159) and the third
term (160) go to zero in probability according to Theorem 1 and Proposition 1 in Chernozhukov and
Hong (2003) and the fact that n(6% — 67)2 = Op(1). Therefore, we have shown that Cy, 2 — 0 in Q.

Step 3.3: We need to prove Cy, 1 goes to zero in Q. According to Corollary 5, we know that for
any 1 > 0 there exists g > 0 such that

P,3n(00,m) — 1, asn — oo,

with
9 (80,77) = {1 < )(133(90)—1/2i?7n(§)13>(00)—1/2‘ ‘8 <147, for all @ € (6, 50)} .

Also, by the continuity and positivity of the prior density 7p(0), we know that for any n > 0,
there exists d; small enough it holds that 1 —n < 7p(0)/7p(0") < 1+ n for all 6,6 € Q(by, d1).
According to the consistency of MLE 67, we shall only focus on the event Ap(d) = 6" c (6o, 6) with
d = min(dp, 01). On the joint large probability event J,,(d,n) N A, (n), we have for each 6 € Q(6y, )
with r < 4, when n is large enough,

mp(0)mp(x"|0) 2 [n(l +77)]D9/2 1/2 —L(1—g)n(0—87)TLp(80) (087
mp(0)x™) < <(1+ detIp(6 e 2\ T #Lv0 .
2(0x%) fQ(Bo,r) 7p(9) e (x2|9)d) (I+mn) 2T [ ?(00)]
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On the event J,,(4,m7) N Ap(n) we have

1
Cn,l > / 7TQ(Q 1 ‘Xn’yn) In d¢ 1
o) V2 VT (00) ]
- T (O X" ") s o4
/Q(Bo,(n,r) (1) 2vTIp(00)~ v (1)

B (01 |x, y™) In o= 2 (=) (0—0") 1 (90) (9—0") [(1 = n)n]”/? [detIp(6p)]"/> 40 40
TalbyIx,y (-1) (1)
Q(b, (1)) ©_1(8(1))

(2m)Pe/2

D D
- [2@+2] 1n(1+n)+7®1n(1—77).

There exists open square centered at 6y which is denoted as O = Q( (1), 7) ® (0 (—1),9). First,

we have

Do /2 1/2 —(1—17)—”(9(1)_6?(1))2

/ B (1m0 (00) 007 [(L = m)n] 7" [detTp(60)] a0y < e ARG
©-1(0(1)) (2m)De/2 T V2mn W TIp(6p) v /(1 — 1)

Thus, on the large probability event J,,(d,n) N Ay, (n) we have, when n is large

P \2

Do Do — 1} / n(0q) —07y))
Co1>— | =242 In(1+n)+ In(1 — ) + T (01X, y*)
! [ 2 ] (L+1) [ 2 (L=m) Q(60,1).7) oBx™y )QVTIT(GO)_lv

According to Theorem 1 and Proposition 1 of Chernozhukov and Hong (2003), we know that

n(0a) — 07)))?
T (01 |X™, y*) ——————df gy = O,(1).
/9(90,(1)77“) ’ (1)’ 2vTIp(0g) v (1) p(1)

Therefore, it follows that

D Dg —1
Cn1>— {2@ + 2] In(1+n)+ [ 92 ] In(1 —n) +n0,(1). (161)
On the other hand, by Proposition 21, we know that for any ' > 0 and ¢ > 0
P,X,(8,7) =1, asn— oo,

with

2,(8', ) = {m»<x“> <1+ /Q -, m<9>m><x“|0>da} .
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Then, on the large probability event J,,(5,n) N An(n) N X,(d,7) and taking r < 4, it holds that

SOfP( |X )mp(x™)
Coa= [ malbwly s a0,
Q(eo,u)ﬂ‘) (1) f® 9(1> )WT(X |9)d0(_1) (1)

n(9<1)7§‘(?1))2
12| tvT v|=1/2¢ 2TIp00)~1v

S/ To(01)[x", y") In (2m) |n v I (6o )n !P / e J’yo
Q(00,(1),) f@ —(1+41) 2 (0—67)TTp(00) (06" )de(

+/ ma(0) X", y") In / (1+77)6_(1_")%(ﬁ_gy)TIT(%)(ﬂ_@P)dﬁ dfy).
Q(6o,(1),7) Q(60,5)

dg(l)

—n)e 1)

9<1>

Calculating the integrations, we have

(9(1 9(1))

m(l—7n)—  inf  In®,(0_ noyny W7 g
n(1—n) - (0 1(9<1>)I9<1>)+77/7TQ(9<1>|X y") Ty (o) v do

Do +1 Do + 2

Cp1 < In(l+1n) —
where ®,,(-|6(1)) is the multivariate normal probability measure on RP~! and effectively it is the
conditional distribution of §_;y given 01y where 6 = (01,0(_1)) ~ N(@P, (1+n)"n"p(0)7Y).

In fact, ®,(+|0(1)) is multivariate normal with distribution
<§2) b+ Za S 0y — @7(1)), (L4~ (S - Z2121711212)>

with
Y11 212 ]

Ip(60) ™" = [ i Lo

We choose § and r small enough such that 9( 1 +¥01 57 (01 éﬁ)) is in the interior of ©_1(6 1)) and
there exists 79 > 0 such that dL(éEP_l) + Y2 01y — é?(;)) 00 _1(0(1))) > 7o for all 01y € Q(0y,(1))-
Thus,

0(1)€Q(0o,(1)7) ( 1( (1))‘ (1))

Therefore, when n is large enough, we have

1
mf ®,(0_1(00)[0m) > - In(1 — ).
001)€28o,(1).7) (©-1(01))101)) 5 (1—mn)

And hence, we have

2P \2
_ Do i3 o gm0 90"
In(1 77)+77/7TQ(9(1)X Y7 2vTIp(0p)v a0

In(1+4n) —

Cn,l S

According to Theorem 1 and Proposition 1 of Chernozhukov and Hong (2003), we know that

o o) — 07,)?
/WQ(9(1)|X Y )Wd&z@)(l).
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Therefore, we can get

<D@—i—1 Dg +3

P

Ch In(1 — n) + n0,(1). (162)

In(1+mn)—

Combine the bounds in (161) and (162) where the constant 7 can be arbitrarily small, we know
that Cn,l — 0 in Qn

1.11 Proof of Theorem 3

Because of Assumption FF and the assumptions in Subsection 1.4 are invariant under invertible
and second-order smooth transformations, without loss of generality, we assume that f(0) = 0y
and hence v = (1,0,---,0)7. We want to show when m and n go to infinity and m/n — o, we have

for any € > 0 that

limsup P, {‘/7‘(’3)(9|Xn)/71'(§(m|0) In Mdimdﬁ - 1ln Tj_ ’ > 6} <e.
n

n—+o0 7T3>()~Cm|(9(1)) 2 m
Denote (&) .
- Tp(X™|x™) n
n = n M9)In —————=dx™df — =1 .
R /7@(9[}( )/ﬂ(x |6) nﬂ?(imlﬁ(l))dx de 5

Then, we are going to show for any € > 0 it holds that

limsup P, {|Ry| > €} < ¢ (163)

n—-+o0o

We can further decompose R,, as follows:

mp(0(1)[x™)
Rn:/ﬂ' Oy |x™) In —————=do 164
p(01)1x™) 7ol0) P (164)
n —m J (X, xP0 )7 (0))d0 |
1 1
+/7Tg>(9x )/mv(x |0) In P ETTTT) dx™de (165)

n —m fTrfP(im,XHW(l),0271))77?(9271)|9(1))d9(71) m
—/m(ex )/mp(x 10) In (i el dz™dg  (166)
1 n

— —1In .
2 m+n

We denote the term in (164) as R, 1, denote the term in (165) as R, 2, and denote the term in (166)
as Ry, 3.

For the term R, 1, we can further decompose it as follows

mp(01)|1x™)
(01 [x™)

n(0) — 072

= [ Aal00x g i 00) = [ a0 ) o 00,

1 1
Rna :/7@(9(1)]){“) In dfpy + B In(n) — B In (27TVTI(}>(90)_1V)
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where
1

1 aP \2
gO(p(e(l)‘Xn) = exp {— — (0(1) —0 1 ) } .
V2T (6) v 2V Tp(00) 7t v

According to Corollary 3, we know that

7p(0yx™)

dfy — 0 in P,. 167
o0 [xn) (167)

/7@(9(1) |x™) In

The same argument as in proving the weak convergence of the term involving B, in (127) can be

used to show that o
n n(b) — (1)) 1.

