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Abstract
We propose a new quantitative measure of model fragility, based on the
tendency of a model to over-fit the data in sample. Structural economic models
are fragile when the cross-equation restrictions they impose on the baseline
model appear excessively informative about model parameters that are otherwise
difficult to estimate. Our measure is analytically tractable and helps identify
main sources of model fragility. As an application, we diagnose fragility in asset
pricing models with rare disasters and long-run consumption risk.
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Introduction

When building and evaluating a quantitative economic model, we care about how the
model performs out of sample in addition to how well it fits the data in sample. Too
much emphasis on in-sample fit favors models with excessive degrees of freedom. The
common concern is that such models are fragile, meaning that they tend to over-fit
the data in-sample, at the expense of poor out-of-sample performance. Such tendency
towards in-sample over-fitting also makes it difficult to reject potentially mis-specified
fragile models in standard statistical tests. In this paper, we develop a quantitative
measure of model fragility.
Our fragility measure is a model property. It evaluates a structural model relative
to a corresponding baseline sub-model. Specifically, we start with a baseline model
describing the dynamics of variables xt using the parameter vector θ. The structural
model then describes the joint dynamics of variables x and potentially additional
variables y, and typically adds more parameters. In economic applications, the
structural model would typically add cross-equation restrictions implied by economic
theory.
As an example, consider a representative-agent endowment economy, with the
baseline model describing the joint dynamics of the endowment and dividends of
financial assets (x), parameterized by θ. A structural model adds assumptions on
investors’ behavior, which put restrictions on the joint dynamics of the endowment,
dividends, and also asset prices (y).
Our fragility measure compares the asymptotic precision of inference about θ
using the structural model relative to using the baseline model. This isolates the
extra information provided by the structural model restrictions. In the context of our
example, such restrictions connect asset prices to the dividends and the aggregate
endowment. Mathematically, our fragility measure compares the inverse GMM Fisher
information matrices for the baseline model and the full structural model. We therefore
refer to it as the Fisher fragility measure.
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Our Fisher fragility measure is connected to a standard measure of statistical
over-fitting tendency, due to Spiegelhalter, Best, Carlin, and van der Linde (2002)
(henceforth referred to as SBCL), which we extend to our setting. Specifically, we
assume that the distributional properties of the model are summarized by a set of
moments. For any value of the parameter vector θ, we use the GMM J-distance,
b x, y), as the measure of model’s in-sample fit given the observations (x, y) for
J(θ;
certain parameter value θ. Denoting θ̂(x, y) as the GMM estimate of the parameter
vector and θ0 as the true parameter value, we then extend the definition of SBCL
and use the gap between the J-distances of the true model and the fitted model,
b 0 ; x, y) − J(
b θ̂(x, y); x, y), as a measure of the degree of over-fitting by the estimated
J(θ
b 0 ; x, y) cannot be lower than the fitted value J(
b θ̂(x, y); x, y), which is chosen
model. J(θ
to minimize the J-distance in sample. In comparison to the original formulation in
SBCL, our over-fitting measure focuses on a particular set of moment conditions,
without requiring a full specification of the likelihood function of the structural model.
Feasible implementations of the over-fitting measure prescribe averaging the degree
of over-fitting over a set of possible true models. The exact specification of the
alternative model weighting must be chosen depending on the context, and determines
the interpretation and the scope of usefulness of the over-fitting tendency measure. In
our analysis, we use the posterior distribution for θ implied by the baseline model,
π(θ|x), as the distribution over the alternative models. With this choice, we measure
the over-fitting tendency of the cross-equation restrictions added by the structural
model, treating the baseline model as reliable.
As we show in Theorem 1 below, the Fisher fragility measure is equal to the mean
of the asymptotic distribution of the over-fitting tendency measure. We show how
to decompose our Fisher fragility measure as the sum of one-dimensional fragility
measures, each defined along one of the mutually orthogonal one-dimensional linear
subspaces of the parameter space. Each one-dimensional subspace corresponds to a
particular linear combination of parameters, vθ. When restricted to such a subspace,
the fragility measure corresponds to the amount of extra data needed to lower the
2

asymptotic variance of the estimator of vθ under the baseline model to the level of
asymptotic variance under the full structural model (without extra data). Moreover,
we show that the value of the highest one-dimensional fragility measure captures the
likelihood of instances of extreme over-fitting by the structural model.
Our assessment of model fragility can be viewed as a formal version of sensitivity
analysis. Intuitively, a model is considered fragile if its key implications are excessively
sensitive to small perturbations of model parameters. In practical applications, one
must specify the relevant perturbations and define “excessive sensitivity.” These
problems are exacerbated in multivariate settings, where to assess the full extent of
model fragility one must consider simultaneous perturbations of multiple parameters.
Our Fisher fragility measure eliminates the need for ad hoc choices by using the
precision of inference for θ from the baseline model to effectively define the relevant
parameter perturbations, and using the relative precision of inference for θ under the
structural model to define excessive sensitivity.
If a model is correctly specified, high sensitivity of model implications to parameters
implies high precision of parameter estimation. However, fragile models tend to
generate excessively high quality of in-sample fit, and hence are difficult to reject
even when they are mis-specified and expected to perform poorly out of sample. The
main purpose of our fragility measure is to facilitate structural model selection when
there are multiple candidate models that fit a common set of observations well in
sample. Our measure is thus related to the penalties for model complexity used by
the statistical model selection procedures, e.g., AIC, BIC, and LASSO. As we discuss
in the next section, our measure differs from standard measures of model complexity
because of its focus on model sensitivity to parameter perturbations.
We evaluate the Fisher fragility measure for two models from the asset pricing
literature. The first example is a rare-disaster model. In this model, parameters
describing the likelihood and the magnitude of economic disasters are relatively difficult
to estimate from the data unless one uses information in asset prices.1 We derive
1

In his 2008 Princeton Finance Lectures, John Campbell suggests that variable risk of rare
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the Fisher fragility measure in this example analytically. We also illustrate how to
incorporate uncertainty about the structural parameters (preference parameters in
this context) when computing model fragility. The second example is a long-run risk
model with a high-dimensional parameter space. We use this example to illustrate
how to systematically diagnose the sources of fragility in a complex model.

1.1

Related Literature

The idea that model fragility is connected to model’s degrees of freedom dates back
at least to Fisher (1922). Traditionally, effective degrees of freedom of a model are
measured by the number of parameters, because of the coincidence of the two in
Gaussian-linear models (see, e.g. Ye, 1998; Efron, 2004). Numerous statistical model
selection procedures are based on this idea.2
The limitations of using the number of parameters to measure model’s degrees of
freedom are well known. Extant literature covers several alternative approaches to
measuring the “implicit degrees of freedom.” Ye (1998), Shen and Ye (2002), and
Efron (2004) propose to measure the so-called “generalized degrees of freedom” for
Gaussian-linear models using the sensitivity of fitted values with respect to the observed
data. Gentzkow and Shapiro (2013) apply a similar idea to examine identification
issues in complex structural models. Spiegelhalter, Best, Carlin, and van der Linde
(2002), Ando (2007) and Gelman, Hwang, and Vehtari (2013), among others, propose
a Bayesian complexity measure they call “the effective number of parameters,” which
is based on out-of-sample model performance. These methods measure the sensitivity
of model implications to parameter perturbations. The important common feature
of these proposals is that they rely on the same model being evaluated to determine
the magnitude of necessary parameter perturbations. This is potentially problematic
when evaluating economic models that are fragile according to our definition. For
disasters might be the “dark matter for economists.”
2
Examples include the Akaike Information Criterion (AIC) (Akaike, 1973), the Bayesian Information Criterion (BIC) (Schwarz, 1978), the Risk Inflation Criterion (RIC) (Foster and George, 1994),
and the Covariance Inflation Criterion (CIC) (Tibshirani and Knight, 1999).
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such models, the posterior distribution over the parameters is highly concentrated as
a result of excessive model sensitivity to its parameters. Relying on this posterior
to generate parameter perturbations can under-represent the true extent of model
fragility. In contrast, we propose to use a baseline model to assign the weights to
potential alternative models.
Our work is connected to the literature on structural estimation, including rational expectations econometrics, where economic assumptions (the cross-equation
restrictions) have been used extensively to gain efficiency in estimating the structural
parameters. Classic examples include Saracoglu and Sargent (1978), Hansen and
Sargent (1980), Campbell and Shiller (1988), among others, and textbook treatments
by Lucas and Sargent (1981), Hansen and Sargent (1991). In a fragile model, crossequation restrictions may imply excessively tight confidence regions for the parameters,
with low coverage probability under reasonable parameter perturbations. An important potential source of fragility in this context is that the structural model relies
heavily on the agents possessing accurate knowledge of hard-to-estimate parameters.
Hansen (2007) discusses extensively concerns about the informational burden that
rational expectations models place on the agents, which is one of the key motivations
for research in Bayesian learning, model ambiguity, and robustness (see Gilboa and
Schmeidler, 1989; Hansen and Sargent, 2001; Epstein and Schneider, 2003; Klibanoff,
Marinacci, and Mukerji, 2005, among others). This literature recognizes that the
traditional assumption of agents’ precise knowledge of the relevant probability distributions is not reasonable in certain contexts, and explicitly incorporates robustness
considerations into agents’ decision problems. Our approach is complementary to this
line of research, in that our measure of fragility helps diagnose situations in which
incorporating parameter uncertainty and robustness considerations by the agents
within an economic model could be particularly important.
Our analysis of the disaster-risk model relates to several papers that have pointed
out the challenges in testing such models. One implication of the low probability
of disasters is the so-called “Peso problem” (see Lewis, 2008, for an overview): if
5

observations of disasters in a particular sample under-represent their population
distribution, standard inference procedures may lead to distorted conclusions. Thus,
the peso problem is a particular case of the weak identification problem. Our analysis
highlights that in applications subject to a peso problem, it is important to guard
against model fragility. On this front, Zin (2002) shows that certain specifications
of higher-order moments of the endowment growth distribution may help the model
fit the empirical evidence while being difficult to reject in the data. Our analysis of
model fragility encapsulates such considerations in a general quantitative measure.

2

Measuring Model Fragility

In this section, we first introduce our measure of model fragility, and then derive its
properties.

2.1

A Generic Model Structure

Consider a baseline model P, which is a part of the full structural model Q. The
baseline model P specifies the dynamics of a vector of variables xt with the underlying
distribution P. The full structural model Q aims to capture certain features of the
distribution Q that govern the dynamics of xt and potentially additional variables yt .
More precisely, the baseline model P of xn ≡ (x1 , · · · , xn ) can be specified by
a DΘ × 1 parameter vector θ, while the full structural model Q may incorporate
additional parameters ψ and describe the properties of extra data yn ≡ (y1 , · · · , yn ).
The distribution of yn conditional on xn depends on not only the baseline parameter
vector θ, but also potentially the DΨ × 1 nuisance parameter vector ψ. We assume the
baseline parameters θ are identified by P. The nuisance parameters ψ by definition
are not part of the baseline model but should be accounted for when assessing the
full model. We assume that the true parameter values θ0 and ψ0 are contained in the
interiors of the feasible sets Θ and Ψ, respectively.
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We assume that the stochastic process {xt } is strictly stationary and ergodic with
a stationary distribution P. The true joint distribution for xn is Pn . Similarly, we
assume that the joint stochastic process {xt , yt } is strictly stationary and ergodic
with a stationary distribution Q. The econometrician does not need to specify the full
functional form of the joint distribution of (xn , yn ), denoted by Qn . The unknown
joint density is q(xn , yn ).
We evaluate the performance of a structural model under the Generalized Method
of Moments (GMM) framework. Specifically, we assume that the model builder is
concerned with the model’s in-sample and out-of-sample performance as represented
by a set of moment conditions,3 based on a DQ × 1 vector of functions gQ (θ, ψ; xt , yt )
of the data observations (xt , yt ) and the parameters θ and ψ satisfying the following
restrictions:
E [gQ (θ0 , ψ0 ; xt , yt )] = 0,

(1)

where the expectation is taken under the true probability measure Q.
The baseline moment functions gP (θ; xt ) characterize the moment conditions of the
baseline model. They constitute the first DP elements of the larger vector of moment
functions gQ (θ, ψ; xt , yt ). Thus, the baseline moments can be represented by


gP (θ; xt ) = ΓP gQ (θ, ψ; xt , yt ), where ΓP ≡ IDP , ODP ×(DQ −DP ) .

(2)

The moment functions gP (θ; xt ) depend only on parameters θ, since all parameters
of the baseline model are included in θ. Accordingly, the moment conditions for the
baseline model are
E [gP (θ0 ; xt )] = 0.

(3)

We denote the empirical moment conditions for the full model and the baseline model
3

We can also adopt the CUE method of Hansen, Heaton, and Yaron (1996) or its modification
Hausman, Lewis, Menzel, and Newey (2011)’s RCUE method, or some other extensions of GMM
with the same first-order efficiency and possibly superior higher-order asymptotic properties. This
will lead to alternative but conceptually similar measures of over-fitting. To simplify the comparison
with the Fisher fragility measure, we choose to use the original GMM framework.
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by
n

n

1X
1X
gbQ,n (θ, ψ) ≡
gQ (θ, ψ; xt , yt ) and gbP,n (θ) ≡
gP (θ; xt ),
n t=1
n t=1
respectively. Then, the optimal GMM estimator (θ̂Q , ψ̂ Q ) of the full model and that of
the baseline model θ̂P minimize, respectively,
Jbn,SQ (θ, ψ) ≡ nb
gQ,n (θ, ψ)T SQ−1 gbQ,n (θ, ψ) and Jbn,SP (θ) ≡ nb
gP,n (θ)T SP−1 gbP,n (θ).

