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ABSTRACT

In this thesis, we investigate diffusion as an algorithmic and analytic tool in statistics and
computer science.

We address a question arising from computational linguistics, where we wish to under-
stand the behavior of a network of agents modeled as nodes of a graph that adaptively
modify their lexicon using data from their neighbors. By introducing a model of memory
and a family of coalescing random walks, we prove that they eventually reach a consensus
with probability 1.

We study distributed averaging on graphs and devise a distributed algorithm that is
based on a diffusion process having two time scales.

Addressing the question of routing in a network, we use steady-state diffusions corre-
sponding to electrical flow in a network of resistors for oblivious routing and prove that this
scheme performs well under a variety of performance measures.

Based on a microscopic view of diffusion as an ensemble of particles executing independent
Brownian motions, we develop the fastest currently known algorithm for computing the area
of the boundary of a convex set. A similar technique is used to produce samplers for the
boundaries of convex sets and smooth hypersurfaces that are the boundaries of open sets
in R", assuming access to samplers for the interior. These algorithms are motivated by
Goodness-of-Fit tests in statistics.

The halfplane capacity, a quantity often used to parameterize stochastic processes arising
in statistical physics, known as Schramm-Loewner evolutions, is shown to be comparable to
a more geometric notion.

We analyze a class of natural random walks on a Riemannian manifold, and give bounds
on the mixing times in terms of the Cheeger constant and a notion of smoothness that relates
the random walk to the metric underlying the manifold.

A Markov chain having a stationary distribution that is uniform on the interior of a

X



polytope is developed. This is the first chain whose mixing time is strongly polynomial
when initiated in the vicinity of the center of mass. This Markov chain can be interpreted
as a random walk on a certain Riemannian manifold. The resulting algorithm for sampling
polytopes outperforms known algorithms when the number of constraints is of the same
order of magnitude as the dimension. We use a variant of this Markov chain to design a
randomized version of Dikin’s affine scaling algorithm for linear programming. We provide
polynomial-time guarantees which do not exist for Dikin’s algorithm.

Addressing a question from machine learning, under certain smoothness conditions, we
prove that a form of weighted surface area is the limit of the weight of graph cuts in a family
of random graphs arising in the context of clustering. This is done by relating both to the
amount of diffusion across the surface in question.

Addressing a related issue on manifolds, we obtain an upper bound on the annealed
entropy of the collection of open subsets of a manifold whose boundaries are well-conditioned.
This result leads to an upper bound on the number of random samples needed before it is

possible to accurately classify data lying on a manifold.



CHAPTER 1
INTRODUCTION

In this thesis, we investigate the use of diffusion as an algorithmic and analytic tool in several
disciplines. The areas to which we apply the principle of diffusion include Statistics, Machine

Learning, Convex Optimization, Statistical Physics and Computational Geometry.

1.1 History

The botanist Robert Brown was perhaps the first to identify, in a manuscript published in
1828, random movement of particles of matter, and note that this movement exists not only
in particles from organic tissue but also from inorganic material. The latter issue had been
a source of confusion for his predecessors. While many contributed to the understanding
of random motion before 1900, it attracted widespread attention after a 1905 article of
Albert Einstein titled “On the Motion of Small Particles Suspended in Liquids at Rest,
Required by the Molecular-Kinetic Theory of Heat”. In this article, Einstein tried to establish
the existence and sizes of molecules and to compute Avogadro’s number using the mean
displacement of Brownian particles over a period of time. Louis Bachelier, who is credited
with the first mathematical study of the Brownian process in his 1900 thesis, “The theory of
speculation” did so in order to model stock options. In this work he introduced the model
of a random walker. Many other scientists made key contributions to the theory of diffusion
around this period, including Sutherland, Smoluchowski, Perrin and Langevin (see [24]).
Diffusion processes are intimately related to random walks, which in recent years have
found numerous applications in Computer Science and Statistics. In the rest of this sec-
tion, we will describe some basic random walks and delineate their relevance to the results

contained in this thesis.



1.2 Random walks and diffusion

Consider the following random walk on Z. Let xg := 0. Given z;, toss a fair coin. If
this lands Heads, set ;41 to x; — 1; otherwise set x;41 to z; + 1. This random process
is canonically associated with a partial difference equation satisfied by the distributions of

positions that the random walk occupies at successive time steps. Thus

Pz, 1=k—1+Plxj_1=k+1] —2P[x;_1 =k
Plo; = k] — Pla;_1 = k] = [ ] [112 ] [ ]

This is a discrete diffusion process. On the other hand, we have the heat equation or diffusion
equation which causes suitable functions from R to R to evolve as a function of time (see

It6-McKean [35]).

Ope(z)  Ppe(x)

ot 2(0x)?° (1.1)

2
The operator % is the infinitesimal generator of 1—dimensional Brownian motion By,

(0x)

i.e., for suitable functions f,

_ EM[f(By)] - flx)  *f
ltll%l t ~ 2(02)2 la=xo’

Here the superscript  in E? signifies that the Brownian motion was at x at time 0. If pg(z)
is a density function, the distribution p;(x) obtained by solving the heat equation is also
the probability density of Brownian motion witnessed at time ¢, if its position at time 0 was
chosen according to the density pg(z). Thus, Brownian motions are related to continuous

time diffusions.



1.3 Diffusion on graphs

Given an undirected graph (V, E), there is a natural random walk wherein the walker, when
at a vertex v, picks a vertex uniformly at random from the neighbors of v and moves there.
We will consider such random walks in Chapter 2, Chapter 3, and Chapter 4.

One particular question of interest has the following general form: how might a group
of linguistic agents arrive at a shared communication system purely through local patterns
of interaction and without any global agency enforcing uniformity? These agents could be
artificial, for example robots or sensors, or natural such as animals or humans. In Chapter 2,
we consider a model of the evolution of language among agents in a network and prove that
in it, agents eventually arrive at a common language. This model generalizes a model studied
by Liberman in [56] using simulations. Prior to our results, there was no theoretical analysis
of either of these models. We assume that there is one concept and that each agent starts out
with a probability distribution on words that may be used to describe the concept. At each
time step, each agent produces a word that is heard by its neighbors and each agent modifies
its probability distribution by taking a convex combination of the earlier distribution and
the one supported equally on all the words it hears. We show that after a certain time period
governed by the mixing time of a random walk on the network, with high probability, all
agents produce the same word. In the analysis of this process, we trace the origin of words
backwards in time. The trajectory of a word is a natural object to study since it leads us
back to the word’s source at the first time step, when the evolution was initiated. In our
model, this path turns out to be a random walk, and by tracing multiple random walks
backwards in time until they coalesce into a single source, we are able to give bounds on how
quickly, all agents adopt the same word for a particular concept.

In Chapter 3, we consider the question of averaging on a graph that has one sparse cut
separating two subgraphs that are internally well connected [70]. Such graphs could arise
naturally in the context of sensor networks on uneven terrain. Consider a graph G = (V| E),

3



where i.i.d Poisson clocks with rate 1 are associated with each edge. Our algorithm uses
non-convex combinations in an essential way. To the best of our knowledge, non-convex
combinations have not appeared in past literature, in the context of distributed algorithms
where each update is based only on current values.

We represent the “true” real valued time by 7. Each node v; holds a value z;(7T") at time
T'. Let the average value held by the nodes be zqy. If the clock of an edge e = (v;, v;) ticks at
time 7', it updates the values of vertices adjacent to it on the basis of z;(T"), z;(T") according
to some algorithm A. While there has been a large body of work devoted to algorithms for
distributed averaging, nearly all algorithms involve only convex updates. In this chapter,
we suggest that non-convex updates can lead to significant improvements. We do so by
exhibiting a decentralized algorithm for graphs with one sparse cut that uses non-convex
averages and has an averaging time that can be significantly smaller than the averaging time
of known distributed algorithms, such as those of [8, 13]. Our algorithm makes non-convex
updates as well as convex updates. The non-convex updates typically increase the variance
of the values rather than decrease it, but in the process make a large transfer of mass across
the sparse cut in the graph, which would not otherwise be possible. In order to obtain
probabilistic bounds on the variance after ¢ steps, we consider the logarithm of the variance
as a function of time, and show that it is stochastically dominated by a random walk on the
real line that possesses a negative drift.

In Chapter 4, we show that the asymptotic heat flow or the “electrical” flow is a good
way of routing to minimize the sum of the pth powers of edge loads in a graph [53]. We show
that in graphs where the asymptotic heat flow from one vertex to another has a small ¢/
norm, this method of routing performs well under the aforementioned class of performance
measures. We also show that this algorithm performs well on graphs on which a random

walk mixes fast, such as expanders, which are of practical interest.



1.4 Diffusion and measures of sets

1.4.1  From random walks on Z to random walks on R

It is possible to obtain a random walk on R by taking a scaling limit of the walk on Z
mentioned in the beginning of Section 1.3. For any t > 0, 7 € N, we can define a random

walk {ZZJ (t)}i>0 on (%) Z, by setting

As j — oo, for any fixed i, the distributions of {Zg/(t)}lgi’gi converge in the Wasserstein

metric defined below to a random walk on R.

Definition 1.4.1. Given two probability distributions u1, o supported on R’ | we define the

Wasserstein distance Wo(pu1, o) by

Waluiopo) = it [ 2w, 2), (1.2
~vel (uy,p2) JRExRE

where T'(py, po) is the collection of all measures on R’ x R? whose marginals on the first and

second component are respectively 1 and 9.

This limit is, by the Central Limit Theorem [51], the same as the distribution of the first
1 steps of the random walk on R constructed by the following procedure.

Let

1 llz—yl?
4t

Gl(x,y) =
1(‘7: y) \/me

Random walk on R :

1. Let zo(t) = 0.



2. Given z;(t), let z;11(t) be chosen from the distribution G%(2;(t),-) in a manner inde-

pendent of (z1(t),. ..,z (t)).

By putting together n independent copies of {z;(¢)}, we can construct a random walk on
R™, whose transition kernel from a point x is an n—dimensional spherical Gaussian G*(z, -)

given by

nllz—y|?
a

Gl(z,y) == (4nt) " 2e (1.3)

Given an initial probability distribution g supported on R™, the probability distribution

after one step can be expressed as a convolution of measures supported on R",

po= po*GH0,).

Moreover pq has a density p; with respect to the Lebesgue measure, that satisfies
ple) = [ 6ol (1.4

1.4.2  Measuring surface area

In Chapter 5, we consider a convex subset K of R respectively containing and contained
in Euclidean balls of radius » and R. The convex set is specified by an oracle, which when
presented with a point z in R", returns “Yes” if x € K and “No” otherwise. We design a
randomized algorithm [5] that computes the surface area of a convex set within a relative
error €, with a probability of failure less than ¢, whose run-time, measured in terms of these

quantities is

1/1 R 1
@) (n4 log = (—2log9 n + log8nlog— + =5 log7 <2))) :
0 \e € roo€ €



The task of developing a randomized algorithm for estimating the surface area of a convex
set was mentioned as an open problem in the book “Geometric Algorithms in Combinatorial
Optimization” by Grotschel, Lovasz and Schrijver. Our algorithm is based on the fact that
the amount of heat diffusing in a short period of time out of a uniformly heated body placed
in a vacuum, is proportional to its surface area. If g is the uniform probability measure on
K, the distribution of the point obtained by making one step from a random point in K is
given by (1.4) above. We show that if v/t = O(<n), where 74, is the radius of the largest

Euclidean ball that can be placed in K, S is the surface area and V' is the volume,

@ 1) =/ () a+ot. (15)

The question of computing the volume of a convex body is a classical question in theoretical
computer science and algorithms are known that perform this task, therefore S can be

recovered from the ratio % above.

R

Suppressing a polynomial dependence on %,ln (%) and In <?>, this algorithm makes
O*(n%) calls to a membership oracle compared to O*(n8?) for the best previously known
algorithm.

In Chapter 6, we use an extension of the above idea to develop an algorithm that samples
the surface of an n-dimensional convex body. The underlying intuition is that if the initial
distribution of particles is the uniform distribution on the interior of the set, then over a
short period of time, Brownian particles diffuse out of the surface of a convex set almost
uniformly. Therefore, if we approximately identify the points at which they exit the body,
we obtain an approximately uniform sampler for the surface of the body [72].

In the same chapter, we also use this idea to sample a smooth hypersurface that is the

boundary of a (not necessarily convex) subset of R", if this subset can be sampled uniformly.

These algorithms have applications to Goodness-of-Fit tests in statistics.



1.4.8 From random walks on R to Brownian motion

It is possible to “paste together” in a consistent manner, copies of the random walk on
R mentioned above, corresponding to each t &€ {Q_i}i = 1,2,...} and obtain standard
1—dimensional Brownian motion {B}¢>0 in the limit. This is the basis of Lévy’s construc-
tion of Brownian motion [91].

The standard 1—dimensional Brownian motion, {B;};> is uniquely characterized by the

following.
1. By =0.
2. For each 0 < 51 < t1 < ... < s < ty, By — Bsy,..., By, — Bs, are independent
Gaussians with mean 0 and respective variances t1 — sq,...,t — Sg.

3. As a function of ¢, B is continuous with probability 1.

1.4.4  Schramm-Loewner Evolution and halfplane capacity

In Chapter 7, we consider a connected set A whose complement in the (complex) upper
halfplane H is simply connected. We relate hsiz(A), which we define to be the 2-dimensional
area of the union of all balls tangent to the real line and centered at points in A to a quantity
known as halfplane capacity that is defined using diffusions.

Following Schramm’s seminal paper [92] “Scaling limits of loop-erased random walks and
uniform spanning trees,” important progress was made towards understanding the conformal
invariance of the scaling limits of several two dimensional lattice models in statistical physics
by several researchers including Lawler, Schramm, Werner [54] and Smirnov [88]. These
limits have been described using a new tool known as Schramm-Loewner Evolution (SLE).

The chordal Schramm-Loewner evolution with parameter £ > 0 is the random collection



of conformal maps satisfying the following stochastic differential equation:

. 2

gt(2) = m, g90(2) = 2,
where 2z belongs to H and gy represents the time derivative of ¢g;. Denoting the domain of
g¢+ by Hy, we obtain a random collection of continuously growing hulls Ky := H \ Hy. In
this parametrization, the halfplane capacity (defined in Chapter 7) of K; is equal to 2t [51].
Thus, halfplane capacity is a quantity arising naturally in the context of SLE. Our main

theorem in Chapter 7 states that

1 hcap(A) 7
—_ < — < —
66 ~ hsiz(A) T 27

1.5 Random walks on manifolds and polytopes

1.5.1 From random walks on R™ to a ball walk

Suppose t, = % Then, as n tends to infinity, the Wasserstein distance between the
n—dimensional spherical Gaussian distribution whose density is G'*(0,-) and the uniform
distribution over the Euclidean ball of radius v/2t centered at the origin tends to 0. The
latter distribution can be used to define a random walk on R" in which a transition from
= involves moving to a point chosen uniformly at random in a ball of radius v/2¢ centered
at x. This random walk has a natural extension to manifolds given by an atlas, if the atlas

possesses certain characteristics.

1.5.2  Random walks on manifolds

In statistics, one is interested in Goodness-of-Fit tests for a numerous of multivariate dis-

tributions. For example, testing for a Gamma distribution leads one to consider positive



real valued random variables X7, ..., X}, such that > ; X; = a and Hj Xj; = b. The set of
all (X1,...,X,) under these constraints is a manifold of codimension two. The question of
sampling this manifold has been raised by Diaconis et al (see [19]). We address this question
and others of its kind in Chapter 6.

We take an intrinsic view of the question of sampling manifolds in Chapter 8. Let M be
a manifold. Let M be specified by a family of smooth injective maps {Uy : B — M},e
where B is the unit Euclidean ball centered at the origin and z = U,(0). Let p(x) be a
probability density function on M, whose value at z is measured with respect to the push-
forward of the Lebesgue measure via U, at the point x. This family of maps corresponds to
an atlas consisting of charts {U; 1},c . We consider the Markov chain in which, for any

x € M, the next point z is obtained as follows. Let Jac denote the Jacobian.

1. Toss a fair coin and if Heads, set z to x.
2. If Tails, do the following:
(a) Pick a random point w € B from the uniform measure on the unit ball and let
z = Uz(w).

(b) If 2 € U.(B),

det Jac(U;1U,)(0)
plz)

i. with probability min (1, p(2) > let z remain unchanged.
ii. Else, set z to x.

(c) If x & U,(B), set z to x.

3. Output z.

In Chapter 8, given a Riemannian metric, we relate the mixing time of this chain with
the Cheeger constant of the weighted manifold, under some additional assumptions relating

the family of maps {Uz},cq to the metric.

10



1.5.3  Random walks on polytopes

In Chapter 9, we design a new Markov chain on the points of an n—dimensional polytope
that mixes rapidly and whose stationary distribution is the uniform distribution [40]. The
resulting algorithm for sampling polytopes outperforms existing algorithms when the number

1.62) " This random walk can be viewed as a random walk on a manifold

of constraints m is O(n
in the framework of Chapter 8 with respect to a certain non-Euclidean metric. Algorithms for
sampling polytopes have numerous applications. We mention one such application here. It
was shown in [41] that if an n—dimensional polytope defined by m inequalities contains a ball
of radius Q(ny/log m), then it is possible to sample the lattice points inside it in polynomial
time by sampling the interior of the polytope and picking a nearby lattice point. Often,
objects of interest such as contingency tables can be encoded as lattice points in a polytope,
leading to algorithms for sampling them. Contingency tables are two-way tables that are
used by statisticians to represent bivariate data. A solution proposed in [20] to the frequently
encountered problem of testing the independence or dependence of two different attributes
of empirical data involves sampling uniformly from the set of two-way tables having fixed
row and column sums. It was shown in [67] that under some conditions, this can be achieved
in polynomial time by quantizing random points from an associated polytope. The results
of Chapter 9, together with the results of [67] lead to an algorithm that outperforms known
algorithms for sampling contingency tables when the row and column sums are sufficiently
large.

Let K be a polytope in R" defined by m linear inequalities. The underlying Markov chain
is the first to have a mixing time that is strongly polynomial when started from a “central”

Biigi and € is

point xg. If s is the supremum over all chords pg passing through xg of
an upper bound on the desired total variation distance from the uniform distribution, it is
sufficient to take O <mn (n log(sm) + log %)) steps of the random walk. We use this result

to design an affine interior point algorithm that does a single random walk to solve linear

11



programs approximately. More precisely, suppose ) = {z‘Bz < 1} contains a point z such
that ¢’ z > d and r := sup,eq || Bz|| + 1, where B is an m X n matrix, ¢ is a n—dimensional
vector and d > 0. Then, after 7 = O (mn (n In (@) +In %)) steps, the random walk is
at a point z; for which ¢!z, > d(1 — €) with probability greater than 1 — §. The fact that
this algorithm has a run-time that is provably polynomial is notable since the analogous

deterministic affine algorithm analyzed by Dikin has no known polynomial guarantees.

1.6 Learning Theory

A standard assumption in learning theory is that data is generated by sampling indepen-
dently at random from some unknown probability distribution. A class of algorithms termed
graph-based methods first construct a weighted graph, whose vertices are the data points and
whose edge weights are determined by the relative positions of the points and perform natu-
ral graph-theoretic operations on the resulting graph. Graph-based methods are extensively
used for clustering and other machine learning tasks and are known to work very well. The
reasons behind their excellent performance are not well understood. In Chapter 10, we prove
that the weights of certain graph cuts corresponding to well-conditioned hypersurfaces tend
to a weighted surface area of the associated hypersurfaces, thus proving that in the limit,
these graph cuts tend to meaningful quantities [71]. We use Gaussian weights on edges .
This was the first result of its kind, but subsequently, other schemes for producing graphs
from data, such as k-Nearest Neighbors have been analyzed. For example, it was shown in
[63] that as the number of data points tends to infinity, graph cuts corresponding to hyper-
planes can have different limits depending on the scheme used to construct the graphs. One
of the intuitions underlying many graph-based methods for clustering and semi-supervised
learning, is that class or cluster boundaries pass through areas of low probability density.
We provide formal analysis of this notion. We introduce a notion of weighted boundary area,
which measures the area of the boundary weighted by the density of the underlying prob-

12



ability distribution. We show that the sizes of the cuts induced by a smooth hypersurface
on commonly used adjacency graphs converge to the volume of the boundary weighted by
the underlying density. The proof uses a relation between the amount of diffusion across a
hypersurface and the expected weight of a graph cut induced by the hypersurface. The proof
then relates the amount of diffusion across the hypersurface to the weighted surface area of
the hypersurface.

While modern data sets are typically high dimensional, they can often be successfully
modeled as lying on low dimensional manifolds embedded in high dimensional space because
they are generated by a dynamical system that has relatively few degrees of freedom. In
recent years, the hypothesis that data lie on a low dimensional manifold has gained accep-
tance, and the class of methods whose theoretical validity is contingent upon this hypothesis
has formed a subfield of its own called manifold learning. Some of these methods belong to
the family of graph-based methods discussed above. In Chapter 11, we study the following
question central to manifold learning:

How many random samples of data are needed to learn a smooth cut on a manifold? 73]

Let M be a manifold that is a submanifold of R. We consider smooth cuts where each
cut corresponds to a submanifold (say P C M) that divides M into two pieces. Since P
is a submanifold of M, and therefore R"*, one can associate to it a measure of complexity
given by its condition number 1/7, where 7 is the supremum over all  such that the tubular
neighborhood of radius r does not self-intersect (see Definition 6.3.1). Corresponding to
each cut whose condition number is < %, we may associate two indicator functions, one
for either part. Let C; be the class of functions that can be obtained in this manner. By
letting 7 vary, we obtain a structured family of classification functions. The number of
samples needed to learn the elements of C; is a natural quantity to study, and is a natural
generalization of halfspace learning on the surface of a sphere, to arbitrary manifolds. In

Chapter 11, we prove sample complexity bounds that depend on the maximum density py,qx
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of the distribution P from which samples are drawn, the curvatures of M and the class
boundary, and the dimension of M (but not the ambient dimension). This is achieved by
bounding the annealed entropy of C; with respect to P. We show that the dependence on
the maximum density pmqz of P is unavoidable by proving that for any fixed 7, there exist

manifolds for which the VC-dimension of C; is infinite.
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CHAPTER 2
LANGUAGE EVOLUTION, COALESCENT PROCESSES AND
THE CONSENSUS PROBLEM ON A SOCIAL NETWORK

In recent times, there has been an increased interest in theories of language evolution that
have an applicability to the study of dialect formation, linguistic change, creolization, the
origin of language, and animal and robot communication systems in general. (see [45, 76,
33] and references therein). One particular question of interest has the following general
form: how might a group of linguistic agents arrive at a shared communication system purely
through local patterns of interaction and without any global agency enforcing uniformity?
The linguistic agents in question might be humans, animals, or machines in a multi-agent
society. For an example of interesting simulations that suggest how a shared vocabulary
might emerge in a population, (see Liberman [56]) (other simulations are also provided
by [90, 10] among others). In this chapter, we consider a generalization of Liberman’s
model, prove several theoretical properties, and establish connections to related phenomena
in population genetics through coalescent processes.

Our model is as follows. For simplicity, we consider how a common word for a particular
concept might emerge through local interactions even though the agents had different initial
beliefs about the word for this concept. For example agents might use the phonological forms
“coconut”, “nariyal”, “thengai” etc. to describe the concept of the fruit. Thus we imagine
a situation where every time an event in the world occurs that requires the agents to use
a word to describe this event, they may start out by using different words based on their
initial belief about the word for this event or object. By observing the linguistic behavior
of their neighbors agents might update their beliefs. The question is - will they eventually

arrive at a common word and if so how fast.
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2.0.1 Model

1. Let W be a set of words (phonological forms, codes, signals, etc.) that may be used

to denote a certain concept (meaning or message).

2. Let each agent hold a belief that is a probability measure on W. At time ¢, we denote

the belief of agent ¢ to be bz(-t).

3. Agents are on a communication network which we model as a directed weighted graph
where vertices correspond to agents. We further assume that the weight of each directed
edge is positive and that there exists a directed path from any node to any other. An
agent (say i) can only observe the linguistic actions of its out-neighbors, i.e.nodes to
which a directed edge points from i. We denote weight of the edge from i to j by P;;,

where for any i, >°; Pj; = 1.

4. The update protocol for the bz(t) as a function of time is as follows:

(

(a) At each time ¢, each agent i chooses a word w = wit) € W (randomly from to

(t)

) and produces it. Let X Z-(t>, denote the probability measure
(t)

concentrated at w;”. Since wgt) is a random word, XZ.(t)

its current belief b
is correspondingly a

random measure.

(b) At every point in time, each agent can observe the words that their neighbors

produce but they have no access to the private beliefs of these same neighbors.

(¢) Let P be the matrix whose i;t" entry satisfies

P = =5—+—.
Yo Xk Ay

At every time step, every agent updates its belief by a weighted combination of
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its current belief and the words it has just heard, i.e.,

n

b = (1 —a)b! +a 3 Pyx!Y,

7
J=1

where « is a fixed real number in the interval (0, 1) that is not time dependent.

At a time t, the beliefs of the agents are represented by the vector

Then the reassignment of beliefs can be expressed succinctly in matrix form where the entries

in the vectors involved are measures rather than numbers as

b+ = (1 — a)b® + aPx®) (2.1)

2.0.2 Remarks:

1. If beliefs were directly observable and agents updated based on a weighted combination

of their beliefs and that of their neighbors,
b+ = (1 — a)b® + aPb®), (2.2)

the system has a simple linear dynamics, where all beliefs converge to a weighted
average of the initial beliefs. Thus eventually, everyone has the same belief (see [8] for
pioneering work and [36] for a recent elaboration in an economic context.)
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2. Our focus in this chapter is on the situation where the beliefs are not observable but

only the linguistic actions X Z.(t) are (and only to the immediate neighbors). Therefore,
the corresponding dynamics follows a Markov chain. The state space of this chain
(defined by Equation 2.1) is the set of all n-tuples of belief vectors. Since this is

continuous, the standard mixing results with finite state spaces do not apply directly.

3. Note that in our setting we have assumed that the communication matrix A;; does not
change with time. If this matrix changes with time the evolution is not Markovian in
the usual sense but the arguments in this chapter when combined with results in [95]
would lead to a proof of convergence under suitable conditions. We omit this analysis

for ease of exposition.

2.0.3 Results:

Our main results are summarized below.

1. With probability 1 (w.p.1), as time tends to infinity, the belief of each agent converges

in variation distance to one supported on a single word, common to all agents.

2. W.p.1, there is a finite time 7" such that for all times ¢ > T, all agents produce the

same fixed word.

3. The rate at which beliefs converge depends upon the mixing properties of the Markov

chain whose transition matrix is P.

4. The rate of convergence is independent of the size of W. One might think that a
population where every agent has one of two words for the concept would arrive at a
shared word faster than one in which every agent had a different word for the concept.

This intuition turns out to be incorrect.