Note that the prior 7rg>(9(1)) is assumed to be continuous on the compact domain. Again, because of

Corollary 3 and the fact that total variation distance is bounded by relative entropy, we know that
/7‘('(]3((9(1)|Xn) 1n7rg>(9(1))d9(1) — 11177‘(]3(907(1)) in P,. (169)
Thus, following (167 — 169), it holds that
1 1 1 T 1 1 .
R,1— 3 In(n) — 5 In (27) — 5 In (v Ip(6)~'v) — 3~ In7p(6p,(1y) — 0 in Py, (170)

We shall also show that, in P,

D D 1 D
.&3+5%MWHM—7§MQM—§m@ﬂb@fq—mmww—igﬁ& (171)
and
Dg —1 Dg —1 1. det Ig:(@o)_l Dg —1 .
Rn73 + ln(n + m) — In (27[') — 5 In V'T]|::,J>(00)_1\7] —In 71'3:((90’(,1)‘00’(1)) — — 0 in IP)?’L'
(172)

Combining the weak convergence results (170 — 172), we can achieve the weak convergence of R,

or equivalently the result in (163).
The proofs of the result (171) and the result (172) are quite similar, though the proof of the

result (172) is a little bit more involving. Without tedious repeating the same proofs, we shall only
provide the proof for the result (172). We further define the left-hand side of (172) as R}, 3, that is,

Dg —1 Dg —1 1 det [Ity(@o)*l]

ln (27'[') — §IHW

Do — 1

R:;?) = Rn73 + 2

In(n 4+ m) — — Inmp(bo,(—1)00,1)) —

(173)
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In the rest of the proof, we shall show that for any € > 0, it holds that

limsup Py, {|R}, 3] > €} < e (174)
n—-+o0o

Step 1: We first define the big probability events which we shall focus on in order to show (174).
We define the big probability event

An(80,3,€) = {m(n(eo,a)ﬂyxn) < e*f"} . (175)

According to Theorem 1 and Proposition 3 in Chernozhukov and Hong (2003), we know that it
suffices to show that
limsup PpAn (00,6, &) {| Ry, 5| > €} <. (176)

n—-+o0o

Define the sets

Tin(6,1m) = {Hip,n(é) _ IT(G)HS <n|[Ip(0)7Y|5", V0 € Q6,6) and § € 9(9,5)} :

T (0, 6,17) = {Hfam(é) - pr(a)H5 <[, Vie 9(9,5)} .

Appealing to Propositions 12, we know that for any n > 0 there exists small enough positive

constants d; and ¢ such that

P,J1,(8,7)° = o0 1 and  sup  PomJom(0,5,1)F =0 1 ,
’ n 0cQ(00,01) m

Define

Hin(d) = {(ﬁyvn(éﬂ’) - H(Qg)‘ < 5}, and Hon(0) = {328 Hy(0) - H(Q)‘ < 5} .

According to Proposition 7, we know that
PoHin(8) =0(1) and P,Hs,(6)F = o(1).

Define

Bin(0,6,8) = {W?(Xm|9) > egm/Q op( 2_1)|9(1))7T9>(Xm|9(1)792_1))d9/(_1)}~ (177)

(—1)(0,6)C

According to Proposition 16, for any dg € (0,9), there exists £ > 0 such that

sup  PomBm(6,6,6) = O(et™).
0€92(00,00)
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Define

N W?(QE—U‘9(1))77?(Xm‘9(1)a 92_1))d92—1)} : (178)

(0.0, = { molomle) < em [
Q6
According to Proposition 19, for any dg € (0,9), there exists £ > 0 such that

1
Sup :Pe,mem(ea 50a 5)[: =0 () :
6€Q(0,50) n

We define
Ln(8,1) = {59.0(0) Ip(0) Lsp(0) <m, V0 €Q6,0)}. (179)

According to Proposition 13, we know that for any 1 > 0, there exists 4 > 0 such that

P L (8,7)F = o(1).

Step 2: We capture the asymptotically essential component in R, 3. For any n € (0,1/2),
according to the discussion in Step 1, we know that there exists d,d; € (0,7) such that

Pnjln(égn)EZO l and sup T@mjgm(e,(s,n)ﬂzo i .
7 n 0cQ(0.61) m

For the given ¢ above, we know that there exist positive constants ds < 9, &1 and & such that

1
b PaBn(0.0.6/00 < and s Fyno(056/5F =0+ )
0€Q(0o,52) 0€Q(60,62) m

where B,,(0,6,&1) and C,,(0,9,&1) are defined in (177) and (178), respectively. Because Hp(6) is

continuous in @, then there exists §3 > 0 such that

sup |Hp(6) — Hp(6p)| < &1/8.
0€Q(60,03)

For the given é, according to Proposition 13, we know that there exists d4 > 0 such that
[N
P, L (b0, 535 n)” = o(1).

We choose dp = min{dy,de,d3,04}. According to Proposition 16, there exist £, > 0 such that
P, A (0o, 50)[3 < e~%n" By restricting on the event

1
Mn = An(00> 507 EO) N j_(:1,17,(51/8) N 3{2,11(51/8) N jl,n(57 77) N Ln(éoa 5&5277)
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and then focusing on the event, for a given 6 € Q(6y, dp),
N (0) = B (0,9,81) NIam(0,6,m) N Cp(6,9,&1).

We show that the following term, denoted as n.3: 1s the asymptotically essential term of Ry 3

< m n /
/ ﬂ?(mxn)/ (&0 In Joi_ .8 T & X0, 0_y)) 7w (0_110(1))d0 l)d"mde
Q(60,%0) m(0)

Tp(X™, x7|6)

(180)
That is, there exists a function a(n) with lim,_ a(n) = 0 such that on the event M,
[Bn,3 — Ry, 5] < a(n) 4+ 0p(1).
We consider the decomposition
mp(X™, x™(01), 6 )7@(0’ ]9 )d0’
f 1) 7(=1) (-1) (181)

mp (XM, x1|0)

(o0 + oy wap) T E™XM160), 0y molB_1) |00}

Tp(X™, x7|0)

On the event M,, and N,,,(#), we know that the second term in the log term of (181) can be upper
bounded by

n / ~ —~
mp(x™01), 0(_y) _ e_n[H(y,n(am,92_1))_H(y,n(9(1),9(,1))} - 6—n[Hry(9<1),9;_1))—Hry(9(1>,9(,1))]+n§1/4
Tp(x2[01y, (1)) B
<e [Hy(e(n 0(_1y)— Hw(9o,(1>79o,(71))]+n§13/8 < ené13/8,

Thus, we have on the event M,, and N,,(0)

fQ(,l)(e,(S)UW’( X701y 1))7rfp( !9 )d&’ )

7T33(Xm x“|0)

¢ T (X™[01 ,(1)) ( nlfa )d9’ D
mp(X™0 (1), 0(—1))

< (né13/8 fQ( 1) (6,0) o —nE15/8.

On the other hand, we have on the event M,, and N,,(6)

n / —~ ~
7T':P(X |0(1)7 0(_1)) _ efn|:ny7n(9(1),9{71>)7H1y7n(9(1),9(_1))] > efn[Hy(9(1)79271>)7Hg>(9(1),9(_1))] 7TL£1/4 > €_n§13/8.
mp(x0(1), 0(~1)) B N
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Thus, we have on the event M,, and N,,(0)

fQ(_l)(gﬁ) 7TfP(>~(ma Xn|9(1)7 9271))7@(9271)‘9(1))(19271)
o )
/ /
o138 Joi 00 ™ &0, 01_y)) o (0 ) 00)dO_y) S oné1/2
- W?(me 1:0(-1)) N

Therefore, on the event M,, and N,,,(6), for the positive constant 1 > 0, we know that when n is

large enough, it holds that

f Wga(im, Xn|9(1), 92_1))7@(92_1) ‘9(1))(19

Tp (XM, x|0)

(1) fQ<_1)(9,5)7TTP( |9 ) ( 1)) (9271)|9(1))d9271)
< (1+n) WgJ(Xm,Xnm)

Because Hyp(#) is continuous on O, we can define

My = sup Hp(0) — inf Hgp(6). (182)
IEG) 0eo

Then, on the event M,,, we have |R,, 3 — R}, 5| is upper bounded by

fﬂ(—n(@ﬁ) T (X, xP0(1), 0 ) )7 (0_1)10(1))dO 4,

Tp(X™, x(0)

In dx™de

/ o (0]x™) / 7 (R™]0)
Q(60,60) N (6)C
+In(1 4 1) + 75(Q(Bo, 50)°[x™) (m + n) My

The first term in the long expression above is upper bounded by

(m+n)Mg  sup  PgNp(0)°
969(60,50)

< (m + n)MH sup PG,mBm(ev 9, fl/@)c + sup PB,ij,m(97 J, ?7)E + sup PG,mem(97 0, €1/8)E
0e€Q(00,00) 0e€2(00,00) 0€2(60,00)

=o(1).

On the set M, we know that

(B0, 30)C|x2) (m + 1) My = O (ne*fon) . (183)

Therefore, by the arbitrariness of positive constant n, we know that the asymptotically essential

component of R, 3 is R}, 5 with expression

/ 7 (6]x") / p(X™0) In Joyon & X0 by oy P) By o
P P
(60,60) m(0)

Tp (XM, x1|6)
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Step 3: We first show that the term R, 5 is upper-bounded, asymptotically, by zero.