(4)

Here, Jbn,SQ (θ, ψ) and Jbn,SP (θ) are J-distances for gauging in-sample fit of certain
parameter values;4 SQ and SP have the following formulae (see Hansen, 1982),
SQ ≡

+∞
X



E gQ (θ0 , ψ0 ; xt , yt )gQ (θ0 , ψ0 ; xt−` , yt−` )T , and

(5)



E gP (θ0 ; xt )gP (θ0 ; xt−` )T .

(6)

`=−∞

SP ≡

+∞
X
`=−∞

That is, SQ and SP are the covariance matrices of the moment conditions at the true
parameter values. In practice, when SQ and SP are unknown, we can replace them
with consistent estimators SbQ,n and SbP,n , respectively. The consistent estimators of
the covariance matrices are provided by Newey and West (1987a), Andrews (1991),
and Andrews and Monahan (1992).
We use GMM instead of likelihood to evaluate model performance due to the
concern of likelihood mis-specification. The GMM approach gives model builder
the flexibility to choose which aspects of the model to emphasize when estimating
parameters and evaluating model specifications. This is in contrast to the likelihood
approach, which relies on the full probability distribution implied by the structural
model.
Finally, we introduce GMM Fisher information matrices. We denote the GMM
Fisher information matrix for the baseline model as IP (θ) (see Hansen, 1982; Hahn,
When efficient GMM estimators are plugged in, Jbn,SQ (θ̂Q , ψ̂ Q ) and Jbn,SP (θ̂P ) are commonly
referred to as the Hansen’s J-statistics in the GMM literature.
4
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Newey, and Smith, 2011),
IP (θ) ≡ GP (θ)T SP−1 GP (θ),

(7)

where GP (θ) ≡ E [∇gP (θ; xt )]. Below we denote GP ≡ GP (θ0 ) for brevity. Similarly,
we denote the GMM Fisher information matrix for the structural model as IQ (θ, ψ),
IQ (θ, ψ) ≡ GQ (θ, ψ)T SQ−1 GQ (θ, ψ),

(8)

where GQ (θ, ψ) ≡ E [∇gQ (θ, ψ; xt , yt )], and we denote GQ ≡ GQ (θ0 , ψ0 ). Computing
the expectations GP (θ) and GQ (θ, ψ) requires knowing the distribution Q. When Q is
unknown, GP (θ) and GQ (θ, ψ) can be replaced by their consistent estimators.
For the full model Q, we will focus on the (marginal) GMM Fisher information matrix for θ, IQ (θ|ψ), with uncertainty in the nuisance parameters ψ explicitly accounted
for. It is defined as follows:5

−1
IQ (θ|ψ) ≡ ΓΘ IQ (θ, ψ)−1 ΓTΘ
, where ΓΘ ≡ [IDΘ , ODΘ ×DΨ ] .

(9)

In the definition of the GMM Fisher information matrices, the optimal weighting
matrices SP−1 and SQ−1 are used. The objective of our analysis is to measure the
5

More precisely, the joint Fisher information matrix IQ (θ, ψ) can be partitioned into a two-by-two
block matrix according to θ and ψ:
"
#
(1,1)
(1,2)
IQ (θ, ψ), IQ (θ, ψ)
IQ (θ, ψ) =
,
(2,1)
(2,2)
IQ (θ, ψ), IQ (θ, ψ)
(1,1)

where IQ (θ, ψ) is the DΘ × DΘ conditional information matrix corresponding to the baseline
(2,2)
parameters θ with ψ fixed, IQ (θ, ψ) is the DΨ × DΨ conditional information matrix corresponding
(1,2)
(2,1)
to the nuisance parameters ψ with θ fixed, and IQ (θ, ψ) = IQ (θ, ψ)T is the DΘ × DΨ crossinformation matrix corresponding to θ and ψ. Then IQ (θ|ψ) can be written as
(1,1)

IQ (θ|ψ) = IQ

(1,2)

(θ, ψ) − IQ

(2,2)

(θ, ψ)IQ

(1,2)

(θ, ψ)−1 IQ

(1,1)

(θ, ψ)T ,

which generally is not equal to the Fisher information sub-matrix IQ (θ, ψ) for baseline parameters
(1,2)
(1,2)
(2,2)
(1,2)
θ, except in the special case in which IQ (θ, ψ) = 0. In general, IQ (θ, ψ)IQ (θ, ψ)−1 IQ (θ, ψ)T
is the information loss about θ due to the uncertainty in the nuisance parameters ψ. We assume that
the information matrices are nonsingular in this paper (Assumption A4 in Appendix A).
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informativeness of the cross-equation restrictions from the structural model, which
is a property of the model, and as we will show later, is connected to the model’s
over-fitting tendency. The optimal weighting matrices are the natural choice for this
purpose.6 We should note that in other contexts, e.g., when measuring model misspecification as in Hansen and Jagannathan (1997), it is appropriate to use alternative
weighting matrices.

2.2

Model Fragility

We now introduce our measure of model fragility.
Definition 1 (Fisher Fragility Measure). The Fisher fragility measure corresponding
to a full-rank Dv × DΘ matrix v is defined as
v

% (θ0 |ψ0 ) ≡ tr

h


−1 T −1

vIQ (θ0 |ψ0 ) v

−1 T

vIP (θ0 ) v

i

,

(10)

where IP (θ0 ) and IQ (θ0 |ψ0 ) are the Fisher information matrices defined in (7) and (9).
The Fisher fragility measure effectively compares the asymptotic covariance matrices of the two estimators of θ: the one based on the baseline model, and the one based
on the structural model. This isolates the information provided by the structural
model restrictions (relative to the baseline model).
In the special case where v is a full-rank DΘ × DΘ matrix, %v (θ0 |ψ0 ) is independent
of the choice of v. In that case we denote the Fisher fragility measure as %(θ0 |ψ0 ),
which is the overall Fisher fragility measure. In another special case where Dv = 1,
our measure equals to the ratio of asymptotic variances of the two GMM estimators
vθ̂Q and vθ̂P . From Definition 1, it immediately follows that the Fisher fragility
measure can be characterized by the solution of an eigenvalue problem. The result is
summarized by Proposition 1, with the proof given in Appendix C.1.
6

Following Hansen (1982), further analysis justifies the unique role of the optimal weighting matrix
in formulating the J-test statistic. As emphasized by Newey and West (1987b), one must define the
GMM likelihood ratio test statistics based on the optimal GMM estimator to guarantee the standard
asymptotic properties.
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Proposition 1. For a full-rank Dv × DΘ matrix v, let λ1 (v) ≥ λ2 (v) ≥ · · · ≥ λDv (v)
be the eigenvalues of a Fisher information ratio matrix Π0 (v) defined as follows
Π0 (v) ≡ vIQ (θ0 |ψ0 )−1 vT

−1/2

vIP (θ0 )−1 vT



vIQ (θ0 |ψ0 )−1 vT

−1/2

.

(11)

Then the Fisher fragility measure is the sum of the eigenvalues,
%v (θ0 |ψ0 ) = λ1 (v) + λ2 (v) + · · · + λDv (v).

(12)

Furthermore, %v (θ0 |ψ0 ) is no less than Dv because the smallest eigenvalue λDv (v) is
no less than one.
For notational simplicity, we suppress the dependence of the eigenvalues λi (v)
on the parameters (θ0 , ψ0 ). That the Fisher fragility measure %v (θ0 |ψ0 ) is no less
than Dv reflects the fact that it captures the implicit degrees of freedom for a model,
beyond the number of parameters (the dimension of the parameter subspace) under
consideration.
The measure %v (θ0 |ψ0 ) is defined for specific feature directions v in the space of
baseline parameters. In applications, one might be interested in searching among a
class of feature directions to find the directions with the largest discrepancy between
the two GMM Fisher information matrices. This leads us to define the following
worst-case Fisher fragility measure.
Definition 2. The worst-case Fisher fragility measure for the class of D-dimensional
feature functions (D ≤ DΘ ) is defined as:
%D (θ0 |ψ0 ) =

max

v∈RD×DΘ ,Rank(v)=D

tr

h

vIQ (θ0 |ψ0 )−1 vT

−1

vIP (θ0 )−1 vT

i

.

(13)

The problem in (13) is a generalized eigenvalue problem. The following proposition
summarizes its solution. The proof of Proposition 2 is in Appendix C.2.
Proposition 2. Let λi ≡ λi (IDΘ ), with 1 ≤ i ≤ DΘ , be the eigenvalues of Fisher
11

1

1

information ratio matrix Π0 (IDΘ ) = IQ (θ0 |ψ0 ) 2 IP (θ0 )−1 IQ (θ0 |ψ0 ) 2 , with the corresponding DΘ × 1 eigenvectors e1 , e2 , · · · , eDΘ . Suppose λ1 ≥ λ2 ≥ · · · ≥ λDΘ , then the
D-dimensional worst-case Fisher fragility measure is equal to
%D (θ0 |ψ0 ) = λ1 + λ2 + · · · + λD ,

(14)

with the worst-case D-dimensional linear subspace of the parameter space characterized
∗
∗ T
by the matrix vD
= [v1∗ v2∗ · · · vD
] ,

1

1

vi∗ = IQ (θ0 |ψ0 ) 2 ei / IQ (θ0 |ψ0 ) 2 ei .

(15)

As a special case, the overall Fisher fragility measure is given by
%(θ0 |ψ0 ) = λ1 + λ2 + · · · + λDΘ .

(16)

From Proposition 2, it is easy to see that the worst-case Fisher fragility measure
%D (θ0 |ψ0 ) is monotonically increasing in the dimension of the subspace D. The
monotonicity property is summarized in the following proposition, whose proof can be
found in Appendix C.3.
Proposition 3. (Monotonicity) For D1 ≤ D2 ≤ DΘ ,
%D1 (θ0 |ψ0 ) ≤ %D2 (θ0 |ψ0 ).

(17)

We can view Proposition 2 as a decomposition of the overall fragility of a model into
DΘ linear subspaces of 1 dimension. The i-th largest eigenvalue λi (1 ≤ i ≤ DΘ ) of
Π0 (IDΘ ) gives the marginal contribution of the 1-dimensional linear subspace associated
with vi∗ to the overall fragility measure. In the language of sensitivity analysis, such a
decomposition reveals the directions along which small perturbations of parameters
can have the largest impact on the model output. Moreover, the decomposition also
helps capture the tendency of receiving extreme over-fitting outcomes for a structural
12

model (see Corollary 2 below).
The Fisher fragility measure has a natural “effective-sample-size” interpretation.
Consider the case of D = 1. In this case, we ask what is the minimum sample size
required for the estimator of the baseline model to match or exceed the asymptotic
precision (the inverse of the variance) of the estimator for the full structural model
in all one-dimensional linear subspaces of the parameter space. Because asymptotic
variance scales inversely with the sample size, the required effective sample size is
%1 (θ0 |ψ0 ) n.7 The effective sample size concept highlights, in the one-dimensional
case, a direct connection between our measure of model fragility and the degree of
informativeness of cross-equation restrictions.8
Our Fisher fragility measure isolates the information provided by the structural
model relative to the baseline model. Thus, for different choices of the baseline
model, the Fisher fragility measures for the same structural model will be interpreted
differently. So far, we have been silent about how the baseline model should be chosen
in relation to the full structural model. In general, there is no hard rule for this choice,
other than the technical requirement that the associated baseline parameters θ be
identified by the baseline model. Desirable choices of the baseline model will depend
on which aspects of the model one intends to capture in the fragility analysis.

3

Model Over-Fitting Tendency

The Fisher fragility measure defined in Section 2 is an information-theoretic concept.
In this section, we establish a formal connection between this measure and a model’s
7

We formalize this idea in finite samples in an information-theoretic framework in the online
appendix Chen, Dou, and Kogan (2017). Both the paper (with the accompanying appendices) and
the online appendix are self-contained.
8
When evaluating competing models that are not rejected in statistical tests, our fragility measure
highlights which models are more prone to in-sample over-fitting, so that statistical tests have low
power against such models. These are the structural models in which the additional restrictions,
relative to the baseline model, are relatively informative about model parameters. Note that the
additional moment conditions that are relatively uninformative about θ (or even fully redundant, as
in Breusch, Qian, Schmidt, and Wyhowski, 1999) may still help reject the model in statistical tests.
In such cases, the concerns about lower power of tests and in-sample over-fitting do not apply.
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over-fitting tendency, thus justifying the fragility interpretation. We first introduce
an econometric measure of over-fitting, which extends a popular existing statistical
over-fitting tendency measure to our structural setting (see SBCL). We then show that
our Fisher fragility measure captures the average asymptotic over-fitting tendency of
certain structural components of model.