18



The proof of these results exposes a natural connection with coalescent processes and has
a parallel in population genetics. Our analysis brings out two different interpretations of
the behavior of a linguistic agent. In the most direct interpretation, the agent’s linguistic
knowledge of the word is internally encoded in terms of a belief vector. This belief vector is
updated with experience. In a second interpretation an agent’s representation of its linguistic
knowledge is in terms of a memory stack in which it literally stores every single word it has
heard weighted by how long ago it heard it and the importance of the person it heard it from.
Such an interpretation is consistent with exemplar theory (see [14]). An external observer
looking at this agent’s linguistic actions will not be able to distinguish between these two

different internal representations that the agent may have.

2.0.4 Connections to other fields

Linear update rules are often used in distributed systems, to achieve coherence among differ-
ent agents or to share knowledge gathered individually. In a model that has been intensively
studied, a number of sensors form a network, each of which measures a quantity such as
temperature [8]. Neighbors communicate during each time step and make linear updates in
a synchronous or asynchronous manner. The rate at which consensus is attained is studied.
There is also a related body of work on Coordination and Distributed Control. A model of
flocking has been considered in [17], where a group of birds, have a certain initial velocity,
and the evolution of their velocities is governed by a differential equation wherein each bird
modifies its velocity to bring it closer to that of its neighbors. The update rule involves a
graph Laplacian. Some results are derived concerning the initial conditions that result in
flocking behavior.

There are two connections to evolutionary theory that are worth mentioning. First, our
proof of convergence exposes a natural coalescent process over words. Coalescent processes

are, of course, widely used in modeling and making inferences about genetic evolution [34, 44].
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Second, researchers have considered game-theoretic models of evolution [89] and more recent
research in this tradition has addressed evolutionary games on graphs [79]. The question of
how agents may learn an appropriate strategy for a coordination game on a graph has many
high level similarities to the problem studied in this chapter.

Finally, there have been a large number of models on achieving coherence in a linguistic
population. Many of these rely on simulations. Among mathematical studies, two strands
are worth noting. The model of language evolution proposed in [18] has many similarities
with languages of agents evolving on a graph. But it is worth noting that in that model, if
at each time step, the number of linguistic examples (observations) collected by each agent
is bounded from above by a constant (independent of time), the community fails to achieve
a consensus language. A second strand is the collection of results obtained in [78, 45]. While

there are many synergies with that body of work, there is nothing that is directly comparable.

2.1 Convergence to a Shared Belief: Quantitative results

Let P be the transition matrix on the augmented agent space S=S5uU8 , where for 7,5 €

S:={1,...,n}and S={1,...,a}.

Definition 2.1.1. Let T}, (€) denote the mizing time of P, defined as the smallest t for

which, for each specific choice of v,w € S,

Z |f’(t)(v —u) — f’(t)(w —u)| <e.
u€es
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Here P(t)(b — ¢) denotes the probability that a Markov Chain governed by P starting in b

lands in ¢ at the ' time step.

The following is the main result of this chapter.

Theorem 1:

1. The probability that all agents produce the same word at times 7,7 + 1, ... tends to

1 as T tends to oo. More precisely, if

(6%
T = (4n/0)Tyip(7) Indn/a?)
M = e,
then
MnTe™*
nie
PNy Xi=XT]>1- ——ur. (2.3)
ues l—e 7

2. As time t — oo all produced words converge (almost surely) to a word whose proba-

bility distribution is

where (71,...,7y,) is the stationary distribution of the Markov chain whose transition

matrix is P.

2.1.1 A Model of Memory

The evolution of the B®) is a Markov chain. It can be seen that its only absorbing states are
of the form (bgt), o ,b%t ))T, where Vi, bl(-t) = dw, and 0y is the point measure concentrated

on some word w € W. Formally, d,, is the measure on W, which assigns to a measurable

set A the measure d,,(A) according to the following rule.
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Sw(A) = 1 IfweA

= (0 otherwise.

Therefore, if the Markov Chain were finite, a simple argument would suffice. However,
the state space of our Markov Chain is uncountably infinite. Thus in principle, its dynamics
could be hard to analyze. Our proof is based on coalescent processes, which have also been
extensively used to study biological evolution [34, 44]. In analyzing the evolution of beliefs,
we trace the origin of words backwards in time and find that all surviving words, are copies
of a single word produced at some point in time sufficiently far in the past. Observe that if

the process had begun at time 0, the beliefs at time ¢ + 1 would be

Observation 2.1.1.

t
B =3 a(1 - ) X 4 (1 - )1 BO), (2.4)
1=0
Xt = (Xl(t), . ,X,(f) )T is a random vector whose entries are point measures, where
X Z( ) - d(w Z(t)) and w(t) is chosen from the measure bl(-t) on W, independent of the choice of

other coordinates of the vector X*). This observation, motivates a model of memory that
we define next.

Let each agent’s memory be modeled as a stack. At the top level of the stack of agent
1 are all the words heard at time ¢. Below this are all words heard at time ¢ — 1 and so on
tracing backwards in time until the first words heard at an initial time 1. At the lowest level,

(0)

corresponding to time 0, is the initial belief b;™" which is a probability distribution on the
set of words. We may imagine this to be a form of vestigial memory.

Let agent j be adjacent to agent i. We shall describe the process by which agent j
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produces word w;(t) and which induces X;(t), the point measure supported on X;(t). Let
Sj be the stack held by agent j, and S](-t), e S;O) be the levels in its stack from top to
bottom. After j produces Xj(t), ¢ places X;(¢), and all other X (¢) produced by neighbors
of i at time step ¢ on the top of its stack. In order to describe the mechanism by which X (#)

is generated, let us introduce a geometric random variable Y where

If Y <t—1, Xj(t) is chosen to be the word produced by j' at time t — 1 — Y (which is
stored in Sy _1_y) with probability P;u. If' Y > ¢, X;(t) is chosen from the distribution in
bg.o). This process has been illustrated in Figure 2.1.1. Note that in this model words are
formal objects. While any two words present in the stack positions Sy) fort=1,2,... are
considered distinct, there is a natural “parent-child” structure existing on the set of words.

Under this scheme, let the probability distribution of X Z.(t) be denoted Bgt). Denoting by B (t)
= t t
the vector (b(1 ),bé ), e ,b%)).

Observation 2.1.2. A direct computation shows that in the model just described
t ~
B =301 - ) PXUT) 4 (1 - o)1 B0, (2.5)
1=0

(t)

This along with the fact that the randomness used in the generation of X j is independent
of the randomness in the generation of all other words, tells us that the model of memory
just described results in a system with the same dynamics as that introduced earlier. This

particular model of memory may be viewed as an implementation of the ideas implicit in

exemplar based accounts of linguistic behavior.
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Figure 2.1: A coalescent process obtained by tracing the origin of words backwards in time,
and the associated memory stacks of agents 1 to 4 for time steps ¢ to ¢t + 2. Each agent
produces « at time t 4+ 2 due to coalescence to a single word « produced by agent 2 at time
t.

2.2 Proofs

By observations 2.1.1 and 2.1.2, in order to obtain an upper bound on IP’[XZ-(tl) #+ XJ(-tQ)],
it is sufficient to trace the ancestry of both words backwards in time and show that the
probability that they do not have a common ancestor is small. Our results are best stated in
terms of the coalescence time of a set of random walks. In Figure 2.2, we illustrate how the
path tracing the origin of a word backwards in time can be encoded as a Markov chain on a
state space S U S = {1,...,n, 1,... ,n}. We use the states 1,...,n as additional “memory”
states. Since the random variable Y introduced in section 2.1.1 can be interpreted as the
length of a run of heads in a biased coin (whose probability of coming heads is 1 — «), we
can account Y using additional memory states.

We define a variant of the meeting time between two Markov Chains as follows. Let

u,vGSUS.
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Figure 2.2: The ancestry of X;HB) has been traced backwards in time to XQ(t). On the right,is

an encoding of this path in terms of the transitions in a Markov Chain with “auxiliary states”
1,...,n. 3 is occupied at time step ¢ + 1 because the agent 3 produced a word at a time
t + 2 from past memory.

Definition 2.2.1. Fort > 0, let Yy and Z; be two independent random walks on S U S each
of which has P as its transition matriz and have initial states Yo =u,Zy =v. For A >0,

let Myy(A) be the smallest time t > 0 for which Y A = Z; € S.

Theorem 2.2.1. 1. The probability that all agents produce the same word at times T, T+

1,... tends to 1 as T tends to co. More precisely, if

= (4n/0®)T () In(dn/a?)

M = e,
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then

T
MnTe 7
ues l—e"7

2. As time t — oo, all produced words converge (almost surely) to a random word chosen

from the probability distribution

where (w1, ...,my) is the stationary distribution of the Markov chain whose transition

matriz is P.

Proof. To prove the first part, we observe that

P {ﬁ (VQT x! = x{ )

uesS
- T (j+1)T =g Ttk T
. N T .
<D AT D0 Y PG T £ X
j=1 k=0 u=1

by the union bound. The following application of Lemmas 2.2.1 and 2.2.2 completes the

proof.

ues
= T (j+1)T g Ttk T
< ST exy" # xS S e 2 X
j=1 k=0 u=1
00 T-1 n
<Y | PIMu(T) > 5T+ Y Y P[Mya (k) > T
j=1 k=0 u=1
MnTe T
S T 9
l—e 7



where M and 7 are the constants that appear in Lemma 2.2.2.
To prove the second part, we use the linearity of expectation to show that the expected

value of the beliefs follows a simple rule. Namely

Eb() = (1 - a)Eb® + oaPEX(®

= ((1-a) +aP)Eb®

= ((1=a) +aP)1EDLO).
By well known results on Markov chains,

lim (1 —a)l +aP) = (1,..., 1) (xy,...,m),

t—00

where 7; is the stationary probability of the state ¢ under the chain P. Therefore, for each
Js
0 _ N~ 0
Jim Eb = > b,
i=1
By the first part of this theorem, as t — oo, b(®) converges almost surely to a measure that

is concentrated on a single common word w. Given a signed measure p, let

lul = sup /fdu-

[ flloo=1

Then,
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It follows that this common word w must have the distribution > ;" ; mbgo). ]

Lemma 2.2.1. The probability that the word produced by agent u at time step t1 is different
from that produced by agent v at time step toy greater than t1 can be bounded from above as

follows.

PIxUY) £ X)) < PIMyy(ts — t1) > 1.

Proof. In the model of memory introduced in section 2.1.1 we described a parent-child rela-
tionship between words, where a child word is identical to a parent word. The evolution of
the Markov chain defined in this section corresponds to the geneology of a word. The event
that the words Xl(fl) and X£t2) have a common ancestor produced at some time > 0 is the
event that My, (to — t1) < t1. The lemma follows from the fact that two words that have a

common ancestor are the same. O

Lemma 2.2.2. The random variable Myy(A) has an exponential tail bound uniform over
u,v and A. More precisely, there exist constants M, > 0 independent of u, v and A such
that

T
P[Muy(A) > T) < Me™ 7.
(In fact, this is satisfied for T = i—ngm(%) and M =e.)

Proof. The stationary measure /i satisfies for each 4, the identity afi(z) = (1 — a)fi(4).
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Let 71 = Tz (T) In(42). Let us denote by gy (i) the probability P[Z, = i’ZO = u|. Then,

a?
sup P[~(Y; 1A = Z7 € S)|YA = u, Zy = 0]

=1 hngz qu(i)qu (i)
" iesS
<1-— %Z min(qy (i), gu (7))
" ies
o (2_ies min(gu (i), (Jv(i)»Q

<1-—1
U,V n

2

<1-¢
- dn’

Now, using the Markov property and conditioning repeatedly, we see that

P[Muy(A) = T] < P[~(Ya = Zp € 5)]x

|4

71
H Sup]P)[_'(YA—l-iTl = ZiTl € S)‘

: w,v
=1

Yat(i-Dm Zi-1)m) = (W, v)]

where

which proves the Lemma.
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CHAPTER 3
DISTRIBUTED CONSENSUS ON A NETWORK HAVING A
SPARSE CUT

3.1 Introduction

We consider the question of averaging on a graph that has one sparse cut separating two sub-
graphs that are internally well connected. While there has been a large body of work devoted
to algorithms for distributed averaging, nearly all algorithms involve only convexr updates.
In this chapter, we suggest that non-conver updates can lead to significant improvements.
We do so by exhibiting a decentralized algorithm for graphs with one sparse cut that uses
non-convex averages and has an averaging time that can be significantly smaller than the
averaging time of known distributed algorithms, such as those of [8, 13]. We use stochastic
dominance to prove this result in a way that may be of independent interest.

Consider a Graph G = (V, E), where i.i.d Poisson clocks with rate 1 are associated with
each edge. We represent the “true” real valued time by 7'. Each node v; holds a value x;(T")
at time 7. Let the average value held by the nodes be x4,. Every time an edge e = (v, w)
ticks, it updates the values of vertices adjacent to it on the basis of present and past values
of v, w and their immediate neighbors according to some algorithm 4. There is an extensive
body of work surrounding the subject of gossip algorithms in various contexts. Non-convex
updates have been used in the context of a second order diffusion for load balancing [68] in
a slightly different setting. The idea there was to take into account the value of the nodes
during the previous two time steps rather than just the previous one, (in a synchronous
setting), and set the future value of a node to a non-convex linear combination of the past
values of some of its neighbors. There is also a line of research on averaging algorithms
having two time scales, [12, 48] which is closely related to the present chapter.

In [69], the use of non-convex combinations for gossip on a geographic random graph on
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n nodes was considered. It was shown that one can achieve averaging using pito(l) updates
if one is willing to allow a certain amount of centralized control.The main technical difficulty
in using non-convex updates is that they can skew the values held by nodes in the short
term. We show that nonetheless, in the long term this leads to faster averaging. Let the
values held by the nodes be X(T') = (z1(T), ...,z (T))T. We study distributed averaging
algorithms A which result in

lim X(T) - xav]_’

T—o00

where x4, is invariant under the passage of time and show that in some cases there is an
exponential speed-up in n if one allows the use of non-convex updates, as opposed to only

convex ones.

Definition 3.1.1. Let

Vi 2
SV () = 2au)
var X (t) == == )
14
Let Ty be the supremum over all x € RIVI of
, var X(T) 1 1
fP| AT >t, ———= —’XO: —.
0 ~ var X (0) 72 (©) x} S

Notation 3.1.1. Let a connected graph G = (V, E) have a partition into connected graphs
G1 = (1, E1), and Go = (Va, E9). Specifically, every vertex in V is either in Vi or Va,
and every edge in E belongs to either Ey or to Eg, or to the set of edges Eq9 that have one
endpoint in Vi and one in Va. Let |Vi| = ny, |Va| = ng where without loss of generality,
ny < ng and |V| =n. Let Tyan(G1) and Tyan(G2) be the averaging times of the “vanilla”
algorithm that replaces at the clock tick of an edge e the values of the endpoints of e by the

arithmetic mean of the two, applied to G1 and Go respectively.

Definition 3.1.2. Let C denote the set of algorithms that use only convex updates of the

form
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1ox(th) = awi(t7) + Bt 7).
2. xi(tT) = aw(t) + B (t7).
where a € [0,1] and o + 3 = 1.

These updates have been extensively studied, see for example [8, 13].

min(|V1|»|V2|))

Theorem 3.1.1. The averaging time of any distributed algorithm in C is T

Theorem 3.1.2. The averaging time of A is O(log n(Tyan(G1) + Tvan(G2))).

Note that in the case where GG1 and Go are sufficiently well connected internally but
poorly connected to each other, A outperforms any algorithm in C. In fact for the graph

G’ obtained by joining two complete graphs G, G’2 each having & vertices by a single edge,

min([Vy],[V3])

Q
(&)

) = Q(n), while O(log n(Taw(G) + Taw(G))) = O(logn).

3.2 Limitations of convex combinations

Given a function a(t), let its right limit at ¢+ be denoted by a(t") and its left limit at ¢ by

a(t™). Consider an algorithm C € C.

Proof of Theorem 3.1.1. Let us consider the initial condition where X (0) is the vector that

is 1 on vertices vy, ...,vp; of G1 and —% on vertices vy, 41,...,vn of Go. Let us denote

Z?:nl—i-l L5 (t)
n2

—2?211 Q) by y(t) and

o by z(t). In the model we have considered, with proba-

bility 1, at no time does more than one clock tick.
In the course of the execution any algorithm in C y(t) can change only during clock ticks of
ec and the same holds for z(t). This is because during a clock tick of any other edge, both

of whose end-vertices lie in G or in Gg, y(t) and z(t) do not change. The vertices adjacent
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to e can change by at most 2 across these instants. Further, the values xy,(t) and 41 (t)

are seen to lie in the interval

[Z,Iél‘i‘lfl| xi(o)’f?ﬁ?i zi(0)] € [=1,1].

If the clock of e, ticks at time ¢, we therefore find that

2

y(th) —y(t)] < o

(3.1)

The number of clocks ticks of e, until time ¢ is a Poisson random variable whose mean is ¢.

A direct calculation tells us that

nly(t)2_

var(X(t)) > o

(3.2)

To obtain a lower bound for y(t)2, we note that the total number of times the clocks of

edges belonging to Ej9 tick is a Poisson random variable 14 with mean t|Eqs|. It follows

from Inequality (3.1) that y(¢) > 1 — 24,

ni

’E12|Tav = E[VTM,]

1.nq 1.nq
> P > (1 —-)— — =)=
> Plog, > 0- D% 0- D5
However
1.n1
P 1—-)—
VT, = ( 6)4}
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must be large, because otherwise y(7T,,) would probably be large. More precisely,

1 1

Plop, > (1 g)%} > 1-P [EIT > Ta,varX(T) > 5
1
>1-—-
(&

Therefore,
1. m 1.m
Tow > P >(1—-)— ——)—
aw 2 Plvp, 2 (=2 e’ 4
ny
Q
Bl

3.3 Using non-convex combinations

3.8.1 Algorithm A

Let the vertices of G1 be labeled by [n1] and those of Gg by [n]\ [n1], where [n] ;== {1,... ,n}.
Let ec = (vn;, vp,+1 be a fixed edge belonging to Eq2. Let the time of the Kt clock tick of

an edge e be t. Let C' >> 1 be a sufficiently large absolute constant (independent of n.)

3.8.2  Analysis

Proof of Theorem 3.1.2. Since Ty, is defined in terms of variance and algorithm A4 uses only
linear updates, we may subtract out the mean from each X;(0) and it is sufficient to analyze
the case when x4, = 0.

1 ... )
Let Vi = [nq] and Vo = [n] \ [n1]. Let p(t) = —n—lﬂ and jup = == g
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o If the edge e is ec = (vny, Vpy41);

1. If k = -1 mod ([C(Tyan(G1) + Tyan(G2))Inn])
(a) Tny (t+> = Tny (t7)+mny {xn1+1(t_) — Ty (t_)}
(b) xn1+1(t+) = xn1+1(t7) —ni {xnl—&—l(ti) — Tpy (ti)}
2. If k£ —1 mod ([C(Tyan(G1) + Tvan(G2)) Inn]) make no update.

o If the edge e is (v;,vj) € E12

(i) = SOE)
2. aj(t+) = HHn)

e If e € Fyo \ {e.} make no update.

u(t) = i (8)] + lua(®)]. Let () be

\/ S i(t) — ()2 + Yo g i(t) — pa(1)?

n

We consider time instants 77,75, ... where T; is the instant at which the clock of edge e

ticks for the [iC(Toan(G1) + Toan(G2)) Inn]? time. Observe that the value of j(t) changes

only across time instants 7y, k=1,2,....

The amount by which xy,, (t) and ,, 11(t) deviate from pq(t) and po(t) respectively, can be

seen to be bounded above by /no(t)

max { |z, (t) — p1(8)], |2, +1(8) — pa(t)|}

< V/no(t).

We now examine the evolution of o (7; ]j ) and u(le ) as k — oo. The statements below

are true if C' is a sufficiently large universal constant (independent of n).
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From T to T}

o1 independent of x,

=
3
T
S
IA
| —

Because of inequality (3.3), from T]j to Ty 4

We deduce from the above that

var X(T;) 1
P VarX(T]:'+1)ZTk < g

(3.8)

Let A;. be the (random) operator obtained by composing the linear updates from time

T to )" .. Let ||A]| denote the ¢ to ¢2 norm of the linear map A.
k k+1 2 2
A
|A|| = sup w,
ceRn ||z[l2
Lemma 3.3.1.

1
P [nAkH? > —3} <
n

N | —
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To see this, let vy, ..., v, be the canonical basis for R™. For any unit vector
n
Tr = Z )\ivi
=1
Then,

n
1AR@) < >INl AR (v)] (Triangle Ineq.)
i=1

n
< o D I[Ag(v)|1? (Cauchy-Schwarz)
=1

The Lemma now follows from Inequality (3.8) by an application of the Union Bound. 0

Moreover, we observe by construction that the norm of A;. is less or equal to n,
Akl < n (3.10)

Note that log(var X(T];")) defines a random process (that is not Markov). The updates A},

from time T]j to T'F

1 for successive k are i.i.d random operators acting on R". Note that

k
log(var X (T}})) — log(var X(0)) < ) log || A
=1

due to the presence of the supremum in the definition of operator norm.

k

Wy, = log||4]|
1=1

is a random walk on the real line for k =1,..., 0.
The last and most important ingredient in this proof is stochastic dominance. It follows

from Lemma 3.3.1 and Equation 3.10 that the random walk {W},.} can be coupled with a
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random walk {I};} that is always to the right of it on the real line, i.e. for all k, W, < W},

where the increments

- - 1
Wii1 — Wy = logn (with probability 5)

3 1
= —3 logn (with probability 5)
By construction,
log(var X(T]:)) —log(var X(0)) < W, (3.11)

so it follows that T}, is upper bounded by any ¢y which satisfies

1
P VT >ty Wpr< =2 >1--.
(&

Note that E[IW},] = —klo% and E[varlV},] = % log? n.
In order to proceed, we shall need the following inequality (Proposition 2.1.2, [52]) about

simple unbiased random walk {Sj};>( on Z starting at 0.

Proposition 3.3.1 (Proposition 2.1.2, [52]). There exist constants c, 3 such that for any
nez,s>0

P[Sp > sv/n] < ce= P’
Using this fact,

PNVT > tg, Wy < —2]

= BIYT > to, (log ) (St — ) <~
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For large n, this is the same as

T
4 _ —BT/4
IP’[VT>t0,ST<2]21 E ce PT/4,
T>tg

(Clearly, there is a constant ¢ independent of n such that 1 — ZT>t0 ce PT/4 > 1 — % This

completes the proof. O
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CHAPTER 4
MIXING TIMES AND BOUNDS ON THE COMPETITIVE
RATIO FOR OBLIVIOUS ROUTING

4.1 Introduction

Over the past three decades, there has been significant interest in the design and analysis of
routing schemes in networks of various kinds. A network is typically modeled as a directed
or undirected graph G = (V, E'), where E is a set of m edges representing links and V' is a
set of n vertices representing locations or servers. Each link is associated with a cost which

is a function of the load that it carries. There is a set of demands, which has the form
{(i, 4, di;)|(i, ) € V x V, d;j > 0}

A routing scheme that routes a commodity from its source to its target independent of
the demands at other source-target pairs is termed oblivious. The competitive ratio of an
oblivious routing scheme Obl is the maximum taken over all demands, of cost that Obl incurs
divided by the cost that the optimal adaptive scheme Opt incurs. Work in this area was
initiated by Valiant and Brebner [98] who developed an oblivious routing protocol for parallel
routing in the hypercube that routes any permutation in time that is only a logarithmic factor
away from optimal. For the cost-measure of congestion (the maximum load of a network link)
in a virtual circuit routing model, Récke [81] proved the existence of an oblivious routing
scheme with polylogarithmic competitive ratio for any undirected network. This result was
subsequently made constructive by Harrelson, Hildrum and Rao [31] and improved to a
competitive ratio of O(log?nloglogn).

Oblivious routing has largely been studied in the context of minimizing the maximum

congestion. A series of papers [81, 31, 82] has culminated recently in the development of an
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oblivious algorithm due to Réecke [82] whose competitive ratio with respect to congestion
is O(logn). The algorithm Har that is studied in this chapter was introduced in [32] where
it was shown to have a competitive ratio of O(y/logn) with respect to the f9 norm when
demands route to a single common target. We study the task of uniformly minimizing all the
¢ norms of the vector of edge loads in an undirected graph while routing a multicommodity
flow oblivious of the set of demands. As a matter of fact our results hold under any norm
that transforms R" into a Banach space symmetric and “unconditional” with respect to the

canonical basis. These terms have been defined in section 4.3.

4.2 Our results

Let G = (V, E) denote an undirected graph with a set V' of n vertices and a set E of m
edges. For any oblivious algorithm A, let the competitive ratio of A in the norm || - ||, be
denoted rp(A). Let the performance index m(A) of A be defined to be their supremum as

| - ||p ranges over the set of all £, norms.

7(A) == sup kp(A).
b

Let Har be the oblivious algorithm (formally defined in the following section,) which routes
a flow from s to ¢ in the (unique) way that minimizes the ¢o norm of edge loads of that flow,
assuming all other demands to be 0. The competitive ratio of this algorithm with respect to
the fo norm was shown in [32] to be O(y/logn) over demands having single common target.
We show that Har has an index 7(Har) that is equal to its competitive ratio in the ¢; norm,
which is in turn bounded above by min(y/m, O(T},;.)) where T}, is the mixing time of the

canonical random walk, We obtain O(logn) upper bounds on m(Har) for expanders. The

logn
loglogn

constant in O(-) may depend on the family. Almost matching ( ) lower bounds for

expanders [30] and matching Q(logn) lower bounds for 2—dimensional discrete tori [3] are
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known for the competitive ratio of an oblivious algorithm with respect to congestion or £,
norm. In particular, for cost functions that are convex combinations of bounded powers
of the various £, norms, such as ), g(load(e)) where g is a polynomial with non-negative
coefficients, Har has on these graphs a polylogarithmic competitive ratio. We show that there
exist graphs for which no algorithm that is adaptive with respect to the demands but not
p can simultaneously have a cost that is less than Q(y/m) times the ¢, norm of the optimal
adaptive algorithm that is permitted to vary with p, even if p can only take the values 1
and oo. Lastly, we can handle a larger class of norms than /;,, namely those norms that
are invariant with respect to all permutations of the canonical basis vectors and reflections

about any of them.

Theorem 4.2.1. For any graph G, with n vertices, and m edges, on which the canonical

random walk has a mizing time Ty, 7(Har) < min(y/m, O(Tyz))-

Hajiaghayi et al have shown in [30] that if G belongs to a family of expanders and A is
any oblivious routing algorithm, the competitive ratio koo (,A) with respect to congestion is

bounded from below by Q(log)i gn) Therefore Theorem 4.2.1 is tight up to an O(loglogn)

factor for expanders.

Theorem 4.2.2. For every m, there exists a graph G with m edges, such that for any
oblivious algorithm A, m(A) > L_“;—H on G.