Step 3.1: We find the upper bound for the log term in the expression of R 3 when x™ € M,
0 € Q(0y, dp) and X™ € N,,,(0). By Taylor’s expansion, we have

mp (X7, X201, 0_y))
In / Z (0, \0,1))d0_
Q_1)(0,0) e (X™, %201y, 0(1)) » (0 1)’ (1)) _y)

—In / 0 =00 1250, (01059 )= 10 ~0) i O T DO ~O) e 110118,
Q_1)(6,8)

0

9’:( W ) (184)
0/
(1)

where 6 is between ¢ and 6, and

and | o
spn(0) = - ZVID mp(x¢;0), and sp ., (0) = p- Z:Vlnﬂ'(p(it; 0)
and | | o
TTW(Q) = - Z_:VQ Inmp(x¢; 0), and iym(ﬁ) = - z_: V21n Tp(Xe; 0)
Let’s define

(185)

7p(0—1)10(1)) ‘
p(6)= sup |ln
©) 0e0(00,26) | ™2(0o,(—1)[00,(1))

Because 6 € Q(6y, d) and 9271) € Q_1)(0,96) imply that 6’ € (6, 20), we know that

(XM, x01, 07 _
ln/ (-m n' %) P(0(_1)10(1))d0_)
Q1 (0,6) TP(X™, X |9(1),9(71))

<In / 0= 150, (O) s, O] =30 =0) i (O DO~ agy_ 4 107 (B, 1) 60 (1)) +
Q_1)(0.5)

It is obvious that p(-) is increasing a univariate increasing function. Then, p(d) < p(n) since § < 7.

Thus, we have

Tp (X X201, 0]
ln/ (~ 101) (1)) o000
Q 1)(96)

ﬂ-fp(xm7 Xn|0(1)7 0(71))

<In / 0= 150, (O) s O] =30 =0) i (O DN O agy_ 4 107 (G160 (1)) +
Q_1)(0.9)

where the function p(n) is defined in (185). On the event J; ,,(d,7), we have for all § € (6, do)

(O = 0)TTpn(0' = 0) > (1 =) (0 — 0)"Tp(0) (¢ — 0).
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On the event Jg,,(8,0,n), we have

(0 = ) Tp (0 = 0) > (1= n)(0' = 0)"Tp(0)(0' - 0).

Thus, it follows that

/ W(p(im,xnw“),ez_l))
In =
Q1 (0,6) T2 (X, x701), 0(_1))

mp(0(_1)10(1))d0(_y)

/ _ 1l /_ n mlI. /_
< m/ 0" =0T (055 1 (0)+msg m (0)]— 5 (1—1)(6'=0) T [y (8) +-mlp (6))(0 9)d9(_1) +In (6o (—1)100,1)) + p(0),
Q—1)(0,0)
where the function p(7) is defined in (185).

Denote
n

o= .
n-+m

Let’s consider the following identities

(0" 6)" s (6) + (1 — @)3,(6)] — (1~ )@ — )" Tn(6)(6' —0)

= ) T (0)(6 ) +

507 [@59,,(0) + (1 — )59 (0)]TIp(0) sy n(0) + (1 — a)spm(0)]

where

nlw(ﬂ)_l[asan(@ + (1 = a)spm(0)]. (186)

Therefore, we have

o (& X000 1) ,
in [ - 70 (81 1001))A0] 1) + In 5 (8o, 1)l00.1)) + p(n)
Q1) (0:5) ,R-:P(Xm’xn|6(1>’0(71)) (=1 IY(1) (-1) (=1) (1)

< m/ e EEA O =TT 000 g TR [ 0) 4 (1= )59, (0)] Tp(0) a5 (0) + (1 — a)spm (0)],
Q_1)(6,8) 2(1-mn)

where the function p(n) is defined in (185). Further, we have

/ e~ RO =TI OO -0y < / o R Can A OICE D 7
Q(,l)(e,é) Rd—1

— R (1) (0 —u) "L (0) (6'—u) g !

_ (2m)Pe(1 - ) Ip(6) 1 / (m +n)Pe/? '
= -1
R

(m + n)Pe/? po-1 (2m)Pe/2|(1 — 1) Mp(0) 1 [/2°
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Thus, we can obtain

/ e~ @ =W OO gy
Q_1y(0,9)

2
(2m)Pe/2 [detp(0) ] "/ (m +n)'/? —W(l—ﬂ)m
> (1 — n)D@/Q(m + n)D@/2 (271_)1/2‘(1 _ 77)_1VTI?<9)_1V’1/26
2
Dg—1 -~ 1/2 —
o 2m O\ [detlp(0)1]Y —Wﬂ—mw(l )
m-+n IvI1p(0)~1v|1/2

Therefore,

W?(im7xn|9(1)79271))
ln/ % Tp(0_1101))d0]_
Q0.5 (&, X0(1), 0(_1)) (0(-1)1601))d6_y)

2
Dg —1 27 1. det [IT(G)*l] m+n (921) - u(1)>
= 92 n <m—|— n) 2 VTIp(0)~1v] 2 (1=mn) vIiIp()~1v
ﬂf:‘?) [059.2(0) + (1 — )59, (0] Ip(0) [awspn(0) + (1 — )sp.m(8)]  (187)
(1) o) + () — 22 In(1 ), (158)

where p(n) is the function defined in (185).

Step 3.2: We find the upper bound for the asymptotically essential term of R ;. We take

integrations over § and X™ in (180) over each term on the right hand side of the inequality (187).

- De — 2
/ m(@\X“)/ m(im\e)f:@ L ( 21 ) dazgmag < 2o =1y ( T )
Q(00,00) Non (0) 2 m+n 2 m+n

and

_mian 1o det [Ip(0)~1] 1. det [Ip(6p)7 Y
T (0|x™ mp(X™0)=ln —————dx"d0 < - ln ——— "= +
A%%)“'>/;@?(')2|ﬂhwlv 2 NI (00) v T
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and

2
0. —u
- m+n( (1) (1)) -
o (6]x™ / mp(X™0) | — dx™déo
/9(90,50) (B]") Ny (0) (&16) 2 vIIp(0)~lv

2
0. —u
- m+n< (1) (1)> -
= T 9xn/ mp(X™|0) | — dx™deo
/ﬂ ooy ) [ o) |

2
0., —u
_ m-+n ( (1) (1)) -
- mp(0]x™ / mp(X™0) | — dx™de
/9(00,60) (61<) ()8 (&10) 2 vlIp(6)~lv

2
0. —u
~ m—+n ( (1) (1)) _
= mp(0]x" mp(X™0) | — dx™dé + o(1),
/9(90750) 7 (6l )Am P(X10) 2 VTICP(Q)_lv (1)

and recall the definition of " in (184) which implies that 921) = 0(1) and remember the definition of
u in (186), we have

n (92 = “(1))2
-m m+n \"(1 —m
/mWfP(X ‘9) - 2 VTI:P(Q)—lv dx

= _VTI‘J’(G)_l {/m W?(imW) [as‘?,n(a) + (1 - O‘)S?,m(e)] [as?,n(e) + (1 - O‘)STP,m(e)]T dim} ITP(G)_IV
x [2(m +n)"H (1 — ) Ip(0) " 'v] !
vITp(0) " {a%sp0(0)spn () + (1 — a)?Tp(0) /m} Ip(0) 'v
2(m+n)~1(1 —n)2vTIp(0)~1v
« VTI(P(9)_1S(P,n(e)SRn(Q)TI?(e)_lV l-—a
(1—mn)? 2viTp(0)~tv S 2(1-n)?

Thus,

2
9/ — U
/ 9 (6]") / 5 (X™6) —m”u—n)(“’”) dx™dg
Q(60,%0) N (0)

2 vIiIp()~1v
« VTI(p(e)*lSjpn(@)S(pn((%TIgv(e)*lV 11—«
= o (0]x™ : : do — +o(1
07 sy ™ VTLp(8) T 21— O

l—«o

Q 1
< 3 m‘f‘O(l) < —5‘1‘0(1)7
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and

/ WT(H\XH)/ (~m‘9)m7_’__n[asﬂ’,n(9) + (1 — @)$9,m(0)) Ip(0) " asp n(6) + (1 — @) s, (0)]dX™dO
Q(00,50) Nom (6) 2(1—n)

«

— n T 1-—
51— Tp(0]x™)Sp . (0) Ip(0) " Sp . (0)dO +
2(1—n) /9(90,50) (61x%) 2.0 (6) Lo 6) al0)

WDG +0( )

1 _
<_ / 7p(61X™) S (8)TTp(8) S (8)d8 + ~— Do + Do + o(1)
2(1-1n) 90,50) 2
a(De + 1) -«
<
S Ti + 5 Do + Dgn + o(1)
< 79 + (a+ Do + aDe)n + o(1).
and

~m 1 ~m
[ o [ o [lnﬂ?(% o lf0.)) + pln) — In(1 — )| dz™a
Q(90750) N"L(G)

Dg —

— Inmp (0, ylfo,0)) + p(n) — 2 In(1 — 1) + o(1),

where p(n) is defined in (185). Therefore, we know that the asymptotically essential component
(180) of the term R, 3 is upper bounded by

Do —1 n o +1 det [Ip(60)~']  De —1
2 m—+n |VTIj}>(90)_1V| 2

Do —1
+p(n) + (1 + a+ Do + aDe)p — =2——In(1 — ) + o(1),

where the function p(n) is defined in (185). Because of the fact that lim, ,o p(x) = 0 and the
arbitrariness of 7, we know that Rj, 5 defined in (173) is asymptotically upper bounded by zero.

Step 4: We then show that the difference R}, 5 is lower-bounded, asymptotically, by zero.