3.1

Econometric Measure of Over-Fitting Tendency

Following SBCL, we introduce the measure of a model’s over-fitting tendency in a
Bayesian framework. Let π(θ) be a prior distribution on θ, and let πP (θ|xn ) be the
posterior distribution of θ based on the likelihood of the baseline model πP (xn |θ),
which we assume to be fully specified.9
Definition 3 (Over-fitting Tendency Measure). We define the over-fitting tendency
measure for the structural model Q relative to the baseline model P as
n

n

%o (θ0 |ψ0 , x , y ) ≡
where

Z

dSQ {θ; xn , yn }πP (θ|xn )dθ,

dSQ {θ; xn , yn } = Jbn,SQ (θ, ψ̌ Q ) − Jbn,SQ (θ̂Q , ψ̂ Q ).

(18)

(19)

Here, Jbn,SQ (θ, ψ) is the J-distance defined in (4), (θ̂Q , ψ̂ Q ) is the GMM estimator, and
(θ, ψ̌ Q ) is the constrained GMM estimator with fixed θ.
The idea of our fragility measure is to quantify the in-sample over-fitting of a
structural model. In Equation (19), dSQ {θ; xn , yn } is the GMM analog of the log
likelihood ratio of the model with jointly-fitted baseline parameters θ̂Q and nuisance
parameters ψ̂ Q , which provide the best in-sample fit of the data based on the GMM
criterion, against an alternative model with baseline parameters θ and the fitted
nuisance parameters ψ̌ Q . Assuming true parameter is θ instead of θ̂Q , the fact that
the J-distance based on (θ̂Q , ψ̂ Q ) is smaller is a symptom of over-fitting. Notice that
9

The theoretical result in this section is the only place we assume full knowledge of the likelihood
function for the baseline model.
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we use dSQ {θ; xn , yn } as a loss function to quantify the degree of over-fitting of the
model, not as a statistic for hypothesis testing.
The weights attached to alternative models are essential for our definition of the
over-fitting tendency. We consider alternative values of θ, while tuning the nuisance
parameters ψ to fit the data as well as possible under the same criterion, i.e., we
choose ψ = ψ̌ Q , the constrained GMM estimator. Starting with a prior π(θ), we weigh
the various alternative models using πP (θ|xn ) – the posterior for θ based on baseline
model’s moment conditions and data xn . The weighted average of dSQ {θ; xn , yn } over
the entire set of alternative models represents the tendency of a model to over-fit the
data.
The weights on various alternative models depend on P, therefore %o (θ0 |ψ0 , xn , yn )
is a measure of over-fitting tendency of Q relative to the baseline model P. That is,
the measure %o (θ0 |ψ0 , xn , yn ) quantifies the effective degrees of freedom exploited by
the structural model by choosing θ to achieve an accurate in-sample fit under the
additional structural restrictions imposed by Q . The measure of model’s over-fitting
tendency depends on the choice of the baseline model. For example, consider a
consumption-based asset pricing model aiming to describe simultaneously the pricing
of equity and equity options. One natural choice would be to treat the statistical
description of cash flows and consumption as the baseline model, with the structural
model adding economic restrictions on prices of equity and options. Alternatively,
if equity prices are covered by the baseline model, then the over-fitting tendency
captures model’s flexibility in fitting option prices, in addition to equity prices and
fundamentals. In general, the choice of baseline model depends on which aspects of
the model are intended to be covered by the fragility analysis.
The distribution over the alternative models also depends on the choice of the prior
π(θ). If the econometrician does not have any information about θ beyond the baseline
model and the data xn , an “uninformative” prior would be a desirable choice, one
candidate being the Jeffrey’s prior. If the econometrician has additional information
about θ (e.g., from additional data), such information can be incorporated through an
15

informative prior.
Our measure differs from the measure of SBCL in two respects. First, to give
the econometrician flexibility to focus on specific features of a model and to reflect
typical lack of knowledge of the full likelihood function, we adopt the GMM framework
as opposed to the likelihood framework. Second, SBCL do not explicitly specify
the weighting of alternative models. We operationalize the over-fitting measure by
proposing a particular weighting of alternative models, tied to the baseline model.
Next, we generalize the fragility measure %o (θ0 |ψ0 , xn , yn ) to allow for transformations of parameters θ.
Definition 4 (Over-fitting Tendency Measure with Feature Functions). Let f be a
RDΘ → RDf continuously differentiable mapping with 1 ≤ Df ≤ DΘ . Then, we define
%fo (θ0 |ψ0 , xn , yn )
where

Z
≡

dSQ {f (θ); xn , yn } =

dSQ {f (θ); xn , yn }πP (θ|xn )dθ,
inf

(θ̃,ψ̃):f (θ̃)=f (θ)

Jbn,SQ (θ̃, ψ̃) − Jbn,SQ (θ̂Q , ψ̂ Q ).

(20)

(21)

Here Jbn,SQ (θ, ψ) is defined in (4), and (θ̂Q , ψ̂ Q ) is the GMM estimator.
Transforming the original parameter vector is useful, for example, if one wants to
measure model’s robustness with respect to a low-dimensional subset in the parameter
space. For instance, to measure model robustness with respect to the first Df elements


of θ (Df < DΘ ), we set f (θ) = Fθ, where F = ∇f (θ) ≡ IDf , ODf ×(DΘ −Df ) . In the
special case of f (θ) = Fθ, with F being an arbitrary full-rank DΘ × DΘ matrix, we
recover the original overall fragility measure, %fo (θ0 |ψ0 , xn , yn ) = %o (θ0 |ψ0 , xn , yn ).10
10

A similar monotonicity property to Proposition 17 applies to %fo (θ0 , ψ0 ; xn , yn ). Let fe =
[f, f1 ]0 , where f and f1 are continuously differentiable and Dfe ≤ DΘ . Then %fo (θ0 |ψ0 , xn , yn ) ≤
%fo (θ0 |ψ0 , xn , yn ).
e
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3.2

Fisher Fragility Measures and the Over-Fitting Tendency

We now show that our Fisher fragility measure captures in a certain sense the overfitting tendency of the structural model. We first introduce the regularity conditions
sufficient for our theoretical results. We do so briefly, as these are standard (for more
details see the Appendix A). We assume the process {xt , yt } to be a strictly stationary
Markov process (Assumption A1). Moreover, we assume that the time series satisfy
the uniform mixing condition as in Newey (1985a) and White and Domowitz (1984).
The mixing condition in Assumption A2 and the dominance condition in Assumption
A3 are needed for the uniform law of large numbers as in White and Domowitz
(1984). They also imply the moment continuity of stochastic functions gQ , as well as
their derivatives, as in Hansen (1982). Lastly, we need identification conditions to
guarantee that the minimization problem in (5) has a unique solution asymptotically
(Assumptions A4 and A5). A standard sufficient condition for GMM identification is
that the covariance matrix SQ is positive definite, the moment conditions (1) and (3)
are satisfied only at θ0 , and the Fisher information matrix IQ (θ0 , ψ0 ) is non-singular
(see e.g., Hansen, 1982, Assumptions 3.4 - 3.6). Next, we assume the prior π(θ) is
twice continuously differentiable and positive (Assumption A6). Our last assumption
A7 imposes a restriction on feature functions, requiring them to be representable as
a projection of a smooth, globally invertible mapping on a lower-dimensional linear
subspace. Under the above assumptions, we establish the following theorem and its
corollaries (the proofs are in Appendix B).
Theorem 1. Consider a feature function f : RDΘ → RDf with v = ∇f (θ0 ) being the
Df × DΘ Jacobian matrix. Suppose the regularity conditions above (Assumptions A1 A7 in Appendix A) hold. Then %fo (θ0 |ψ0 , xn , yn ) converges in distribution to

wlim %fo (θ0 |ψ0 , xn , yn )
n→∞

v

= % (θ0 |ψ0 ) +

Df
X

(λi (v) − 1) χ21,i ,

(22)

i=1

where χ21,i ’s are i.i.d. chi-squared random variables with 1 degree of freedom, and
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λi (v)’s are eigenvalues of Π0 (v) defined in (11). Here the operator “wlim” denotes a
variable with the limiting distribution (in the sense of weak convergence).
This result immediately leads to the following two corollaries.
Corollary 1. Suppose the regularity conditions of Theorem 1 hold, then %v (θ0 |ψ0 )
and %fo (θ0 |ψ0 , xn , yn ) are asymptotically related:
h
i
E wlim %fo (θ0 |ψ0 , xn , yn ) = 2%v (θ0 |ψ0 ) − Df ,
n→∞

(23)

where E stands for the expectation under the distribution of the full model Q.
Theorem 1 and Corollary 1 show that the Fisher fragility measure %v (θ0 |ψ0 )
captures the mean of the asymptotic distribution of the over-fitting tendency measure.
Moreover, individual eigenvalues λi (v) provide additional information about the
asymptotic distribution of the over-fitting tendency. As we show in the Corollary
below, the likelihood of extremely poor out-of-sample performance (i.e. an extremely
large %fo (θ0 |ψ0 , xn , yn )) is determined by the largest of the eigenvalues λi (v) (recall
PDf
that %v (θ0 |ψ0 ) = i=1
λi (v)).
Corollary 2. Suppose the regularity conditions of Theorem 1 hold and the largest
eigenvalue is λ1 (v). Then, the tail probability of the limiting variable converges to zero
at the exponential rate related negatively to λ1 (v),
n
o
1
1
ln Qn wlim %fo (θ0 |ψ0 , xn , yn ) > x = −
,
x→∞ x
n→∞
2 (λ1 (v) − 1)
lim

(24)

where Qn is the true joint probability measure for (xn , yn ) under the full model.
Corollary 2 shows that the tail of the limiting distribution of the over-fitting
tendency measure converges to zero faster when the largest eigenvalue λ1 (v) is smaller.
Thus, for a given value of %v (θ0 |ψ0 ), which captures the average tendency of overfitting, a heavily skewed distribution of eigenvalues λi (v) results in a larger value
of λ1 (v). Then, the tail of the distribution of %fo (θ0 |ψ0 , xn , yn ) is heavier, and the
probability of over-fitting the data to an extremely large degree is higher.
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4

Applications

In this section we implement the Fisher fragility measure in the context of two widely
used asset pricing models. The first example is a rare disaster model, for which we
compute the fragility measure analytically. The second example is a long-run risk
model. We use this example to demonstrate how one can diagnose the sources of
fragility in a more complex model and deal with nuisance parameters in measuring
model fragility (or “dark matter”).

4.1

Disaster Risk Model

Rare economic disasters are a natural source of “dark matter” in asset pricing models.
It is difficult to evaluate the likelihood and the magnitude of rare disasters statistically.
Yet, agents’ aversion to large disasters can have an economically large effect on asset
prices.11
We consider a disaster risk model similar to Barro (2006). The structural model
describes the log growth rate of aggregate consumption gt and the excess log return
on the market portfolio rt . There are two regimes characterized by state variable zt :
the disaster regime (zt = 1) and the normal regime (zt = 0). The variable zt has an
i.i.d. Bernoulli distribution, being equal to one with probability p, independently of
the other variables. The realizations of zt are observable. Briefly, the regimes zt are
i.i.d. distributed as


 1, with probability p
zt =
 0, with probability 1 − p.

(25)

In a normal regime (zt = 0), gt = ut , where the log consumption growth in normal
times ut follows a normal distribution N (µ, σ 2 ). In the disaster state (zt = 1), gt = −vt ,
11

See the early work by Rietz (1988), and recent developments by Barro (2006), Gabaix (2012),
Martin (2012), Wachter (2013), and Collin-Dufresne, Johannes, and Lochstoer (2016), among others.
Welch (2016) shows how rare-disaster models of equity returns may be rejected with the addition
of derivative prices to the analysis. We limit our analysis to a simple disaster-risk model of stock
returns to illustrate how our measure of model fragility helps compare alternative models that are
consistent with available data.
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where the log of decline in consumption vt follows a truncated exponential distribution
with density:
i.i.d.

νt ∼ 1{vt > v}ξe−ξ(vt −v) .

(26)

Thus, the lower bound for disaster size equals to v and the average disaster size equals
to v + 1/ξ.
The excess log return on the stock market portfolio rt is correlated with the
consumption growth gt . Specifically, the joint distribution of (gt , rt ) is time-varying
and depends on the underlying disaster state zt . When the economy is in a normal
regime (zt = 0), gt and rt are jointly normal:
p
τ
rt = η + ρ (gt − µ) + 1 − ρ2 τ ε0,t ,
σ

(27)

τ is the “leverage
where ε0,t are independent standard normal shocks. The coefficient ρ σ
factor” in the normal regime. This factor controls the sensitivity of stock returns to
consumption shocks. When the economy is in a disaster state (zt = 1), the excess log
return is linked to the decline in consumption with a different “leverage factor” b > 0:
rt = bgt + ςε1,t

(28)

where ε1,t are independent standard normal shocks. Thus, stock returns and consumption growth are imperfectly correlated in the disaster state.
Next, we assume that the representative agent has a separable, constant relative
P
t 1−γD
risk aversion utility function ∞
/(1 − γD ), where γD > 0 is the coefficient of
t=0 δD ct
relative risk aversion. The log equity premium is then given by
E[rt ] = (1 − p)η − pb (v + 1/ξ) ,

(29)

where the Euler equation implies that η is a function of the other parameters (see
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Appendix D for details):


γ 2 σ2
τ2
p
γD µ− D2
+ ln 1 + e
η = γD ρστ −
∆(ξ)
2
1−p
2
2
2
γD σ
τ
p
≈ γD ρστ −
+ eγD µ− 2 ∆(ξ)
,
2
1−p
where

ς2

∆(ξ) = ξ

eγD v
e 2 +(γD −b)v
−
ξ − γD
ξ + b − γD

(30)
(31)

!
.