4.3 Definitions and Preliminaries

A network will be an undirected graph G = (V, E), where V' denotes a set of n vertices (or
nodes) {1,...,n} and F a set of m edges. If a traffic vector t = (¢1,...,t) is transported
across edges eq, ..., ep, we shall consider costs that are £, norms |[|t|[,. In our setting, the
network is undirected and links are allowed to carry traffic in both directions simultaneously.
For book keeping, it will be convenient to give each edge an orientation. For an edge e of the
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form {v,w}, we will write e = (v, w) when we want to emphasize that the edge is oriented
from v to w. The traffic on edge e will be a real number. If this number is positive, it will
represent traffic along e from v to w; if it is negative, it will represent traffic along e from w
to v. Let In(v) be the edges of G that are oriented into v and Out(v) be the edges of G that
are oriented away from v. A potential ¢ on G is a function from V' to R. The gradient V¢

of a potential ¢ is a function from F to R, whose value on an oriented edge e := (u,v) is

A flow f on G is a function from F to R. The divergence div f of a flow f is a function from

V to R whose value on a vertex v is given by

(divf) ()= D> fle)— > fle)

eeOut(v) e€In(v)

We shall denote by A the Laplacian operator that maps the space of real valued functions
on V to itself as follows.

A = —div (V).

We call such f = (f;; 14,7 € V(G)) a multi-flow. We say that a multi-flow f meets the

demand (d;; : i,j € V), if for all 4,5 € V,

where 6,(-) is the Kronecker Delta function that takes a value 1 on u and 0 on all other

vertices. If this is the case, we say “f routes D” and write f \, D. For a fixed 7, j, we shall
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use || fij]l1 to denote Y. |fi;(e)|. The traffic on the edge e under f is given by
tr(e) =Y Ifij(e)l.
0]

We shall call the vector t ¢ := (t¢(e1),...,t¢(em)) the network traffic or network load, where
(€1,...,em) is a list of the edges of G. If for every edge e, the total traffic on e under f is

greater or equal to the total traffic on e under f’, we shall say that f’ < f. i.e.
(Ve)ty(e) > tp(e) = ffatf.

Definition 4.3.1. An oblivious algorithm (A), is a multi-flow {a;;} indexed by pairs of

vertices i, ] where each a;j 1s a flow satisfying

diV aij = 52 — 5]

Given a demand D, A routes D using D - a := (d;ja;; : i,j € V(GQ)).

Definition 4.3.2. For any oblivious algorithm A, for every p € [1,00], we define its com-

petitive ratio under the £, norm || - ||,

tp.
rp(A) :=sup sup w.
p i~ ltslp
Let the performance index w(A) of A be defined to be their supremum as || - || ranges over

all possible £y norms,

m(A) = sup kp(A).
pE[l,0]

All results in this chapter hold without modification if the above definition of perfor-
mance index, is altered to be the supremum over all norms that satisfy the symmetry and
unconditionality conditions in Definition 4.3.6.
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Definition 4.3.3. We define Har to be the oblivious algorithm corresponding to the multi-

flow h = (h;; :i,j € V(G)), where h;j is the unique flow such that
1. div hij = 52‘ - (5]', and
2. There exists a potential ¢;; such that Vo;; = hjj.

These conditions uniquely determine {h;;} and determine the potential ¢;; up to an
additive constant. The potential can be described in terms of random walk on the graph.
Suppose Wy, W1, ... denotes simple random walk on the graph, and let 7(v) = deg(v)/[2| E])]

denotes its stationary distribution.
Definition 4.3.4 (Hitting time). If S C V, let
Hg=min{j >1:W; €S}, Hg=min{j>0:W;e S}

If S ={i,j}, we write H

ij> Hij-

Note that Hg, H g agree if Wy € S. The potential ¢;j with boundary condition ¢;;(j) = 0
is given by

¢ij(v) = bjj PYA{W (H;j) = i},

where we write PY to denote probabilities assuming Wy = v and the constant b;; is given by
—1 1 .
Definition 4.3.5 (Mixing time). Let Wy, W1, ... be simple random walk on G. Let

oD ) = P{W, = ).
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The mizing time as a function of € is

. ~ t
Tniz(€) := sup inf {t || — ,01(;)||1 < 26} .
veV

Definition 4.3.6. A Banach space X with a basis {e1,...,em} is said to be symmetric
and unconditional with respect to the basis if the following two conditions hold for any

X1y Tm €R .
S. For any permutation 7, || 327 wieillx = || 2252 wier ) llx-

U. For anyey,...,em € {=1,1}, || X xieillx = || 20 eimieil x-

4.3.1 Interpolation Theorems

All £, norms satisfy the above conditions. Given a linear operator A : R™ — R, we shall

define its £, — £; norm
| Az |

lelp=1 l=llp

[Allp—p =

More generally if R™ is endowed with a norm transforming it into a Banach space X, we
shall denote its operator norm by [|A|| x _ x. We will need the following special cases of the

theorems of Riesz-Thorin [84, 94] and Mityagin [66].

Theorem 4.3.1 (Riesz-Thorin). For any 1 <p <r < ¢q < oo,

[Allr—r < max(||Allp—p, [ Allg—q)-

The following theorem is due to B. Mityagin.

Theorem 4.3.2 (Mityagin). Let R be endowed with a norm transforming it into a Banach
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space X that is symmetric and unconditional with respect to the standard basis. Then,

[A]lx - x < max([|All1-1, [[Alloo—o0)-

4.3.2  Some facts about harmonic functions and flows

hi; = V¢;;, where ¢;; is up to addition by a constant, the unique solution of the linear
equation
Ag;j = —0; +0;.
Therefore for every u,v and w, the following linear relation is true.
Fact 4.3.1. hyy + hyw = hyw-

For e = (u,v), let he := hyy and @e := ¢yy. More generally, we have the following.

Lemma 4.3.1. Let g;; be a flow such that div g;; = 6; — 0;. Then,

> " gij(e)he = hyj.
e

Proof. By linearity,

div Z g@-j (e)he = Z gij(e)div he
e e

= Z 9ij(€)(0u — bv),

e=(u,v)eE

which is

Dol 2 - > i) w=0-4;

veV \e€Out(v) e€In(v)

Secondly,
VO gijle)de) = gij(e)Vee = gije)he.
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According to the definition, h;; is the unique flow that satisfies the above properties, so

we are done. O
The following is a result from network theory [93].

Theorem 4.3.3 (Reciprocity Theorem). The flows comprising Har have the following sym-
metry property. For eachi,j €V, let ¢;; be a potential such that NV ¢;; = hij. Then, for any

u,v €V,
Csz(u) - Qbij(v) = duv (i) — duv(4)- (4.1)

4.4 Using Interpolation to derive uniform bounds
Proof of Theorem 4.2.1. This Theorem follows from Proposition 4.4.3, Proposition 4.4.1 and
Proposition 4.4.2.

Proposition 4.4.1. For any graph G,

n(Har) = ky(Har)

= max|lh
a1,

where the maximum is taken over all edges of G.

Proof of Proposition 4.4.1. Given a demand D, let D), be constructed as follows. Let Opt p(G , D)
be an optimal multi-flow routing D with respect to ¢p, and optp(G, D) be the corresponding
¢y norm. For an edge e = (u,w), let (Dp)uw be the total amount of traffic from u to v in

Opt ,(G, D) that routes D. For any pair of vertices (u,w) that are not adjacent, let (Dp)uw
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be defined to be 0. Let || D||, be defined in the natural way to be

Sl

1Dlp = | > di;
ij

Lemma 4.4.1. opt,(G, D) = opt, (G, Dp) = || Dp|lp-

Proof of Lemma 4.4.1. Any multi-flow f that routes D,, can be converted to a multi-flow that
routes D having the same total cost, since D), was constructed from a multi-flow that routes
D. Therefore opt,(G, D) < opt,(G, Dp). By the definition of Dy, there exists an optimal
solution to D that can be used to route Dp. This establishes that ||Dpl|, = opt,(G, D) >

opt, (G, Dp), and proves the lemma. ]

Let ﬁp represent the set of all demands of the form D,, arising from some demand D by
the above conversion procedure. By Lemma 4.4.1,

1 1

\ 5 sup = .
DoeBr oo ltslly — 1Dl

Using D - h to denote the multi-flow (d;;h;; : i, € V(G)), it is sufficient to prove that for

all p € [1, 00].
1t to,.
sup 1 DwhlE Dy -nlly (42)
pyep, Ppllp piep, D1l
Let eq, ..., e be some enumeration of the edges of G and let R be the m xm matrix whose

ijth entry, where e; = (u,v) is given by rij = |huv(e;)|. For Dy € Dp, the “traffic vector”

tp,-h can be obtained by applying the linear transformation R to d), for each e; = (u,v),

(dp)z' = (Dp)uv and dp = ((dp)b RN (dp)m)-
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tp,-n(e1) e Tim (dp)1
tpyn(e2) || e oo Tom (dp)2
tDp.h(em) ™l --- Tmm (dp)m

Given a linear operator A : R™ — R"™, we define its ¢, — ¢, norm

A
lAllpp = sup 122l
]| p=1 %]

With this notation, for p € (1, o0],

Itp,-nllp
sup. ﬁ < [R||p—p (4.3)
DyeD, plip

while for p = 1, because Dy is equal to {RT}", we can make the stronger assertion that

ltp, .l

[1R]l1—1- (4.4)
e, 1Pt

Lemma 4.4.2. ||R||1—1 = || R]|co—o0-

Proof of Lemma 4.4.2. Recall that R is an m x m matrix whose 5" entry is |he; (€5)]- By
the Reciprocity Theorem (Theorem 4.3.3), R is a symmetric matrix. Let 1 € R be a unit
/1 normed vector that achieves the maximum dilation in the /1 norm when multiplied by
R, i.e |zl = 1 and ||Rzq||; = ||R]1—1. We may assume without loss of generality that
all coordinates of x1 are non-negative, because if we replace x1 by the vector :c'l obtained

by taking absolute values of the coordinates of z1, ||[Rz|| > ||Rxz1|. Let uy,..., um be the
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standard basis. We note that

m
IBli—1 = Y llhellizn
i=1

< max Jhe,

= mz?lXHRUz'lll

IN

[R]1-1-

Therefore |R|[1—1 = max; ||he|1. Since R is a symmetric matrix whose entries are non-

negative,
ms‘ljopzl [Rz[loc = [[R(u1 + - .. + wm)|oo-
Therefore,
[Rllco—oo = [[R(u1 + ... +um)lloo
= max e,y
= [IRlh-1

m
By Lemma 4.4.2 and the Riesz-Thorin theorem (Theorem 4.3.1), we conclude that
1tD, nllp
sup ﬁ < |Rlp—p
DyeD, 1&plip
< max(||Bll1-1, [ Bllc—oc)
= ||R||1—1(By Lemma 4.4.2)
_ 1tpy-nllt
ooy D1l
which establishes Inequality 4.2 and thereby completes the proof. O
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Remark 4.4.1. One can repeat the above argument using Mityagin’s theorem (Theorem 4.5.2)
instead of the Riesz-Thorin theorem, and prove the stronger statement that for any norm that
transforms R™ into a symmetric unconditional Banach space X with respect to the standard
basis,

kx (Har) < k1(Har),

where kx (Har) is the competitive ratio of Har with respect to the norm of X.

4.4.1 Bounding w(Har) by hitting and mizing times

Proposition 4.4.2. For any vertices i,j € V,
1
izl < 8Tmiz(7)-

Proof of Proposition 4.4.2. 1t is always possible to find a potential ¢;; such that A¢;; =

5]' - 51’7 and

T({ulgij(u) <0}) >
T({vlpij(v) > 0}) >

N — DN —

because adding an arbitrary constant does not change the gradient of a potential. Let ¢;;
satisfy the above conditions.
Recall that Hg be the (hitting) time taken for a random walk starting at v to hit the set

S (Definition 4.3.4). Let EV[-] denote expectations assuming Wy = v.

Lemma 4.4.3. Suppose A¢;; = d; — d;. Then,

IVijlln < deg(v)]6i(v)]
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Proof of Lemma 4.4.3.

Vil = > loi(u) — ¢i(v)]

(u,w)eE

< Y (i) + 6ii(0))

(uw)eE

= Zdeg |¢1]

[]

Lemma 4.4.4. Let Ag;j = §; — 6;, S< := {v|¢;;(v) < 0} and S> = {v[¢;j(v) > 0}. Then,

Zdeg V)i (v \<]EHS +EHJ
veV

Proof of Lemma 4.4.4. Let Wy, W1, ... be a random walk on G starting at ¢ and ending the

first time it hits S<. Given v € V and a subset S of V, let Ng(v) be the number of times
]EN% (v)
<

the walk exits v until hitting S<, and (v) := ~dea(v)

. Note that ¢(u) = 0 for all u € S<.

We make the following claim.

Claim 4.4.1.

AY(i) = —1
AYp(u) = 0 if weV\{S<U{i}}.

Proof of Claim 4.4.1. To see why this is true, let F(t,v) be the event that Wy = v. For any
vertex u, let x(u) denote the set of vertices adjacent to u. We see that for 1 <t < Hg< and
ue VA{S<U{it},

PIE(t —1,u)]

PEGI = >~

uE*(v)

23



Summing up over time, this implies E[N 5. (v)] = Zue «(v) “deg(u) This translates to
lu) When v = ¢, a similar computation ylelds
ux(v deg deg(v)”
1+ 2 Gy
deg i
=)
proving the claim. O]

It follows that A(¢) — ¢) is 0 on all of V'\ S<. This implies that the maximum of ¢ — 1)
cannot be achieved on V'\ S< (Maximum principle for Harmonic functions). ¢ — ¢ is < 0

on S<, therefore ¢ — ¢ is a non-negative function. It follows that

Z deg(v);;(v) < E' [HSJ .

’UESZ

An identical argument applied to —¢;; instead of ¢;; gives us the following.

Z deg(v ¢zg v)) < E/ [HSE} :

UGSS
Together, the last two inequalities complete the proof. O

Lemma 4.4.5. Let S be a subset of V' whose stationary measure is greater or equal to %
Letv e V\S. Then
E°[Hg] < 4T iz (1/4).

Proof of Lemma 4.4.5. Let Wy, W1, ... be a random walk on G starting at v. Recall that

from Definition 4.3.5,

. ~ t
Trnia(€) = sup inf { Ty |7 = plf 1 < e}
veV

o4



Let 7 := Typir(1/4) and P = PV,

uesS
> 5 - 17(8) ~ Y BW, =
uesS
> | () — B = )| > 7.

In order to get a bound on the expected hitting time from this bound on the hitting
probability, we observe that the distribution of hitting times has an exponential tail. More
precisely, using the Markovian property of the random walk,

P[Hg > k7] is less or equal to

3
i=1Y
Finally,
00
EY[Hg] < T (Z]P’ [Hg > ZT]) < 4.

=0
0
0

Proposition 4.4.3. For any edge e, ||hel|1 < /m.

Proof of Proposition 4.4.3. If e = (u,v), he is by Thompson’s principle ([23]) the minimizer
of || f|l2 among all flows f for which div f = §,, — d,. Since u and v are adjacent, ||f]lo =1

if f is the “shortest-path” flow defined by
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Figure 4.1: A graph on which the performance index 7(.A) of any oblivious algorithm A is
> [Vm—1]
el

, 1 ife =e
fle) =

0 otherwise.

Therefore ||he|lo < 1. This implies that [|hel|1 < v/m, since for any vector x € R, ||z|; <

vm||zla- O
O

Proof of Theorem 4.2.2. Let G be a graph with n = m — |v/m — 1] + 1 vertices and m edges
constructed as follows (see Figure 1). Let vertices labeled 1 and 2 be joined by an edge eq,
and also be connected by r := |[/m — 1| vertex disjoint paths of length h. We make the
remaining vertices and edges belong to a path from vertex 3 to 2, such that there is no path
from any of these vertices to 1 which does not contain 2. We will fix a specific set of demands
D= {dij}; namely a unit demand from 1 to 2, and 0 otherwise. Suppose that an algorithm

A uses a flow denoted a1o to achieve this, where aja(e1) = a € [0, 1]. Then,
laijlli > a+ (1 —a)r
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and

llaijlloo > c.

On the other hand a flow Opt ;| that uses only ey incurs an 1 norm of 1. A flow Opt , that

uses all the r + 1 edge disjoint paths from 1 to 2 equally incurs an £~ cost of %

lai2]l1

> (1 —
[Opt 4 = &t
and
|12/l
[0t o floc =~ Y
Therefore,

4.5 Random walks and 7(Har)

4.5.1 A Bound on the Spectral Gap using flows of Har

A well known method due to Diaconis-Stroock [21] and Sinclair [87], of bounding the spectral
gap of a reversible Markov chain involves the construction of canonical paths from each node
to every other. One may use flows instead of paths, and derive better mixing bounds, as
was the case in the work of Morris-Sinclair [67] on sampling knapsack solutions. Sinclair
suggested a natural way of constructing canonical flows using random walks in [87]. This
scheme gives a bound of O(7?), if 7 is the true mixing time. In this section, we observe
that for a random walk on a graph, the flows of Har provide a certificate for rapid mixing as
well, and give the same 0(7'2) bound on the mixing time. Let the stationary distribution be

denoted 7. (i) = deg(i). Let the capacity of an edge e = (u,v), denoted @(e) be defined to
2m

m

o7



be T (u)pyy, where py, = m is the transition probability from u to v. Let the transition

deg(i)
2

matrix be denoted P. In our setting of (unweighted) random walks, 7(i) = —m(Z and for

each edge e, Q(e) is 5.

2m

Definition 4.5.1. Let D be the demand (d;j :i,j € V), where d;j; = 7(i)7(j). Given a

multi-flow f, where f \, D, let p(f) denote the mazimum load on any edge divided by its

o tflloo
capacity i.e. p(f) = ”Qf([) :

Theorem 4.5.1 (Sinclair). Let f \, D as described above. Then, the second eigenvalue A\

of the transition matriz P satisfies

1
8p
Let us denote T,i(1/4) by 7. Let h - D be the multi-flow obtained by re-scaling h so

that it meets D. Then, we have the following proposition.

Proposition 4.5.1.
1

2,/2(1 = A7)

Proof of Proposition 4.5.1. The lower bound on p(h - D) follows from Theorem 4.5.1. We

< p(h-D) < 167.

proceed to show the upper bound. In the case of a random walk on a graph with m edges,

for every edge e, Q(e) = % Therefore

o ltpals
PR =00

= 2m||tp.pllco-

Given an edge e = (u,w), let ¢ = ¢uw be a potential such that hyyw = Vouy. For

convenience, for any i, let h;; be defined to be the flow that is zero on all edges. Let

o8



e = (u,w) be the edge that carries the maximum load. Then,

pD-h) = 3 | deg(i) deg(j)hij(e)]

— 2m
Y
- Z wm(u) — ¢ij(w)]
i
> Wm@ — ¢e(j)|  (Thm 4.3.3)
i

< 32 BB 10, (3) 4 Jo )

2%}
= 92 Z deg(7)|pe ()]

Adding an appropriate constant to ¢ is necessary, we may assume that

T({ulgij(u) <0}) >
T({vlpij(v) > 0}) >

N — DN —

Then, Lemma 4.4.4 and Lemma 4.4.5 together imply that

2 Z deg(i)]pe(i)] < 167,

completing the proof.
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CHAPTER 5
COMPUTING THE SURFACE AREA OF A CONVEX SET

5.1 Introduction

An important class of algorithmic questions centers around estimating geometric invariants
of convex bodies. Arguably, the most basic invariant is the volume. It can be shown [27],
[2] that any deterministic algorithm to approximate the volume of a convex body within a
constant factor in R"™ needs time exponential in the dimension n. Remarkably, randomized
algorithms turn out to be more powerful. In their pathbreaking paper [25] Dyer, Frieze and
Kannan gave the first randomized polynomial time algorithm to approximate the volume
of a convex body to arbitrary accuracy. Since then a considerable body of work has been
devoted to improving the complexity of volume computation culminating with the recent
best of O*(n?) due to Lovész and Vempala [61].

Another fundamental geometric invariant associated with a convex body is surface area.
Estimating the surface area was mentioned as an open problem by Grotschel, Lovasz, and
Schrijver in 1988 [29]. Dyer, Gritzmann and Hufnagel [26] showed in 1998 that it could be
solved in randomized polynomial time. The primary focus of their paper was to establish that
the computation of surface area and certain other mixed volumes was possible in randomized
polynomial time, and they assumed access to oracles for d-neighbourhoods of the convex
body. They did not discuss the complexity of their algorithm given only a membership

oracle for the convex body. Below, we indicate an O*(n89)

analysis of their algorithm in
terms of the more restricted queries.

In this chapter we develop a new technique for estimating volumes of boundaries based on
ideas from heat propagation. The underlying intuition is that the amount of heat escaping
from a heated object in a small interval of time is proportional to the surface area.

It turns out that this intuition lends itself to an efficient randomized algorithm for com-
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puting surface areas of convex bodies, given by a membership oracle. In this chapter we
describe the algorithm and the analysis of the algorithm, proving a complexity bound of
O*(n%). The O*(-) notation hides the polynomial dependence on the relative error €, and
poly-logarithmic factors in the parameters of the problem. Since, as will be shown below,
surface area estimation is at least as hard as volume approximation, this bound is the best
possible, given the current state-of-the-art in volume estimation.

We note that this bound cannot be obtained using methods previously proposed in [26]
due to a bottleneck in their approach. The method in [26] exploited the fact that vol(K + BJ)
is a polynomial in d, where Bd is a ball of radius ¢ and the Minkowski sum K+ B corresponds
to the set of points within a distance ¢ of K. The surface area is the coefficient of the linear
term, which they then estimate by interpolation. However, in a natural setting, we only have
access to a membership oracle for K, but not for K + B¢§. Therefore a membership oracle
for K + B has to be constructed, which as far as we can see, requires solving a quadratic
programming problem on a convex set. Given access only to a membership oracle, the best

4.5y oracle

known algorithm to handle this task is due to Kalai and Vempala, and makes O* (n
calls ([38]), which gives a bound on the complexity of the algorithm in [26] that is O*(n89).

Even with a stronger separation oracle the complexity of the method in [26] is O*(n®),
since the associated quadratic programming problem requires O*(n) operations ([96], [9].)

On the other hand, the complexity of our method is O*(n4) using only a membership oracle,

matching the complexity of the volume computation of Lovasz and Vempala [61].

5.2 Overview of the algorithm

Notation. Throughout this chapter, B will denote the unit n-dimensional ball, K will
denote an n-dimensional convex body such that rB C K C RB. S = vol(0K) will denote
the surface area of K and V' = vol(K), its volume.

We first observe that problem of estimating the surface area of a convex body is at least
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as hard as that of estimating the volume. This observation can be stated as

Proposition 5.2.1. If the surface area of any n-dimensional convex body K can be approxi-
mated in O(nﬁpo/y/og(%)po/y(%)) time, the volume can be approzimated in O(nﬁpo/y/og(%fﬂ—%)po/y(%))

time, where ¢ is the probability that the relative error exceeds €.

The proof of the proposition relies on the fact that given a body K there is a simple
relationship between the volume of K and the surface area of the cylinder K x [0, h]. More

specifically (see Fig. 2)
2vol(K) = vol(9(K x [0, h])) — hvol(OK)

Thus an efficient algorithm for surface area estimation would also lead to an almost equally
efficient algorithm for estimating the volume.

Our approach provides an estimate for the isoperimetric ratio % Using the fastest exist-
ing algorithm for volume approximation, we obtain a separate estimate for V. Multiplying
these two estimates yields the surface area S.

The underlying intuition of our algorithm is that the heat diffuses from a heated body
through its boundary. Therefore the amount of heat escaping in a short period of time is
proportional to the surface area of the object. Recalling that a point source of heat diffuses at
time t according to the Gaussian distribution W(zﬂp leads to the following informal
description of the algorithm (see details in Section 3):

Step 1. Take x1,...,z to be samples from the uniform distribution on K.
Step 2. For each x;, let y; = x; + v;, where v; is sampled from the Gaussian distribution

[l

with density 4~ for some appropriate value of t. Thus y; is obtained from x; by

1 -
(4mt)"™/? ‘
taking a random Gaussian step.

Step 3. Let N be the number of y’s, which land outside of K. %\/? is an estimate for %

Step 4. Using an existing algorithm, produce an estimate V for the volume. Estimate the
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surface area as ‘A/% ﬁ .

We will show that that each of the Steps 1,3,4 can be done using at most O*(n4) calls to
the membership oracle. It is customary to count the number of oracle calls rather than the
number of arithmetic steps in the volume literature, while measuring the complexity. Step
2, of course, does not require any calls to the oracle at all.

The main technical result of this chapter is to show how to choose values of ¢t and N,

(1—¢) (; %) <%<(1+e) (; %)

It is not known how to efficiently obtain independent random samples from the uniform

such that

distribution on K. We show how to relax this condition and use almost independent samples
from a nearly uniform distribution instead, to derive these estimates.

We then apply certain results from [60] and [61], to generate O (%) such samples making
at most O* <Z—§> oracle calls.

Putting these and some additional observations together, we obtain the following theorem

which is the main result of this chapter:

Theorem 5.2.1. The surface area of a convex body K, given by a membership oracle, and
parameters r, R such that rB C K C RB can be approzimated to within a relative error of €

with probability 1 — & using at most

1 /1 R 1
@] (n4 log — (—2 log9 L + log8nlog —+3 log7 <E>))
o \ € € ro € €

i.e. O*(n*) oracle calls.

The number of arithmetic operations is O*(n%), on numbers with a polylogarithmic

number of digits. This is the same as that for volume computation in [61].
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5.3 Algorithm to compute the surface area

5.3.1 Notation and Preliminaries

A body K is said to be in t-isotropic position if, for every unit vector w,

1 uTx—EQx
< [ e =)t <1,

;S
where T is the center of mass of K. Let p be the uniform distribution on convex body K.

We call a random point x e-uniform if

sup Pz e A)—p(A) <

€
)
measurable A 2

Two random variables will be called p-independent if for any two Borel sets A and B in their
ranges,

|IP(X € A,Y € B)— P(X € A)P(Y € B)| < u.

N 2
A density p' is said to have L9 norm |’ K (Z—’Z) dp with respect to the uniform distribution

on K.

A consequence of the results on page 4 of ([61]), and Theorem 7.2, [102] is, given a starting
point that is e-uniform, and comes from a distribution that has a bounded Lo norm it takes
O(n3 In’ %) oracle calls per point, to generate N points x1, ...,z that are e-uniform, such
that each pair is p-independent from a convex body that is 2-isotropic. This fact plays a

crucial role in allowing the surface area algorithm to have a complexity bounded by O*(n%).

5.3.2  Algorithm

We present an algorithm below that outputs an e-approximation to the surface area of a

convex body K with probability > 3/4. Running it [36 In (%)} times and taking the median
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of the outputs gives the result with a confidence > 1 — 6.

Input: Convex body K, given by a membership oracle, and parameters r, R such that
rB C K C RB and an error parameter € < 1.

Output: An estimate S , that with probability > 3/4 has a relative error of less than € with
respect to S.