Step 4.1: We find the lower bound for the log term in the expression of R, 5 when x™ € M, (),
0 € Q(0p,0p) and X™ € N,,,(#). By Taylor’s expansion, we have

Tp 01y, 0 _
m/ LGOI C T (0_1)/00)) A6y,
Q) (0.6) TP(X™, X |9(1)79(71))

—In / 000 1250, (O) 1059 O] 30 ~0) i O T BN ~O) e 1013108,
Q(_1)(0,0)
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where 6 is between 6’ and 6, and

_ [ b
()
(-1)

Because 6 € Q(6y, dp) and 01 € Q(-1)(0,0) imply that 6" € Q(6o, 20), we know that

mp (X, x"(01), 6 _y)
ln/ — Tp 0/_ 0 d@l_
- (06) T2 (X, x%001), 0(-1)) (O 1P)) 0y

> ln/ 6(9/_9)T[nSry,n(O)-&-mey,m(G)}—%(9/_0)T[nip,n(é)-i-mffy,m(é)](e’—e)dezil) 4+ In 7T(p(907(_1)‘907(1)) — p(0),
Q-1)(6,6)

where the function p(n) is defined in (185). It is obvious that p(-) is increasing a univariate increasing

function. Then,
p(0) < p(n) since & <.

Thus, we have

(X", x"0(1), 60 _))
ln/ — (0, _\10,1y)dO
Q1) (0,8) TP(X™,x20(1),0(_1)) 7016046y

> ln/ 6(9’_0)T[nS(pyn(9)+m8fp’m(9)}—%(9’_0)T[n/I\fP,n(é)‘i‘m/f‘y,m(é)](e/_e)dez_l) +In7p(00,(—1)|00,1)) — P(0),
Q(_1)(0,6)

where the function p(n) is defined in (185). On the event J; ,(d,7), we have for all § € Q(6y, do)
(0" = 0) Ty, (6)(0' — 0) < (1+n)(6' — 0) Tp(0)(¢' — 0).

On the event J,,(6,0,7), we have
(6" = 6)"Tp,(6)(¢' — 8) < (1+n)(6' — 6)"Tp(0)(6' - 6).

Thus, it follows that

(X", x"0(1), 0 _))
ln/ — (0, _\10,1y)dO
Q1) (0,8) TP(E™, x20(1),0(_1)) 701606y

> ln/g; o) 6(9’_0)7"[nsg:,n(9)+msrp,m(9)}—%(14-77)(0/_0)7"[nIg>(9)+mpr(9)](9’—0)d0/_1) +1n 7['?(90,(—1)’90,(1)) — p(n),
(—=1)\Y,

where the function p(n) is defined in (185). Denote

n

n+m’
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Let’s consider the following identities

(0" 6)" s (6) + (1 — )3, (6)] — 5 (1+0)(@ — 6)"Tn(6)(6" —0)

= =50 = o T 0)(0 =)+ s 05 (0) + (1= )30, (0] To(0) s, (6) + (1 = )0, (0)
where .
v=10+ 1+ 771?(0)_ [as?,n(e) + (1 - a)s?,m(e)]'

Therefore, we have

mp(X™, x"0(1), 0 _y))
ln/ — T 0/7 0 d@’i
Q(_1)(0,0) WT(Xm,XHW(l),@(il)) :P( ( 1)’ (1)) (-1)

> 1o / e OO ) gy
Q—1)(0,0)

1 7 0520(0) + (1= )50, (O] To(0) " 5,0(6) + (1 = )s(O)] + w6 1)) — 1),

where the function p(n) is defined in (185). Further, we have

/ 6—’”TJ’”(1+n)(9’—v)T19>(9)(9/_”)(192_1)
Q(fl) (076)

— e~ T (L) (0 =) T Ip(0)(0'—v) g _ o= T (L) (0 =0) I (0)(0' —v) ¢
RPo—1 (-1 0 o (-1)
(-1)(8,9)

and

/ o= ZFE () (0'—0) TTp(0) (0'—0) g
- (1)

_171/2
_(2m)Pe/? [detTp(6) ] / (m + n)Pe/2(1 4 n)Pe/2 o= TR (A4 O o) I (0) (0 —0) g
RD@_I

= (1_|_17)D@/2(m—|—n)D@/2 (27T)D@/2 [I(p(e)_l]l/Q (-1
2
(27T)D®/2 [detpr(e)_l} 1/2 (m+n)1/2 _mT-I—n(l_Fn)w
—_— v P v
(L4 1P (m + n)Pe’2 221 + ) WTTp(0) v|1/2°
2
Dg-—1 r—u
(2w N [detlp(0)1]" —W(Hmm(l )T
m+n VTT5(0) 1v|/2 ‘ "
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Using the definition of v, we know that for any ¢’ such that 02_1) € Q_p(0, 5)C

(0 —v) Ip(0)(8" — v)
1
1+n

(0= 0)"Ip(0)(6" — 0) —

1
1+n

=0 —06-—

T
Iyw)lsy,n(e)] 15(0) [e’ 9

1 J—

A pon @ B0 sn(0)
A(s2 Aé%? 1 9

> 21+ 1) — SREEE because of Ln(007507§é5 n)

_ A1 —n)

2L+ m)?

Ip(0) "sp.,(0)

>

N =

Thus,

_ / e~ (L O T 00 ) g1
Q(71) (675)[:

v

(m+n)(1—n)
_ / e S A B @ T OO -0 g
Q_1)(0,6)°

(m+n)(1—n) m4n
S o TR / e OO0 -0 g1
RD(‘)71

2
Dg—1 _111/2 [ /—
_ _6_%@22% 27 2 [detIga(H) 1] / e_mirn(l-s-n)w(l N n)_pe;l
m—+n VI Ty (0) Lv[1/2
2
> —6_%&;22% 2m : [detIT(a) ] _;_(1+77)<‘,’1“119)@—1>\,(1+n)_D@21
- m+n VT Ip(0)~1v|1/2

where the last inequality is due to the fact that

2
(921) - u(1)> 1 VIT(0) s (0)s9,0(0) I (0) v
vITp(0)~lv (1 +1n)? vITp(0)~1v '

and

VITp(0) 159 1, (0)59.,(0) Ip(0) " 1v < swp ulIp(0) 159, ()59, (0) 15 (0) tu
vIiIp(0)~1v ~ Ju=1 u’Iy(0)~lu

= Am [1?(9)—1/23M(9)3?,,1(9)T1?(9)—1/2} < tr [1?(9)-1/23?,11(a)sm(e)ﬁ?(e)—1/2

6%

= 59,,(0) Ip(0) '55,,(0) < 112

1
because of £L,,(6o, do, 535277).
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and hence

/ e*mTM(1+7i)(9'*U)T19>(9)(9’*”)d9271)
Q(,l)(g,é)

Dg-—1

T 1y -
VTI(p(Q)*1V|1/2 X e Lp(0) (1 + 77) 2

2
D=1 12 (e
S 2\ [detIp(0)~!] —MER (14) (‘,;11;(9)1)‘, (1+77)—D7@ for large n, m.
“\m+n VI Tp(0)1v|l/2 ’ ’

2
1 Do—1 _111/2 e (ogl)ﬂt(l))
S 1767( g(filn)Qn)AJQQDeQ_l o 2 [detI(p(H) ] —man A D S
- m+n |

Therefore,

/ Wy(im,xn|9(1),92_l))
ln T n
Q1 (0,6) TP(X™, xP(01), 0(_1))

Dg — 1 21 1 [Lp(0) 7!
> 1 —In —
=7 " (m+n) tam [vIIp(0)~1v|

, 2
_m+ n(l ) (9(1) - “(U)
2 g vIiIp()~1v
m+n

S0+ [asp n(0) + (1 — a)s?,m(e)]TI?(G)*l[a35p7n(9) + (1 — a)sp m(0)]

mp(0(_110(1)) A0y

D
+ In (0o, (—1)100,(1)) — (1) — 7@ In(1 +n), (189)

where the function p(n) is defined in (185).

Step 4.2: We find the lower bound for the asymptotically essential term Ry, 5. We take integrations
over 6 and X™ over each term on the right hand side of the inequality (189).