(32)

Equations (29–32) provide a cross-equation restriction on the processes for consumption
growth and stock market returns. The first two terms on the right hand side of (30)
describe the market risk premium due to Gaussian consumption shocks. The third
term is due to the disaster risk premium. The model requires ξ > γD for the risk
premium to be finite, which sets an upper bound on the average disaster size and
dictates how heavy the tail of the disaster size distribution can be.
The fact that the log equity premium E[rt ] explodes as ξ approaches the value of
γD is a crucial feature for the model in this section. Even extremely rare disasters (very
small p) can generate an arbitrarily large risk premium E[rt ] as long as the average
disaster size is sufficiently large, which corresponds to low values of ξ. Extremely
rare and large disasters are difficult to rule out based on standard statistical tests.
Below we illustrate how our fragility measure can detect fragility in models with such
features.
Fisher fragility measure. Equations (25–32) specify the full structural model.
We set the baseline model to be the statistical model for rare disasters xt = (zt , vt ),
described by (25) and (26). Thus, the baseline parameters are θ = (p, ξ). In this example, we leave the stock return process out of the baseline model and set yt = (gt , rt ).
This choice of how to partition the model into the baseline and the structural model
sets the focus of the analysis on the parameters of the disaster process. Alternative
specifications could broaden the scope of the fragility analysis to include, for instance,

21

the parameters describing the joint distribution of shocks to stock returns and consumption growth. In that case, xt would include the stock return process rt . Finally, to
simplify analytical derivations, we treat the other parameters φ = (γD , µ, σ, v, τ, ρ, b, ς)
as auxiliary parameters fixed at known values, making them a part of the functionalform specification; their values are chosen to fit the data in our quantitative analysis.
In this example, the nuisance parameter vector ψ is empty.
Based on the approximation (31), the Fisher fragility measure is approximately
equal to (see Appendix D for details):
˙ (ξ)2
p∆ (ξ)2 + p (1 − p) ξ 2 ∆
2 2
%(p, ξ) ≈ 2 +
e2γD µ−γD σ ,
2
2
2
(1 − ρ ) τ (1 − p)

(33)

˙
where ∆(ξ)
is the first derivative of ∆(ξ),
eγD v γD
e(γD −b)v (γD − b) ς 2 /2
˙
e .
∆(ξ) = −
+
(ξ − γD + b)2
(ξ − γD )2

(34)

The one-dimensional worst-case asymptotic fragility measure is %1 (p, ξ) = %(p, ξ) − 1.
˙
As Equation (30) shows, ∆(ξ) and ∆(ξ)
are related to the sensitivity of η to the
disaster probability p and disaster size parameter ξ, respectively. When ξ approaches
˙
the value of γD , both ∆(ξ) and ∆(ξ)
approach infinity. Thus, disaster risk models
with high average disaster size are fragile according to our measure.
Quantitative analysis. In our quantitative analysis, we use annual real per-capita
consumption growth (nondurables and services) from the NIPA and returns on the
CRSP value-weighted market portfolio for the period of 1929 to 2011. We fix the
auxiliary parameters µ, σ, ς, τ and ρ at the values of the corresponding moments of the
empirical distribution of consumption growth and excess stock returns: µ = 1.87%,
σ = 1.95%, τ = 19.14%, ς = 34.89% and ρ = 59.36%. The lower bound for disaster
size is v = 7%. The leverage parameter b is 3. In Figure 1, we plot the 95% and 99%
confidence regions for (p, ξ) based on the baseline model.
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Figure 1: The 95% and 99% confidence regions of (p, ξ) for the unconstrained model
and the equity premium isoquants implied by the asset pricing constraint (30) for
γD = 3, 10, 24. p is disaster probability, and ξ characterizes the inverse of average
disaster size. The maximum likelihood estimates are (b
pML , ξbML ) = (0.0122, 78.7922).
The 95% confidence region for (p, ξ) is quite large. For low values of the disaster
probability p, the baseline model has little power to reject models with a wide range
of average disaster size values (ξ). Figure 1 also shows the equity premium isoquants
for different levels of relative risk aversion: lines with the combinations of p and ξ
required to match the unconditional equity premium of 5.09% for a given value of γD .
The fact that these isoquants all intersect with the 95% confidence region implies that
even for low risk aversion (γD = 3), there exist combinations of (p, ξ) that not only
match the observed equity premium, but also are “consistent with the macro data” in
a sense that they cannot be rejected by the macro data based on standard statistical
tests. In the remainder of this section, we refer to a calibration of (p, ξ) that is within
the 95% confidence region as an “acceptable calibration.”12
12

Julliard and Ghosh (2012) estimate the consumption Euler equation using the empirical likelihood
method and show that the model requires a high level of relative risk aversion to match the equity
premium. Their empirical likelihood criterion rules out any large disasters that have not occurred in
the historical sample, hence requiring the model to generate high equity premium using moderate
disasters.
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Figure 2: 95% confidence regions for the asymptotic distribution of the MLEs for four
“acceptable calibrations.” In Panels A through D, the Fisher fragility measures are
%(p, ξ) = 75.03, 2.49, 1.78 × 104 , and 5.61 × 102 respectively. p is disaster probability,
and ξ characterizes the inverse of average disaster size.
While it is difficult to distinguish among a wide range of calibrations using standard
statistical tools based on the macro data, these calibrated models differ significantly
based on our fragility measures. As an illustration, we focus on four alternative
calibrations, as denoted by the four points located at the intersections of the equity
premium isoquants (γD = 3 and 24) and the boundary of the 95% confidence region
in Figure 1. For γD = 3, the two points are (p = 3.96%, ξ = 4.649) and (p =
0.31%, ξ = 3.179). For γD = 24, the two points are (p = 1.81%, ξ = 446.36) and
(p = 0.0699%, ξ = 28.43).
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With only two parameters in θ, we can illustrate the worst-case asymptotic fragility
measure by plotting the asymptotic confidence regions for (p, ξ) in the baseline model
and the structural model, as determined by the respective information matrices IP (θ)
and IQ (θ).13 In each panel of Figure 2, the largest dash-line circle is the 95% confidence
region for (p, ξ) under the baseline model. The smaller solid-line ellipse is the 95%
confidence region for (p, ξ) under the structural model. The reason that the confidence
region under the structural model is smaller than that under the baseline model is
that the GMM moments in the structural model contain both the moments for the
baseline model and the moments (cross-equation restrictions) imposed by the structural
component under fragility assessment. In this example, the two confidence regions
coincide14 in the direction of v2∗ and differ the most in the direction of v1∗ . Moreover,
with enough extra data, the confidence region for the unconstrained estimator can be
made small enough to reside within the confidence region of the constrained estimator.
In Panel A of Figure 2, with γD = 3, p = 3.96%, ξ = 4.649, %(p, ξ) = 75.07 and
%1 (p, ξ) = 74.07. This means that under the baseline model, we need to increase the
amount of consumption data by a factor of 74.07 to match or exceed the precision
in estimation of any linear combination of p and ξ afforded by the equity premium
constraint. Panels C and D of Figure 2 correspond to the calibrations with “extra rare
and large disasters.” For γD = 3 and 24, %1 (p, ξ) rises to 1.78 × 104 and 5.60 × 102 ,
respectively. If, in Panel B of Figure 2, we raise γD to 24 while changing the annual
disaster probability to 1.81% and lowering the average disaster size to 7.002% (ξ =
446.36). As a result, %1 (p, ξ) declines to 1.49. The reason for reduced fragility in
this calibration is the combination of higher disaster probability and a lower average
disaster size.
So far, we have been examining the fragility of a specific calibrated structural model.
We can also assess the fragility of a general class of models, relative to the baseline
13

In fact, we use all the score functions of likelihoods to construct the moments, so the optimal
GMM estimation is asymptotically equivalent to the MLE in our analysis of this disaster risk model.
14
This is not true in general. When localized, the deterministic cross-equation restriction from the
equity premium in this model is a linear constraint. Thus, the parameter estimates are not affected
along the direction of the constraint.
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Figure 3: Distribution of the Fisher fragility measure %(p, ξ) for different levels of risk
aversion. For each γD , the boxplot shows the 1, 25, 50, 75, and 99-th percentile of the
distribution of %(p, ξ) based on the constrained posterior for (p, ξ).
model of rare disasters, by plotting the distribution of %(θ) based on a particular
distribution of θ. For example, if econometricians are interested in fragility of a class
of disaster risk models where the auxiliary parameters φ are fixed at given levels
φ0 and the uncertainty of baseline parameters θ is explicitly taken into account, we
propose to use the posterior for (p, ξ) under the structural model (i.e., constrained
posterior distribution) denoted by πQ (θ|xn , yn ) as the distribution of θ.15 Since the
constrained posterior incorporates the information from the data and the asset pricing
constraint, it can be viewed as summarizing full knowledge of the distribution of θ
under the assumption that the model constraint is valid.
For each value of γD , Figure 3 shows the 1, 25, 50, 75, and 99-th percentile of the
distribution of %(θ) based on πQ (θ|xn , yn ). The Fisher fragility measures are higher
when the levels of risk aversion are low. For example, for γD = 3, the 25, 50, and 75-th
percentile of the distribution of %(p, ξ) are 23.0, 61.6, and 217.4, respectively. Smaller
values of γD force the constrained posterior for θ to place more weight on rare and
15

We generate Figure 3 based on a simulated sample from the constrained posterior πQ (θ|xn , yn ).
For that, we use the Approximate Bayesian Computation (ABC) method, described in the online
Appendix.
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large disasters, which imposes particularly strong restrictions on the parameters (p, ξ).
As γD rises, the mass of the constrained posterior shifts towards smaller disasters,
which imply lower information ratios. For γD = 24, the 25, 50, and 75-th percentiles
of the distribution of %(p, ξ) decline to 2.8, 3.5, and 5.8, respectively.

4.2

Long-run risk model

In the second example, we consider a long-run risk model similar to Bansal and Yaron
(2004) and Bansal, Kiku, and Yaron (2012). In the model, the representative agent
has recursive preferences as in Epstein and Zin (1989) and Weil (1989) and maximizes
his lifetime utility,

Vt = (1 −

1−1/ψL
δL )Ct

+ δL

1−γL
Et Vt+1



L
 1−1/ψ
1−γ
L

1
 1−1/ψ

L

,

(35)

where Ct is consumption at time t, δL is the rate of time preference, γL is the
coefficient of risk aversion for timeless gambles, and ψL is the elasticity of intertemporal
substitution when there is perfect certainty. The log growth rate of consumption
∆ct , the conditional mean of consumption growth xt , and the conditional volatility of
consumption growth σt follow the process
∆ct+1 = µc + xt + σt c,t+1

(36a)

xt+1 = ρxt + ϕx σt x,t+1

(36b)

2
σt2 − σ 2 ) + σw σ,t+1
σ
et+1
= σ 2 + ν(e

2
2
σt+1
= max σ 2 , σ
et+1

(36c)
(36d)

where the shocks c,t , x,t , and σ,t are i.i.d. N (0, 1) and mutually independent. The
volatility process (36c) potentially allows for negative values of σ
et2 . Following the
literature, we impose a small positive lower bound σ (= 1 bps) on variance σt in
solutions and simulations. Negative values of conditional variance can also be avoided
by changing the specification. For example, the process of σt2 can be specified as a
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discrete-time version of the square root process.16
Next, the log dividend growth ∆dt follows
∆dt+1 = µd + φd xt + ϕd,c σt c,t+1 + ϕd,d σt d,t+1 ,

(37)

where the shocks d,t are i.i.d. N (0, 1) and mutually independent with the other shocks
in (36a–36c).
From the consumption Euler equation, we derive a linear approximation of the
stochastic discount factor,
mt+1 = Γ0 + Γ1 xt + Γ2 σt2 − λc σt c,t+1 − λx ϕx σt x,t+1 − λσ σw σ,t+1 .

(38)

The formulae for the coefficients Γ0 , Γ1 , Γ2 , λc , λx , and λσ are standard in the long-run
risk model literature (see the online Appendix). Moreover, the equilibrium excess (log)
return follows
e
rm,t+1
= µer,t + βc σt c,t+1 + βx σt x,t+1 + βσ σw σ,t+1 + ϕd,d σt d,t+1 ,

(39)

where the conditional average (log) excess return is
1
µer,t = λc βc σt2 + λx βx ϕx σt2 + λσ βσ σw2 − σr2m ,t ,
2

(40)

where σr2m ,t = βc2 σt2 + βx2 σt2 + βσ2 σw2 + ϕ2d,d σt2 .