. . 14 ] 213
Set € :=§, 1= 5z, N =[5

Step 1. Run a volume algorithm to obtain an estimate V of V that has a relative error
¢’ with probability > %5;
Step 2 Generate a linear transformation 7' given by a symmetric positive-definite matrix

such that T'K is 2-isotropic with probability > %

T*l
T?

Step 3 Compute a lower bound 7’ to the smallest eigenvalue Topt Of
that satisfies %Topt <7< Topt- Set 1y, := max(r, ).

Step 4 Set Vt := 6—;17;11—"

Step 5 Generate N random points xg, ...,z from K, such that with probability 15/16,
they are %—umiform and each pair {z;,z;} for 1 <4 < j < N is p-independent,.

Step 6 Generate N independent random samples v, ..., vy from the spherically symmetric
multivariate Gaussian distribution with mean 0 and variance 2nt.

Step 7 Let N := |{i|z; + v; ¢ K}| be the number of times z; 4+ v; lands outside of K.
Step 8 Output %ﬁff

5.3.3  Analysis of the Run-time

Step 1 takes at most

4
R
O (”—2 log? 2 4 nt1ogBnlog —)
€ € T
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oracle calls, using the volume algorithm of Lovasz and Vempala ([61].) The number of steps
in the computation is O*(n9).

Step 2 Such a transformation is obtained during the execution of the volume algorithm from
[61] for no additional cost.

Step 3 takes O(n3) steps of computation ([80].)

Step 4 takes O(1) steps.

Step 5 takes
4
O (n_3 log7 (ﬁ>>
€ €

steps of computation (including oracle calls) once a point x1 is obtained that is &%—uniform,
and has an £2 norm that is bounded above by a constant. Such a point can be obtained
from the algorithm in step 1, for no additional cost up to constants. The cost mentioned
in this step is incurred because we are required to generate O(e%) random points given the
initial random point 2 and the time per point is O(n3 In’ 2). This last fact follows from
the complexity per point mentioned on page 4 ([61]), and theorems 7.1 and 7.2 of ([102].)

Step 6 and Step 7 take O <Z—§ ponIog%) steps each, assuming that a sample from univariate
Gaussian distribution can be obtained upto O(polylog(Zs)) digits in O(polylog(Z5)) steps.

Step 8 takes O(1) steps. Finally, to obtain the approximation with a confidence > 1 — ¢,
this algorithm must be run O (log (%)) times. Therefore the overall cost in terms of oracle

calls is
1 /1 R 1
o (n? log= | = 10g9 L + log8 nlog —+ — log7 <ﬁ>
6 \ €2 € ro e €
i.e. O*(n?) oracle calls. The number of arithmetic operations is O*(n%), on numbers with

a polylogarithmic number of digits. This is the same as that for volume computation in [61].
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5.4 Proving correctness of the algorithm
Definition 5.4.1. Let
o lle—yl?/4t

(47Tt)n/ 2

JIRES \/E/ / Gl (x, y)dydz.
t JKk JrR\ K

\/7 1{;? is the fraction of heat that would diffuse out of K in time t.

Gt('r? y) =

and

Our proof hinges on two main propositions. The first, Proposition 5.4.1, states that F}
is a good approximation for the surface area S. As in the surface area algorithm, let T be a
linear transformation such that TK is 2-isotropic. Compute a lower bound 7’ to the smallest
eigenvalue 7ot of L \[ , that satisfies \/gropt <7 < Topt- Set iy = max(r, r’). Then, the

following is true.

Proposition 5.4.1. Let \/t = G—ZZ—” and € < 1/2. Then,

n
(1-€)S<F<(1+€)8S.

Proposition 5.4.2 states that the empirical quantity S computed by the surface area
algorithm is likely to be an e-approximation of Fy with probability > 3/4. Let x1,z9,...,zN
from K, be ¢-uniform and each pair {zj, 2} for 1 < i < j < N be p-independent with
probability > 15/16. Let vq,...,vn be N independent random samples from the spherically
symmetric multivariate Gaussian distribution whose mean is 0 and variance is 2nt. Let

N = |{ijz; + v; ¢ K}|. Then,

Proposition 5.4.2. Let \/t = ¢ Tr"l" and € < 1/2. Then, with probability greater than 3 T

(1—€)(1—2¢) Ft<—\/7V< L4+ €)1 +26)Fy.
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These two Propositions together imply that with probability > 3/4,

A~

N |~
(1—¢€)S< N\/;V< (1+¢)S.

The argument for boosting the confidence from 3/4 to 1—¢ is along the lines of ([43],[37].)
We devote the rest of this chapter to outlining the proofs of Proposition 5.4.1 and Proposi-

tion 5.4.2.

5.5 Relating surface area S to normalized heat flow F;

In this section, we prove Proposition 5.4.1.

5.5.1 Notation and Preliminaries

The set of points within a distance ¢ of a convex body K (including K itself) shall be denoted

K. This is called the outer parallel body of K and is convex.

The set of points at a distance > § to R — K shall be denoted K_s. This is called the inner

parallel body of K and again is convex. For any body K, we denote by 0K, its boundary.
Given z € K, let H, be a closest halfspace to = not intersecting K \ 0K. For y ¢ K

define Hy to be the halfspace furthest from y containing K.

Observation 5.5.1. If x € 0K _j then the distance between x and Hy is 0. If y € OKg then

the distance between y and Hy is J.

Definition 5.5.1. Let
1 — Erf (

2

i)

e(t,d) =

where Erf is the usual Gauss error function, defined by

2 [F _p2
Erf(z) := ﬁ/o e ' dt.
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/%\f

Hy

Figure 5.1: Points x and y and corresponding halfspaces H; and Hy

Observation 5.5.2. Let x € 0K _;, and y € 0Ks. Then,
| Gtz =it
Hy

and

/ Gz, x)dz = e(t, 6)

x

The volume of K is a polynomial in §, given by the Steiner formula (see page 197, [86].)
n 1 n
vol(Kg) =ag+ ...+ <i)ai5 + ... F+apd”.

The coefficients a; satisfy the Alezandrov-Fenchel inequalities (see page 334, [86],) which

state that the coefficients a; are log-concave; i. e. a? > aj_q1a;41 for 1 <7 <n-—1.

Definition 5.5.2. The surface area vol(OK) of an arbitrary convex body K is defined as

. VolKg5 — volK
lim .
6—0 1)

It follows from the Steiner formula that this limit exists and is finite. It is a consequence

of Lemma 5.5.2 that the so defined surface area for an inner parallel body vol(0K_g) is
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a continuous function of §. For an outer parallel body, the Steiner formula implies that

vol(0K) is a polynomial in 4.

5.5.2  Proof of Proposition 5./.1

Lemma 5.5.1 is the first step towards proving upper and lower bounds for the normalized
heat flow F} in terms of S. It bounds Fy above by a function of the vol(0Kg) and below by

a function of vol(0K_g).
Lemma 5.5.1. 1. /7 [5o vol(OK_g)e(t,0)dd < F

2. Fy < /T [s5=0 vol(OK;5)e(t, 6)do.

Proof

Note that for a fixed x € 0K_

/ Gz, y)dy > / Gz, y)dy = e(t,0).
R\ K

Hy

Therefore integrating over shells 0K _g, F} =

\/E / / Gt(x7y)dydx>\/f / vol(8K _g)e(t, 8)ds.
t JK JrRm\K t J5>0

By the same token for a fixed y € 0K

/ Gt(a:,y)dx </ Gz, y)dx = e(t, o)
K

Y

and proceeding as before, we have the upper bound

F < \/E/ vol(0Kg)e(t, §)dd.
t Jo>0
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The next step is to upper bound vol(Kj) and lower bound vol(0Kj), which is done in

Lemmas 5.5.2 and 5.5.3 respectively.

Lemma 5.5.2.

vol(OK _g) > (1 —ni) vol(9K)

Tin
Proof:
Let O be the center of the sphere of radius r;, contained inside K. We shall first prove that
K_j contains (1 — %)K where this scaling is done from the origin O. Let A be a point on
OK and let F' be the image of A under this scaling. It suffices to prove that F' € K_j.
We construct the smallest cone from A containing the sphere. Let B be a point where

the cone touches the sphere. We have OB = r;,,. Now consider the inscribed sphere centered

at F'. By similarity of triangles, we have

cr_AF
OB  AO
Noticing that AF = % OA, we obtain
AF
F=0B—=9¢
C O 10

We thus see that the radius of the inscribed ball is § and hence the d-ball centered in F' is
contained in K. The fact that F' € K_; follows from the definition.
It is known that the surface area of a convex body is less or equal than the surface area

of any convex body that contains it (page 284, [86]). Therefore

wioit > vt (1 ) 0x)

Tin

71



Figure 5.2: K_s contains (1 — i) K

Since the volumes of n — 1-dimensional objects scale as n — 1t powers and observing that

for z < 1, max{0, (1 — 2)"~1} > 1 — na, we arrive at the conclusion: vol ((1 - %) 8[() =

(1= :2)"1 vol(OK)
nd
> (1— 22) vol(9K) O

Lemma 5.5.3.

vol(Ks5) <V exp (5;) .

Proof: The volume of Ky is a polynomial in §, given by the Steiner formula (see page
197, [86].)

vol(Ks) =ag+ ...+ (n) a6+ ..+ and™.
i

From the Alexandrov-Fenchel inequalities (see page 334, [86].) the coefficients a; are log-

72



concave; 1. e.

As a result
e )
ag ag
ag is V', the volume of K while nay is the surface area S of K. Putting these inequalities
together with the fact that (?) < 7;‘—:, the lemma follows.
O
Although Lemma 5.5.3 is an upper bound on vol(K ) rather than vol(0Kj), it can be applied

after transforming the upper bound in Lemma 5.5.1 by integrating by parts. Lemmas 5.5.2,

5.5.3 and 5.5.1 together result in the following lemma.

2
Lemma 5.5.4. Let a = (%) t. Then,

S (1 - n;:f) <F <S8 Q/g% +exp(a)) .

Finally, we prove the following bounds for the isoperimetric constant % of K in terms of

Tin-

Lemma 5.5.5.
Vv

r:
ﬂ§—<47’m

n S

Proof: 1t follows from Lemma 3.4 in [61] that a ball of radius \/Li around the centroid of

TK is entirely contained in T'K. Therefore

Observation 5.5.3. K contains a ball of radius r;,.
|17~ ul|

Observation 5.5.4. For any unit vector u that minimizes v e if x 18 chosen uniformly

at random from K, var(u-x) < 5r2 .
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Projecti onv

Figure 5.3: Projecting along a unit vector « minimizing |7 u||

We are now in a position to present the proof of Lemma 5.5.5. The first inequality
% < % can be obtained from Lemma 5.5.2 by integration. The only condition on r;,, there,
is that r;, B C K. This property is satisfied by r;,, by Observation 5.5.3.

Fix a unit vector u such that for x chosen uniformly at random from K, var(u-x) < 51"1211.

Observation 5.5.4 states that such a vector exists.

Definition 5.5.3. Let w be an orthogonal projection of K onto a hyperplane perpendicular

to u. Further, for a point y € w(K), let £y be the length of the preimage 1(y).

var(ulx) < 5r12n.

The variance of u-x under the condition 7(x) = ¥, is given by 65 /12, since this is the variance
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of a random variable that takes a value from an interval of length £, uniformly at random.

fn(K) var(u - x|7(x) = y)lydy

. 5.1
var(u - x) v (5.1)
. fﬂ'(K) ggdy (5 2)
B 12V ’
(5.3)
3 3
Sy Cyly - AN 1% 3
vol(m(K)) = \ vol(n(K)) ] — \ vol(n(K))) °
since for any non-negative random variable X, E[X3] > E[X]3. Therefore,
3
f’]T(K) gydy > V2
12V~ \12vol(n(K))2) "
Further, vol(n(K)) < .S/2. Putting these facts together,
V2 V2
2 > ——— ) > =
Vin = (12V01(7T(K))2> - <352>7
and so % < V1571, < 41,
U

Lemmas 5.5.4 and 5.5.5 together give the result of Proposition 5.4.1, as we show below. The

lower bound on F} is immediate for v/t = 627’1” using the lower bound in Lemma 5.5.4. To

2 2
prove the upper bound, we observe that a = (%) t < <%> t from Lemma 5.5.1, which

equals 51% Since € < 0.5, < 1. Therefore e® < 1 + 2a. It follows that

S (@% + exp(a)) < S(Vra+1+2a))
< S(1+4Va)
< (1+¢)S.
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5.6 Proof of Proposition 5.4.2

The proof of Proposition 5.4.2 is complicated by the large number of parameters involved.

We mention the important steps below.

Lemma 5.6.1. With probability greater than 7/8,

~

N
(1-F,<FE N\/?V < (1+€)F,

and (1 — €)WV <V < (1+€)V.

Lemma 5.6.2. With probability greater than 15/16,

N [x E/2Ft2
var(ﬁ\/;‘/) < 6

Using Chebychefl’s inequality and Lemma 5.6.2,

N [x N [x
v B2
N\/ZV N\/ZV

Putting this together with Lemma 5.6.1, we arrive at the desired result. U

P >dF| <

1_6.
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CHAPTER 6
SAMPLING HYPERSURFACES

6.1 Introduction

Random sampling has numerous applications. They are ingredients in statistical goodness-
of-fit tests and Monte-Carlo methods in numerical computation. In computer science, they
have been used to obtain approximate solutions to problems that are otherwise intractable.
A large fraction of known results in sampling that come with guarantees belong to the
discrete setting. A notable exception is the question of sampling convex bodies in RY . A
large body of work has been devoted to this question (in particular [25], [61]) spanning the
past 15 years leading to important insights and algorithmic progress.

However, once one leaves the convex domain setting, much less is known. We are inter-
ested in the general setting in which we wish to sample a set that may be represented as
a submanifold of Euclidean space. While continuous random processes on manifolds have
been analyzed in several works, (such as those of P. Matthews [64],(65]), as far as we can

see, these do not directly lead to algorithms with complexity guarantees.

6.1.1 Summary of Main Results for sampling Hypersurfaces

We develop algorithms for the following tasks.

Our basic setting is as follows. Consider an open set A C RY specified through a mem-
bership oracle. Assume we have access to an efficient sampler for A and now consider the
task of uniformly sampling the (hyper) surface 0A. We consider two related but distinct
problems in this setting.

(i) A is a convex body satisfying the usual constraint of B, C A C B where B, and Bg
are balls of radius r and R respectively. Then an efficient sampler for A is known to exist.
However, no sampler is known for the surface of the convex body. It is worth noting that a
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number of intuitively plausible algorithms suggest themselves immediately. One idea may be
draw a point x from A, shoot a ray in the direction from 0 to x and find its intersection with
the boundary of the object. This will generate non-uniform samples from the surface (and
it has been studied under the name Liouville measure.) A second idea may be to consider
building a sampler for the set difference of a suitable expansion of the body from itself.
This procedure has a complexity of at least O*(d8'5) oracle calls with the present technology
because there is no method known to simulate each membership call to the expanded body
using less than O*(d*9) calls (see [9]).

Our main result here (Theorem 1) is to present an algorithm that will generate a sample

d4

=) calls to the membership oracle

from an approximately uniform distribution with O*(
where € is the desired variation distance to the target.

Beyond theoretical interest, the surface of the convex body setting has natural applica-
tions to many goodness of fit tests in statistics. The example of the gamma distribution
discussed earlier requires one to sample from the set [[; X; = b embedded in the simplex
(given by >, X; = a). This set corresponds to the boundary of a convex object.

(ii) A is a domain (not necessarily convex) such that its boundary 0 A has the structure of
a smooth submanifold of Euclidean space of co-dimension one. A canonical example of such
a setting is one in which the submanifold is the zeroset of a smooth function f : RY — R.
A is therefore given by A = {z|f(x) < 0}. In machine learning applications, the function
f may often be related to a classification or clustering function. In numerical computation
and boundary value problems, one may wish to integrate a function subject to a constraint
(given by f(z) = 0).

In this setting, we have access to a membership oracle for A (through f) and we assume
a sampler for A exists. Alternatively, A C K such that it has nontrivial fraction of a convex

body K and one can construct a sampler for A sampling from K and using the membership

oracle for rejection.
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In this non-convex setting, not much is known and our main result (Theorem 2) is an
algorithm that generates samples from OA that are approximately uniform with complexity
O*(TRE) where 7 is a parameter related to the curvature of the manifold, R is the radius of
a circumscribed ball and € is an upper bound on the total variation distance of the output

from uniform.

6.1.2 Notation

Let .|| denote the Euclidean norm on R%. Let A denote the Lebesgue measure on R%. The

induced measure onto the surface of a manifold M shall be denoted A 4. Let

1 llz—yl?
e i

be the d dimensional gaussian.

Definition 6.1.1. Given two measures y and v over Rd, let
| = vllpy == sup |u(A) —v(A)]
ACRd
denote the total variation distance between p and v.

Definition 6.1.2. Given two measures i and v on R?, the transportation distance drg(p,v)

1s defined to be the infimum

wt [ o=yl d1(2.).

taken over all measures v on R% x R such that for measurable sets A and B, v(A x R%) =
p(A), y(R? x B) = v(B).
Notation: We say that n = O*(m), if n = O(m polylog(m)). In the complexity analysis,

we shall only consider the number of oracle calls made, as is customary in this literature.
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6.2 Sampling the Surface of a convex body

Let B be the unit ball in R%. Let B, denote the ball of radius « centered at the origin.

Consider a convex body K in R? such that
B, C K C Bg.

Let B be a source of random samples from K. Our main theorem is

Theorem 6.2.1. Let K be a convex body whose boundary 0K is a union of finitely many

smooth Hypersurfaces.

1. The output of Csample has a distribution [i, whose variation distance measured against

the uniform distribution \ = Ay is O(e),
18— vy < O(e).

2. The expected number of oracles calls made by Csample (to B and the membership oracle
of K ) for each sample of Csample is O*(%) (, giving a membership query complexity of

O*(d—j) for one random sample from 0K .)

6.2.1 Algorithm Csample

6.2.2 Correctness

In our calculations, z € 0K will be be a generic point at which 0K is smooth. In particular
for all such z, there is a (unique) tangent hyperplane. Let Agx denote the n — 1-dimensional
surface measure on 0K. Let S and V' denote the surface area and volume, respectively, of K.
Let ugg denote the measure induced by the output of algorithm Csample . Let |u| denote
the total mass for any measure p. We shall define a measure pgyg on 0K related to the
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Csample

1. Estimate (see [80]) with confidence > 1 — €, the smallest eigenvalue  of the Inertia
matrix A(K) := E[(z — T)(z — )] where z is random in uniformly K, to within
relative error 1/2 using O(dlog%d)log%) random samples (see Rudelson [85].)

2. Set \/_
ek
Vit = 220"

3. (a) Set p=Ctry () .
(b) If p =0, goto (3a). Else output p.

Ctry (t):
1. Use B to generate a random point = from the uniform distribution on K.

2. Let y := Gaussian(z, 2t/) be a random vector chosen from a spherical d-dimensional
Gaussian distribution with covariance 2¢/ and mean z.

3. Let ¢ the segment whose endpoints are x and y.

4. If y € K output £ N 0K, else output (.
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“local diffusion” out of small patches. Formally, if A a subset of 0K, the measure assigned
to it by por is

pok ()= [

X

/ G, y)T [ N A # 0] dA(x)dA(y) (6.1)
€S JyeRN S

where 7 is the indicator function and G¥(z, ) is the spherical Gaussian kernel with covariance
matrix 2¢/. Note that

VP[Ctry (1) € A] = pgr (D).

Theorem 1 (part 1)

The output of Csample has a distribution g = |Z gg L whose variation distance measured
),

against the uniform distribution Agg is O(e

i = NorcllTy < O(e).

Proof: It follows from Lemma 6.3.1 to note that at generic points, locally the measure

generated by one trial of Ctry (¢) is always less than the value predicted by its small ¢

asymptotics \/;%, i.e.

d t
HOK <./Zs

V generic z € 0K, Do -

Thus we have a local upper bound on Z’K% < \/; uniformly for all generic points z € 0K.

It would now suffice to prove almost matching global lower bound on the total measure, of

ok | > (1 — 0(6))\/25-

This is true by Proposition 4.1 in [5]. This proves that

the form

i = ATy < O(e).

82



6.2.3 Complexity

The number of random samples needed to estimate the Inertia matrix is O*(d) (so that
the estimated eigenvalues are all within (0.5, 1.5) of their true values with confidence 1 — ¢)
from results of Rudelson ([85]). It is known that a convex body contains a ball of radius

> V/Apin(K). Here Ay, (K) is the smallest eigenvalue of A(K). Therefore, K contains a

ball of radius r;,, where T?n = 1%/1.

Theorem 1 (part 2):

The expected number of oracles calls made by Csample (to B and the membership oracle
of K) for each sample of Csample is O*(%) (, giving a total complexity of O*(%) for one
random sample from 0K.)

Proof: The following two results will be used in this proof.

Lemma 6.2.1 ((Lemma 5.5 in [5]). Suppose x has the distribution of a random vector (point)
in K, define AK) := E[(z —%)(z — 7). Let %rfn be greater than the smallest eigenvalue

of this (positive definite) matriz, as is the case in our setting. Then, % < Arj,.

Define Fy := \/F|uox |-

Lemma 6.2.2 (Lemma 5.4 in [5]). Suppose K contains a ball of radius r;,, (as is the case

in our setting) then S (1 — %?) < Fj.

Applying Lemma 6.2.2, we see that
Fr > (1-0(e))S.

The probability that Ctry succeeds in one trial is
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P[Ctry (1) # 0] = /o1t (62)
> Lo -00) (63)
> \/?:lr—?n(e) (By Lemma 6.2.1) (6.4)
> 9(2). (6.5)

Therefore the expected number of calls to B and the membership oracle is O*(%) By
results of Lovdsz and Vempala ([60]) this number of random samples can be obtained using

O*(d—f) calls to the membership oracle. O

6.2.4 FExtensions

S. Vempala [101] has remarked that these results can be extended more generally to sampling
certain subsets of the surface 0K of a convex body such as 9K N H for a halfspace H. In
this case K N H is convex too, and so Csample can be run on K N H. In order to obtain
complexity guarantees, it is sufficient to bound from below, by a constant, the probability
that Csample run on H N K outputs a sample from 0K N H rather than 0H N K. This follows
from the fact that 0H N K is the unique minimal surface spanning 0K N JH and so has a

surface area that is less than that of 0K N H.

6.3 Sampling Well Conditioned Hypersurfaces

6.3.1 Preliminaries and Notation

Definition 6.3.1 (Condition Number). Let M be a smooth

d— dimensional submanifold of R™. We define the condition number ¢(M) to be %, where T
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Figure 6.1: Condition number of a hypersurface

15 the largest number to have the property that for any r < 7 no two normals of length r that

are incident on M at different points intersect.

In fact % is an upper bound on the curvature of M ([77]). In this chapter, we shall
restrict attention to a 7-conditioned manifold M that is also the boundary of a compact
subset U € RZ.

Suppose we have access to a Black-Box B that produces i.i.d random points x1, xo, ...
from the uniform probability distribution on U. We shall describe a simple procedure to

generate almost uniformly distributed points on M.

6.3.2 Algorithm Msample

The input to Msample is an error parameter €, a guarantee 7 on the condition number of
M and a Black-Box B that generates i.i.d random points from the uniform distribution on
U as specified earlier. We are also provided with a membership oracle to U, of which M
is the boundary. We shall assume that U is contained in a Euclidean ball of radius R, Bp.
Msample , like Csample is a Las Vegas algorithm.
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Let the probability measure of the output be figyt. The following is the main theorem
of this section. Note that given perfectly random samples from U, the output probability
density is close to the uniform in the L, —norm, which is stronger than a total variation

distance bound, and the number of calls to the Black box B is independent of dimension.

Theorem 6.3.1. Let M be a T-conditioned hypersurface that is the boundary of an
open set contained in a ball of radius R. Let [igyt be the distribution of the output of

Msample .

1. Let /\;\4 be the uniform probability measure on M. Then, for any subset A of M, the

probability measure [ioyt Satisfies

ﬂout(A)
1-0(e) < m <1+ 0O(e).

R(1+21Inl)

2. The total expected number of calls to B and the membership oracle of U is O( e ).

Msample

__ Te
1. Set v/t := 4(d—|—21n%)'

2. Set p = Mtry (t) .

3. If p =10, goto (2). Else output p.

6.3.3 Correctness

Proof of part (1) of Theorem 6.3.1: We shall define a measure 1154 on M related to the

)

“local heat flow” out of small patches. Formally, if A a subset of M, the measure assigned
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Mtry (t)
1. Use B to generate a point x from U.

2. Generate a point y := Gaussian(z,2tI) from a spherical d-dimensional Gaussian of
mean x and covariance matrix 2t/.

3. If y € U output 0.
Else output an arbitrary element of Ty N M using binary search. (Unlike the convex
case, |7y N M| is no longer only 0 or 1.)

to it by paq is

= e Ty T .
wa @)= [ [ G T A £ O (6.6

where 7 is the indicator function and G*(z, ) is the spherical Gaussian kernel with covariance

matrix 2tI. For comparison, we shall define iy by

Hout ‘= Vﬁoutp[Mtry (t) # (D]

Since Msample outputs at most one point even when [Ty N M| > 1, we see that for all
ACM,

Nout(A) < UM <A>

The following Lemma provides a uniform upper bound on the Radon-Nikodym derivative

of pag with respect to the induced Lebesgue measure on M.

Lemma 6.3.1. Let Ay be the measure induced on M by the Lebesgue measure \ on RY.

Then
d t
dum _ [t

dA pm T

The Lemma below gives a uniform lower bound on (fl’;\—iwm
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_ T
Lemma 6.3.2. Let \/t = 4(d+21n%)' Then

dftout t
Do > ﬂ(l —O(e)).

Together the above Lemmas prove the first part of the Theorem. Their proofs have been

provided below.

6.3.4 Complexity

Proof of part (2) of Theorem 6.3.1: Let S be the surface area of U (or the d — 1-
dimensional volume of M.) Let V be the d-dimensional volume of U. We know that
U C Bp. Since of all bodies of equal volume, the sphere minimizes the surface area, and %

decreases as the body is dilated,

Vv

<[
3l =

Lemma 6.3.2 implies that

Sy\/L(1—0(e
P[Mtry (t) # 0] > \/;(1 ©)

v (6.7)
R 8(d+2Inl)
T/ €
This completes the proof. [l

In our proofs of Lemma 6.3.1 and Lemma 6.3.2, we shall use the following Theorem of

C. Borell.

Theorem 6.3.2 (Borell, [11]). Let uy = G¥(0,-) be the d-dimensional Gaussian measure with

mean 0 and covariance matriz 2It. Let A be any measurable set in R such that u(A) = %
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_2
Let A¢ be the set of points at a distance > € from A. Then, ui(Ae) > 1 — et .

Fact: With u; as above, and B(R) the Euclidean ball of radius R centered at 0, % <
pe(B(v2dt)).