De — 1 2
/ Tp(0]x™) / Tp(X™6) @2 In ( U > dx™de
Q(60,80) Non (0) m+n

Do —1 2T
> @2 In <m+n> 73 (60, 6) |x™)

1— sup PyN,(0)
9€Q(90,50)

Dg —1 2
= @2 ln<m+n>+o(1), due to Ay (6o, 6, &)

and

1. det [Ip(0)~!
/ p(61x™) / ro (@) L1 PO o
Q(00,90) m(0)

2 vITIp(0)~1v|
-1
> lln det [19(90) ] B
2 [vTTp(6p)~1v|

1| 7o (260, 60) ) [1 — s PPN(O)
0€92(00,60)
1. det [Ip(6o) "]
= oI g — 1 .
5 In NI (60) | n—+o(1), due to A,(,do,&0)
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and

2
0., —u
- m+n ( (1) (U) -
mp(0]x™ / mp(X™0) | — — dx™dé
/9(90,50) (O Nom (6) (&16) 2 vIiIp(0)~lv

2
/
- m+n (9(1) - “(1)) -
= T 9xn/ mp(X™|0) | — dx™dé
/9(90,50) 7(6c”) m r(&710) 2 VTIT(G)_lv

2
0, —u
~ m-+n ( (1) (1)> 5
- mp (0% / mp(X™0) | - dx™dg
/9(60,60) r(Oh<) N (6)8 P(Z710) 2 vIiTp(0)—1v

2
/
B m+n (9(1) - u(l)) -
= T 9xn/ mp(X™0) | — dx™dé + o(1),
i ooy ) [ oty | 1)

and

+ (92 )~ U<1>)2
—m m+n "¢ m
/m m(X710) | - 2 vTiIp(6)~lv dx

= VTIiP(e)il {/m WT(imW) [asﬂ),n(a) + (1 - O‘)ST,m(Q)] [asﬂ’,n(‘g) + (1 - O‘)S?,m(e)]Tdim} IT(G)ilv

x [2(m +n) " (1 +m)>TTp(0) V]
vITp(0) 7t {a%5p,(0)s9,,(0)T + (1 — @)’ Tp(0)/m} Ip(0) ~1v
2m -+ n) 11+ )T (8) v
o VTIg>(9)*1ngm(Q)Sg:’n(H)TIy(@)*lv 1—a
(1+n)? 2vTTp(0)~lv 214

Thus,

2
9, — U1
/ mp(mxn)/ p(X7]0) —Wu—n)(“’”) %™ df
Q(60,%0) m(0)

2 vIiTp(0)~1v
« VTI‘J’(G)_l‘S"J’ n(e)SfP n(e)TITP(H)_lv l-o
= o (0)x™ d d do — +0o(1
21+ 1) /Q<90,50> 7 (6hc”) VITy(0) v 21ty oW
« 11—« 1
e e > _= .
23 “aagy ToMZ g o)
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and

m-+n

n Xx™M0) ———[as —a)s T “as —a)s x™
S O [ 0) i 0) (1 @55 O] T0) s (0) + (1 = ) (04570

a l1—«
= 73 (0]x™)Sp . (0) T 15p(0) "1 Sp ,(0)d0 + ————— Dg + o(1
S5 oy OS50 15 0) 7 $0,(0)00 + 577D +of1)
o 11—«
> - 0x™)Sp ,(0) Ip(0)"1 S5, (0)d0 + ——Dg — D 1
2 ST oo ORI 0) T (0) ! 52,0(0)30 + 5 Do — Doy +-o(1)

aDe—n) 1-a Do
> Do — D 1)>—=—(D D 1).
20 +7) + 5 5 on+o(l) > 5 (Do + aDg)n + o(1)

and

~m D ~m
L ol [ () o logn) ~ ol - 52 1+ | axmas
Q(60,%0) m(0)

D
= In7p(0o,(—1)100,1)) — p(n) — 76 In(1 +n) +o(1),

where the function p(7) is defined in (185).

Therefore, we know that the asymptotically essential component (180) of the term R, 3 is lower
bounded by

Do —1 o 1. det [Ip(60)7'] Do —1
1 - In 75 (6 (116
2 <m+n> o L) v T2 T iRmloenlm)

~ p(n) ~ (Do +aDe)n — 22 In(1+1) + (1),

where the function p(n) is defined in (185). Because of the fact that lim, ,o p(x) = 0 and the

arbitrariness of 7, we know that R}, ; defined in (173) is asymptotically lower bounded by zero.

2 Disaster risk model

We first show how to derive the Euler equation, and then we show how to obtain the Fisher fragility

measure o(p, ).

2.1 The Euler Equation

The total return of market equity from ¢ to t 4+ 1 is €"™:t+1 which is unknown at ¢, and the total
interest gain of risk-free bond is e"/* which is known at . Thus, the excess log return of equity

D

is r¢y1 = ryey1 — vy The state-price density is Ay = 5]’536; 7P and the inter-temporal marginal

rate of substitution is A;y1/A; = dpe” P9+, The Euler equations for risk-free rate and the market
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equity return are

A A
1=F, [Zle”w] and e "t =, [ Z 1] : (190)

Thus, we can obtain the Euler equation for the excess log return:

A1 | At
Et |: At :| = ]Et |:/Xt€ . (191)

The left-hand side of (191) can be computed as

e’YDQ

5—713’

E, [AXFI] —F, [6_7Dgt+1] =(1- p)e—WDWr%W%J? +pé
t

and the right-hand side of (191) can be computed as

2

A1 — _ L2524 -2
E elt+1| = [, [eD9t+117e41] — (1 — ple Yo u+n+5 (o’ +7°—2yppoT)
t|: t[ ] ( D) +p§§+b_7D

t

Thus, the Euler equation (191) can be rewritten as
(1 = p)eontibet [ertirt oo ] = pace), (192)

Where
<2 b
e'YD,U e?2 ( D )2

AO =l e, T

Using the Taylor expansion, we have the following approximation:

1
3T =IDPoT n+ 57-2 — YppOT. (193)

Combining (192) and the approximation in (193), we have finished proving the approximated Euler

equation in the main text.

2.2 Fisher fragility measure

The joint probability density for rare disasters (z,v) in the baseline model is

fo(z,0lp, &) = p*(1 = p)' 76(0)' 7 [1{v > v}€exp {~E(v —v)}]* . (194)
where §(+) is the dirac delta function. The Fisher information matrix is

1

——— 0
Ip(p,§) = p(lo—p) p |- (195)
62
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Next, the probability density function fq(z,v,r,u|f) for the structural model is

fQ(Z,U,T,UlG, ¢) = pz(l _p>1—2

L L Tw=p?  (r=n6.6)* 20— —n0.6)N\]
leexp{_Q(l_PQ)[ =R T2 - oT }}]

x [m > v} exp {~€(0 - 1)} S ex {—21 (r— W}] L{n(0,0) > 1", > 0}

where

2
.
n(0,¢) = yppor — 5t In

V302 e1DY 1o elmm—bz p
1 4 PHE— "3 —e2¢ . 196
‘ 5(6—% Tt 1-p (196)

We can derive the simple intuitive closed-form approximation for the fragility measure, if we consider

the approximated Euler equation. More precisely, we consider the following approximation:

72 1302 e DY L o el—b P
0,¢) = yppoT — — +ePH 2 —ez* ; 197
n(0,9) = yop 5 3 P o I g (197)

Then, we can express the Fisher information for (p, &) under the full structural model as

1 A(§)2 e2n—rHo’ » e2Dh—Ho’

Io(p, &) ~ -0 (1 p2)Z22 1-p° (-7 ( ) A(g)A(i) o
_p2 2 elei_WD; A©AE) L+ 6@2) 26271)#—7%021%
(1—=p7)" (1-p) ¢ (1 o )7_ -
where
A(§) =¢ et e +Hop b o)
R W T A s
and A(€) is the first derivative of A(€),
. DY (yp—b)v _ ,
A(§) = - ¢ e —b) 2 (200)

€ P (€ +D?

The worst-case Fisher fragility is the largest eigenvalue of the matrix Ilp(Ipg ) = To(0o)'/*Ip(0p) ' Tg(6o) /2.
Important for simplifying the calculation, it is also the largest eigenvalue of Ip(8y) =121 (6o)Ip(6p) /2.
In this case, the eigenvalues and eigenvectors are available in closed form. This gives us the formula
for o(p, &) and o'(p,€). The minimum Fisher fragility in this case is 1, which is obtained in the

direction along the deterministic cross-equation restriction.

2.3 Posteriors

Next, we construct the posteriors of the parameters 6 = (p,£) under the baseline model and the

structural model. We appeal to the Jeffreys prior for (p,£) under the model without asset pricing
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constraint as the econometrician’s prior. The structural parameter 4, has an independent prior
m(vp). The prior for v, can be delta distributions or the uniform priors. Given the likelihood
function in (194), the parameters are mutually independent under the Jeffreys prior and their

probability density functions (PDFs) are explicitly specified in Table 1.

Table 1: Independent Jeffreys/Reference priors for parameters

Parameters Prior PDF (up to a constant)

P p 21— p)~/2
13 I )

The constrained likelihood function is “nonstandard” when we impose equality and inequality
constraints on the parameters. Given the independent reference priors specified in Table 1 and the
“nonstandard” likelihood function, not only the analytical form of the posterior density function
becomes inaccessible, but also the traditional Monte Carlo methods designed to draw i.i.d. samples
from the posterior become inefficient. For simulations of posterior based on a “nonstandard”
likelihood function, one of the general methods is the Approximate Bayesian Computation (ABC)
method.® One issue concerning with applying the conventional ABC method to our disaster risk
model is the lack of efficiency when the priors are flat. Given the specific structure of our problem,
we propose a tilted ABC method to boost the speed of our simulation. The details of the procedure

are in Appendix 2.4.

2.4 ABC Method and Implementation

Given the special structure of our problem, we propose a tilted ABC method in the hope of boosting
the speed of our simulation. The algorithm described here is for the case of joint estimation with
the risk aversion coefficient ~v,. We illustrate the case where 7, has the prior (). The algorithm

can be adapted easily for the special case where the value of =, is fixed (i.e. delta prior for vp).