(41)

The expressions for βc , βx , and βσ are also in the online Appendix.
There are stochastic singularities in the model. For instance, the excess log market
16

To make sure that our analysis applies as closely as possible to the model as formulated in the
literature, we made a choice to follow Bansal, Kiku, and Yaron (2012, 2016). In particular, following
these papers, we also solve the model using a local log-linear expansion around the steady state.
Thus, the approximate price-dividend ratio is not affected by the presence of the lower bound on the
conditional variance process. As Bansal, Kiku, and Yaron (2016) show, the resulting approximation
error, when compared to the global numerical solution, is negligible. When computing our asymptotic
Fisher fragility measure, we impose the lower bound on conditional variance. Thus, our asymptotic
measure reflects the specification of the conditional variance process with the lower bound.
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Table 1: Parameters of the Benchmark Long-Run Risk Model (Model 1)
Preferences

δL
γL
0.9989
10
Consumption
µc
ρ
0.0015 0.975
Dividends
µd
φd
0.0015 2.5
Returns
ϕr
3.0

ψL
1.5
ϕx
0.038
ϕd,c
2.6

σ
0.0072
ϕd,d
5.96

ν
0.999

σw
2.8e − 6

Note: Model 2 has ν = 0.98 and γL = 27, while the other parameters are the same as
in Model 1.
e
2
return rm,t+1
is a deterministic function of ∆ct+1 , ∆dt+1 , xt+1 , xt , σt+1
, and σt2 . The

log price-dividend ratio zm,t is a deterministic function of xt and σt2 . To avoid the
problems posed by stochastic singularities, we add noise shocks ϕr σt r,t+1 to stock
returns, with r,t being i.i.d. standard normal variables and mutually independent
with other variables. This is a standard approach in DSGE literature for dealing
with stochastic singularity. In our computation of the fragility measure, we consider
e
the moments based on the joint dynamics of time series (∆ct+1 , xt , σt2 , ∆dt+1 , rm,t+1
).

Details can be found in the online Appendix.
Quantitative analysis. We choose the model of consumption (36a–36d) as the
baseline model P. We assume that the econometrician observes the process for
consumption, the latent variables xt and σt2 , and the process for asset returns. We
make the latent variables observable to be consistent with the postulated process for
asset returns, which is derived assuming that these variables are observable.
Accordingly, the baseline parameters are θ = (µc , ρ, ϕx , σ 2 , ν, σw , µd , φd , ϕd,c , ϕd,d )
with DΘ = 10 and xt = (∆ct+1 , xt , σt2 , ∆dt+1 ). By measuring the fragility of the longrun risk model relative to this particular baseline, we can interpret the fragility measure
as quantifying the additional information that asset pricing restrictions provide for
the consumption and dividend dynamics (in particular, the long-run risk components)
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relative to the information contained in consumption and dividend data. We explicitly
account for uncertainty about preference parameters γL and ψL by including them into
the nuisance parameter vector ψ. Thus, ψ = (γL , ψL ). The extra data investigated
e
by the full structural model Q are yt = rm,t+1
. Other parameters are included in

the auxiliary parameter vector φ = (δL , ϕr ) which are fixed at known values, and
these values are part of the imposed functional-form specification of the structural
component that is under the fragility assessment. Note that the baseline model covers
the joint dynamics of consumption growth and dividend growth. The structural model
adds the description of the distribution of stock returns in relation to the consumption
and dividend growth processes.
The parameter values of Model 1 follows Bansal, Kiku, and Yaron (2012) and is
summarized in Table 1. As Bansal, Kiku, and Yaron (2012) (Table 2, p. 194) show,
the simulated first and second moments, based on the parametrization of Model 1,
match the set of key asset pricing moments in the data reasonably well. The same is
true for Model 2 whose parameter values are also reported in Table 2 (see the online
Appendix).
First, consider Panel I of Table 2. This panel contains fragility measures computed
under the specification that treats preference parameters as nuisance parameters. The
row (M1) reports fragility measures for Model 1. The Fisher fragility measure is
% = 276.3, while the worst-case 1-dimensional Fisher fragility measure is also high,
%1 = 196.3. This implies that to match the precision of the estimator for the full
structural model in all 1-D directions, the estimator based on the baseline model
would require a time-series sample that is 196.3 times as long.
The values of % and %1 suggest that the asset pricing implications of the structural
model are highly sensitive to plausible perturbations in parameter values. Note
that to quantify the full extent of model fragility, it is not sufficient to consider
perturbations of parameters one at a time. We compute the fragility measure for each
individual parameter %v , where v is the appropriate standard basis vector ei . All
of the univariate measures are much lower than the full fragility measure % or the
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Table 2: Fragility Measures for the Long-Run Risk Models
Model

%

%v

%1
µc

ρ

ϕx

σ2

ν

σw

µd

φd

ϕd,c

ϕd,d

3.4
4.2

1.0
1.0

1.0
1.0

7.1
31.3

1.0
1.0

1.0
1.0

I. Nuisance parameter vector ψ: (γL , ψL )
(M1)
(M2)

276.3
34.0

196.3
21.1

1.0
1.0

1.1
1.1

1.0
1.0

48.9
1.0

97.8
3.4

1.0
1.0

1.0
1.4

II. Nuisance parameter vector ψ: empty
(M1)
(M2)

3.58 · 105
323.3

3.57 · 105
287.7

1.0
1.0

2.1
2.5

1.1
1.0

115.6
1.0

117.5
6.3

1.3
1.0

1.1
1.9

Note: The direction corresponding to the worst-case 1-D fragility measure %1 for Model 1 (M1) is
given by v1∗ = [0.000, 0.000, −0.000, 0.020, −0.001, 0.999, −0.001, 0.000, −0.000, 0.000]. Model 2 (M2)
has ν = 0.98 and γL = 27 with other parameters unchanged. In panel I, the uncertainty of preference
parameters (γL , ψL ) are accounted for. In panel II, these parameters are fixed as auxiliary parameters
φ with nuisance parameter vector ψ empty.

worst-case one-dimensional fragility measure %1 , with the the fragility measure being
higher for σ 2 (the long-run variance of consumption growth) and ν (the persistence of
conditional variance of consumption growth) than for the other individual parameters.
In comparison, in Panel II of Table 2 we show fragility measures under the
specification that ignores the uncertainty about preference parameters. This type
of analysis is natural if the model is not fully estimated, but rather the preference
parameters are fixed at certain values. For instance, one may specifically design a
model to capture the moments of asset returns with a low value of risk aversion.
In that case, the choice of the preference parameters is effectively subsumed by the
specification of the functional form of the model, and treating them as auxiliary
parameters is in line with the logic of the model construction. The fragility measures
in Panel II are higher. In particular, the overall fragility % and the worst-case 1-D
fragility %1 increase dramatically from 276.3 to 3.58 × 105 and from 196.3 to 3.57 × 105 ,
respectively.
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Figure 4: Eigenvalues for IQ (θ0 |ψ0 ) 2 IP (θ0 )−1 IQ (θ0 |ψ0 ) 2 of the benchmark parametrization (Model 1).
Diagnosing the sources of fragility. Besides measuring the fragility of the model,
the Fisher fragility measures can be used to diagnose the sources of fragility. The
1

1

ranking of the eigenvalues of IQ (θ0 |ψ0 ) 2 IP (θ0 )−1 IQ (θ0 |ψ0 ) 2 is informative. Each eigenvalue denotes the marginal contribution of a one-dimensional subspace to the overall
fragility measure (see Definition 2 and Proposition 2). As Figure 4 shows, there are
large differences between the eigenvalues. Model fragility along the worst direction
in one-dimensional subspaces, as captured by the leading eigenvalue, is 196.3, which
accounts for over 71% of the total fragility. This result means that one can effectively
reduce the dimensionality (from 10 to 1) when analyzing the fragility of the model.
Having determined the worst direction (more precisely, a one-dimensional subspace)
in the parameter space, v1∗ , we now investigate which properties of the model are most
sensitive to the change in θ along that direction. For illustration, we focus on four
such properties, the risk loading and price of risk for volatility shocks (βσ σw , λσ σw ),
and for growth shocks (βx σt , λx ϕx σt ). The conditional market excess return depends
on these parameter combinations (see Equation (40)).
In Figure 5, we plot the sensitivities of βσ , λσ , βx and λx with respect to perturbations of θ along the worst direction v1∗ (solid line). We measure the size of a
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Figure 5: Sensitivity of return betas and risk prices with respect to the perturbation
along the worst-case direction in Model 1 with nuisance parameters ψ = (γL , ψL ).
perturbation of θ relative to the standard deviation of θ in the baseline model P. We
normalize changes in the objects of interest (e.g., βσ in panel A) by their own standard
deviations in the full structural model Q.
The risk loading and the price of risk for volatility shocks are both highly sensitive
to changes in θ along the direction of v1∗ . For example, a one-standard deviation change
in θ along the direction of v1∗ leads to a nine-standard deviation change in βσ under
the full structural model Q. Thus, an important source of fragility of the long-run risk
model based on the benchmark parametrization (Model 1 in Table 1) is in the model
implications for the risk exposure of stock returns to volatility shocks. In comparison,
panels B and D show that model implications for the stock return exposure to growth
rate shocks, and the price of risk of such shocks, are far less sensitive to the parameter
values along the worst-case direction.
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Finally, we can further trace the sources of fragility by examining how λσ and
βσ are determined. For example, the fact that the persistence parameter for the
conditional variance of consumption growth, ν, is close to 1, makes both βσ and λσ
sensitive to changes in θ. This motivates us to consider an alternative parametrization
(Model 2 in Table 1) with a lower value of ν. Specifically, we change ν from 0.999 to
0.98, and simultaneously raise the coefficient of relative risk aversion γ from 10 to 27 in
order to match the unconditional equity premium as in the benchmark parametrization
(Model 1). The rest of the parameters are unchanged. Model 2 produces asset pricing
moments largely similar to those in Model 1. However, based on our measures, Model
2 is much less fragile. As Panel I of Table 2 shows, under Model 2, % declines from
276.3 to 34, and %1 declines from 196.3 to 21.1.
Fragility of a model with latent state variables depends critically on whether the
agents in the model are subject to the same limitations as the econometrician. A model
in which agents observe the latent variables but the econometrician does not (see e.g.,
Schorfheide, Song, and Yaron, 2014) is potentially even more fragile than its fully
observable counterpart, since lack of observability adds effective degrees of freedom. In
contrast, models where the agents themselves have to learn about the data generating
process, (see e.g., Collin-Dufresne, Johannes, and Lochstoer, 2016), the cross-equation
restrictions implied by asset prices differ, and it is therefore difficult to anticipate
the effect on model fragility. Furthermore, models in which agents effectively act on
distorted beliefs, (e.g., Hansen and Sargent, 2010) may exhibit less fragility because
asset prices may reflect agents’ beliefs, rather than supplying excessive information
about the consumption and cash flow processes.

5

Conclusion

In this paper, we propose a new tractable measure of model fragility, which is based
on quantifying the informativeness of the cross-equation restrictions imposed on the
parameters by a structural model. We argue that our measure quantifies a useful
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model property, which is related to the model’s tendency of in-sample over-fitting.
Our fragility measure is a natural candidate for a model selection criterion. When
faced with a set of candidate models consistent with available data, selecting a less
fragile model could be an appealing criterion from the point of view of out of sample
performance. We leave formal development of model selection based on our measure
of model fragility to future research.
Our methodology has a broad range of potential applications. In addition to the
examples of applications in asset pricing that we consider in this paper, our measure
can be used to assess robustness of structural models in other areas of economics, such
as industrial organization and corporate finance.
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Appendix
A

Regularity Conditions for Theoretical Results

The regularity conditions we choose to impose on the behavior of the data are influenced by two major
considerations. First, our assumptions are chosen to allow for processes with sequential dependence.
In particular, the processes should be relevant for intertemporal asset pricing models. Second, our
assumptions are sufficient conditions. We are not attempting to establish the weakest conditions that
guarantee the results; instead, we impose regularity conditions that are relatively straightforward to
verify in practice.
Assumption A1 (Stationarity Condition)
The underlying time series (xt , yt ) with t = 1, · · · , n follow an mS -order strictly stationary Markov
process.
Remark. This assumption implies that the marginal conditional density for xt can be specified as πP (xt |θ, xt−1 , · · · , xt−mS ). Define the stacked vectors xt = (xt , · · · , xt−mS +1 )T and yt =
(yt , · · · , yt−mS +1 )T . Then the marginal conditional density from the parametric family specified for
the baseline model can be rewritten as πP (xt ; θ), and the stacked vectors (xt , yt ) follow a first-order
Markov process.
Assumption A2 (Mixing Condition)
Assume that there exists a constant λD satisfying λD ≥ 2dD /(dD − 1), where dD is the constant
in Assumption A3 below, such that (xt , yt ) for t = 1, 2, · · · , n is uniform mixing and there exists a
constant φ̄ such that the uniform mixing coefficients satisfy
φ(m) ≤ φ̄m−λD

for all possible probabilistic models,

where φ(m) is the uniform mixing coefficient. The definition of φ(m) is standard and can be found,
for example, in White and Domowitz (1984) or Bradley (2005).
Remark. Following the literature (see, e.g., White and Domowitz, 1984; Newey, 1985b; Newey
and West, 1987a), we adopt the mixing conditions as a convenient way of describing economic and
financial data which allows time dependence and heteroskedasticity. In particular, we employ the
uniform mixing which is discussed in White and Domowitz (1984).
Assumption A3 (Dominance Condition)
The function gQ (θ, ψ; x, y) is twice continuously differentiable in (θ, ψ) almost surely. There exist
dominating measurable functions a1 (x, y) and a2 (x, y), and constant dD > 1, such that almost
everywhere
|gQ (θ, ψ; x, y)|2 ≤ a1 (x, y), ||∇gQ (θ, ψ; x, y)||2S ≤ a1 (x, y),
||∇2 gQ,(i) (θ, ψ; x, y)||2S ≤ a1 (x, y), for i = 1, · · · , Dg ,
|q(x, y)| ≤ a2 (x, y), |q(x1 , y1 , xt , yt )| ≤ a2 (x1 , y1 )a2 (xt , yt ), for t ≥ 2,
Z
Z
d
[a1 (x, y)] D a2 (x, y)dxdy < +∞,
a2 (x, y)dxdy < +∞,
where || · ||S is the spectral norm of matrices.
Remark. The dominating function assumption is widely adopted in the literature (Newey, 1985a,b;
Newey and West, 1987a).
Consider the assumption in Section 3 where gP (θ; x) contains all the score functions of the well
specified baseline likelihood. For each pair of j and k, it holds that for some constant ζ > 0 and a
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sufficiently large constant C > 0,
∂2
E sup
ln πP (x; θ)
θ∈Θ ∂θj ∂θk