Proof of Lemma 6.3.1: Let H be a halfspace and 0H be its hyperplane boundary.
Halfspaces are invariant under translations that preserve their boundaries. Therefore for any
halfspace H, pgp is uniform on 0H. Noting that the image of a Gaussian under a linear
transformation is a Gaussian, it is sufficient to consider the 1-dimensional case to compute

the d — 1-dimensional density g’j\‘%.

duoH _ t(y .
Donr ||, cann@irn, (6.10)

which evaluates to \/; by a direct calculation. For any z € M, let H, be the halfspace
with the same outer normal as U such that 0H, is tangent to M at z. Let A be a small

neighborhood of z in R%, and |A| denote its diameter.

dppm v yeRNU Gz, y) T[N A # 0] dA\(2) dX(y)
—=(z) = lim
dAm IA]—=0 M (A)
~ lm fxeRd fngd GHa, ) I[FgNA#D Iz € U and y € R4 \ U] d\(x) d\(y)
|A[—=0 /\./\/l (A)
 Joerd Jyera Gz y) T[ETNA £ 0] dA(x) dA(y)
< lim
|A|—0 QAM(A)
_ dpom,
dA\oH,
_ \ﬁ
The inequality in the above array of equations is strict because U is bounded. dJ
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Figure 6.2: A transition © — y intersecting the hypersurface

Proof of Lemma 6.3.2: Let A be a small neighborhood of z in RZ. Since M is a
T-conditioned manifold, for any z € M, there exist two balls By C U and By C R4 \ U of

radius 7 that are tangent to M at z.

dpvout () > lim Joen, Jyep, G (@ y) T[Ty N A # 0] dA(2) dX(y)
dAMm |A[—0 Am(A) '

The above is true because [Ty N M| =1 if € By and y € By. Let us define

Jreny Jyep, GH@, ) T[N A # 0] dA(2) dA(y)

A T, e, O IEn A 20 M O
Then
P, < \/?Cclll;\j\lj (2).
The proof now follows from
Lemma 6.3.3. P > 1 — O(e). O

Proof of Lemma 6.3.3: In order to obtain bounds on P, we shall follow the strategy
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of mapping the picture onto a sufficiently large torus and doing the computations on this
torus. This has the advantage that now averaging arguments can be used over the torus by
virtue of its being compact (and a symmetric space.) These arguments do not transfer to
R? in particular because it is not possible to pick a point uniformly at random on RY,

Consider the natural surjection
o R — Ty, (6.12)

onto a d dimensional torus of side k for k& >> max(diam(U),v/t). For each point p € Ty,
the fibre gb];l(p) of this map is a translation of kZ¢.

Let x be the origin in ]Rd, and eq,...,eq be the canonical unit vectors. For a fixed k, let

Ep = dr(rer + span(e, ..., eq)),

where x is a random number distributed uniformly in [0, k), be a random d — 1-dimensional
torus aligned parallel to ¢y (span(es, ..., er)). Let y := (y1,...,y4) be chosen from a spher-
ical d-dimensional Gaussian in R% centered at 0 having covariance 2t1.

Define Psk) to be
k __ —
P = Pld 4+ 9 < il < 721 = |6p @) N2yl (6.13)

It makes sense to define By and By on E, exactly as before i. e. tangent to Zj. at ¢ (Ty) NE
oriented so that By is nearer to x than B9 in geodesic distance. For geometric reasons, IED(T]{)
is a lower bound on the probability that, even when the line segment 7y in Figure 6.2 is slid

along itself to the right until x occupies the position where z is now, y does not leave Bs.

Figure 6.3 illustrates ball By being slid, which is equivalent. In particular, this event would
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imply that x € By and y € Bs.

lim sup ng) < P;.

k—o0

In the light of the above statement, it suffices to prove that for all sufficiently large k,
P® > 1 - 0()

which will be done in Lemma 6.3.4. This completes the proof of this proposition. U

Lemma 6.3.4. For all sufficiently large k,
PY > 1 0.

Proof: Recall that z is the origin and that y := (y1,...,y,) is Gaussian(0, 2¢1). Denote

by Ej. the event that

|01 (TY) NZg| = 1.
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We note that
S
BLEL | 11 = 5] = 1T ]s] < k]

By Bayes’ rule,
5]

6_82 4t
ply1 = s| E] ]P[Ek]:? ( )IHS! < kKl

VArt
-1
where Z denotes the indicator function. In other words, there exists a constant ¢, := %
7

such that

—_ _ S| <2
plon = 51 [Ex N 6x(@)| = 1) = e e~ H(js) < i)

A calculation tells us that

CkNE

Let

=T [rlnl > 93 + - + 93| Tllwn| < 7IZ(ER).
By their definitions , E[Z-|E)] = IP’(Tk). Define
T=T |yl & Ve, 7)| T (B,
and
1
I, =1 {yg oya > 4t(d+21n;)} T[E].

A direct calculation tells us that E[Z,|E}L] = O(e). Similarly E[Z | |E}L] = O(e) follows from
Theorem 6.3.2 and the fact mentioned below it. This Lemma is implied by the following

claim. ]

Claim 6.3.1.
Ir 2 I[Eg) =7, - 1.
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Proof:

1
I, = I[y%vL...—l—y(Qi>4t(d+21ng)}I[Ek]

- I[y%+...+y§>r\/5}I[Ek]

Therefore
TIEN—T, —T, < T[E.] [y 2 /et T 6.14
Byl =T, —Z, < ZI[Ep][ys+...+y; <tVet <tly|]Zlly1] < 7] (6.14)
< I (6.15)
O
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CHAPTER 7
A GEOMETRIC INTERPRETATION OF HALFPLANE

CAPACITY

Following Schramm’s seminal paper [92] “Scaling limits of loop-erased random walks and

)

uniform spanning trees,” important progress has been made towards understanding the con-
formal invariance of the scaling limits of several two dimensional lattice models in statistical
physics by several researchers including Lawler, Werner and Smirnov [54, 88]. These lim-
its have been described using a new tool known as Schramm-Loewner Evolution (SLE).

The chordal Schramm-Loewner evolution with parameter x > 0 is the random collection of

conformal maps satisfying the following stochastic differential equation:

o 2 )
gt(2) = ORI 90(2)

:,2’7

where z belongs to the upper half plane H. Denoting the domain of g+ by H¢, we obtain a
random collection of continuously growing hulls Ky := H \ H;. In this parametrization, the
halfplane capacity of K is equal to 2t [51]. Thus, halfplane capacity is a quantity arising
naturally in the context of SLE.

Suppose A is a bounded, relatively closed subset of the upper half plane H. We call A
a compact H-hull if A is bounded and H \ A is simply connected. The halfplane capacity of
A, hcap(A), is defined in a number of equivalent ways (see [51], especially Chapter 3). If
g4 denotes the unique conformal transformation of H \ A onto H with g4(z) = z + o(1) as

z — 00, then g4 has the expansion

zZ — OQ.

heapld) o2,

ga(z) =z + .
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Equivalently, if By is a standard complex Brownian motion and 74 = inf{t > 0: By ¢ H\ A},
heap(4) = lim yEY [S(Br,)] .
Let S[A] = sup{S(z) : z € A}. Then if y > J[A], we can also write

heap(A) = %/OO E*+ [S(Br,)] da.

—00

These last two definitions do not require H \ A to be simply connected, and the latter
definition does not require A to be bounded but only that S[A] < co.

For H-hulls (that is, for A for which H \ A is simply connected), the halfplane capacity
is comparable to a more geometric quantity that we define. This fact is not new (Gregory
Lawler learned the fact from Oded Schramm in oral communication), but we do not know
of a proof in the literature. In this note, we prove the fact giving (nonoptimal) bounds on

the constant. We start with the definition of the geometric quantity.

Definition 7.0.2. For an H-hull A, let hsiz(A) be the 2-dimensional Lebesgue measure of

the union of all balls centered at points in A that are tangent to the real line. In other words

hsiz(A) = area U Bz +iy,y)| ,
rxtiyeA

where B(z, €) denotes the disk of radius € about z.
In this chapter, we prove the following.

Theorem 7.0.3. For every H-hull A,

1
56 hsiz(A) < heap(A4) < %hsiz(A).
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We first comment that it suffices to prove the result for weakly bounded H-hulls by which
we mean H-hulls A with $(A) < oo and such that for each € > 0, the set {x + iy : y > €}
is bounded. Indeed, for H-hulls that are not weakly bounded, it is easy to verify that
hsiz(A) = heap(A) = co.

We start with a simple limit that is implied but not explicitly stated in [51].

Lemma 7.0.5. If A is an H-hull, then

3[A)?

heap(4) = —3

(7.1)

Proof. Tt suffices to prove the result for hulls of the form A = (0, T] where 7 is a simple curve
with 7(0+) € R parametrized so that hcap[n(0,t]) = 2¢. In particular, ' = hcap(A4)/2. If

9t = In(0,4] then g satisfies the Loewner equation

2

Orgt(2) = O

90(2) = 2, (7.2)

where U : [0, 7] — R is continuous. Suppose 3(2)? > 2 hcap(A) and let ¥; = S[gs(2)]. Then

(7.2) gives
ayP < <
l9¢(2) — Uy[?
which implies
YE>YE 4T > 0.
This implies that z ¢ A, and hence $[A]? < 2 hcap(A). O

The next lemma is a standard covering lemma. If ¢ > 0 and z =z + 1y € H, let

z-(270) = (l’ —Cy,JJ—l—Cy),

R(z,¢) =Z(z,¢) x (0,y] = {2’ +iy : |2’ — 2| < ey, 0 <y <y}
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Lemma 7.0.6. Suppose A is a weakly bounded H-hull and ¢ > 0. Then there exists a (finite

or countable infinite) sequence of points {z1 = x; + iy1, 22 = x2 + iy2,,...} C A such that:
® Yl >Y22>2Y3 >y

o the intervals I(z1,c),Z(x9,c),... are disjoint;

Ac Ej R(zj,2¢). (7.3)
j=1

Proof. We define the points recursively. Let Ag = A and given {21, ...,2;}, let

j
Aj = A\ || Rz, 20)
k=1

If A; = 0 we stop, and if A; # ),we choose 21 = xj41+iyj41 € Awithyjq = S[A;]. Note
that if & < j, then |z, 11 — 2| > 2cy;, > c(yr + yj4+1) and hence Z(zj41,¢) NZ(zg,c) = 0.

Using the weak boundedness of A, we can see that y; — 0 and hence (7.3) holds. O

Lemma 7.0.7. For every ¢ > 0, let

22
Pe = T\/_ arctan (6_0) , 0=10.= 1.

Then, the following is true. Suppose A is a weakly bounded H-hull and z = zg + iyg € A
with y = S(A). Then
heap(A) > pz yg + heap[A\ R(z,20)].

Proof. By scaling and invariance under real translation, we may assume that S[A] = yg =1
and zg = 0. Let S = S¢ be defined to be the set of all points z of the form x + tuy where
x+iy € A\ R(i,2¢) and 0 < u < 1.

Note that S is an H-hull and that SN A = A\ R(3, 2¢).
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Using the capacity relation [51, (3.10)]

hcap(Ay U Ag) — heap(Ag) < heap(Ay) — heap(A; N Ag),

we see that

heap(S U A) — heap(S) < hcap(A) — heap(S N A).

Hence, it suffices to show that
heap(S U A) — heap(S) > p?.

Let f be the conformal map of H \ S onto H such that z — f(z) = o(1) as z — oo. Let

S* := S U A. By properties of halfplane capacity [51, (3.8)] and (7.1),

Hean(S™) _ _ ' S[/)?
p(S™) — heap(S) = heap[f(5™\ 5)] 2 ———
Hence, it suffices to prove that
S[f()] > V2p = % arctan (e_e) . (7.4)

By construction, SNR(z,2¢) = 0. Let V = (—2¢,2¢) x (0,00) = {z+iy : |z| < 2¢,y > 0}

and let 7y be the first time that a Brownian motion leaves the domain. Then [51, (3.5)],
S[f(i)] =1 —E' [S(Brg)] > P{Brg € [-2¢,2d} >P{Br, € [-2c¢,2d]}.

The map ®(z) = sin (fz) maps V onto H sending [—2¢, 2¢] to [—1,1] and ®(i) = 7 sinh6.

99



Using conformal invariance of Brownian motion and the Poisson kernel in H, we see that

2 1 4
P{Br, €[-2¢,2d} = - arctan (sinh@) = arctan (e_9> :

The second equality uses the double angle formula for the tangent. O

Lemma 7.0.8. Suppose ¢ > 0 and x1 + 1y1,x2 + iya, ... are as in Lemma 7.0.6. Then

09}
hsiz(A) < [ + 8¢] Z yj2 (7.5)
j=1
If ¢ > 1, then
0
T Z y? < hsiz(A). (7.6)
=1

Proof. A simple geometry exercise shows that

area U B(z +iy,y)| = [+ 8¢ yjz.
r+iy€R(z;,2¢)
Since

oo
AC U R(zj,2¢c),
j=1

the upper bound in (7.5) follows. Since ¢ > 1, and the intervals Z(z;, c) are disjoint, so are

the disks B(zj,y,). Hence,

0 0

area U B(x +iy,y)| > area UB(Zj’yJ) ZWZ?/JQ"
rt+iye A J=1 j=1
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Proof of Theorem 7.0.5. Let V; = ANR(2j,c). Lemma 7.0.7 tells us that

0
hcap U Vil = pC yj + hcap U Vil,
k=j k=j+1

and hence

o0
ap(4) 2 2 307

Combining this with the upper bound in (7.5) with any ¢ > 0 gives

heap(d) 3
hsiz(A) — 7+ 8¢

Choosing ¢ = % gives us
hecap(A) 1

_ > .
hsiz(A) 66
For the upper bound, choose a covering as in Lemma 7.0.6 with ¢ = 1. Subadditivity

and scaling give
o0 o0
hcap(A Z hcap zJ,Qyj)] = hcap[R Z

Combining this with the lower bound in (7.5) gives

heap(A) < heap[R (1, 2)]
hsiz(A) — T '

Note that R (i, 2) is the union of two real translates of R (i, 1), hcap[R(i,2)] < 2 hcap[R (i, 1)]

whose intersection is the interval (0,]. Using the capacity relation [51, (3.10)]

hcap(A1 U Ag) < heap(Ap) + heap(Ag) — heap(A; N Ag),
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we see that
heap(R(7,2)) < 2 heap(R(i,1)) — heap((o,i]) = 2 heap(R(i,1)) — %
But R(i,1) is strictly contained in A’ := {z € H : |z| < v/2}, and hence
hcap[R(i,1)] < hcap(A’) = 2.

The last equality can be seen by considering h(z) = z + 227! which maps H \ 4’ onto H.

Therefore,
heap[R(1,2)] < ©
and hence
heap(A) < 7
hsiz(A) — 27’
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CHAPTER 8
RANDOM WALKS ON MANIFOLDS

8.0.5 Markov Schemes on metric spaces

In this section, we present a general setup in which bounds can be obtained for the mixing
times of Markov chains on metric spaces. This setup has been used earlier in a number of
settings. The division of the argument to bound mixing time into an isoperimetric inequality
and a relation between geometric and probabilistic distance that is presented here appeared
for a specific metric and measure in [60]. There is recent interest in the question of sampling
manifolds, for example in [19]. The techniques used in this chapter do not lead to bounds
for specific Markov Chains on manifolds, rather they give bounds that eventually hold on
Markov chains that are part of a sequence parameterized by a “step-size” that tends to zero.
Our application to sampling manifolds, on the other hand gives mixing bounds for specific
step-sizes that we can state explicitly.

We begin with the definition of a Markov Scheme given by Lovédsz and Simonovits [58].

Definition 8.0.3. Let (2, A) be a o—algebra. For every u € 2, let P, be a probability
measure on §) and assume that for every A € A, the value Py (A) is measurable as a function

of u. We assume M is lazy, i. e. Pp(x) > 5 and reversible, i. e. for any measurable S1, Sy C

Bol—

Q,

/S Pe(S)dutr) = /5 Py(S)duty) (8.1)

We call the triple (2, A, {Py, : u € Q}) a Markov Scheme.

A Markov chain is a process governed by a Markov Scheme, started from some initial
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probability distribution. The conductance of the Markov Scheme is

= inf Ja Pu(Q\ A)dp(A)
0<p(A)<3 w(A) '

Let (M, d 4) be a metric space. For every point x € M, let P, be a transition probability
distribution on M, defining a Markov Scheme M whose stationary distribution is .
For z,y € M, let dpq(x,y) be the distance between = and y and for any sets S1 and So,

let
dp(S1,52) == inf  dpg(S1,52). (8.2)
xEShyGSQ

Suppose the following conditions hold.

1. For any z,y € M,
dM(:L‘,y) <5M:>dTV<anPy) < 1—6M. (8.3)
2. For any partition of M into disjoint parts S, S and Ss, if dpq(S1,S2) > 0y, then

(S3) = apqmin(u(S1), 1(Sa)). (8.4)

Theorem 8.0.4. Let S be a measurable subsets of M, whose stationary measure ju(S1) is

less or equal to % Then,

/S Ppo(M\ Sy)du(z) > M min(a.:l\/l’ 1)#(51)‘

Proof. Let So := M\ 5.
Let Si =51N {.T‘Px(SQ) < §'2M} and Sé =59N {y‘Py(Sl) < §'2M}
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If v € 5] and y € SY then dpy (Pr, Py) > 1 — epq. By (8.3), dpg(z,y) > d0q. However,

by the isoperimetric inequality (8.4), we then have

(M (S7US9)) = apg min(u(Sh), 1(S3))- (8:5)

M\ (Si U S9) consists, of those points in S7, from which the probability of moving to the
other part in one step of the Markov chain is greater or equal to E% Similarly, M\ (S1U Sé)
consists, precisely of those points in S9, from which the probability of moving to the other
part in one step of the Markov chain is greater than or equal to E%L By the reversibility of

the Markov chain,

/S P(Sdutr) = /S P(S1)dn().

Therefore,

fsl Pp(M\ S1)dp(x) + fM\Sl Py(S1)du(y)

/ Po(M\ S1)dp(z) = 5 (8.6)
S1

L M \4(8{ U Sy)) (8.7)

We consider two cases separately. First, suppose p(S7]) > @ Then, by (8.5),

UM (87U 85) 2 g min (P52 (s1) - M\ (51U ).
It follows that

H(MO (8] U Sh)) > 5L (5.5)
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and therefore,

Po (M S)d(a) > MOMIEL), (5.9)

o

Next, suppose p(S]) < ”(gl). Then,

implying that

]

Now applying Theorem 9.3.5 due to Lovasz and Simonovits, we have the following theo-

rem.

Theorem 8.0.5. Let g be the initial distribution for a lazy reversible ergodic Markov chain

on a metric space satisfying the above conditions and py. be the distribution of the kth step.

Let s := supg ‘;f((g)) where the supremum is over all measurable subsets S of K. Then, for

all such S,

€ A min(a 2\ F
(8) - u(3)] < Vs (1= a0

8.1 The case of manifolds

In this section, we will consider the special case of a manifold with density, specified by a
collection of smoothly varying charts indexed by the points of the manifold. Let B be the
Euclidean unit ball. Let M be a Riemannian manifold. For z,y € M, let dq(x,y) be the

geodesic distance between x and y. Let M be specified by an a family of injective maps
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{Up : B — M}yepn where z € Ugp(B). Let p(z) = e~V (®) be a probability density function
on M, whose value at x is measured with respect to the push-forward of the Lebesgue
measure via U, at the point . Let Jac denote the Jacobian of a map. An atlas can be
constructed from this family of maps, namely {U; 1} ,c 1. We consider the Markov Scheme

in which, for any x € M, P, is the distribution of the random point z obtained as follows.

1. Toss a fair coin and if Heads, set z to x.
2. If Tails, do the following:

(a) Pick a random point w € B from the uniform measure on the unit ball and let
z = Uyg(w).
(b) If z € U,(B),

det Jac(U;1U,)(0)
p(x)

i. with probability min (1, p(2) ) let z remain unchanged.

ii. Else, set z to x.
(c) If x € U,(B), set z to x.

3. Output z.

8.1.1 A good atlas

Let the atlas {U; !}, v and V, the logarithm of the density function, satisfy the following.

There exists 7y, > 0 such that for any o € (0, 1),

dpm(z,y) < ae_%rM =y € Uz(aB), (8.10)
and

y € ae T B = d (2, Uz(y))) < arpg. (8.11)
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2. On its domain of definition, U, 1y, has continuous partial derivatives upto order 3,

and for all z € Uz(B),

[V (2) = V(2) + Indet Jac(U; 1U)(0)] < 1. (8.12)

For a manifold M equipped with a measure p, let the Minkowski outer measure of a (mea-

surable) set A be defined as
Ae) — u(A
JH(OA) = Tim MA) = A (8.13)

where A¢ == {x|dp(x, A) < €}.

Definition 8.1.1. The Cheeger constant of the weighted manifold (M, ) is

_ , pt(0A)
= 1mn
AcM (A<t n(A)

: (8.14)

where the infimum is taken over measurable subsets.
With the above terminology, we have the following theorem.

Theorem 8.1.1. Let pg be the initial distribution for the Markov chain whose transitions

are made as above. Let u;. be the distribution of the Kt step. Let s == supg A:f((ss)) where the

supremum, is taken over all measurable subsets S of K. Then, for all such S,

k
(€ pq min(ZMEM 1))2
128¢12 ’

|1 (S) = (S < Vs (1 -

We will need two lemmas for the proof of this theorem. These lemmas appear below.

Lemma 8.1.1. Let C, D C M and da((C,D) > dpq. Then,

pMA{C U D}) = 2min(u(C), p(D))(e™ 27 —1). (8.15)
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Proof. We will consider two cases.

Without loss of generality, we assume that

DO| =

First, suppose that max(u(C), u(D)) >
w(C) < p(B). Then, let

01 := sup 0.
w(Cs)<3

We proceed by contradiction. Suppose for some 3 < G4,
30 € 10,01), u(Cs) < €™ pu(C). (8.16)

Let ¢’ be the infimum of such §. Note that since 1(Cs) is a monotonically increasing function

of 9,
n(Cy) = P u(C).

However, we know that

T (0Cy) = lim a

e—0t €

> Bm; (8.17)

which contradicts the fact that in any right neighborhood of ', there is a & for which (8.16)
holds. This proves that for all § € [0,87), u(Cys) > e®Mp(C). We note that Cs;NDs,\—5, =

0, therefore p(daq — 1) < % So the same argument tells us that

#(Dsp5,) > MMM (D). (8.18)
Thus, (M \ {C U D}) > pu(C)(ePMOMm=01) 4 efm _ ) This implies that
BMOIM 1)

WM\ {CUD}) > 2u(C) ( :

. We then set §1 := 0, and see that the arguments from (8.16)

Nol—

Next, suppose (D) >
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to (8.18) carry through verbatim. Thus, in this case, p(M\{CUD}) > min(u(C), u(D))(ePMOMm—
1).

[
_1
Lemma 8.1.2. If dyq(z,y) < ="M then
dpy (Pr P <1— — (8.19)
TV\fx, ty) = 265" :
Proof. For any © € M, let D, := U,(B). Let us fix the convention that %(aj) =0 and

Z]}zy (y) := 4+00. Suppose z — w is one step of the chain. Then,

=1 i (1,500

By a direct computation,

_ ary , p(x) det Jac(U;lUy)(O)
Ew {mln (1, aP, (w))} > min (1, 00 ) P [(y € Dw) A (w € Dy \ {z})] .

As a consequence of (8.10),
_ _1
P[(y € Duw) A (w € Dy\ {z})] ZIP’[(yeDw)/\(Uy Lw) e e nB\ {0})] .
By the triangle inequality, and (8.11),

dpm(w,y) < dpy(e,y) +dpg(z, w)

1 _
< dm(a,y) +enrp U ().
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1
Let Eq denote the event that Uy l(w) € e B \ {0}. Then, if dyq(z,y) < &M

n

v

1 _ _1
P [dp(w,y) + enraglUz ()| < rpale™ )| B

1 2
> PlenrllUy )] < ragle )| E1]

P (w,y) < ra(e™m)| B

1.

Analyzing the transition probabilities of the chain, we see that P[E7] > ﬁ. Therefore,

P((y € Dw) A (E1)] = P|(y € Du)|Er] PE]
1

2¢4

As a consequence of (8.12),

win [ 1 p(x) detJac(UlflUy)(O) - 1
’ p(y) T

Therefore,

i dﬁ w i p(x) det JaC(Ux_lUy)(O) w .
B min (1.5 )| = (1, “ )P[(yeDw)/\( € D\ {x})]

]

Proof of Theorem 8.1.1. Theorem 8.0.5 gives mixing bounds for general metric spaces in
terms of €4, apq and implicitly, dpq. By Lemma 8.1.1 and Lemma 8.1.2, we see that in the
present context we can set duq to ~4-, ey to % and azq to "MBM  The theorem follows

nen nen

by substituting these values into Theorem 8.0.5. [
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CHAPTER 9
RANDOM WALKS ON POLYTOPES AND AN AFFINE
INTERIOR POINT METHOD FOR LINEAR PROGRAMMING

9.1 Introduction

In this chapter, we use ideas from interior point algorithms to define a random walk on
a polytope. We call this walk Dikin walk after 1. 1. Dikin, because it relies on ellipsoids
introduced by Dikin [22] in 1967, which he used to develop an affine-scaling interior point
algorithm for linear programming.

There is a large body of literature addressing algorithms for sampling convex bodies in R".
Previous sampling algorithms were applicable to convex sets specified in the following way.
The input consists of an n-dimensional convex set K circumscribed around and inscribed
in balls of radius r and R respectively. The algorithm has access to an oracle which, when
supplied with a point in R" answers “yes” if the point is in K and “no” otherwise.

The first polynomial time algorithm for sampling convex sets appeared in [25]. It did
a random walk on a sufficiently dense grid. The dependence of its mixing time on the
dimension was O*(n?3). It resulted in the first randomized polynomial time algorithm to
approximate the volume of a convex set.

Another random walk that has been analyzed for sampling convex sets is known as the
ball walk, which does the following. Suppose the current point is x;. y is chosen uniformly
at random from a ball of radius  centered at x;. If y € K, x;11 is set to K; otherwise

xj11 = xj. After many successive improvements over several papers, it was shown in [39]

R2

that a ball walk mixes in O*(n%z) steps from a warm start if 6 < ——. A ball walk has not

N
been proved to mix rapidly from any single point. A third random walk analyzed recently is
known as Hit-and-Run [57, 60]. This walk mixes in O <n3(§)2 In %) steps from a point at a

distance d from the boundary [60], where € is the desired variation distance to stationarity.
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9.2 Results

The Markov Chain defining Dikin walk is invariant under affine transformations of the poly-
tope. Consequently, the complex interleaving of rounding and sampling present in previous
sampling algorithms for convex sets (see [25, 39, 62]) is unnecessary.

Some features of Dikin walk are the following.

1. The measures defined by the transition probabilities of Dikin walk are affine invariants,
so there is no dependence on R/r (where R is the radius of the smallest ball containing

the polytope K and r is the radius of the largest ball contained in K).