The posterior for (p,&,vp) under the baseline model satisfies

p,&, 7 | T, 8,2 ~ Beta (p|0.5 +n — Ky, 0.5+ Ky) (201)
® Gamma (f\n — Kn, Z 2t(gr — v)>
t=1
®7r(7D>7

SFor general introduction to the ABC method, see Blum (2010) and Fearnhead and Prangle (2012), among others.
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where

n

zy = (g¢,71)7 ,un—zlfzt%/zlfzt HnZZ(lfzt)v Vp = Kp — 1,
t—1

t=1

Z L= z)(@ — pin) (e — )"y s = 2(re — bgr)”
1 t=1

Define . "
g= Z(l — 2t)gt/kn, and T = Z(l — 2Tt/ K.
t=1

t=1

The posterior for (p,&,vp) under the structural model satisfies:

7TQ<]3, 57 ,YD’gn, I,n’ Zn) x pnfnn+1/271(1 o p>nn+1/271 (202)

X Lgonp) €™ L exp { 52 z(—gr—v }
t=1

_/17’;2)72 [n(p,&%) —T - pg(u —g)]z}

—1q _ 2y—1/2 _
T (1= p%) xexp{ 2

X 1{n(p,£ma)>g*} X (V).

Then, the posterior distribution will not change if we view the model in a different way as
follows:
_ T, *
PN (0P, 6) + o= (@ = 0), 71— p%) where n(p, &) > ',
with priors

o ~ 7'(-(’)/D)v
p ~ Beta(n — K, +1/2, K, + 1/2),
n
& ~ Gamma <§|n — Kn, Zzt(gt - ), > ’YD> .
t=1

The tilted ABC method is implemented as follows.

Algorithm We illustrate the algorithm for simulating samples from the posterior (202) based
ABC method. We choose the threshold in ABC algorithm as ¢ = 7/n/100, where 7 is the sample
standard deviation of the observations 71, -+ ,7,. Our tilted ABC algorithm can be summarized as

follows:
For stepi=1,--- ,N:

Repeat the following simulations and calculations:
(1) simulate 4p ~ 7(Vp),
(2) simulate p ~ Beta(n — kp, +1/2, K, +1/2),
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Figure 1: The 95% Bayesian confidence regions for (p,&). In the left panel, the posterior under the
structural model (i.e. constrained posterior) sets v, = 3. In the right panel, the posterior under the
structural model sets v, = 24. Both are compared with the posterior under the baseline model (i.e.
unconstrained posterior).

(3) simulate §~~ Gamma (§|n — Kp, Y 1y 2e(gt — v)),
(4) calculate 7j = 7(0, ) with

é: (ﬁag) and 'l;:'YDa
(5) simulate 7 ~ N <ﬁ +pL(g— p). 721 - ,32)),

Until (i) |7 — 7| < € and (ii) 7 > n*, we record

Set i =7+ 1, if i < N; end the loop, if i = N.

Using this algorithm, we shall get simulated samples (), .- 8(N) from the posterior (202).

2.5 Results

Now, we show some examples of posteriors for (p,§) when v has delta priors. In Figure 1 we
illustrate their differences by plotting the 95% Bayesian confidence regions for (p, ) according to
the two posteriors. The 95% Bayesian region for (p,£) under the baseline posterior distribution is
similar to the 95% confidence region for (p,{) under the baseline model.

The shape of the 95% Bayesian region for the constrained posterior depends on the coefficient of
relative risk aversion 7. When = is high (e.g, v = 24), the constrained posterior is largely similar to
the unconstrained posterior (see Panel B), except that it assigns lower weight to the lower right

region, because these relatively frequent and large disasters are inconsistent with the equity premium
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constraint. For a lower level of risk aversion, v = 3, the constrained posterior is drastically different.
The only parameter configurations consistent with the equity premium constraint are those with

large average disaster size, with £ close to its lower limit ~.

3 Long-run Risk Model: Solutions and Moment Conditions

3.1 The Model Solution

We consider a long-run risk model similar to Bansal and Yaron (2004) and Bansal, Kiku, and
Yaron (2012). The log growth rate of aggregate consumption Ac;, the long-run risk component in

consumption growth x;, and stochastic volatility o, follow the joint processes

Acii1 = e + Tt + eyt (203a)
i1l = PT + PrO€p 41 (203b)
G =0 +v(6] — F°) + Tweori (203c)
oty = max(a?, 5741), (203d)

where the shocks €., €+, and €;; are i.i.d. standard normal variables and they are mutually
independent. Similar to Bansal and Yaron (2004) and Bansal, Kiku, and Yaron (2012), we adopt
the local approximation method to linearize the model and hence the solution. In the local-linear

approximation system, it is fair to assume that O'tg = 5?.

The preference of the representative agent is assumed to be Epstein-Zin-Weil preference:

1—~

Vi=|(1-0.)C, 7 +6, (Et [V;L?LDé] o (204)

where ¥ = (1 —4)/(1 — ¢ '). Define the wealth process and the gross return on consumption
claims:

Wt+1 - (Wt - Ot)Rc,t—i—l- (205)

Therefore, the stochastic discount factor (SDF) can be expressed as follows:

Cit1 > —O/L R

Mgy = 6! < c, Ctt1° (206)

The log SDF can be written as

¥
me+1 = 7910g 5L — JACH‘l 4 (19 — 1)rc,t+1‘ (207)
L

The state variables in long-run risk models are (4, 07). The log consumption growth rate Acyq

can be expressed in terms of x; and atQ . In contrast, the dependence of r. ;1 on the state variables
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are endogenous. To turn the system into an affine model, we first exploit the Campbell-Shiller

log-linearization approximation:
Tetrl = Ko + K12e41 + Acip1 — 2, (208)

where z; = log(W,;/C}) is log wealth-consumption ratio where wealth is the price of consumption

claims. The log-linearization constants are determined by long-run steady state:

ko = log(1l + €*) — k1Z (209)
oF

_ _ 210

ME e (210)

where Z is the mean of the log price-consumption ratio.

Given the log-linearization approximation (208 — 210), we can search the equilibrium characterized
by
z = Ao + A1y + Ao}, (211)

where the constants Ag, A1 and As are to be determined by the equilibrium conditions.

Thus, the log return on consumption claim can be written as
Tet+l = Ko + K1 (Ao + Ayxpg + A20t2+1) + Acpy1 — (Ao 4+ Az + AQO’?) . (212)
Therefore, the log SDF can be re-written in terms of state variables and exogenous shocks
mit1 = Lo + D12 + D207 — AeOrecitl — Ae0tPa€att1 — AoTweoti, (213)
where predictive coefficients are

1
Lo = log &, — 7 e — S0 —1) (k1Ag0)? (214)

Iy= -~ (215)

2
Ty = (0 = 1)(k1v — 1) Ay = ém D ) |1+ (f"_ip) ] (216)

and the market price of risk coefficients are

Ae = T (217)
RN Ee (218)
2
— (m — gy M 1Pz
M=—n—1) (- 50— rr) [1 + (1 — mp) ] (219)

It can be seen that as p or v approaches to unit, the risk premium goes to infinity. The coefficients
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A;’s are determined by equilibrium condition (i.e. Euler Equation for price of consumption claim —

pure intertemporal first-order condition of consumption decision), which is
1= E¢ [My1Re 1] = By [ Frert] (220)

It leads to the equilibrium conditions:

. 9
Ag= [log Ot s+ (1= ") e+ m1do(1 = )o? + 5 (k1 Azos)? (221)
— Rl
1—yp!
PR Sl 222
= (222)
(1 — 1)(1 — ) k1a \’
Ay = — 1 22
2 2(1 — k) 1= K1p 22

The long-run mean 7 is also determined endogenously in the equilibrium. More precisely, given
all parameters fixed, we have A; = A;(Z) in Equations (221 — 223) because ko and k1 are functions

of Z. In the long-run steady state, we have
Z = Ag(2) + Ax(2)72. (224)

Thus, in the equilibrium, the long-run mean Z is a function of all parameters in the model, according

to (224) and Implicit Function Theorem,

EZE(HC7P7SDZ‘)E27V70U))”')' (225)

And hence, we can also solve out kg and k; based on (225) as follows, whose explicit forms are

usually not available

RO = KO(H&ﬂ) 30x7527 VyOuw,y "+ ) and R1 = K-/l(uc’p’ ¢$5527V7 Ow,y ) (226)

The gradients k¢ and k; with respect to the parameters, such as p and v, can be calculated using
Implicit Function Theorem in (224).