2+ζ

< C,

E sup
θ∈Θ

∂
ln πP (x; θ)
∂θj

2+ζ

< C, and

(42)

the dominance condition, together with the uniform mixing assumption and stationarity assumption,
implies the stochastic equicontinuity condition (i) in Proposition 3 of Chernozhukov and Hong (2003),
which is later used in the proof of Proposition 4.
Assumption A4 (Nonsingularity Condition)
The Fisher information matrices IP (θ) and IQ (θ, ψ) are positive definite for all θ, ψ.
Remark. Assumption A4 implies that the covariance matrices SP and SQ are positive definite, and
the expected moment function gradients GP (θ) and GQ (θ, ψ) have full rank for all θ and ψ.
Assumption A5 (Identification Condition)
The true baseline parameter vector θ0 is identified by the baseline moment conditions in the sense
that E [gP (θ; x)] = 0 only if θ = θ0 . Similarly, the true parameters (θ0 , ψ0 ) of the full model are
identified by the moment conditions in the sense that E [gQ (θ, ψ; x, y)] = 0 only if θ = θ0 and ψ = ψ0 .
Remark. Consider the assumption of well-specified likelihood in Section 3. The continuous differentiability of moment functions, together with the identification condition, imply that the parametric
family of distributions Pθ , as well as the moment conditions, are sound: the convergence of a sequence
of parameter values is equivalent to the weak convergence of the distributions:
θ → θ0

⇔

Pθ → Pθ0

⇔

E [ln (dPθ /dP)] → E [ln (dPθ0 /dP)] = 0.

(43)

The convergence of a sequence of parameter values is equivalent to the convergence of the moment
conditions:
(θ, ψ) → (θ0 , ψ0 ) ⇔ E [gQ (θ, ψ; x, y)] → E [gQ (θ0 , ψ0 ; x, y)] = 0.
(44)
Assumption A6 (Regular Bayesian Condition)
Suppose the parameter set is Θ × Ψ ⊂ RDΘ +DΨ with Θ and Ψ being compact. The prior is
absolutely continuous with respect to the Lebesgue measure with Radon-Nikodym density π(θ, ψ),
which is twice continuously differentiable and positive. Denote π ≡ maxθ∈Θ,ψ∈Ψ π(θ, ψ) and π ≡
minθ∈Θ,ψ∈Ψ π(θ, ψ).
Remark. Compactness implies total boundedness. In those cases where the parameter set for the
prior is not compact, e.g., due to the adoption of an uninformative prior, one can truncate the
parameter set at sufficiently large values so that the main results are not affected.
Assumption A7 (Regular Feature Function Condition)
The feature function f = (f1 , · · · , fDf ) : Θ → RDf is a twice continuously differentiable vectorvalued function. We assume that there exist DΘ − Df twice continuously differentiable functions
fDf +1 , · · · , fDΘ on Θ such that F = (f1 , f2 , · · · , fDΘ ) : Θ → RDΘ is a one-to-one mapping (i.e. an
injection) and F (Θ) is a connected and compact DΘ -dimensional subset of RDΘ .
Remark. A simple sufficient condition for the regular feature function condition to hold is that
each function fi (i = 1, · · · , Df ) is a proper and twice continuously differentiable function on RDΘ
∂f (θ)
and
> 0 at each θ ∈ RDΘ . In this case, we can simply choose fk (θ) ≡ θ(k) for
∂(θ(1) , · · · , θ(Df ) )
k = Df + 1, · · · , DΘ . Then, the Jacobian determinant of F is nonzero at each θ ∈ RDΘ and F
is a proper and twice differentiable mapping RDΘ → RDΘ . According to the Hadamard’s Global
Inverse Function Theorem (e.g. Krantz and Parks, 2013), F is a one-to-one mapping and F (Θ) is a
connected and compact DΘ -dimensional subset of RDΘ .
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B
B.1

Proof of Theorem 1 And Its Corollaries
Asymptotic Normality of Posteriors

Proposition 4. Under Assumptions A1 - A6 in Appendix A, it holds that
P
DKL (πP (θ|xn )||N (θ̂ML
, n−1 IP (θ0 )−1 )) → 0

in Pn .

Proof. We extend the proof of Theorem 2.1 in Clarke (1999) which is under the i.i.d. condition. First,
b P,n (θ)| = Op (1) where
we show that supθ∈Θ |H
b P,n (θ) ≡ − 1
H
n

n
X

ln πP (xt ; θ).

(45)

t=1

When n is large enough, we have
n

X
b P,n (θ)| ≤ 1 + 1
sup | ln πP (xt ; θ)|.
sup |H
n t=1 θ∈Θ
θ∈Θ
Based on the mixing condition and the dominance condition, it follows from Theorem 2.3 of White
and Domowitz (1984) that
n

1X
sup | ln πP (xt ; θ)| → E sup | ln πP (xt ; θ)| a.s.
n t=1 θ∈Θ
θ∈Θ
b P,n (θ)| = Op (1). Second, we show that
which further implies that supθ∈Θ |H
Z
√
P
uT u πP (θ̂ML
+ u/ n|xn ) − ϕP (u) du → 0 in Pn

(46)

p


where ϕP (u) = det(IP (θ0 ))/(2π)DΘ exp − 12 uT IP (θ0 )u . Clarke (1999) shows that when xt is i.i.d.,
the limit result (46) holds under the regularity conditions in Assumptions A3 - A6. To extend this
limit result to allow for weak dependence, we appeal to Theorem 1 and Proposition 3 of Chernozhukov
and Hong (2003), whose conditions are implied by Assumptions A1 - A6 in Appendix A.


B.2

Proof of Theorem 1

In this section, we prove the result of Theorem 1. One major additional technical challenge, compared
with standard large-sample inferences of GMM (see Hansen, 1982), is that we need to establish
uniform convergence and bounds for constrained GMM over a set of locally mis-specified moment
constraints. Thus we need special treatments in our proof in establishing the uniform convergence
and bounds.
Because of Assumption A7, as well as the fact that the definition of our over-fitting tendency
measure (Definition 4) and Assumptions A1 - A6 are invariant under invertible and second-order
smooth transformations of parameters, we can assume that f (θ) = θ1 ≡ (θ(1) , · · · , θ(Df ) )T and


hence ∇f (θ) ≡ v = IDf , ODf ×(DΘ −Df ) , without loss of generality. That is, f (θ) = θ1 = vθ. The
remaining baseline parameters are summarized in θ2 ≡ (θ(Df +1) , · · · , θ(DΘ ) )T . Then, the over-fitting
tendency measure with feature functions can be written as
Z
%fo (θ0 |ψ0 , xn , yn ) ≡ dSQ {vθ; xn , yn }πP (θ|xn )dθ,
(47)
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where

dSQ {vθ; xn , yn } =

inf
(θ̃,ψ̃):vθ̃=vθ

Jbn,SQ (θ̃, ψ̃) − Jbn,SQ (θ̂Q , ψ̂ Q ).

(48)

We present the proof as a sequence of steps.
(1) A local reparametrization. To establish the asymptotic equivalence result in a parametric
setting, we follow the convention of asymptotic statistics (see, e.g. van der Vaart, 1998) to consider
the local reparametrization:
1
(θ, ψ) = (θ̂P , ψ̂ P ) + √ (u, h).
(49)
n
Thus, the over-fitting tendency measure defined in (47) and (48) can be rewritten as
Z
√
f
n
n
%o (θ0 |ψ0 , x , y ) ≡ dSQ {vu; xn , yn }πP (θ̂P + u/ n)du,
dSQ {vu; xn , yn } =

inf
(ũ,h̃):vũ=vu

(50)



√
√ 
√
√ 
Jbn,SQ θ̂P + ũ/ n, ψ̂ P + h̃/ n −Jbn,SQ θ̂P + ûQ / n, ψ̂ P + ĥQ / n .

(51)

√ 
P
The transformed parameter u1 = vu is defined by vu = n vθ − vθ̂ , and other transformed
parameters are defined analogously. The GMM estimator
of the transformed parameters is (ûQ , ĥQ ),
√
√ 
Q
Q
P
Q
P
Q
such that (θ̂ , ψ̂ ) = θ̂ + û / n, ψ̂ + ĥ / n .
(2) Uniform quadratic bounds for the over-fitting gap dSQ {vu; xn , yn }. Assumption A3 (dominance condition) implies that the distance dSQ {vu; xn , yn } is bounded by
0 ≤ dSQ {vu; xn , yn } ≤ nλ−1
SQ

sup
θ∈Θ,ψ∈Ψ

2

|b
gQ,n (θ, ψ)| ≤ λ−1
SQ

n
X

a1 (xt , yt ),

t=1

where λSQ is the smallest eigenvalue of SQ . The uniform upper bound is crude because it does not
take advantage of gbQ,n (θ, ψ) being close to zero when (θ, ψ) is in the local neighborhood of (θ0 , ψ0 ).
Now, we provide much sharper quadratic bounds for dSQ {vu; xn , yn }. First, it holds that




u
ûQ Q
n
n
P
Q
P
b
b
dSQ {vu; x , y } ≤ Jn,SQ θ̂ + √ , ψ̂
− Jn,SQ θ̂ + √ , ψ̂
.
(52)
n
n
The inequality above is point by point for all samples (xn , yn ) and all u ∈ RDΘ .


√
The second-order Taylor expansion of Jbn,SQ θ̂P + u/ n, ψ̂ Q around (θ̂Q , ψ̂ Q ) implies




√
√
Jbn,SQ θ̂P + u/ n, ψ̂ Q − Jbn,SQ θ̂P + ûQ / n, ψ̂ Q
n h
i o
1
= (u − ûQ )T ΓΘ n−1 ∇2 Jbn,SQ (θu , ψ̂ Q ) ΓTΘ (u − ûQ ),
2

(53)

√
where ΓΘ is the projection matrix defined in (9), and θu lies on the segment between θ̂P + u/ n and
√
θ̂Q = θ̂P + ûQ / n. The Hessian matrix is
h
iT
h
i
−1
n−1 ∇2 Jbn,SQ (θu , ψ̂ Q ) = 2 ∇b
gQ,n (θu , ψ̂ Q ) SQ
∇b
gQ,n (θu , ψ̂ Q )
+2

Dg
X

h
i
−1
∇2 ĝQ,n,(i) (θu , ψ̂ Q ) eTi SQ
ĝQ,n (θu , ψ̂ Q ) ,

i=1

43

(54)

where ei is the basis vector with its i-th element equal to 1 and others equal to 0, and ĝQ,n,(i) (θu , ψ̂ Q )
is the i-th element of ĝQ,n (θu , ψ̂ Q ).
According to the expression above and Assumption A3, there exists a sequence of integrable
nonnegative variables DQ,n (xn , yn ) such that DQ,n (xn , yn )’s first moments are uniformly bounded
over n and
h
i
ΓΘ n−1 ∇2 Jn,SQ (θu , ψ̂ Q ; xn , yn ) ΓTΘ
≤ DQ,n (xn , yn ), for all u.
(55)
S

From (52), (53), and (55), the over-fitting gap dSQ {vu; xn , yn } has the upper bound
dSQ {vu; xn , yn } ≤ DQ,n (xn , yn )|u − ûQ |2 , for all u.

(56)

(3) Uniform lower bounds for the Hessian matrix of J-distance n−1 ∇2 Jbn,SQ (θ, ψ). Now we show
that there exist constants λJ > 0 and δ > 0 such that
n
o
Qn All eigenvalues of n−1 ∇2 Jbn,SQ (θ, ψ) > λJ for all (θ, ψ) ∈ N0 (δ) → 1,
(57)

where N0 (δ) ≡ (θ, ψ) : |θ − θ0 |2 + |ψ − ψ0 |2 ≤ δ 2 . To prove the convergence result of (57), we
first appeal to the Uniform Law of Large Numbers (ULLN) in White and Domowitz (1984): the
sample averages gQ,n (θ, ψ; xn , yn ), ∇gQ,n (θ, ψ; xn , yn ), and ∇2 gQ,n (θ, ψ; xn , yn ) converge to their
population means in probability uniformly over Θ × Ψ due to the dominance condition and the
mixing condition. Thus,
−1
n−1 ∇2 Jbn,SQ (θ, ψ) → 2GQ (θ, ψ)T SQ
GQ (θ, ψ) in Qn uniformly over (θ, ψ).