2. If K is an n-dimensional polytope defined by m linear constraints, the mixing time
of the Dikin walk is O(nm) from a warm start (i.e.if the starting distribution has a

density bounded above by a constant).

3. If the walk is started at the “analytic center” (which can be found efficiently by interior
point methods [83, 96]), it achieves a variation distance of € in
O (mn (n logm + log %)) steps. This is strongly polynomial in the description of the

polytope.

Dikin walk is similar to ball walk except that Dikin ellipsoids (defined later) are used instead
of balls. Dikin walk is the first walk to mix in strongly polynomial time from a central point
such as the center of mass (for which s, as defined below, is O(n)) and the analytic center

(for which s = O(m)). Our main result related to the Dikin walk is the following.

Theorem 9.2.1. Let n be greater than some universal constant. Let K be an n-dimensional

polytope defined by m linear constraints and xq € K be a point such that s is the supremum

over all chords pq passing through xq of 12:;‘3} and € > 0 be the desired variation distance

to the uniform distribution. Let 7 > 7 x 108 x mn (n In (20 s4/m) + In <%)) and xg, T, . ..
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be a Dikin walk. Then, for any measurable set S C K, the distribution of x satisfies

vol(.9)
vol(K)

Running times

The mixing time for Hit-and-Run from a warm start is O (@) , while for Dikin walk this is
O(mn). Hit-and-Run takes more random walk steps to provably mix on any class of polytopes
where m = o (”%2) For polytopes with polynomially many faces, R/r cannot be O <n%_€>
(but can be arbitrarily larger). Thus, m = o(n <E

2
- ) ) holds true for some important classes of

polytopes, such as those arising from the question of sampling contingency tables with fixed
row and column sums (where m = O(n)). Each step of Dikin walk can be implemented using
O(mn?~1) arithmetic operations, ¥ < 2.376 being the exponent of matrix multiplication
(see 9.3.1). One step of Hit-and-Run implemented naively would need O(mn) arithmetic
operations. Evaluating costs in this manner, Hit-and-Run takes more random walk steps to
provably mix on any class of polytopes where m”7 = o (%) A sufficient condition for

m=o (@ﬁ) to hold is m = o(n*™7).

9.2.1 Applications

Sampling lattice points in polytopes

While polytopes form a restricted subclass of the set of all convex bodies, algorithms for
sampling polytopes have numerous applications. It was shown in [41] that if an n dimensional
polytope defined by m inequalities contains a ball of radius £2(n+/log m), then it is possible to
sample the lattice points inside it in polynomial time by sampling the interior of the polytope
and picking a nearby lattice point. Often, combinatorial structures can be encoded as lattice
points in a polytope, leading in this way to algorithms for sampling them. Contingency

tables are two-way tables that are used by statisticians to represent bivariate data. A
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solution proposed in [20] to the frequently encountered problem of testing the independence
of two characteristics of empirical data involves sampling uniformly from the set of two-way
tables having fixed row and column sums. It was shown in [67] that under some conditions,

this can be achieved in polynomial time by quantizing random points from an associated

polytope.

Linear Programming

We use this result to design an affine interior point algorithm that does a single random
walk to solve linear programs approximately. In this respect, our algorithm differs from
existing randomized algorithms for linear programming such as that of Lovasz and Vempala
[59], which solves more general convex programs. While optimizing over a polytope specified
as in the previous subsection, if m = O(n2_€), the number of random steps taken by our
algorithm is less than that of [59]. Given a polytope @) containing the origin and a linear
objective ¢, our aim is to find with probability > 1 — 4§, a point y € Q such that Iy > 1 —¢
if there exists a point z € @) such that 'z > 1. We first truncate (@ using a hyperplane

'y =1—¢ for ¢ << e and obtain Q; = QN {y|cTy < 1 — é}. We then projectively

transform @Q; to “stretch” it into a new polytope v(Q;) where v : y +— l—zTy' Finally, we

do a simplified Dikin walk (without the Metropolis filter) on ~(Q,) which approaches close
to the optimum in polynomial time. This algorithm is purely affine after one preliminary
projective transformation, in the sense that Dikin ellipsoids are used that are affine invari-
ants but not projective invariants. This is an important distinction in the theory of interior
point methods and the fact that our algorithm is polynomial time is notable since the corre-
sponding deterministic affine algorithm analyzed by Dikin [22, 99] has no known polynomial
guarantees on its run-time. Its projective counterpart, the algorithm of Karmarkar however
does [42]. In related work [7], Belloni and Freund have explored the use of randomization

for preconditioning. While there is no “local” potential function that is improved upon in
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each step, our analysis may be interpreted as using the £ , norm (u being the appropriate

kth

stationary measure) of the probability density of the point as a potential, and showing

2
that this reduces at each step by a multiplicative factor of (1 — %) where @ is the conduc-
tance of the walk on the transformed polytope. We use the Lo ;, norm rather than variation
distance because this allows us to give guarantees of exiting the region where the objective

function is low before the relevant Markov Chain has reached approximate stationarity. The

main result related to algorithm (Dikin) is the following.

Theorem 9.2.2. Letn be larger than some universal constant. Given a system of inequalities

By < 1, a linear objective ¢ such that the polytope
Q:={y:By<1and|y <1}

s bounded, and €, > 0, the following is true. If 3z such that Bz < 1 and L'z >1, then Y,

the output of Dikin, satisfies

with probability greater than 1 — .

Strong Polynomiality

Let us call a point x central if In s, where s is the function of x defined in Theorem 9.2.1, is
polynomial in m. The mixing time of Dikin walk both from a warm start, and from a starting
point that is central, is strongly polynomial in that the number of arithmetic operations
depends only on m and n. Previous Markov Chains for sampling convex sets (and hence

polytopes) do not possess either of these characteristics. In the setting of approximate Linear
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Programming that we have considered, the numbers of iterations taken by known interior
point methods such as those of Karmarkar [42], Renegar [83], Vaidya [96] etc are strongly
polynomial when started from a point that is central in the above sense. The algorithm
Dikin presented here is no different in this respect. The fact that Dikin walk has a mixing
time that is strongly polynomial from a central point such as the center of mass, is related

to two properties of Dikin ellipsoids listed below.

Dikin ellipsoids and their virtues

Let K be a polytope in n—dimensional Euclidean space given as the intersection of m

T

i

th

halfspaces a: © < 1, 1 < i < m. Defining A to be the m x n matrix whose *" row is aZT, the

polytope can be specified by Az < 1. Let xg € int(K) belong to the interior of K. Let

T

HE) = 3 G

1<i<m it

and ||z — z||2 :== (z — )T H(x)(z — z). The Dikin ellipsoid D”. of radius r for # € K is the

ellipsoid containing all points z such that
|z — ||z <

Fact 9.2.1. (1) Dikin ellipsoids are affine invariants in that if T is an affine transforma-
tion and x € K, the Dikin ellipsoid of radius r centered at the point Tz for the polytope
T(K) is T(DY). This is easy to verify from their definition.

(2) For any interior point x, the Dikin ellipsoid centered at x, having radius 1, is contained
in K. This has been shown in Theorem 2.1.1 of [7}]. Also, the Dikin ellipsoid at x
having radius \/m contains Symg(K) := K N {y’Qx —y € K}. This can be derived by

an argument along the lines of Theorem 9.3.2.
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Figure 9.1: A realization of Dikin walk. Dikin ellipsoids Dy, Dz, and Dz, have been
depicted.

9.3 Randomly Sampling Polytopes

9.3.1 Preliminaries

For two vectors vy, v, let <U1,Ug>x = U{H(:L“)Ug. For x € K, we denote by D, the Dikin
ellipsoid of radius 4% centered at x. Dikin ellipsoids have been studied in the context of
optimization [22] and have recently been used in online learning [1]. The second property
mentioned in the subsection below implies that the Dikin walk does not leave K.

The “Dikin walk” is a “Metropolis” type walk which picks a move and then decides
whether to “accept” the move and go there or “reject” and stay. The transition probabilities

of the Dikin walk are listed below. When at x, one step of the walk is made as follows.

Therefore,

: 1 1
— <2V01(DI)’ 2V01(Dy)> ’
Plz — y] = if y € Dy and @ € Dy;

0, otherwise.
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1. Flip an unbiased coin. If Heads, stay at x.
2. If Tails pick a random point y from D,.

3. If x ¢ Dy, then reject y (stay at z);
if z € Dy, then accept y with probability

. vol(Dy . det H
nin (1’ volgDyg) = (17 det H&%)

and Plz — 2] =1 — [ dP[z — y].

Implementation of a Dikin step

Let K be the set of points satisfying the system of inequalities Az < 1. H(z) = AT D(x)2A

1
1fa?x'

We can generate a Gaussian vector v such that E[fvv!] = (ATD2A)~! by the following

where D(z) is the diagonal matrix whose i diagonal entry d;;(z)

procedure. Let u be a random m-vector from a Gaussian distribution whose covariance

matrix is /d. Find v that satisfies the linear equations:
DAv =z

AT'D(z—u) =0,

or equivalently,

AT D2 Ay = AT Dy

Allowing (DA)T to be the Moore-Penrose pseudo-inverse of DA,

(DAY (z —u) =0 < (2 —u) L columnspan(DA)

s ATD(z —u) =0.
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Thus, Evol = (DA)TEz2T (DA)IT. 2 is the orthogonal projection of u onto the column span
of DA,

therefore (DAY Ez2T(DA)T = H(z)~!. We can now generate a random point from the
Dikin ellipsoid by scaling v/||v||; appropriately. The probability of accepting a Dikin step,
is either 0 or the minimum of 1 and ratio of two determinants. Two matrix-vector products
suffice to test whether the original point lies in the Dikin ellipsoid of the new one. By results
of Baur and Strassen [4], the complexity of solving linear equations and of computing the
determinant of an n x n matrix is O(n7). The most expensive step, the computation of

ATD(Q:)2A can be acheived using mnY~!, by partitioning a padded extension of AT D into

< m+n—1
n

square matrices. Thus, all the operations needed for one step of Dikin walk can
be computed using O(mn'yfl) arithmetic operations where v < 2.377 is the exponent for

matrix multiplication.

9.3.2  Isoperimetric inequality

Given interior points x,y in a polytope K, suppose p,q are the ends of the chord in K
containing x,y and p,x,y, ¢ lie in that order. Then we denote % by o(x,y). In(1 +
o(x,y)) is a metric known as the Hilbert metric, and given four collinear points a, b, c,d,

(a—c)-(b—d)

(@:b:c:d)= (a=d) (=) is known as the cross ratio.

The theorem below was proved by Lovasz in [57].

Theorem 9.3.1 (Lovéasz). Let S and Sy be measurable subsets of K. Then,

vol(K \ S1\ Sz) vol(K) > o(S1,S9) vol(St) vol(S2).
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9.3.83 Dikin norm and Hilbert metric

Theorem 9.3.2 relates the Dikin norm to the Hilbert metric. The Dikin norms can be used
to define a Riemannian manifold by using the associated bilinear form < -, - >, to construct
a metric tensor. Dikin walk is a random walk on such a manifold in the spirit of the random

walks discussed in Section &.1.

Observation 9.3.1. The isoperimetric properties of this manifold can be deduced from those
of the Hilbert metric, and in fact, Theorem 9.3.1 and Theorem 9.3.2 together imply that the

weighted Cheeger constant (see Definition 8.1.1) of this manifold is bounded below by ﬁﬁ

Theorem 9.3.2. Let x,y be interior points of K. Then,

2 =yl

NLD

o(z,y) >

Proof. It is easy to see that we can restrict attention to the line ¢ containing x,y. We may
also assume that x = 0 after translation. So now b; > 0. Let ¢; be the component of a;
along ¢; we may view ¢;, y as real numbers with £ as the real line now. KN¢ = {y: c;y < b;}
(where b; had been taken to be 1). Dividing constraint i by |¢;|, we may assume that |¢;| = 1.
After renumbering constraints so that b; = min{bi|ci = —1} and by = min{bi’ci =1}, we

have K N ¢ = [—by,bo]. Also
1
e =yl =Y
i i

Without loss of generality, assume that y > 0. [The proof is symmetric for y < 0.] Then,

bitb o L —yll.
o(z,y) = g&é;ﬁ;%, which is > ymax;(1/|b;|). This is in turn > % O

9.5.4 Geometric and probabilistic distance

Let the Lebesgue measure be denoted A. The total variation distance between two distribu-
tions 71 and 79 is d(my, mg) := supg |71 (S) —m2(S)| where S ranges over all measurable sets.
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Let the marginal distributions of transition probabilities starting from a point u be denoted
P,. Let us fix r := 3/40 for the remainder of this chapter. The main lemma of this section

is stated below.

. 3 C g
Lemma 9.3.1. Let x,y be points such that o(z,y) < 100/ Then, the total variation

distance between Py and Py is less than 1 — ﬂl% + o(1).

Proof. Let us fix the convention that Z () :=0 and dPy( ) := +oo. If x — w is one step

d(Py, Py) =1 — Ey, {min ( dpy( ))} .

of the Dikin walk,

" dPy

It follows from Lemma 9.3.2 that

E. |min 1£(w) > min 1,M P [(y € Dw) A (w € Dy \ {z})] .
e () 20 (5

It follows from Lemma 9.3.4 that

~3

min( | vol(Dy) ) y € D) A (w € Dy\ {z})] > (9.1)

volDy
5B [(y € Du) A (w e Dy\ {})] (9.2)

Let E; denote the event that

1
0 <max (o - wll o - wi2) <42 (1- 1),
n

Ey denote the event that max (|ly — w||w, |y — w|ly) < r and E,, denote the event that
vol(Dy) > e vol(D,). The complement of an event E shall be denoted E.

The probability of Ey when x — w is a transition of Dikin walk can be bounded from
below by ( il >IP’ [Ey A Eyx N\ By | where w is chosen uniformly at random from D,. It

thus suffices to find a lower bound for P [Ey AW AN Evol] where w is chosen uniformly at
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random from D,, which we proceed to do. Let erf(z) denote the well known error function

\% fg" e_t2dt and erfe(x) :=1 — erf(z).

P [Ey A Ex A Eyy] > (9.3)

P [Ey A Ey] —P[E,yl. (9.4)

erfc(2)
=

Lemma 9.3.3 implies that P [E, ;] < + 0(1). Let E! be the event that

1
2 2
|l —w|z <r <1—E>.

As a consequence of Lemma 9.3.5,

2

> (%ﬁ) —o(1). (9.5)

Lemma 9.3.6 and Lemma 9.3.7 together tell us that

P[E,] +o0(1) > (L@)P[E}:}

b [Ey Ex] _— (AJ2 +1eif(;(\2/)§:— 0(1)) B (47’2 + iric;;3é2§1+ 0(1)) (9.6)
~1- (87“2* effc§2lz%if(%)+0(1)), (9.7)
Putting (9.5) and (9.7) together gives us that
PIE,AE] = P|Ey|B|PIE) (9.8)
S 1 —2?}6@ - <8r2 + erfcz(\z/); erfc(%)) o). 99)

Putting together (9.2), (9.4) and (9.9), we see that if + — w is a transition of the Dikin
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walk,

_21r

E, {min ( ,%(w)ﬂ > €4¢55 (1 — (3V2r + 8% + erfe(2)(1 + Ve) + erfc(g))) — o(1).

For our choice of r = 3/40, this evaluates to more than % —o(1). O

Since Dikin ellipsoids are affine-invariant, we shall assume without loss of generality that
x is the origin and the Dikin ellipsoid at x is the Euclidean unit ball of radius . This also
means that in system of coordinates, the local norm || - ||z = || - ||o is the Euclidean norm || - ||
and the local inner product <-, >x = <-, ->0 is the usual inner product <-, > On occasion we

have used a - b to signify <a, b>.

Lemma 9.3.2. Let w € supp(Pz) \ {z,y} and y € Dy and w € Dy. Then,

dP /. vol(Dy)
ﬁ(w) > min (LW> :

Proof. Under the hypothesis of the lemma,

: 1 1
dpy (w) — mm(vol(Dy)’ volDw>
ap, T 1 1

min vol(Dy)’ volDy,

. [ vol(Dy)

_ min (S35 1)
o vol(Dy,)
min ( vol(Dy)” 1>

The above expression can be further simplified by considering two cases.

vol(Dy,)
vol(Dy)’

1. Suppose min ( 1) =1, then

: volDy,
min (—volwy)’ 1)

>
min (3555

1.
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2. Suppose min (‘;211((%;)) , 1) — Yol(Du) then

Therefore,

O

Lemma 9.3.3. Let w be chosen uniformly at random from D,.. The probability that vol(Dy) <

e2re e—rfﬁ —o(1), i.e.

vol(Dyy) is greater or equal to 1 —

P [% SeQTC] > I—M—o(l).

Proof. By Lemma 9.3.13, ln( ( 5 )) is a convex function. Therefore,

In vol(Dy) — In vol(Dy) < Vln(m) (w — ).

By Lemma 9.3.12, ||V1n(ﬁ)|| < 2y/n. Therefore,

L e [V ) 0=

VOl(Dx)) ( va(vol(Dx )| [|w — ]|

V In(

As stated in Theorem 9.3.3, when the dimension n — oo,

VAV (o) - (w0 = 2)
|9 1n(ripy) e — ]

125



converges in distribution to a standard Gaussian random variable whose mean is 0 and

variance is 1. Therefore,

VAV () - (10— )
Vll(Dz) <c > 1+ erf(c) B 0(1)
IV In(5rp0) Hlw — 2] 2
This implies that
vol(Dy) . 1

m
Lemma 9.3.4.
vol(Dy)
In{ —* ) < )
" (Vol(Dx)) < no(2,y)
Proof. Suppose pq is a chord and p, z,y, ¢ appear in that order. By Theorem 9.6.1,
1 _n
(DY (-l
vol(Dy) lp — z|?
< no(z,y).
m

Lemma 9.3.5. Let w be chosen uniformly at random from D,. Then,

1 1
2 2 2 2
Pl -l < (1= ) flo -l <2 (1- 2]

> 1_2—\@" —o(1).
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Proof. Let EL be the event that

1
2 2
|z —wlz <r (1_E>'

We set ¢ to 3v/2r in Lemma 9.3.8 and see that

1
2 2 2 1
P |le = wl + o = wlB, 2 22 (1- 1) [}

< 3v2r + o(1).

If ||z — w||2 + ||z — w||%x_w < 2r2 (1 — %), then either ||z — w2, or ||z — w||%x_w must be

less or equal to r2 (1 — %) O

Lemma 9.3.6. Let o(x,y) < m Then, if w is chosen uniformly at random from D,

1
P {Hy —wlly = v max (Jlz = w], llo - wli3) < r? (1 - _)]

n
< 4r? + erfe(2) 4 o(1)

- 1—3v2r

Proof. Tt follows from Lemma 9.3.10, after substituting 1 for n and 2 for 7 that

1
P |l uly > ofle - wl <2 (1- 1))

<22 erfc(2)

+o(1).

This lemma follows using the upper bound from Lemma 9.3.5 for

1 1
2 2 2 2
IP’{H:E—wngr (1_5) e = w2 <7 (1—5)}.

An application of Theorem 9.3.2 completes the proof. ]
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Lemma 9.3.7. Suppose o(x,y) < m Let w be chosen uniformly at random from D,.

Then,

1
P |l wlho 2 | max(l = wli o~ vl <2 (1- 3]

42 + erfe(3/2) + o(1)
< .
o 1—3vV2r

Proof. Substituting ¢ = 1 in Lemma 9.3.9, we see that

2 2 2 _ 2
Py —wly — llz = wlliy = di)lle —wllz < (1 -

erfc(3/2)
2

)

+o(1).

Cc
n

<’ 4
This implies that

2 2 T 2 _ 2 1
P |y = wld - o= wl 2 2l - wl < (1- 2]

fe(3/2
<2y % +o(1).

This lemma follows using the lower bound from Lemma 9.3.5 for

1 1
2 2 2 2
P[Hx—wuwgr (1—5) e = w2 <7 (“E)]'

[]

The following theorem has the geometric interpretation that the probability distribution
obtained by orthogonally projecting a random vector vy, from an n-dimensional ball of radius
v/n onto a line converges in distribution to the standard mean zero, variance 1, normal
distribution N[0,1]. This was known to Poincaré, and is a fact often mentioned in the

context of measure concentration phenomena, see for example [55].
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Theorem 9.3.3 (Poincaré). Let vy, be any n-dimensional vector and hy, be a random vector

\/ﬁ<vnahn>
l[vnl[|7en]

converges in distribution to a zero-mean Gaussian whose variance is 1, i.e. N[0, 1].

chosen uniformly from the n-dimensional unit Euclidean ball. Then, as n — oo,

Let
. ly — )2 | 3+2V6)r|ly — x|,
RCESE Vi |

Lemma 9.3.8. Let v be chosen uniformly at random from D, and c be a positive constant.

Then,

2 9 9 (c — 182
Plllz —olly+llz —vlg,_p >2r" | 1 - TC

<c+o(l).

Proof. Let the i constraint be aiTx <1forallie{l,...,m}. Let z — v be denoted h. In

the present frame, for any vector v, |[v||z = ||v]|-

(PSR PR S i L S o 1) el (9.10)
v 2 (1 —al'h)? (1+al'h)?

)
In the present coordinate frame ) ; aia; = I. Consequently for each i,

E[(a;[h)Q] _ ||al||21i“|h||2] (9‘11)
r2

— (9.12)

IN
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(a?h)Q (aiTh)2 _ T 9 1—|-((ZZTh)2
Z (2(1 — aZTh)2 + 2(1 + aZ-Th)2) - Z(ai h) W (9.13)
Th Th)
1

3(a; )4 — a; 6
_ Z((afh)% : B )

)
(
— (aZTh
3(al'n)* — (aTh)S

= ||nllz + : L (9.14)
! XZ: (1~ (af 1)?)?
In the present coordinate frame ) ; aZ = I. Consequently for each i,
(aln)? 1
E|l—L——=| = —. 9.15
fa?TA?| ~ 7 19

By Theorem 9.3.3, the probability that |aTh| > n~1 is O(e=V/2), |aZTh| is < ||CLZT||T,

which is less than . This allows us to write

3(al )t — (aln)S| T, \4
E [ 0 (a?h)2)2 ] = 3E[(a; h)"](1 4+ 0(1)), (9.16)
and so
3(aZTh)4 - (aZTh)6
E EZ A TheP ] - § 3E[(alh)Y(1 + o(1)). (9.17)

Next, we shall find an upper bound on E[>~;(a} h)]. The length of h and its direction are

7

independent, therefore

E
I z||4||h||4

> (ai ] Z laz | *Elll ] *)E

1

(o, 1)’ ] (9.18)

A direct integration by parts tells us that if the distribution of X is N[0, 1], then E[X4] = 3.
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Therefore,

E (9.19)

(al'n)* ] _ 3+0(1)

lasl|4]]A]|* n?

E[||A]|*] is equal to #*(1 4 o(1)) and so

Z<a?h>4] - () (9.20

This implies that

oTh) ,
E[Z%] = 9+n—2<1)2_||ai||4r4 (9.21)
< 2Dt (9.22)

_ (Oto@yrt 023

In (9.22), we used the fact that ), aiaZT — I and so ||a;||> < 1 for each i. Together, Markov’s

inequality and (9.23) yield the following.

3(aZ-Th)4 — (aZTh)6 cort 3(aiTh)4 cor?
P Z (= T2 > = ] < P ;(1—(%%)2)2 > = (9.24)
< 9+l (9.25)
2
Also,
e e B < [ e A (9.26)
< 1-e 3 +o(l). (9.27)
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We infer from (9.25) and (9.27) that

al 2
h) 2 €1 — T _a 9
||h||$+z )2 ZT(I_T) < l-e 2-}—5%—0(1)
c1 9
< =+ —+o(1). (9.28)
2 o
Setting c¢; to ¢ and c9 to 18 proves the lemma. O

Let ES be the event that ||z — w||2 < r2(1 — £).

n

Lemma 9.3.9. Let w be a point chosen uniformly at random from D,. Then, for any

positive constant c, independent of n,

2 2
P lly - wl — llo = wld = v |EE]

<22 erfe(3/2) N

o(1).
Proof. ||y||2, can be bounded above in terms of ||y, as follows.
iz < o' (D2 o Y (9.29)
v —~(1- aZTw)2

)Zy aza Y. (9.30)

AN
VR
0]
<. 2

o}
’,:
|
@
S

For each i, ||a;|| < 1, therefore

(Sup )Zy aa y < [El[E; (9.31)
(1—afw) ' (1-r)?* '

Let ES, be the event that |w||2 < 1— £

132



By Theorem 9.3.3,

1 — erf(ny)
2

< 2rmllylo

P | (—2(y,w),) > N +o(1). (9.32)

5| <

(<y, w>0 — <y, w>w)2 can be bounded above using the Cauchy-Schwarz inequality as follows.

aaT 2
(), - ) )2 = (7 (1 5 ﬁ) y)

VAN
/N
—
|
Q
| !
sl
£
|
=
SN—
[N}
(]
)
=N
N
N
N———

Let x be a standard one-dimensional Gaussian random variable whose variance is 1 and
mean is 0 ( i.e.having distribution N0, 1]). Since r < % and each ||a;|| = ||aj||o is less or

equal to 1, it follows from Theorem 9.3.3 that conditional on Ef,

(anai((l - a? )2 — 1))2
472l 2(1 — af w)*

converges in distribution to the distribution of x*, whose expectation can be shown using

integration by parts to be 3. So,

wTal-((l a;r ) - 1) ?
E Z< (1_aZT )4 > ‘E’c

IN

Z( s ) lailr -+ (1)
() ‘Tl

(12 + o(1))r 4‘

IA
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Thus by Markov’s inequality,

(WTarl(1 = aF w2 = 1)* 1y L4 o)
P > 5G| < . 9.33
z; (1= aj w)! R (9:33)
Zi(afy)Q is equal to ||y||2. Therefore (9.33) implies that
2 o 12mrlyll5] _ 1+ o(1)
P|((y,w), = {y,w), ) > - <— (9.34)

Putting (9.32) and (9.34) together, we see that

2rm|lyllo 120914 |y[|2
HD[—QQLU»U)Z-—f;%f—“+2 —

Conditional on ES,, ||w||?, is less or equal to (1 — =)

1 — erf(n) N 14 0(1)

EC
b 2 2

(9.35)

Therefore, using erfc(x) to denote 1 — erf(x),

2
y 2r||ly _ erfc(ny)
P [l = aifh,~ ol > 12+ 2o (o i) ] < gt S o),

1

Setting 11 = 3/2 and 79 = 5,2

gives
erfc(3/2)

2 2 2
Plly—wl} - ol > |B5] < 22+ ==

+o(1). (9.36)

Lemma 9.3.10. Let ¢ be a positive constant. Let

2rmi[ly — @ 2nlly — =|
vy o=y — af 3+ 20—l 20l Z 2l (g gy ).
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If w s a point chosen uniformly at random from Dy, for any positive constants n and ny,

Then,
Py —wl|? = ||z — wl||? > | ES
ly —wlly — |z —wllz > ¥2| By
2r erfc
S 5 + (771) + 0(1).
i 2
Proof.
2 2 2
ly —wlly = llylly + lwlly — 2(w,y),

2 2
< llly + llwllz

+ Ul = wl2)? = 2w, ), +2/(w.y), -

wy>

We shall obtain probabilistic upper bounds on each term in (9.39).