Given the pricing kernel in the equilibrium, we can price assets. We specify the joint distribution of
the exogenous state variables and the log dividend growth Ad;, these joint distributional assumptions
are part of the structural component of the model. More precisely, we assume that the log dividend
growth process is

Adir1 = piqg + GaTt + Pd.cOt€ct+1 + Pd.dOtEd+1- (227)

Market Return. Using the Campbell-Shiller decomposition and linearization, we can represent

the return in terms of log price-dividend ratio and log dividend growth:
Tmt+l = Km0 + Km,12m,t+1 T Adt—',—l — Zm,t, (228)
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where

/“ﬂm70 = log(l + ez'm) — ,‘melzm (229)

and B
" 230
Km,1 = Ty (230)

and Zz,, is long-run mean of market log price-dividend ratio. We search for the equilibrium where

the log market price-dividend ratio is a linear function of the states:
Zmt = Am,O + Am,lift + Am,20t27 (231)

where the constants Ay, 9, Ap,1 and Ay, 2 are to be determined by equilibrium condition (i.e. Euler

equation for market returns). Thus, we have

Tm,t+1 — K¢ [rm,t—l—l] = Pd,cOt€ct+1 + Hm,lAm,IWmUtfm,t+l

+ Em,1 Am 200west+1 + Pd,d0t€d t+1, (232)

where
E; [Tm,tJrl] = ld + Km0 + (’{m,l - 1)Am,0 + ”m,lAm,Z(l - V)E2 (233)
+ [Qi)d + (’im,lp - 1)Am,1] Tt + ("Qm,ly - 1)Am,20't2' (234)

Plugging the equation above into the Euler Equation

1=E, [emt+1+rm,t+1] , (235)
we can derive the coefficients
1 1 1
Apo = |To+ fmo + pta + =054 + kma1Ama(l — )72 + = (km1Ama — Aw)’02
1 —Kma 2 @ 2
ba—Up !
Apl = —-——— 236
m,1 1— Klm,lp ( )
and . )
Apo=7——— |2+ - (@?ld + (@d,c - )‘0)2 + (“m,lAm,l% - Ax)2) (237)
1—kmv 2 ’

In sum, according to (232), the market return can be re-written as the following beta representation

for the priced aggregate shocks:

Tmyt+1 — Bt [Pmt+1] = Beot€cir1 + Bat€r i1 + BoOwee i1 + Pdd0t€d t+1- (238)
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where the betas are
Be = Pd,c» Bz = Rm,lAm,lQO:ca and S, = Hm,lAm,Q (239)

Excess Market Return and Equity Premium. The Euler Equations for market return and

riskfree rate can be written in one equation
E, [e™+] = E, [emtﬂﬂfmm} . (240)
The risk premium is given by the beta pricing rule:
Ex [rinin] = Moo+ Ae0?Be + Moo — 2071 (2141)
where o} , = Blo} + flo} + B0, + 05407 (242)
Similarly, the long-run mean of log market price-dividend ratio is

Zm = Amo(Zm) + Apm2(Zm)7. (243)

Based on (238), the excess log return of market portfolio Trt+1 = Tmyt+1 — g has the following

expression:
T$n7t+1 — K [T’fn,tﬂ] = Beotecti1 + Beot€r iyl + BoOweetr1 + Pd,dot€d t41- (244)
In sum, the equilibrium excess return follows the dynamics:
Tfn,tﬂ = Mi,t + Beotecir1 + BeOt€r it + BoOweott1 + Pd,doted 141, (245)

where 7, = AeBeO? 4+ Xe P02 + Ao Br02, —% <Bczatz + B202 + B202 + gpidcr?). To avoid the stochastic
singularity, we assume that the underlying marginal distribution of (Act1, 2, 02, Ads11), denoted
by Q, has some features not captured by the structural model Q. More precisely, we assume that

the excess log return’s true distribution is characterized by

Trntt1 = Mg + BeOtecti1 + Buotrti1 + BoOweo 1 + Pd,d0ted+1 + Protertit, (246)

which augments (245) by a normal shock ¢,0¢€p141.

3.2 Calibrations: Simulated and Empirical Moments

The benchmark parametrization (Model 1) follows Bansal, Kiku, and Yaron (2012) and is summarized
in Table 2. As Bansal, Kiku, and Yaron (2012) (Table 2, p. 194) show, the simulated first and

second moments match the set of key asset pricing moments in the data reasonably well. The same
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is true for the alternative parametrization (Model 2) in Table 2. The alternative parametrization

(Model 2) has v = 0.98 and 7, = 27 with other parameters unchanged. The simulated moments and

sample moments are listed in Table 3. The sample moments are based annual data from 1930 to

2008, and the simulated moments are 80-year annual data aggregated from monthly simulated data.

Table 2: Parameters of the Long-Run Risk Models

Preferences
Consumption
Dividends

Returns

Model 1

L wL

0.9989 10 1.5
P Pz o
0.0015 0.975 0.038 0.0072 0.999 28e—6

®d Pd,c Pd,d
0.0015 2.5 2.6

5.96

v

Ow

Note: The long-run model 2 (Model 2) has v = 0.98 and v, = 27, with other parameters unchanged
relative to the long-run risk model 1 with benchmark parametrization (Model 1) above.

Table 3: Simulated and Sample Moments.

Data Model 1 Model 2
Moment Estimate 5%  Median  95% 5%  Median  95%
E [rar — 7] 7.09 2.33 5.88 10.58 3.65 6.78 10.05
E [TM} 7.66 2.91 6.66 11.20 4.42 7.75 11.20
o (rar) 20.28 12.10 20.99 29.11 15.01 17.55 20.33
E [r] 0.57 020 077 145 047 096 146
o (T‘f 2.86 0.64 1.07 1.62 0.73 0.94 1.23
Elp—d] 3.36 2.69 2.99 3.30 2.77 2.81 2.85
o(p—d) 0.45 0.13 0.18 0.28 0.09 0.11 0.13
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3.3 Generalized Methods of Moments

The likelihood function of the baseline statistical model Py, can be seen clearly when re-arrange

the terms

Aciy1 — e — T4

= €ct+1 (247&)
gt
THL TP (247b)
e
2 =2 2 =2
g — 0 — V(Oy — O
( t+1 ) ( t ) — Eg’t+1 (247C)

Ow
where €4, €, and €, are i.i.d. standard normal variables and they are mutually independent. The
dividend growth process is

Adir1 = pa + ¢ati + Pdae (Acir1 — fre — T¢) + Pd,dOt€d 1+1- (248)

We consider the GMM where the moments functions are identical to the score functions of the
likelihood function. Denote the set of moment functions to be gp(Acy1, Tp i1, x4, a§+1, af, Adyy1;6).

More precisely, gp(Acti1, Tir1, Tt, 02 1 02, Ady11;0) includes ten moment conditions. The moment

conditions that only involve Acyy1, 7y, and o? are the following six moment conditions:

T-1

1 Acii1 — pe — T4
0—
T-1 Z at2
t=1
T-1
0 1 (Ter1 — pae)ay
T-1%  ¢io}
T-1
1o 1 (241 — pry)?
T-14 p2o?
T—1
1 T o ) (et -] (0 -7
T-1 o2
t=1
T-1 2
1= 1 [(UfH —52) —v(of — 02)]
- _ 2
T-1 P o
T-1 _
0= 1 (Jt2+1—0')—1/(02—0'2)
T-1 o2,
t=1

The six moment conditions above captures the distribution characterized by (247a — 247c). The

joint distribution of fundamental variables (Acgy1,2¢,07) and dividend growth Ad,; is captured
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by the following four additional moment conditions:

T-1

0= 1 Z Adiy1 — pta — Paxs — Pac(Acip1 — pre — xt)
T-1 p wfhdaf
T—1
0— 1 Z zy [Adiy1 — pa — ¢t — Pd,c(Acii1 — pe — 2¢)]
T-1 = @37d02
T—1
0— 1 Z (Aciy1 — pe — ) [Adiy1 — pta — Ga®t — Pac(Aciy1 — pe — x4)]
T—-1 — @37610152
T—1
1ot Z [Adi1 — pa — $azt — Pac(Aceit — pie — )]
T-1 p 903,d0t2

In the long-run risk model, the major focus is to understand the stock excess return’s dynamics
explained by the consumption process and dividend process specified in (247a — 247¢) and (248).
The joint distribution of the excess log return 77, ,,, and the consumption and dividend variables

can be seen clearly from the following formula:

Proterip1 = T — Mo — (Be — Pde) (At — pe — 1) — %W
— B [0741 — vO7] — (Adir1 — pa — Gawr) (249)
where 67 = 07 — 52 and
b= M0} + AP Ml — L (07 + Bt 4 Rd + acd). (250
Because (. = @q.c, (249) can be rewritten as
PrOt€rt+1 = Tyl — My — B, P g, (67,1 —vo7] — (Adyyr — pg — paze) . (251)

xT

We choose the over-identification moment constraints go(Acti1, Tt i1, Tt, 07 1 o2, Adyy 1, Trnt413 0s )
to include the score functions of the conditional likelihood of 77, ,; above. Thus, the moment
conditions for the optimal GMM setup to assess the fragility of the benchmark version of long-run

risk model are

2 2 .
gp(Acty1, Tey1, T, 0y 1, 07, Adyy130)

2 2 e . _
9o(Acty1, Tuy1, T, 041,07, 1541, Adeg1;0,9) = | 5 o .
gQ(Act-i-h Tt41, Lt Ut+17 Oy, Adt-‘rlv Tm7t+17 97 w)

Intuitively, the over-identification moment conditions imposed by the long-run risk model on the
dynamic parameter 6 is through the cross-equation restrictions on the beta coefficients 3., 5, B, and
the pricing coefficients A;, Az, \,. Because the shocks €. 11, €z 141, €5,1+1, and €, ;41 are mutually
independent, the GMM setup is actually first-order asymptotically equivalent to the MLE for
the joint distribution of (ACt+1,xt,U?,Adt+1,'ffn7t+1). It should be noted that the whole joint

83



distribution of the variables, including (Acsi1, x¢, 02, Adyi1, Tim.t+1) and many other variables such
as price-dividend ratios, may have more stochastic singularities and many features that are not the
targets of the long-run risk model to explain at the first place. Following the spirits of GMM-based
estimation and hypothesis testing for structural models, we focus on the moments targeted by the

particular long-run risk model.