(58)

Because of the second-order continuous differentiability of the moment functions and the dominance
condition, the limit on the right-hand side of (58) is a continuous function of (θ, ψ) due to the
Dominance Convergence Theorem. Moreover, at (θ0 , ψ0 ), the limiting function in (58) is equal to
−1
GTQ SQ
GQ which is positive definite. Thus, the uniform convergence and the continuity of the limiting
function directly imply the result in (57).
Furthermore, under the reparametrization in (49), the result above implies that for an arbitrary
b θ̂P + u/√n, ψ̂ P + h/√n) is
constant K > 0, the probability that the smallest eigenvalue of ∇2 J(
bigger than λJ converges to one uniformly over |u| ≤ K and |h| ≤ K.
For the remainder of the proof, it suffices to focus on the set defined in (57), which has probability
approaching one asymptotically. Following the convention, we refer to this set as the “big probability
set.”
(4) First-order conditions of GMM estimators. The GMM estimator (θ̂Q , ψ̂ Q ) = (θ̂P , ψ̂ P ) +
√1 (ûQ , ĥQ ) satisfies the first-order condition
n
0 = ∇Jbn,SQ (θ̂Q , ψ̂ Q ).

(59)

The constrained GMM estimator (θ̌Q , ψ̌ Q ) with restriction θ̌Q = θ is the minimizer of Jbn,SQ (θ̃, ψ̃)
subject to the constraint R(θ̃, ψ̃; θ, ψ) = 0 where




1
1
ũ − u
θ̃ − θ
√
R(θ̃, ψ̃; θ, ψ) ≡ vΓΘ
=
vΓΘ
= √ R(ũ, h̃; u, h).
h̃ − h
ψ̃ − ψ
n
n
The constraint is linear and effectively restricts the first Df elements of the baseline parameter
vector to be θ1 = vθ. Recall that θ1 is the first Df elements of θ. The gradient of the constraint is
∇R(θ̃, ψ̃) ≡ vΓΘ . The first-order condition and the complementarity condition (equality constraint)
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imply

∇Jbn,SQ (θ̌Q , ψ̌ Q ) = (vΓΘ )T Λn ,

(60)

R(θ̌Q , ψ̌ Q ; θ, ψ) = 0,

(61)

and

where Λn is a Df × 1 vector containing the Lagrange multipliers of constraints. The constrained
GMM estimator (θ̌Q , ψ̌ Q ) depends on the parameters u1 = vu or θ1 = vθ.
(5) Uniform bounds and convergence for constrained GMM estimators. Under Assumptions
A1-A5, one can show that the (reparametrized) GMM estimators (ûQ , ĥQ ) are Op (1) variables (see
Hansen, 1982). However, the (reparametrized) constrained GMM estimators (ǔQ , ȟQ ) depend on the
restriction parameter u1 = vu, and thus it is unclear whether the constrained GMM estimators are
uniformly Op (1) variables over all u, even though (ǔQ , ȟQ ) are Op (1) for each fixed u.
The second-order Taylor expansion of Jn,SQ (θ̌Q , ψ̌ Q ) around (θ̂Q , ψ̂ Q ) implies that
1
dSQ {vu; x , y } =
2
n

n



ǔQ − ûQ
ȟQ − ĥQ

T h

−1

n

i  ǔQ − ûQ 
b
∇ Jn,SQ (θu , ψu )
,
ȟQ − ĥQ
2

(62)

√
√
√
where (θu , ψu ) lies on the segment between (θ̂P + ǔQ / n, ψ̂ P + ȟQ / n) and (θ̂P + ûQ / n, ψ̂ P +
√
ĥQ / n).
On the big probability set (57), it holds that


dSQ {vu; xn , yn } ≥ λJ |ǔQ − ûQ |2 + |ȟQ − ĥQ |2 .
(63)
Combining (56) and (63), it holds that for any  > 0, there exist a large enough constant K > 0 and
a small enough λJ > 0 such that
n
o
n
n
Q 2
2
lim sup Qn |ǔQ − ûQ |2 + |ȟQ − ĥQ |2 ≤ λ−1
D
(x
,
y
)(|û
|
+
K
),
∀
|u|
≤
K
<
Q,n
J
n→∞

where DQ,n (xn , yn ) is defined in (55). This result is crucial since
√ it implies that the constrained
GMM estimators (θ̌Q , ψ̌ Q ) converges to (θ0 , ψ0 ) at the rate of n in probability uniformly over
|u| ≤ K for large enough constant K. Therefore, according to the ULLN result of (58), it follows
that for large enough K
−1
n−1 ∇2 Jbn,SQ (θu , ψu ) → 2GTQ SQ
GQ , uniformly over |u| ≤ K in Qn .

(64)

where GQ ≡ GQ (θ0 , ψ0 ). Combining the second-order Taylor expansion result (62) and the asymptotic
result of (64), we get
dSQ {vu; xn , yn } =



ǔQ − ûQ
ȟQ − ĥQ

T

−1
GTQ SQ
GQ



ǔQ − ûQ
ȟQ − ĥQ


+ op,K (1),

(65)

where the term op,K (1) converges to zero uniformly over |u| ≤ K in probability.
(6) A normal approximation of weighting posterior distributions in the integral. As a result of
the uniform bound on the over-fitting gap dSQ {vθ; xn , yn }, the approximation error of replacing

45

πP (θ|xn ) in (47) by the normal density for N (θ̂P , n−1 IP (θ0 )−1 ), denoted by ϕP,n (θ), is also bounded:
Z
%fo (θ0 |ψ0 , xn , yn ) − dSQ {vθ; xn , yn }ϕP,n (θ)dθ
Z
≤ dSQ {vθ; xn , yn }|πP (θ|xn ) − ϕP,n (θ)|dθ.
(66)
After changing variables, θ = θ̂P + √u , the inequality (66) can be rewritten as
n
Z
%fo (θ0 |ψ0 , xn , yn ) − dSQ {vu; xn , yn }ϕP (u)du
Z
√
≤ dSQ {vu; xn , yn }|πP (θ̂P + u/ n|xn ) − ϕP (u)|du,
where ϕP (u) =
follows that

(67)

p


det(IP (θ0 ))/(2π)DΘ exp − 12 uT IP (θ0 )u . From the inequalities (56) and (67), it

%fo (θ0 |ψ0 , xn , yn )

Z

dSQ {vu; xn , yn }ϕP (u)du
Z
√
n
n
≤ DQ,n (x , y ) |u − ûQ |2 |πP (θ̂P + u/ n|xn ) − ϕP (u)|du.
−

(68)

Convergence in relative entropy implies convergence in total variation distance due to Pinsker’s
inequality (see, e.g. Pinsker, 1964). Thus, Proposition 4 and the intermediate convergence result (46)
imply that
Z
√
(69)
|u − ûQ |2 |πP (θ̂P + u/ n|xn ) − ϕP (u)|du = op (1).
Therefore, because DQ,n {xn , yn } defined in (56) is Op (1), it holds that
Z
%fo (θ0 |ψ0 , xn , yn ) = dSQ {vu; xn , yn }ϕP (u)du + op (1).

(70)

Thus, as far as the asymptotic properties of %fo (θ0 |ψ0 , xn , yn ) are concerned, we need to only focus
on the integral in (70).
(7) A Wald-type approximation for the over-fitting gap dSQ {vu; xn , yn }. We define a Wald-type
distance between u1 and ûQ
1,
n

n

wSQ {vu; x , y } =



ûQ − u
ĥQ − h

T

ΓTΘ vT

 Q

n
 T −1 −1 T T o−1
û − u
vΓΘ GQ SQ GQ
ΓΘ v
vΓΘ
ĥQ − h

Based on the definition of IQ (θ0 |ψ0 ) in (9), the Wald-type distance above can be rewritten as
T

−1

wSQ {vu; xn , yn } = ûQ − u vT vIQ (θ0 |ψ0 )−1 vT
v ûQ − u

−1
= R(ûQ , ĥQ ; u, h)T ΓTΘ vT vIQ (θ0 |ψ0 )−1 vT
vΓΘ R(ûQ , ĥQ ; u, h).

(71)

Our idea is to approximate dSQ {vu; xn , yn } by the Wald-type distance wSQ {vu; xn , yn }. More
precisely, we shall show that
Z
Z
n
n
dSQ {vu; x , y }ϕP (u)du = wSQ {vu; xn , yn }ϕP (u)du + op (1).
(72)
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Because of the Gaussian tail of ϕP (u) and the quadratic bounds of dSQ and wSQ , it suffices to show
that for any large enough constant K,
Z
Z
n
n
dSQ {vu; x , y }ϕP (u)du =
wSQ {vu; xn , yn }ϕP (u)du + op (1).
(73)
|u|≤K

|u|≤K

(8) Proof of the Wald-type approximation in (73). The starting point of the proof of Wald-type
approximations goes back to the second-order Taylor expansion of Jn,SQ (θ̌Q , ψ̌ Q ) around (θ̂Q , ψ̂ Q )
and its large-sample approximation in (65). Because the constraint for (ǔQ , ȟQ ) is vu = vǔQ , the
following equality holds for any (u, h):
 Q

ǔ − ûQ
Q
Q
R(û , ĥ ; u, h) = −vΓΘ
.
(74)
ȟQ − ĥQ

ǔQ − ûQ
ȟQ − ĥQ
through (74). Instead, consider the first-order Taylor expansion of ∇Jbn,SQ (θ̌Q , ψ̌ Q ) around (θ̂Q , ψ̂ Q ),
 Q

ǔ − ûQ
Q
Q
−1 2 b
0
0
b
∇Jn,SQ (θ̌ , ψ̌ ) = n ∇ Jn,SQ (θu , ψu )
,
(75)
ȟQ − ĥQ


Notice that vΓΘ is not invertible. Thus, we cannot directly obtain an expression for

√
√
√
where (θu0 , ψu0 ) lies on the segment between (θ̂P + ǔQ / n, ψ̂ P + ȟQ / n) and (θ̂P + ûQ / n, ψ̂ P +
√
ĥQ / n). Then, it follows from (64) that
 Q

ǔ − ûQ
Q
Q
T −1
b
∇Jn,SQ (θ̌ , ψ̌ ) = 2GQ SQ GQ
+ op,K (1),
(76)
ȟQ − ĥQ
where the term op,K (1) converges to zero uniformly over |u| ≤ K in probability. Thus,
 Q

−1
ǔ − ûQ
−1
= 2GTQ SQ
GQ
∇Jbn,SQ (θ̌Q , ψ̌ Q ) + op,K (1).
Q
Q
ȟ − ĥ

(77)

We now represent ∇Jbn,SQ (θ̌Q , ψ̌ Q ) in (77) by the Lagrange multiplier Λn using the first-order
condition
 Q

ǔ − ûQ
of constrained GMM estimators as in (60), and plug the resulting expression for
back
ȟQ − ĥQ
into (74) to get
−1
R(ûQ , ĥQ ; u, h) = −vΓΘ 2GTQ SQ
GQ

−1

(vΓΘ )T Λn + op,K (1).

(78)

Thus,
n
o−1
−1
−1
Λn = − vΓΘ 2GTQ SQ
GQ
(vΓΘ )T
R(ûQ , ĥQ ; u, h) + op,K (1).

(79)

Combining (60), (77), and (79), we get
 Q

−1 T T h
−1 T T i−1
ǔ − ûQ
−1
−1
= GTQ SQ
GQ
ΓΘ v vΓΘ GTQ SQ
GQ
ΓΘ v
R(ûQ , ĥQ ; u, h) + op,K (1).
Q
Q
ȟ − ĥ
Finally, we plug the relationship above into (65) and obtain the following approximation,

−1
dSQ {vu; xn , yn } = R(ûQ , ĥQ ; u, h)T ΓTΘ vT vIQ (θ0 |ψ0 )−1 vT
vΓΘ R(ûQ , ĥQ ; u, h) + op,K (1). (80)
Comparing (71) and (80), we see that we have established the large-sample relationship in (73).
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As a final step of the proof, we derive the asymptotic distribution of
(9) Asymptotic distribution of

R

R

wSQ {vu; xn , yn }ϕP (u)du.

wSQ {vu; xn , yn }ϕP (u)du. Consider the decomposition


−1
wS0 {vu; xn , yn } =uT vT vIQ (θ0 |ψ0 )−1 vT
vu

−1
+ 2(ûQ )T vT vIQ (θ0 |ψ0 )−1 vT
vu


Q T T
−1 T −1
+ (û ) v vIQ (θ0 |ψ0 ) v
vûQ .

(81)
(82)
(83)

The integral of term (82) over the Gaussian density ϕP (u) is zero, while the integral of term (83)
over ϕP (u) is just itself. The integral of term (81) over ϕP (u) is
Z
n
o
h
−1
−1
i
tr vIQ (θ0 |ψ0 )−1 vT
vuuT vT ϕP (u)du = tr vIQ (θ0 |ψ0 )−1 vT
vIP (θ0 )−1 vT
= %v (θ0 |ψ0 ).
Thus,
Z


−1 Q
wSQ {vu; xn , yn }ϕP (u)du = %v (θ0 |ψ0 ) + (ûQ )T vT vIQ (θ0 |ψ0 )−1 vT
vû .

(84)


−1 Q
vû , we appeal to the
To derive the asymptotic approximation of (ûQ )T vT vIQ (θ0 |ψ0 )−1 vT
standard large-sample approximations of GMM; see, for example, Hansen (1982, Theorem 3.1).
Specifically, we have
h
i√
−1 T −1
−1
−1
−1
−1
vûQ = −v ΓΘ GTQ SQ
GQ
GQ SQ − GTP SP
GP
GP SP
ΓP
nĝQ,n (θ0 , ψ0 ) + op (1).
Thus, ûQ is asymptotically normally distributed
wlim vûQ = vΥQ Z
n→∞

where Z ∼ N (0, IDQ ) and
h
−1 T −1
−1 T −1 i 1/2
−1
−1
ΥQ ≡ − ΓΘ GTQ SQ
GQ
GQ SQ − GTP SP
GP
GP SP ΓP SQ .