2,2
Jwl[5)

2
(l[wlly =

7

In inferring (9.42) from (9.41) we have used the fact that ||y, is

I
S
~
RS

1-(1

Z a@-aZT

(1—a

—afy)* 2
i)

7

was stated in (9.19) in slightly different terms,

E [(wTaz‘)4]

_ JaillrA3 + o1

NG

)

n2
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(9.39)

(9.40)

(9.41)

(9.42)

(9.43)

O(—=) which is o(1). As



Therefore by Markov’s inequality, for any constant c,

c Jai|[*r(3 + o(1))
E 30|l < 21 - ;)] =y el
i i
4
r*(3+o(1)) 9
< TZ laill
1
B r4(3+0(1))
- n
Therefore,
2 22 912]lyl2r* 1+0(1)
Pl ([[wlly = [lwl5)” =n - < 2 (9.44)
Vi(wy),

By Theorem 9.3.3, as n — oo, the distribution of converges in distribution to

lyllo

NJ0,1]. Therefore

2mrlyllo

P (—2<w,y>0) > NG

i <rta-9) < o, e

Finally, we need similar tail bounds for (<w, y>0 — <w, y>y)2. Note that

(1= T2 2
(), = w0}, = <wT (ZT (1(1“ i >>y) 040

1—(1- aZTy)2

2
T, T2 ‘
(} (w y>) }j( T ) (9.47)

1 ]

= (Z(wTaia?yF) (2(4 + 0(1))(61%)2) (9.48)

i .

= (4+o0(1)) (Z(wTaiaiTy)2> lyll5- (9.49)

1

IN
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It suffices now to obtain a tail bound on Zi(wTaiaZTyF. By Theorem 9.3.3,

B Z<wTaz-aiTy>2)||wn292(1—5)] < (Z Jaza] y||2> T+ olt)
< ||y||<2)7“2(1+0(1))‘
Therefore,
2 47,2 0
P (<w,y>0—<w,y>y)2§%] < 1+n_2(1) (9.50)

Putting together (9.44), (9.45) and (9.50), we see that

20|y 2r?  erfe(n)
P ||y—w||g2/—||w||32||y||§ \/—0 Var+ 21 +|| llo ‘Ec < 77_2+ 5 +o(1).

[]

The following is a generalization of the Cauchy-Schwarz inequality that takes values in a
cone of semidefinite matrices where inequality is replaced by dominance in the semidefinite

cone. It will be used to prove Lemma 9.3.12 and may be of independent interest.

Lemma 9.3.11 (Semidefinite Cauchy-Schwartz). Let
af, ...,y bereals and Ay, ..., Ay be rxn matrices. Let B < C' signify that B is dominated

by C' in the semidefinite cone. Then
m m T m m
1=1 i=1 i=1 1=1
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Proof. For each i and j,

0 < (OzJAZ — OJZAJ) (Oz]AZ — OéZ'Aj)T

Therefore,

We shall obtain an upper bound of 2y/n on

1
volD,,

|V In W = IVindet ]| .
=0 o

Lemma 9.3.12. ||[Vindet H|. |z < 2v/n.

Proof. In our frame,

> aal =1, (9.52)
where [ is the n x n identity matrix, and for any vector v,

[o]lo = lv]]. (9.53)

If X is a matrix whose fo — ¢ norm is less than 1, log(/ + X) can be assigned a unique
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value by equating it with the power series
. .
X!
> ()T

1=1

Using this formalism when y is in a small neighborhood of the identity.

Indet H(y) = traceln H(y). (9.54)

In order to obtain an upper bound on ||V Indet H|| at o, it suffices to uniformly bound

dlndet H lngﬁtH along all unit vectors h, since

||Vindet H|| = sup ‘gtracelnH. (9.55)
N

0
[%trace In H}

o

aiaiT
(trace In (Z m) —In [)

= 1 9.56
50 5 (9:56)
= ZQ(azTh)(traceaiazT) (9.57)
1
= 2> |la;|[*af h. (9.58)
)

The Semidefinite Cauchy-Schwarz inequality from Lemma 9.3.11 gives us the following.

O aalZa) (3 Nlaalaf) < (3 laal (3 aiaf) (9.59)
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> aiaZT = I, so the magnitude of each vector a; must be less or equal to 1, and 3, [|a;||?
must equal n.

Therefore

S lal ) asal) = (X llail)z (9.60)

< (Z lail|*)1 (9.61)
- (9.62)
(9.59) and (9.62) imply that
(O laila) (Y llal*af ) < nl. (9.63)
T i

(9.55), (9.58) and (9.63) together imply that
|Vindet H|| < 2v/n. (9.64)
[

The following is due to P. Vaidya [97].
Lemma 9.3.13. Indet H is a convez function.

Proof. Let % denote partial differentiation along a unit vector h. Recall that >, aiaZT =1

0% Indet H
(8h)2 0
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‘ 1 aiaiT aiazT
T gt ((Z m) (Z <1+5—Th>2)>
trace <1H (Zz a;a; (E]>O(j + )(5@?]1)])))

= 5
trace (ln <ZZ a;a; (ZJ>0(] + 1)(—5(1@'Th)j)>>
+ (52
k
trace Yo S (5 00l (501G + 1)@l 1))
= g 52
) trace ) > (_11):_1 <ZZ aiaiT(ijl(] +1)(— 5aTh) ))k

The only terms in the numerators of the above limit that matter are those involving 62. So

this simplifies to

QZtraceaiaiT(alTh)? = QZHaiHQ(aZThQ
- :

This proves the lemma. O

9.3.5 Conductance and mixing time

The proof of the following theorem is along the lines of Theorem 11 in [57].

Theorem 9.3.4. Let n be greater than some universal constant. Let S1 and Sy := K \ 51
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be measurable subsets of K. Then,

/S P (S2)d\(z) > min ( vol(Sy), vol(S2)) .

105\/
Proof. Let p be the density of the uniform distribution on K. We shall use p in some places
where it is seemingly unnecessary because, then, most of this proof transfers verbatim to a
proof of Theorem 9.6.4 as well. For any x # y € K,

o) @) = o)z (),

therefore p is the stationary density of the Markov chain. Let 6 = 100/ and € = 537-

Let S] =51 N {x’p )Pr(S2) < } and S = Sy N {y|p )Py(S1) < T(K)}‘ By the

reversibility of the chain, which is easﬂy checked,

/S P PS)A) = /S BN

If z € 5] and y € S5 then

) dP, dP, €
[ min (p<x> e ), pla) 2 >) INw) < o

For sufficiently large n, Lemma 9.3.1 implies that (S, Sé) > 6. Therefore Theorem 9.3.1

implies that

m(K\ S5\ 8) > om(S])n(S)).
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First suppose 7(S]) > (1 — 6)m(S1) and 7(S%) > (1 — §)7(S2). Then,

[ Prtsayipte) > TEASIAE
S1
edm(S])m(Sh)
- 2
— 52
> (B850 minr(s. m(sa)

Vv

and we are done. Otherwise, without loss of generality, suppose 7(S]) < (1 —8)7(S7). Then

[ Pe2)dpta) = Sl
S1

and we are done. O
The following theorem was proved in [58].

Theorem 9.3.5 (Lovasz-Simonovits). Let g be the initial distribution for a lazy reversible

ergodic Markov chain whose conductance is ® and stationary measure is p, and ;. be the

distribution of the kth step. Let M := supg ’jf((g)) where the supremum is over all measurable

subsets S of K. Then, for all such S,
o2\ "
j($) - () < VAT (1- 5 )

We now in a position to prove the main theorem regarding Dikin walk, Theorem 9.2.1.

Proof of Theorem 9.2.1. Let t be the time when the first proper move is made. P[t > t’|t >
t—1]<1- 21—030 +o0(1) by Lemma 9.3.1 applied when x = 2y and y approaches zy. Therefore

when n is sufficiently large,



Figure 9.2: The effect of the projective transformation ~.

Let p. be the distribution of x;. and p be the stationary distribution, which is uniform. Let

pr. and p likewise be the density of p;, and p = m the density of the uniform distribution.

We shall now find an upper bound for %. For any x € K, p(z) > 6V§1(2% ) by Lemma 9.3.1,
n
applied when x = z( and y approaches zg. By (2) in Fact 9.2.1 \i?(}l((lf)(m)) > ( \/%J , which

implies that

t(5) pi(x)

sup = sup
scr m(S) ek P

(\/27715)n (g) (9.66)

The theorem follows by plugging in Equation 9.66 and the lower bound on the conductance

=

(9.65)

of Dikin walk given by Theorem 9.3.4 into Theorem 9.3.5. O]
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9.4 Affine algorithm for linear programming

We shall consider problems of the following form. Given a system of inequalities By < 1, a

linear objective ¢ such that the polytope
Q:={y:By<1and|c'yl <1}

is bounded, and €,d > 0 the algorithm is required to do the following.

e If dy such that By < 1 and cTy > 1, output y such that By < 1 and cTy > 1—e€ with

probability greater than 1 — §.

Any linear program can be converted to such a form, either by the sliding objective method
or by combining the primal and dual problems and using the duality gap added to an
appropriate slack variable as the new objective (see [47] and references therein). Before the
iterative stage of the algorithm which is purely affine, we need to transform the problem

using a projective transformation. Let s > sup ||Byl| + 1, and
yeq

= {4 x 108 x mn (nln (4?2‘92) +2In (;)) ] (9.67)

—-1.

Let v be the projective transformation v : y +— ﬁ, and 71 the inverse map, ~

T 1+3£Tx' For any ¢ > 0, let Qo := QN {y|cTy < 1— ¢} and U, be the hyperplane

{y’cTy =1—-¢}. Leté= i% and K¢ := v(Q¢). Let K := K; = v(Q;). For z € K, let D,

denote the Dikin ellipsoid (with respect to K') of radius r := 43—0, centered at x.

145



9.5 Algorithm

1. Choose xg uniformly at random from 1D, where o is the origin.
2. While 7 < 7 and ¢Ty~1(z;) < 1 — ¢, choose z;, | using the rule below.

(a) Flip an unbiased coin. If Heads, set x; 11 to ;.
(b) If Tails pick a random point y from Dy, .
(c) If x; & Dy, then reject y and set x;41 to x;; if x; € Dy, then set x;41 to y.

3. If 'y Yz;) > 1 — € output v~ 1(z;), otherwise declare that there is no y such that
By<1and 'y >1.

9.6 Analysis

For any bounded f : K — R, we define

1]l = \/ /K £(2)2p(x)dA(x)

. The following lemma shows that cross ratio is a projective

i VO](Dx)
where p(z) = T vol(Dy)dA(w)

invariant.

Lemma 9.6.1. Let v : R™ — R" be a projective transformation. Then, for any 4 collinear

points a,b,c and d, (a:b:c:d) = (y(a):v(b):y(c) : v(d)).

Proof. Let {e1,...,en} be a basis for R”. Without loss of generality, suppose that a, b, c,d €
Rej. « can be factorized as v = 9 o 41 where 71 : R” — R" is a projective transformation
and maps Rej to Reqy and 79 : R" — R" is an affine transformation. Affine transformations
clearly preserve the cross ratio, so the problem reduces to showing that (a : b : ¢ : d) =
(v1(a) : v1(b) : v1(c) : 71(d)), which is a 1-dimensional question. In 1-dimension, the group
of projective transformations is generated by translations (x — x + (3), scalar multiplication
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(z — az) and inversion (z — x~1), where a, # € R\ {0}. In each of these cases the equality

is easily checked. O

The following was proved in a more general context by Nesterov and Todd in Theorem

4.1, [75].

Theorem 9.6.1 (Nesterov-Todd). Let pg be a chord of K and x,y be interior points on it

so that p,x,y,q are in order. Then z € Dy implies that p + ||p x||( —p) € Dy.

The following theorem is from [58].

Theorem 9.6.2 (Lovasz-Simonovits). Let M be a lazy reversible ergodic Markov chain on

K C R™ with conductance ®, whose stationary distribution is p. For every bounded f, let

| fll2,. denote \/fK x)2du(z). For any fived f, let M f be the function that takes x to

S5 f(W)dPx(y). Then if [ f(x)dp(x) =0,

o2\ "
I3l < (1= ) Il

We shall now prove the main theorem regarding Algorithm Dikin, Theorem 9.2.2.

Proof of Theorem 9.2.2. Let pq be a chord of the polytope K¢ containing the origin o such
that

CT(’y_1<p)) > cT(y_l(q)). Let p' = v~ 1(p), ¢ = v"1(q) and +' be the intersection of the

lg—o| _ |d'~ol
<
" |p—o| = [p'—0

< s. [p—o| is equal
lg—ol

chord p/q’ with the hyperplane U := {y’c y = 1}. Then

to [(co:0:q:p)|. By Lemma 9.6.1, the cross ratio is a projective invariant. Therefore,

lp — o p =0\ (I —{|
— 9.68
a—ol =) 7= (9.68)

1
< <—> (s). (9.69)
€
Therefore, for any chord pq of K, through o % <2



Let D = [ vol(Dy)dA(y). Let

1
— =, T € Dy;
po(x) vol(D,)

0, otherwise,

be the density of z, and likewise p; be the density of the distribution of z. Let fy(z) = 2 0(x)

and fr(x) = ppT((;)).

i3 = [ (29) s

p()
D
vol(Dy) inf vol(Dy)

reD,

By Fact 9.2.1 and the fact that the Dikin ellipsoid of radius r with respect to K¢ is
contained in the Dikin ellipsoid of the same radius with respect to K, v2mD, O Sym(Ke).
(9.69) implies that Symo(Ke) 2 (£) Ke. We see from Theorem 9.6.1 that inf vol(Dj) >

zeD,

vol((1 —r)D,). Therefore,

D

vol(Dy) inf vol(Dy)
zeD,

o (2 " D
- 1—r Jx. vol(Dy)dA(y)
oam(£)2\" /1
- ( I—r ) (W(Kk))’ k.

where 7 is the stationary distribution. For a line ¢ L U, let my and py be interpreted as the

2
Ifollz <

induced measure and density respectively. Let ¢ intersect the facet of K that belongs to U, at

u. Then by Theorem 9.6.1, for any z,y € N K such that |z —u| > |y — u] pe(r)  — pe(y)

Tu=al™ = Ju=yl™
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By integrating over such 1-dimensional fibres ¢ perpendicular to U, we see that

fﬁLU (¢ N Ke)du
ng_U Wg(g)du
sup Wg(f N Ke)
v el
(1—1/8)"1 —(1/e —1/¢)"*!
= ( (1fe = 1/eyi )

< exp(g) —1 asn— 0. (9.71)

T(Ke) =

IA

The relationship between conductance ® and decay of the L9 norm from Theorem 9.6.2 tells

us that

_ 2
Ifr —Epf-13 < |lfo—Epfol3e ™

(I1f0l13 = 1By fo)113) ="
om(2)2\" (e’
< ( - ) (@) (from (9.70))

which is less than %, when we substitute ® from Theorem 9.6.4 and the value of 7 from

(9.67).
(52
47t (Ke) = /Ke (fr(z) — Epf7)2p(x)d)\(:c)

S (fKe(fT(l’) - Epr)p(ﬂi)d)\(:U))Q

B Ji, p(x)d ()

_ (Plar € K —7(Ke))?

m(Ke) '

which together with (9.71) implies that Plx; € K¢| < § and completes the proof. m
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The following generalization of Theorem 9.3.1 was proved in [62].

Theorem 9.6.3 (Lovasz-Vempala). Let S1 and So be measurable subsets of K and pu a

measure supported on K that possesses a density whose logarithm is concave. Then,

u(K\ S1\ S2)u(K) > o(S1, S2)u(S1)1(S2).

The proof of the following lemma is along the lines of Lemma 9.3.1 and is provided below.

Lemma 9.6.2. Let x,y be points such that o(z,y) < 400F Then, the overlap

/n min (vol(Dy) Py, vol(Dy)Py) dX(z)

between vol(Dy )Py and vol(Dy)Py in algorithm Dikinis greater than (%G —o(1)) vol(Dy).

Proof. 1If x — w is one step of Dikin,

/n min (VOI(Dx)Px, Vol(Dy)Py) d\(x) =

Eq {min (vol(Dm) Vol(Dy)ZPy( )ﬂ .

Eq [min (vol(Dx) vol(Dy)Z]in( ))} =

vol(Dy )P [(y € Dy) A (w € Dy \ {x})] .

Let E; denote the event that
0 < max (||z — w2, ||z — wH%) < r? (1 — %) and
Ey denote the event that max (||y — wl|w, |ly — w|ly) < r. The probability of By when z — w

. . S P\ E,NE, . .
is a transition of Dikinis greater or equal to % when w is chosen uniformly at random
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from D,. Thus, using Lemmas 9.3.5, 9.3.6 and 9.3.7,

/n min ( vol(Dy) Py, vol(Dy)Py) d\(z) >

P [Ey’Ex} P [E,]

vol(Dy) i >
vol(Dy)(1 — 3v/2r — 812 — erfe(2) — erfe(3) — o(1))
4v/e '
When r = 3/40, this evaluates to more than
vol(Dy) (105 — (1)) O

The proof of the following theorem closely follows that of Theorem 9.3.2.

Theorem 9.6.4. If K is a bounded polytope, the conductance of the Markov chain in Algo-

8

rithm Dikin is bounded below by 05

Proof. For any z # y € K, VOl(Dy)%(ZE) =

Vol(DI)%(y), and therefore

- vol(Dy)
ple) = [ vol(Dyz)d\(z)

is the stationary density. Let 0 = Wm and € = 1T9F5 Theorem 9.6.3 is applicable in our
situation because by Lemma 9.3.13, the stationary density p is log-concave. The proof of
Theorem 9.3.2 now applies verbatim apart from using Lemma 9.6.2 instead of Lemma 9.3.1,
and Theorem 9.6.3 instead of Theorem 9.3.1. This gives us
(1—10)%e\ .
[ ptsavinta) = (B minr(s1) (52

Thus we are done. O
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CHAPTER 10
LOW DENSITY SEPARATION, SPECTRAL CLUSTERING
AND GRAPH CUTS

10.1 Introduction

Figure 10.1: A likely cut and a less likely cut.

In this chapter we propose a formal measure on the complexity of the boundary, which
intuitively corresponds to the Low Density Separation assumption. We will show that given
a class boundary, this measure can be computed from a finite sample from the probability

distribution p. The number of samples used is exponential in the dimension. We do not
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provide theorems in this setting, but if the distribution has support on a low-dimensional
submanifold the number of samples would be exponential in the intrinsic dimension rather
than the ambient dimension. Moreover, we show that it is closely related to a cut of a certain
standard adjacency graph, defined on that sample. We will also point out some interesting
connections to spectral clustering. We propose the weighted area of the boundary, represented
by the contour integral along the boundary fcut p(s)ds to measure the complexity of a cut.
It is clear that the boundary in the left panel has a considerably lower weighted length than
the boundary in the right panel of our Fig. 10.1.

To formalize this notion further consider a (marginal) probability distribution with den-
sity p(x) supported on some domain or manifold M. This domain is partitioned in two
disjoint clusters/parts. Assuming that the boundary S is a smooth hypersurface we define

the weighted volume of the cut to be

/p(s)ds, (10.1)
S

where ds ranges over all d — 1—dimensional infinitesimal volume elements tangent to the
hypersurface. Note that just as in the example above, the
We will show how this quantity can be approximated given empirical data and establish

connections with some popular graph-based methods.

10.2 Connections and related work

10.2.1 Spectral Clustering

Over the last two decades there has been considerable interest in various spectral clustering
techniques . The idea of spectral clustering can be expressed very simply. Given a graph we

would like to construct a balanced partitioning of the vertices, such that this partitioning
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minimizes the number (or total weight) of edges across the cut. This is generally an NP-hard
optimization problem. However a simple real valued relaxation can be used to reduce it to
standard linear algebra, typically to finding eigenvectors of a certain graph Laplacian. We
note that the quality of partition is typically measured in terms of the corresponding cut

S1ze€.

10.2.2  Graph-based semi-supervised learning

Similarly to spectral clustering, graph-based semi-supervised learning constructs a graph
from the data. In contrast to clustering, however, some of the data is labeled. The problem
is typically to either label the unlabeled points (transduction) or, more generally, to build
a classifier defined on the whole space. This may be done trying to find the minimum cut,
which respects the labeled data, or, using graph Laplacian as a penalty functional.

One of the important intuitions of semi-supervised learning is the cluster assumption
or, more specifically, the low density separation assumption suggested in [15], which states
that the class boundary passes through a low density region. We will modify that intuition
slightly by suggesting that cutting through a high density region may be acceptable as long
as the length of the cut is very short. For example imagine two high-density round clusters
connected by a very thin high-density thread. Cutting the thread is appropriate as long as
the width of the thread is much smaller than the radius of the clusters.

The goal of this chapter is to take a step toward making a theoretical connection between
cuts of data adjacency graphs and the underlying probability distributions. We will show
that as more and more data is sampled from a probability distribution the (weighted) size of
a fixed cut for the data adjacency graph converges to the (weighted) volume of the boundary

for the partition of the underlying distribution.
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Figure 10.2: Curves of small and high condition number respectively

10.3 Summary of Main Results

Let p be a probability density function on a domain M C RY.
Let S be a smooth hypersurface that separates M into two parts, S; and S9. The
smoothness of S will be quantified by a condition number 1/7. A formal definition of the

condition number appears in Definition 6.3.1.

Definition 10.3.1. Let G'(x,y) be the heat kernel in R given by

Gz, y) = W o~ lle—yl2/4t

1
Let Mt = Gt(x,x) == W
Let X := {x1,...,zx} be a set of N points chosen independently at random from p.

Consider the complete graph whose vertices are associated with the points in X, and where
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the weight of the edge between x; and z; is given by

G'(xjxj) ifi#j

0 otherwise

Wij =

Let W be the matrix {W;;}; ;. Let X1 = X NSy and Xo = X N Sy. Let D be the

(diagonal) matrix whose entries are given by

>wy, ifi=j
Dy =4 F

0 otherwise

Let d; be the weighted degree of the vertex corresponding to x;. The normalized Laplacian

is the random matrix L(t, X) := I — D Y2WwD=1/2 Let f be the vector (f1,..., fn) where

1 ifz; € Xy

0 otherwise

10.3.1 Regularity conditions on p and S

We make the following assumptions about p:

1. p can be extended to a function p’ that is L—Lipshitz and which is bounded above by

Pmax-

2. For 0 <t < 1,

min (p<x>, / Gf<x,y>p<y>dy> > min
Note that this is a property of both of the boundary M and p.

We note that since p/ is L—Lipshitz over R, so is Jay Gz, 2)p' (2)dz.
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We assume that S has condition number 1/7. We also make the following assumption
about S:-
The volume of the set of points whose distance to both S and OM is < R, is O(RQ) as
R — 0. This is reasonable, and is true if S N JM is a manifold of codimension 2.

Under these conditions, our main theorem is

Theorem 10.3.1. Let the number of points, |X| = N tend to infinity and {tN}3°, be a

sequence of values of t that tend to zero such that t > 11 . Then with probability 1,
N 2d+2

\/7_7 -
N Lty X)f — /S p(s)ds.

Further, for any § € (0,1) and any € € (0,1/2), there exists a positive constant C' and an

integer No(depending on p, €, § and S) such that with probability 1 — 9,

VT

(VN>N0), N\/E

< CtYy.

Lty X)f — /S o(s)ds

This theorem is proved by first relating the empirical quantity % fo/(t N, X)f to a
heat flow across the relevant cut (on the continuous domain), and then relating the heat flow

to the measure of the cut. In order to state these results, we need the following notation.

Definition 10.3.2. Let

Ye(z) = pz) :
\/fM Gi(z,2)p(z)dz
Let
_ VT s
and

oty = % [ . s

157



Figure 10.3: Heat flow a tends to [q p(s)ds

Where ¢t and X are clear from context, we shall abbreviate (¢, X) to § and «a(t) to a.
In theorem 10.3.2 we show that as the number of points |X| = N tends to infinity, with
probability 1, 8 tends to .

In theorem 10.3.3 we show that a(t) can be made arbitrarily close to the weighted volume

of the boundary by making ¢ tend to 0.

Theorem 10.3.2. Let 0 < p < 1. Let u := 1/vt2d+1N1_ﬂ. Then, there exist positive
constants C1,Cy depending only on p and S such that with probability greater than 1 —
exp (—C1 N¥)

8(t,X) — a(t)] < Cy (1+ t#) ualt). (10.2)

Theorem 10.3.3. For any € € (0, %), there exists a constant C' such that for all t such that
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0<t< T(Qd)_%,

\\@ [, . e sitasiy [ oo

By letting N — oo and ¢ty — 0 at suitable rates and putting together theorems 10.3.2

< Ct°. (10.3)

and 10.3.3, we obtain the following theorem:

Theorem 10.3.4. Let the number of random data points N — oo, and ty — 0, at rates
so that u := 1/Vt2d+IN1I=1 — 0. Then, for any e € (0,1/2), there exist positive constants

C1,Ca, such that for any N > 1 with probability greater than 1 — exp (—C1(NH)),

‘ﬁ(tN,X) — /Sp(s)ds < Oy (t°+ u) (10.4)

10.4 Outline of Proofs

Theorem 10.3.1 is a corollary of Theorem 10.3.4, obtained by setting u to be t¢, and making
1 as close to 0 as necessary. Theorem 10.3.4 is a direct consequence of Theorem 10.3.2 and
Theorem 10.3.3.

Proof of Theorem 10.3.2:

We prove theorem 10.3.2 using a generalization of McDiarmid’s inequality from [49, 50].
McDiarmid’s inequality asserts that a function of a large number of independent random
variables, that is not very influenced by the value of any one of these, takes a value close to
its mean. In the generalization that we use, it is permitted that over a bad set that has a
small probability mass, the function is highly influenced by some of the random variables.
In our setting, it can be shown that our measure of a cut, fLLf is such a function of
the independent random points in X, and so the result is applicable. There is another
step involved, since the mean of fT[N/ f is not «, the quantity to which we wish to prove

convergence. Therefore we need to prove that the mean [% fTL(t, X) f] tends to a(t) as
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N tends to infinity. Now,

VT TL&,X)f =1/Ny/mft > >

VT G (x,y)
NV reX; yeXo {(227&@« Gl(z,z)

)(Ez;éy Gt(ya ))}1/2 '

If, instead, we had in the denominator of the right side

[ 6tz [ 16,20

M M

using the linearity of Expectation,

Elysyai Y Y SHCY) o

X X

Using Chernoff bounds, we can show that with high probability, for all x € X,

Gi(z, 2
Zz#j@ _i ) ~ /p(z)Gt(x, z)dz.

M

Putting the last two facts together and using the Generalization of McDiarmid’s inequality
from [49, 50], the result follows. Since the exact details require fairly technical calculations,
we present them later.