The analytical formulas of the over-identification moment conditions are quite complicated,
since how the beta coeflicients and market price of risk coefficients depend on model parameters in
equilibrium is extremely complicated for the long-run risk model. We ignore the formulas here and,
in fact, we calculate them numerically in obtaining the fragility measures. Moreover, we compute
the Fisher Information matrices for the moments in gp and gg based on simulated stationary time

series using the Monte Carlo method.

4 Information-Theoretic Interpretation for Model Fragility Based
on Chernoff Rates

Chernoff Information. Our Fisher fragility measures are based on the information matrices
from the baseline model and the full structural model. We show that by comparing the information
matrices, the Fisher fragility measure quantifies the informativeness of the cross-equation restrictions

in the structural model under the Chernoff information metric.

We start by introducing the concept of Chernoff information. Chernoff information gives the
asymptotic geometric rate (Chernoff rate) at which the detection error probability (the weighted
average of the error probabilities in selection between two alternative models) decays as the sample
size increases. Intuitively, Chernoff information measures the difficulty of discriminating among

alternative models.”

Consider a model with density p(x|6p) and an alternative model with density p(z|@). Assume
the densities are absolutely continuous relative to each other. The Chernoff information between

the two models is defined as (see, e.g., Cover and Thomas (1991)):

C*(p(al9) : p(alfo)) = —In min / p(a/60)°p(a16)'~“da (252)
a€l0,1] Sy

The cross-equation restrictions imposed by the structural model increase efficiency of parameter
estimation, which makes it is easier to distinguish model mq(x™,y"|6y) from local alternatives,
mo(x™, y™|00 + n*%u) (u is a vector), compared to distinguishing 7p(x™[6y) from 7p(x™[0y + n*%u)
Informativeness of cross-equation restrictions for discrimination between alternative models can be
captured asymptotically by the ratio of two Chernoff rates, computed with and without imposing the
cross-equation restrictions. The following proposition connects such ratio to the asymptotic fragility

measure 94(0p), and then the one-dimensional case as a corollary will be presented afterwards.

" Anderson, Hansen, and Sargent (2003) use Chernoff rate to motivate a measure of model mis-specification in their
analysis of robust decision making.
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Proposition 23. Assume the regularity conditions in Section 1.4 hold. Then, there exist Dg

linearly independent Deg—dimensional vectors uq,--- ,upg such that
L C*(ma(x™, y?|0y,) @ ma(x™, y™|60))
9 lim d e ’ , 253
o(fo) = Hoo; C (mp (0 ) = 7o (x2[00)) (253)

where 0, = 0y + n_%ui and n is the sample size.

Proof of Proposition 23. In the proof, we consider a mathematically more general case where
the matrix v for ¢V (6p) is not necessarily a Dg x Dg identity matrix. We assume that v is a full-rank

Dy x Dg matrix with 1 < Dy, < Dg. We can show that there exists a system of orthonormal basis

[01,- -+ ,0p,] of the linear space spanned by the column vectors of Io(6y)~/?v such that
Dy Dy .7 N
~ _ - ol | ((90) V;
V(0o) =S 5T Tg(00) Y 2 Ip(00) Mo (0p) 20 = S 00 B 254
(0 = 0 Tal00) Iy (00) " Tol) 0 = 3 _ Ty 15 (254)

where o; = Ig(09)Y/?%;. Because Ig(6p)'/?Tp(0p) '1g(fy)'/? has exactly the same eigenvalues as
Ip(6)~ Y/ ?1g(60)Ip(00)~'/2, there exist unit vectors iy, - - - ,ip, such that

51 To(0) 1 (00) " 1g(00)/20; = @l Tp(00) ™ /%1 (00)Ip(00) "V @. (255)

Define u; = I'y(eo)71/2111'/‘13)(90)71/21]1'|, we have

Dy

ul'To (6
Z AT (0o (256)
Now, let’s consider the Chernoff rates for the “perturbed” parameters
Ou;, = 00 + n~2y;, fori=1,---,Dy.
First, we have the following identity
/ [ (™ |60)] 1 [p (x™[6,)]* ™ = / p (50 )M T O8Im0 gy (957)

According to Lemma 7.6 in van der Vaart (1998), we know that the condition of differentiability
in quadratic mean holds for density functions in our case. Then, the Local Asymptotic Normality
(LAN) condition holds, i.e.,

In mp(x"(6,,) — In 7'[‘(})(an90)

1
[\F Z 50 In 7 ( xt,eo)] — iu?IT(Qg)ui + R, (258)
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where IEg>0|Rn\2 — 0 because of the Assumption F. Under the regularity conditions, the following

CLT holds, according to Theorem 2.4 of White and Domowitz (1984),

1 0
NG Z 50 In 7p(x¢; 00) ~ N (0,Ip(6p)) -
t=1

Define the Moment Generating Function (MGF) of In 7p(x™|6,,) — Inmp(x™[6)):

Mn(a) = Eﬂ’o {ea[lnﬂfy(xnleui)—lnﬂ'(p(xn‘eo)]}

_ip _ Tl L5 0y g (x40
_ —abul IP(QO)MZETPO {eoauZ [ﬁ 22i=1 pp Imme(xt; 0)] + en(a),

where €,(a) = o(1) for each a € [0,1]. Therefore, as n goes large,
My (o, u;) — emzol=apuTp(@o)ui v ¢ ¢ [0,1].
We denote the Cumulant Generating Function (CGF) as

Ap (o, u;) = In My (o, wy;).

(259)

(260)

The CGF A, (a,u;) is convex in . Because the pointwise convergence for a sequence of convex

functions implies their uniform convergence to a convex function(see e.g., Rockafellar, 1970), we

know that 1
A (o, u;) — —504(1 — a)ul Tp(6p)u;.

(261)

Based on the definition of Chernoff information in (252) and the identity in (257), we know that

C* (mp(x"0u;) + mo(x"60))

= max —ln/[ﬂf})(xn|90)]a [ (x20,,)]~* dx™
a€(0,1]

1 1
= max —Ap (o, 1) = max —a(l — a)ul Ip(6p)u; = guiTpr(Ho)ui.

ael0,1] a€l0,1]

(262)

In Equation (262) above, the convergence of maxima of —A,(a, ;) to the maximum of %a(l -

@)ulI(0p)u; is guaranteed by the uniform convergence of A, (a, u;).

Similarly, we can show that

* n n n n 1
C* (ma(x™,¥™0u;) : ma(x™,y™00)) = =ui Io(fo)u; + o(1).
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Therefore, we have

i CTma(®, y™10n,) = ma(x",y"160)) _ 5ui To(Bo)us _ ujTa(B)u;
nooo C¥(mp(xP|0y;) : mo(x"6h)) sul Ip(Bo)u;  u Tp(Bo)u;

Combining with (256), we obtain

Dy - o
0Y(6p) = lim C*(mo(x™, y"[0u,) @ ma(x,y"[00))

n—oo i~ O*(mp(x"|0y,) : mo(x(60))

(264)

Corollary 6. Assume the regularity conditions in Section 1.4 hold. Suppose Dg = 1, then for any
v € R it holds that C* (o (x™, y™[6,) (x, y™(60))
. T X, Y |Uy) ¢ mo(XT,Y 0o
fp) = lim )
Q( 0) n—o00 C*(W?(anq;) : W?(ano))

(265)

where 0, = 0y + n~3v and n is the sample size.

Proof of Proposition 6. For the scalar case, it has the following convenient equality:

vIIp(0p) v TIp(Bp)™'  Ta(6g)  vTIg(fo)v

o) = Ly (B0) o~ To() T Ip(B) ~ oTIs(6o)0 (266)

The the rest of the derivations are the same as the proof of Proposition 23.

Detection Error Probability. This subsection is mainly based on Section 12.9 in Cover and
Thomas (1991). Assume Xi,---, X, i.i.d. ~ Q. We have two hypothesis or classes: Q = P; with

prior m and @ = P, with prior 9. The overall probability of error (detection error probability) is
P =mE™ 4 B,

where Efn) is the error probability when @ = P, and Eén) is the error probability when @ = Ps.

Define the best achievable exponent in the detection error probability is

1
D* = lim min ——logy Pe("), where A, is the acceptance region.
n—oo A, eXn n

The Chernoff’s Theorem shows that D* = C*(P; : P»). More precisely, Chernoff’s Theorem states

that the best achievable exponent in the detection error probability is D*, where

D* = Dgp(Py~

P1) = Dip(Por|| ),

with
P (x) P} ()

" Jy PO () P () da

P
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and o™ is the value of o such that
DKL(POC*H‘Pl) = DKL(Pa*HPQ) = C*(Pl : PQ)

According to the Chernoff’s Theorem, intuitively, the best achievable exponent in the detection

error probability is

Pe(n) - 7_r12_nDKL(PO(*||P1) i 71_22—nDKL(Pa*HP2) _ 9—nC*(Py:P3). (267)
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