(85)

The Continuous Mapping Theorem implies that

−1 Q

−1
wlim(ûQ )T vT vIQ (θ0 |ψ0 )−1 vT
vû = Z T ΥTQ vT vIQ (θ0 |ψ0 )−1 vT
vΥQ Z.
n→∞

(86)

Consider the Singular Value Decomposition (SVD):

−1/2
eT,
ΥTQ vT vIQ (θ0 |ψ0 )−1 vT
= UΣU
e is a Df × Df orthonormal matrix, and Σ is a DQ × Df
where U is a DQ × DQ orthonormal matrix, U
diagonal matrix with singular values on the diagonal line. This allows us to rewrite (86) as

−1 Q
T
2
wlim(ûQ )T vT vIQ (θ0 |ψ0 )−1 vT
vû = UT Z ΣΣT UT Z = σ1 z12 + · · · + σDf zD
,
f
n→∞

(87)

where UT Z = (z1 , · · · , zDf , zDf +1 , · · · , zDΘ )T contains DΘ i.i.d. standard normal random variables,
and σ1 , · · · , σDf are the nonzero diagonal elements of ΣΣT . In fact, σ1 , · · · , σDf are the eigenvalues
of the matrix




e T ΣU
e T = vIQ (θ0 |ψ0 )−1 vT −1/2 vΥQ ΥT vT vIQ (θ0 |ψ0 )−1 vT −1/2
UΣ
(88)
Q
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From the definition of ΥQ in (85), it follows that
ΥQ ΥTQ = IP (θ0 )−1 − IQ (θ0 |ψ0 )−1 .

(89)

We use the following two identities in deriving (89):
ΓP SQ ΓTP = SP

and

ΓP GQ = [GP , ODP ×DΨ ] = [GP , ODP ×DΨ ] ΓTΘ ΓΘ .

(90)

Plugging (89) back into (88) yields





e T ΣU
e T = vIQ (θ0 |ψ0 )−1 vT −1/2 vIP (θ0 )−1 vT vIQ (θ0 |ψ0 )−1 vT −1/2 − ID
UΣ
f
= Π0 (v) − IDf ,
where Π0 (v) is the Fisher-information-ratio matrix defined in (11). Thus, the eigenvalues σi ’s are
σi = λi (v) − 1, for all i = 1, · · · , Df ,

(91)

where λi (v)’s are eigenvalues of Π0 (v) as in Proposition 1. Then, according to (84), (87), and (91),
Z
wlim
n→∞

n

n

v

wSQ {vu; x , y }ϕP (u)du = % (θ0 |ψ0 ) +

Df
X

(λi (v) − 1) χ21,i ,

(92)

i=1

where χ21,i ’s are i.i.d. chi-squared random variables with 1 degree of freedom.

B.3

Proof of The Corollaries

Corollary 1 follows immediately from Theorem 1. Corollary 2 follows from Theorem 1 of Nakagawa
(2005). Specifically, the Laplace-Stieltjes transform of the cumulative distribution function of
PDf
wlimn→∞ %fo (θ0 |ψ0 , xn , yn ) = %v (θ0 |ψ0 ) + i=1
(λi (v) − 1) χ21,i is
M(z) ≡ Ee

n
o
PDf
−z %v (θ0 |ψ0 )+ i=1
(λi (v)−1)χ21,i

= e−z%

v

(θ0 |ψ0 )

Df
Y

−1/2

[1 + 2z (λi (v) − 1)]

.

(93)

i=1
1
Let Rz denote the real part of z. Thus, the abscissa of convergence of M(z) is equal to − 2(λ1 (v)−1)
1
where λ1 (v) is the largest eigenvalue; that is, when Rz > − 2(λ1 (v)−1)
, the transform M(z) converges,
1
and when Rz < − 2(λ1 (v)−1) , the transform M(z) diverges. Therefore, according to Theorem 1 of
Nakagawa (2005), the tail probability has the convergence property stated in the corollary.

C
C.1

Proof of Propositions on Fisher Fragility Measure
Proof of Proposition 1

This result follows from the fact that
h
−1
i
tr vIQ (θ0 |ψ0 )−1 vT
vIP (θ0 )−1 vT
h
−1/2

−1/2 i
= tr vIQ (θ0 |ψ0 )−1 vT
vIP (θ0 )−1 vT vIQ (θ0 |ψ0 )−1 vT
,
and the fact that the trace of a symmetric matrix is equal to the sum of all of its eigenvalues. Because
gP (θ; xt ) is part of gQ (θ, ψ; xt , yt ), according to Hansen (1982), the asymptotic covariance matrices
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satisfy IQ (θ0 |ψ0 )−1 ≤ IP (θ0 )−1 . Thus, for any full-rank matrix v, it holds that vIQ (θ0 |ψ0 )−1 vT ≤
vIP (θ0 )−1 vT . As a result, the smallest eigenvalue is no less than one.

C.2

Proof of Proposition 2

We define u = IQ (θ0 |ψ0 )−1/2 v, and rewrite %D (θ0 |ψ0 ) as
h
i
−1  T
%D (θ0 |ψ0 ) =
max
tr uT u
u IQ (θ0 |ψ0 )1/2 IP (θ0 )−1 IQ (θ0 |ψ0 )1/2 u
u∈RDΘ ×D ,Rank(u)=D
h
i
−1 T
=
max
tr u uT u
u IQ (θ0 |ψ0 )1/2 IP (θ0 )−1 IQ (θ0 |ψ0 )1/2
u∈RDΘ ×D ,Rank(u)=D

−1 T
The linear operator Pu ≡ u uT u
u is the projection operator onto the subspace spanned by
the column vectors of u. The projection operator can be equivalently expressed in terms of the
orthonormal column vectors lying in the subspace spanned by u. Thus, without loss of generality,
we can assume that the column vectors of u are orthonormal vectors, i.e. uT u is a D-dimensional
identity matrix. Then, it follows that
h
i
%D (θ0 |ψ0 ) =
max
tr uuT IQ (θ0 |ψ0 )1/2 IP (θ0 )−1 IQ (θ0 |ψ0 )1/2
u∈RDθ ×D ,Rank(u)=D,uT u=I
h
i
=
max
tr uT IQ (θ0 |ψ0 )1/2 IP (θ0 )−1 IQ (θ0 |ψ0 )1/2 u
u∈RDθ ×D ,Rank(u)=D,uT u=I

=

D
X

max

u∈RDθ ×D ,Rank(u)=D,uT u=I

uTi IQ (θ0 |ψ0 )1/2 IP (θ0 )−1 IQ (θ0 |ψ0 )1/2 ui

i=1

= λ1 + λ2 + · · · + λD .
The argmax matrix is u∗ = [e∗1 , e∗2 , · · · , e∗D ], whose column vectors are the corresponding eigenvectors.
∗
Thus, the worst-case matrix is v∗ = [v1∗ , v2∗ , · · · , vD
] with vi∗ = IQ (θ0 |ψ0 )1/2 e∗i . The eigenvalues are
λi =

(vi∗ )T IP (θ0 )−1 vi∗
,
(vi∗ )T IQ (θ0 |ψ0 )−1 vi∗

i = 1, · · · , D

(94)

Furthermore, the eigenvalue problem above is equivalent to
λi =

(v̂i∗ )T IQ (θ0 |ψ0 )v̂i∗
,
(v̂i∗ )T IP (θ0 )v̂i∗

(95)

where v̂i∗ = IP (θ0 )−1/2 ê∗i , with ê∗i being the corresponding eigenvector of IP (θ0 )−1/2 IQ (θ0 |ψ0 )IP (θ0 )−1/2 .

C.3

Proof of Proposition 3

From Proposition 2, it holds that
%D1 (θ0 |ψ0 ) = λ1 + · · · + λD1 , and %D2 (θ0 |ψ0 ) = λ1 + · · · + λD2 .
As the eigenvalues are nonnegative, it must be that %D1 (θ0 |ψ0 ) ≤ %D2 (θ0 |ψ0 ) when D1 ≤ D2 .
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(96)

D

Derivations of The Disaster Risk Model

We first show how to derive the Euler equation, and then we show how to obtain the Fisher fragility
measure %(p, ξ).

D.1

The Euler Equation

The total return of market equity from t to t + 1 is erM,t+1 , which is unknown at t, and the total
return of the risk-free bond from t to t + 1 is erf,t , which is known at t. Thus, the excess log return
t −γD
of equity is rt+1 = rM,t+1 − rf,t . The state-price density is Λt = δD
ct , and the inter-temporal
marginal rate of substitution is Λt+1 /Λt = δD e−γD gt+1 . The Euler equations for the risk-free rate
and the market equity return are




Λt+1 rM,t+1
Λt+1
1 = Et
e
and e−rf,t = Et
.
(97)
Λt
Λt
Thus, we obtain the Euler equation for the excess log return,




Λt+1 rt+1
Λt+1
e
.
= Et
Et
Λt
Λt

(98)

The left-hand side of (98) is equal to




1 2 2
Λt+1
e γD v
Et
,
= Et e−γD gt+1 = (1 − p)e−γD µ+ 2 γD σ + pξ
Λt
ξ − γD
and the right-hand side of (98) is equal to

Et


ς2
 −γ gt+1 +rt+1 
2 2
e 2 +(γD −b)v
Λt+1 rt+1
ξ +τ 2 −2γD ρστ )
−γD µ+η+ 21 (γD
D
+ pξ
e
.
= Et e
= (1 − p)e
Λt
ξ + b − γD

Thus, the Euler equation (98) can be rewritten as
h
i
1 2 2
τ2
(1 − p)e−γD µ+ 2 γD σ eη+ 2 −γD ρστ − 1 = p∆(ξ),
where

ς2

∆(ξ) = ξ

e 2 +(γD −b)v
e γD v
−
ξ − γD
ξ + b − γD

(99)

!
.

Rearranging terms in (99) leads to the Euler equation in (30). Using the Taylor expansion, we have
the following approximation,
eη+

τ2
2

−γD ρστ

−1≈η+

τ2
− γD ρστ,
2

(100)

which, combined with (99), gives the approximated Euler equation in (31).

D.2

Fisher fragility measure

The joint probability density for a rare disaster event z and size v in the baseline model is
z

fP (z, v|p, ξ) = pz (1 − p)1−z [1{v > v}ξ exp {−ξ(v − v)}] δ(v)1−z ,

51

(101)

where δ(·) is the Dirac delta function. The corresponding Fisher information matrix is


1
0
p(1
−
p)
IP (θ) = 
p .
0
ξ2

(102)

Next, the probability density function fQ (z, v, r, u|θ, φ) for the structural model is

fQ (z, v, r, u|θ, φ) = pz (1 − p)1−z
"

#1−z

(u − µ)2 (r − η(θ, φ))2 2ρ(u − µ)(r − η(θ, φ))
1
1
p
×
+
−
exp −
2(1 − ρ2 )
σ2
τ2
στ
2πστ 1 − ρ2


z
1
1
× 1{v > v}ξ exp {−ξ(v − v)} √
exp − 2 (r − bv)2
1{η(θ, φ) > η ∗ , ξ > γD },
2ς
2πς
where
η(θ, φ) ≡ γD ρστ −



 γ v

(γ −b)v
γ 2 σ2
1 2 e D
e D
p
τ2
D
+ ln 1 + eγD µ− 2 ξ
.
− e2ς
2
ξ − γD
ξ + b − γD 1 − p

(103)

From fQ (z, v, r, u|θ, φ) we can derive the Fisher information for (p, ξ) under the full structural model.
The Fisher fragility measure can then be computed numerically.
We can also derive the closed-form solution for the Fisher fragility measure in (33) if we use the
approximated Euler equation in (31). In this case, using the notation introduced by (32) and (34),
we can express the Fisher information for (p, ξ) under the full structural model as


2 2
2 2
2γD µ−γD
σ
∆(ξ)2 e2γD µ−γD σ
p
1
e
˙
∆(ξ)∆(ξ) 
 p(1 − p) + (1 − ρ2 )τ 2 (1 − p)3
(1 − ρ2 )τ 2 (1 − p)2
.
IQ (θ) ≈ 
(104)
2 2
2
2


˙ (ξ)
2 2
∆
p
p
p
e2γD µ−γD σ ∆(ξ)∆(ξ)
2γ
µ−γ
σ
˙
D

D
+
e
1−p
(1 − ρ2 )τ 2 (1 − p)2
ξ2
1 − ρ2 τ 2
Following Proposition 2, the worst-case Fisher fragility is the largest eigenvalue of the matrix
Π0 (IDΘ ) ≡ IQ (θ0 )1/2 IP (θ0 )−1 IQ (θ0 )1/2 , and it is also the largest eigenvalue of IP (θ0 )−1/2 IQ (θ0 )IP (θ0 )−1/2 .
In this case, the eigenvalues and eigenvectors are available in closed form. This gives us the formula
for %(p, ξ) and %1 (p, ξ) in (33). The minimum Fisher fragility in this case is 1.
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