Theorem 10.3.3:

The quantity

wim[3 [ [ @it

S1 So
is similar to the heat that would flow from one part to another if the first were heated

proportional to p in time ¢. Intuitively, the heat that would flow from one part to the other
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Figure 10.4: Comparing the total heat density at P with the portion due to diffusion from
By alone.

in a small interval ought to be related to the volume of the boundary between these two
parts, which in our setting is |, g p(s)ds. To prove this relationship, we bound a both above
and below in terms of the weighted volume and condition number of the boundary. These
bounds are obtained by making comparisons with the “worst case”, given condition number
%, which is when S is a sphere of radius 7. In order to obtain a lower bound on «, we observe
that if Bg is the nearest ball of radius 7 contained in S7 to a point P in S9 that is within 7

of 51,
/ Gt (. PYn() e (P)dx > / Gt (, PYy ()4 (P)dr,

S1 By
as in Figure 4. Similarly, to obtain an upper bound on «, we observe that if B; is a ball or

radius 7 in S9, tangent to By at the point of S nearest to P,

/ Gz, P)tpy () (P)dx < / Gl (z, P)y(x)by (P)dzx.

S Bf

161



Figure 10.5: The integral over By ~ that over Ho

We now indicate how a lower bound is obtained for

/ G (. PYin () (P)de

By

A key observation is that for R = /2dt In(1/t), [ GYz, P)dr << 1. For this reason,
lx—P||>R
only the portions of By near P contribute to the the integral

[ 6Pyt P
By
It turns out that a good lower bound can be obtained by considering the integral over Ho
instead, where Hs is as in figure 10.4.
An upper bound for
[ ey in(pyis
By

is obtained along similar lines.
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10.5 Proof of Theorem 10.3.1

This follows from Theorem 10.3.4 (which is proved in a later section), by setting p to be

equal to ﬁ

10.6 Proof of Theorem 10.3.2

In the proof we will use a generalization of McDiarmid’s inequality from [49, 50]. We start

with the with the following

Definition 10.6.1. Let Q1,...,Qy, be probability spaces. Let Q = [[]" Q. and let Y be
a random variable on Q). We say that Y is strongly difference-bounded by (b,c,d) if the
following holds: there is a “bad” subset B C , where 6 = Pr(w € B). If w,’ € Q differ

only in the kth coordinate, and w € B, then

Y(w) =Y (W) <e

Furthermore, for any w and ' differing only in the kth coordinate,
¥ (@)~ V()| <0

Theorem 10.6.1. ([49, 50]) Let Qq,...,Qy be probability spaces. Let Q = [[{' Q. and
let Y be a random variable on Q2 which is strongly difference-bounded by (b,c,0). Assume

b>c>0. Let u = E(Y). Then for any r > 0,

PrlY — | >7) <2 (exp ( - ) + mb5> .

8mc? c
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By Hoeffding’s inequality

2(N-1)E(Gt(z,2))2€2
Zz;éx G'(z,2) B - 1

Pll=—%— (GY(x,2))| > 1 E(G(x,2))] < e M7

2(N—-1)p2 . €2

€
min 1

—y -
We set €7 to be Mt/NlT. Let e M be §/N. By the union bound, the probability
that the above event happens for some x € X is < d. The set of all w € ) for which this

occurs shall be denoted by B. Also, for any X, the largest possible value that

NV Y Y

G'(z,y)
r€X1 yeXy {(Zz;,gx Gl (z, 2)

)(Zz;«éy Gt(y7z))}1/2
could take is /7 /t(N — 1). Then,
B8] = af < 1= (1—e) Mo +dy/a/t(N - 1). (10.5)

Let ¢ = (pmm/]\/[t)Q. 3 is strongly difference-bounded by (b, ¢, ) where ¢ = O((¢gN+v/t)™1),
b = O(N/+/t). We now apply the generalization of McDiarmid’s inequality in Theorem 10.6.1.
Using the notation of Theorem 10.6.1,

Pr[|3 — E[]] > 1] <2 (exp (8;;22) + Ncba) (10.6)
<2 (exp (—O(Nr2q2t)> +0 (N?’q exp <—O(qu%)>)) : (10.7)

Putting this together with the relation between E[5] and « in (10.5), the theorem is

proved. We note that in (10.5), the rate of convergence of E[3] to « is controlled by €1,
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1—
which is Mt/NTN, and in (10.6), the rate of convergence of 3 to E[3] depends on r, which

we set to be

MZ/\VEN=R,

We note that in (10.6), the dependence on r of the probability is exponential. Since we have

1—
assumed that u = ME/\/Ztleu) = o(1), Mt/NTu = O(t%u). Thus the result follows.

O
10.7 Proof of Theorem 10.3.3
We shall prove theorem 10.3.3 through a sequence of lemmas.
Without a loss of generality we can assume that 7 = 1 by rescaling, if necessary.
Let R = \/2dtIn(1/t) and € = fHZ||>R G!(0, z)dx. Using the inequality
otd\ "2 _ g2
/ GH0, 2)da < <—> e~ +E = (et In(1/t))%/2 (10.8)
l=l>R u

we know that e < (etIn(1/t))%2. For any positive real t,

=1
e

In(1/t) <t

Therefore the assumption that

implies that R < v/ 2dt1—1/¢ < 1.

Let the point y (represented as A in figures 10.7 and 10.7) be at a distance r < R from
M. Let us choose a coordinate system where y = (r,0,...,0) and the point nearest to it on

M is the origin. There is a unique such point since r < R < 1. Let this point be C'. Let
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Figure 10.6: A sphere of radius 1 outside Sy that is tangent to .S

E 2

Figure 10.7: A sphere of radius 1 inside S that is tangent to S
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D1 lie on the segment AC, at a distance R2 /2 from C'. Let Ds lie on the extended segment
AC, at a distance R?/2 from C. Thus C is the midpoint of D Ds.

Definition 10.7.1. 1. Denote the ball of radius 1 tangent to OM at C that is outside M
by Bl~

2. Denote the ball of radius 1 tangent to OM at C which is inside M by Bs.

3. Let Hy be the halfspace containing C' bounded by the hyperplane perpendicular to AC

and passing through

Dy.

4. Let Ho be the halfspace not containing C' bounded by the hyperplane perpendicular to

AC and passing through Ds.

5. Let Hs3 be the halfspace not containing A, bounded by the hyperplane tangent to OM at
C.

6. Let Bi be the ball with center y = A, whose boundary contains the intersection of Hy

and Bj.

7. Let Bé be the ball with center y = A, whose boundary contains the intersection of Ho

and B>.
Definition 10.7.2. 1. A(r) := [y, Gz, y)dx.
2. f(r):= fHQﬂBé Gt (x,y)dz.
3. g(r) = leﬂBi Gz, y)dzx.
It follows that
Gl(z,y)dx = h(r — R%/2)
Hy
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and

Gl (z,y)dz = h(r + R%/2).
Hy

Observation 10.7.1. Although h(r) is defined by an d-dimensional integral, this can be

simplified to

. e—(r—x1)2/4td
0= f o

by integrating out the coordinates xo,...,x,.
Lemma 10.7.1. Ifr > R2, the radius of Bi s > R.

Proof: By the similarity of triangles C'Fy Dy and C'Eq1Fy in figure 10.7, it follows that
g—% = g—?ll |CE{| = 2 and |CDy| = R?/2. Therefore CF; = R. Since C'D{F} is right

angled at Dy, and |C'D;| = R?/2, this proves the claim. O

Lemma 10.7.2. The radius of Bé is > R.

Proof: By the similarity of triangles C'Fy E9 and C' Dy F> in figure 10.7 |C'F5| = R. However,

the distance of point y := A from F» is > |C'Fy|. Therefore, the radius of Bé is > R. O

Definition 10.7.3. Let the set of points = such that B(x,10R) C M be denoted by M. Let
S1N MO be SY and SoN MY be SY. Let M — MO = MY, Sy M be S{ and Son M? be S3.
We shall denote (1 + L/ppmin)R) by L.
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Consider a point = € MY, Then,

v

/ G (z,y)p(y)dy / G'(z,y)p(y)dy
M ly—z|<R

(1 —=e)(p(z) — LR)

(1 - E)p(l‘)(l - LR/pmin)

= px)(1=0(0)

v

v

On the other hand,

/ Gla,y)p(u)dy < / G, y)p(y)dy + / Gz, y)p(y)dy
M ly—z||<2R |ly—z||>2R

< p(z)(1420) + G1(0,2R)

= p@)(1+O((1 + L/ pmin) R))

Therefore, ¢¢(z) = /p(x)(1 £ O((1 + —L-)R)).

Pmin

Lemma 10.7.3. B(z,5R) C M implies that % [ GH(x,2)p(2)dy = O(L).

Proof: Consider the function p/, which is equal to p on M, but which has a larger sup-
port and is L—Lipshitz as a function on R%. [ G(x,2)p/(2)dy is L—Lipshitz and on
points « where B(z,5R) C M, the contribution of points z outside M, is o(1). There-

fore % [ GHz,2)p(2)dy = O(L). O

This implies that on the set of points = such that B(z,5R) C M, ¢¢(X) is O(L)—Lipshitz.

We now estimate fS1 G(y, 2)p(z)dz for y € SY.
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Definition 10.7.4. For a point y € S, such that d(y,S1) < R < 7 = 1 let w(y) be the

nearest point to y in S.

Note that by the assumption that the condition number of S is 1, since R is smaller than

1, there is a unique candidate for 7(y). Let y be as in Definition 10.7.4.

Lemma 10.7.4.
h(r+ R%/2) —e < f(r) < / Gl(y, 2)dz.
S1

Proof:
/ Glz,y)dx > / G'(z,y)dx(since Hy N By C Sy)
S1 HQﬂBé
>/Gtxydx—/ Gtxy
> h(r+R%*/2) — €
The last inequality follows from Lemma 10.7.2. U

Lemma 10.7.5. [ G (x,y)()e(y)de > p(r(y))(1 — O(0))(h(r + R2/2) ).

Proof:

/ G, )i (x)e(y)de > / G (2, y) ¥ (x) (y)da(since Hy N By C Sy)
S1 HyNBY

> p(r(y)(1 = O(0))(h(r + R*/2) — ¢).
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Lemma 10.7.6. Let r > R2. Then,

/S G (. y)be(a)in(y)dz < (1+ O(O)(h(r — B2/2)p(n()) + pmaz).

Proof:

/ G, gy (2 () < / G (x, (@) (y)da
51 I&d*Bl
S A

< [ G+ |Gy
HiNB, Ble
< hr = R/2p(x(@))(1 +O(0) + epmaz(1 + O(0)

< (L+00))(h(r = B?/2)p(n(y)) + cpmaz)

The last inequality follows from Lemma 10.7.1. U

Definition 10.7.5. Let [Si], denote the set of points at a distance of < r to [S1]. Let m,
be map from O[S1], to J[S1] that takes a point P on 0[S1], to the foot of the perpendicular

from P to 0Sy. (This map is well-defined since r < T =1.)
Lemma 10.7.7. Let y € 0[S1],. Let the Jacobian of a map f be denoted by Df.
(1=n)"! <|Dm(y)| < (1+7) L

Proof: Let ]/DZQ be a geodesic arc of infinitesimal length ds on 957 joining P and ). Let
7 1 (P) = P' and 7, 1(Q) = Q' (see Figure 10.7.) The radius of curvature of PQis > 1.
Therefore the distance between P’ and @' is in the interval [ds(1 — r),ds(1 + 7)]. This
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Figure 10.8: The correspondence between points on 957 and 9[S1],

implies that the Jacobian of the map 7, has a magnitude that is always in the interval

(14 (1 =), O

Lemma 10.7.8.

/ / G (e, y) e () (y)dady < evol S1pmas (1 + O(0)).
Rd\ S S1

Proof:

¢ dedy = dyd
/Rd\[sﬂR S, (z,y)¢e(2)Ye (y)dady /51 /Rd\ S (2, )0 ()0 (y) dyd

/ / G0, 2) pmaz (1 4+ O(0))dzdx
S1/z[>R

IN
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<in line 2 holds because the distance between x and y in the double integral is always > R. [J

Lemma 10.7.9.

(1— /4y /a]t < /a h(r)dr < \/7/t.
0

Proof: Using observation 10.7.1,

00 0o 0 g—(z1-y1)?/4t
h(r)dr = / / —————dx1dy;.
/oz ( ) « —00 VAt

Setting y; — x1 := r, this becomes

oo pr e—r2/4t 00 e—r2/4t
dyrdr = r—a)dr.
/a /a Vart Yy /a Vit ( )

Making the substitution » — « := z, we have

/oo ef(z+a)2/4t 5 < /oo efa2/4tef,22/4tzdz
=V A ) VA
0 VATt - Jo VATt

t 2
_ \/je—a /4t
T

Equality holds in the above calculation if and only if & = 0. Hence the proof is complete. [

Definition 10.7.6. Let [So]" N 9[S1], be OM,.. Let [So]' N 3[S1]; be DM} and [So]' N [S1]y
be M}

We assume that vol(M }3 —S1) < C'R? for some absolute constant C’. Since the thickness
of (M}% — S1) is O(R) in two dimensions, this is a reasonable assumption to make. The
assumption that OM has a d — 1—dimensional volume implies that VOLS% = O(R).

Proof of theorem 10.3.3:
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/S% /51 G (@, y)e(x) by (y)dady = /0 h /a i /S 1 G, y) (@) (y)dadydr
O(Prma/ Pmin) /0 h /a " /S 1 G (x,y)dxdydr

R
O(P%nax/ﬂmin) (/ / / Gt(l‘, y)dxdydr + VOlS%E)
oM} J Sy

pmax/pmm (VOI MR S1) + 6V015'2>

pmax/pmm ( Il —m +0 tl Hvol 8M)>

IN

IN

IN

VAN

L, [ ity - G (o) n () )y
2 1

S—

.
oM,

I
oM,
i ]
R JOM,

R
/a Gz, y e () () dedydr)

+ evol Slpmax(l + O/ ))

G (2, y) e (2 (y)dadydr)

\b

[95)
i

Gt (z, Y)W () (y)dxdydr)

1

\%
o

IN
—
=
5’3\

E
(from lemma 10.7.8)
R2
o Jom,
i 2
w [ [ OO~ R 2)p(r(s) + epmar) + B
R2 JOM,
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The last line follows from Lemma 10.7.6.

< E+R*(1+ RQ)d_lpmam(l + O(¢))vol (OMg)dr(from lemma 10.7.7)
R
£ (R 0O [k [ oy +pmas )

< (14+0( \/@h(/) (y)dy + pmaz((R% + €R)vol (0Mp) + evol S1)).

< (1+0(0)( /8 )y E 4 () - vl 51)

0 Pmin

Similarly, we see that

/ o/ G, y)iu(2)er(y)dady
S5 451

o0
= / / / Gt (x, y)e(x) e (y)dadydr
0 oM, J S
R
> / / / Gt (x, Y)W () (y)dadydr)
0 JOM,JS;

> /é/ p(x(y)(1+ O(0)) £ (r)dzdr

0 8Mr

[y

R
> /O 0(0)( /6 o PO+ R2/2) =

p R
> (1= RN = 00 = Lhpwin BD [ plnd)(( [ (h(r)ar) R = B2

OMy

> (1-0() / p()dy) (1 — e~ F/1)\fi]x — R — B2/2)

oMy
> (1-0()( /8 ) (i = oft ).

Noting only the dependence of the rate on ¢, and introducing the condition number 7,

L [, Gty = (1+0l(e/72)'5) [ e
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Proof of Theorem 10.3.4: This follows directly from Theorem 10.3.2 and Theo-
d
rem 10.3.3. The only change made was that the t%l term was eliminated since it is domi-

nated by t© when ¢ is small.
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CHAPTER 11
SAMPLE COMPLEXITY OF LEARNING SMOOTH CUTS ON
A MANIFOLD

11.1 Introduction

Over the last several years, manifold based methods have been developed and applied to a
variety of problems. Much of this work is empirically and algorithmically oriented and there
is a need to better understand the learning-theoretic foundations of this class of machine
learning problems. This chapter is a contribution in this direction with the hope that it will
better delineate the possibilities and limitations.

In the manifold setting, one is canonically interested in learning a function f : M — R
(regression) or f : M — {0,1} (classification/clustering). For regression therefore, the
natural objects of study are classes of real valued functions on the manifold leading one to
eventually consider functional analysis on the manifold. Thus, for example, the Laplace-
Beltrami operator and its eigenfunctions have been studied with a view to function learning
6, 16].

Our interest in this chapter is the setting for classification or clustering where the function
is 0/1 valued and therefore divides the manifold into two disjoint pieces M7 and Mo. A
natural class of such functions may be associated with smooth cuts on the manifold. We
will consider smooth cuts where each cut corresponds to a submanifold (say P C M) that
divides M into two pieces. Since P is a submanifold of M and hence R, one can associate
to it a measure of complexity given by its condition number 1/7. The condition number is

defined as follows.

Definition 11.1.1 (Condition Number). Let M be a smooth

d—dimensional submanifold of R™. We define the condition number ¢(M) to be %, where T
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1s the largest number to have the property that for any r < T no two normals of length r that

are incident on M at different points intersect.

Given two linear subspaces V, W, let <(V, W) be the angle between V' and W, defined as

vew
<(V, W) = arccos (Sup inf —) : (11.1)
vev weW [[vf|[jw]|

For any manifold M,

Ty, Ty)

., 2sin(—5"%)
= f 11.2
M= e el .

where the infimum is taken over distinct points z,y € M and T, and T}, are the tangent
spaces at x and y.

We can define the following function class (concept class in PAC terminology.)

Definition 11.1.2. Let
ST::{S|S:§§Mcmdc(Sﬂ \S)S%},
where S is the closure of S. Let
Cr:= {f}f : M —{0,1} and f_l(l) € ST}.

Thus, the concept class Cr is the collection of indicators of all closed sets in M whose

boundaries are 1/7-conditioned d — 1 dimensional submanifolds of R™.

Note that when 7 = 0o, C; contains the indicators of all affine half-subspaces of dimen-
sion d that are contained in M. By letting 7 vary, we obtain a structured family of cuts.

We now consider the following basic question.
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[Question:] Let M be a d-dimensional submanifold of R™ and let C; be a concept class

of 0/1 valued functions corresponding to a family of smooth cuts with condition number %
Then what is the sample complexity of learning the elements of C;7

Our contributions in this chapter are as follows.

1. We show that distribution-free learning of C; is impossible in general since for some
M, it is a space of infinite VC dimension. We prove that this is the case for a natural

embedding in R™ of the d—dimensional sphere of radius x > 7.

2. On the the other hand, it is possible to provide distribution-specific sample complexity
bounds that hold uniformly for a large class of probability measures on M. These
are the measures for which there exists a Radon Nikodym derivative with respect to
the uniform measure on M such that there is an upper bound ppax on the associated
density function. The sample complexity is seen to depend on the intrinsic dimension
d, curvature bounds 7 and &, density bound ppax, but is independent of the ambient

dimension m.

3. The proof technique used for obtaining these distribution specific bounds (Poissoniza-

tion etc.) may be useful to prove distribution specific learning in other settings.

Our sample complexity bounds depend on an upper bound py,q2 > 1 on the maximum
density of P with respect to the volume measure, (normalized to be a probability measure),
the curvatures and the intrinsic dimension of M and the class boundary P, but are inde-
pendent of the ambient dimension m. We also show that the dependence on the maximum
density pmaz of P is unavoidable by proving that for any fixed 7 the VC-dimension of the

1

function class associated with cuts that are submanifolds with a condition number = s

infinite (Lemma 11.3.2) for certain compact submanifolds.
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11.2 Preliminaries

Suppose that P is a probability measure supported on a d-dimensional Riemannian sub-
manifold M of R" having condition number < % Suppose that data samples {z;};>1 are

randomly drawn from P in an i.i.d fashion. Let each data point x be associated with a label

f(z) € {0,1}.

Definition 11.2.1 (Annealed Entropy). Let P be a probability measure supported on a
manifold M. Given a class of indicator functions A and a set of points Z = {z1,...,2p} C
M, let N(A,Z) be the the number of ways of partitioning z1,...,zy into two sets using
indicators belonging to A . We define G(A,P,{) to be the expected value of N(A,Z). Thus

where expectation is with respect to Z and & signifies that Z is drawn from the Cartesian
product of ¢ copies of P. The annealed entropy of A with respect to ¢ samples from P is
defined to be

Hunn(A, P, L) :=InG(A, P, 0).

Definition 11.2.2. The risk R(a) of a classifier a is defined as the probability that o mis-
classifies a random data point x drawn from P. Formally, R(a) := Epa(x) # f(z)]. Given
a set of € labeled data points (x1, f(x1)), ..., (xg, f(zp)), the empirical risk is defined to be
Remplar, £) = Szt Zloa) A1 )

7 , where Z[-] denotes the indicator of the respective event and

f(z) is the label of point x.

Theorem 11.2.1 (Vapnik [100], Thm 4.2). For any ¢ the inequality

— l
P | sup R(@) = Remp(a, £) >e|l < de
a€A R<Oé)

&
4

(Hann(A,P,ZZ) 2 )é
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holds true, where random samples are drawn from the distribution P.

11.2.1 Remarks

Our setting is the natural generalization of halfspace learning applied to data on a d—dimensional
sphere. In fact, when the sphere has radius 7, C; corresponds to halfspaces, and the VC
dimension is d + 2. However, when 7 < k, as we show in Lemma 11.3.2, on a d—dimensional
sphere of radius k, the VC dimension of C; is infinite. Interestingly, for these spheres, if
T > K, Cr contains only the function that always takes value 1 and the function that always
takes value 0, since there are normals of length x from center of the sphere to any point of
a submanifold embedded in the sphere. In this case, the VC dimension is 1.

If the decision surface is not thin, but there is a margin within which misclassification is
not penalized, our results can be adapted to show that the VC dimension is finite.

Our results pertain to the sample complexity of classification of smooth cuts, and does not
address algorithmic issues. We are not aware of a way to generate arbitrary %—conditioned
cuts. One direction towards addressing algorithmic issues would be to prove bounds on
the annealed entropy of the family of linear classifiers in Gaussian Hilbert space. Since
the Hilbert space of Gaussians with a fixed width has infinite VC dimension, distribution
independent bounds cannot be found and annealed entropy could be a useful tool. Since
SVMs based on Gaussian kernels are frequently used for classification, such a result would

have algorithmic implications as well.

11.3 Learning Smooth Class Boundaries

Following Definition 11.1.2, let C; be the collection of indicators of all open sets in M whose
boundaries are 1/7-conditioned submanifolds of R™ of dimension d — 1.

Our main theorem is the following.
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Definition 11.3.1 (Packing number). Let Ny(er) be the largest number N such that M
contains N disjoint balls By (z;, €r), where Bag(x, €r) is a geodesic ball in M around x of

radius €.

Notation 11.3.1. Without loss of generality, let pmaz be greater or equal to 1. Let €, =

min(7, 4. 1)€/(2pmaz). For some sufficiently large universal constant C, let

€2

P (m% + Ny(er/2)d n(dpmaz /e)) |

Theorem 11.3.1. Let M be a d—dimensional submanifold of R™ whose condition number is

< =. Let P be a probability measure on M, whose density relative to the uniform probability

x|

measure on M is bounded above by pmar- Then the number of random samples needed
before the empirical risk and the true risk are close uniformly over Cr can be bounded above

as follows. Let ¢ be defined as in Notation 11.3.1. then
R(a) = Remp(a, £)

P | sup >4e|l < 6
aeCr R(Oé)

Proof. The proof follows from Theorem 11.3.2 and Theorem 11.2.1. The former provides a
bound on the annealed entropy of Cr with respect to samples from P. The latter relates the
sample complexity of learning an element of a class of indicators such as C; using random

samples drawn from a distribution P, to the annealed entropy of that class. O

Lemma 11.3.1 provides a lower bound on the sample complexity that shows that some de-
pendence on the packing number cannot be avoided in Theorem 11.3.1. Further, Lemma 11.3.2

shows that it is impossible to learn an element of C; in a distribution-free setting in general.

Lemma 11.3.1. Let M be a d—dimensional sphere in R"™. Let the P have a uniform density
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Figure 11.1: This illustrates the distribution from Lemma 11.3.1. The intersections of
f _1(1) and f~1(0) with the support of P are respectively green and red.

over the disjoint union of Np(27) identical spherical caps

S ={Bm(xi; T)}1<i<N,(2r)

of radius T, whose mutual distances are all > 21. Then, if s < (1 — €)Np(27),

R(a) — R
P | sup (@) emp(€: ) >Ve| = L
acCr R(Oﬁ)

Proof. Suppose that the labels are given by f : M — {0, 1}, such that f~1(1) is the union
of some of the caps in S as depicted in Figure 1. Suppose s random samples z1, ..., 25 are
chosen from P. Then at least eNy(27) of the caps in S do not contain any of the z;. Let
X be the union of these caps. Let a : M — {0, 1} satisfy a(z) =1 — f(z) if x € X and

a(r) = f(z) if # € M\ X. Note that o € Cr. However, Remp(r,s) = 0 and R(a) > .

R(a)—Remp(a,s

VER()

Therefore ) > /€, which completes the proof. n
Lemma 11.3.2. For any m > d > 2, and 7 > 0, there exist compact d—dimensional
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Figure 11.2: The 1—dimensional submanifold P of R? traced out by all points (z, fg(z)).

manifolds on which the VC dimension of Cr is infinite. In particular, this is true for the
standard d— dimensional Euclidean sphere of radius k embedded in R™, where m > d > 2

and kK > T.

Proof. First consider the two dimensional plane R2. Suppose that for i = 0 to n — 1,

x; = (i1 /n,0). If there is no bound on the condition number, we make the following claim.

Claim 11.3.1. For every subset S C [n] there exists a boundary given by a graph (z, fg(z)),
fs : R — R such that the following hold.

1. fg(z;) >0 ifi €S (see Figure 2) and fg(x;) <0 ifi e [n]\S.
2. f is thrice continuously differentiable.

3. Forallz e R, [fg(z)] < % = 2]\147- for some large constant M >> 1 and for all © such

that |x| > 7, fg(z) = 0.

It is clear that for any S a function gg exists that satisfy the first two conditions. We

will use gg to obtain fg.

[\C[SV]

' . ' ) ) 14" 2
To see this, note that the radius of curvature at any point (z, gg(z)) is given by (tgglo))? +|§/§ Ei;‘ )
s

Now, let

o= sup  max(|gg(z)], [gg(x)]).
SC[n],xz€|—T,7]

Let fg(z) = gi—g). The 1—dimensional submanifold P of R? traced out by all points

(x, fg(z)) has curvature < % because for all z € [—7, 7], for all S,

9\ 32
ary (1 + <9aL($)) )
|9 ()|
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Let S2 = {(z,, z)‘x2 + 42 + (2 — k)? = K%} be the 2—sphere of radius s > 7 tangent to the
(z,7) plane at the origin. Consider the stereographic projection vy of 52\ {0,0,2x} onto
R? (embedded in R3), defined by

2 2
vg(x,y, 2) = ( e i O) :

2k — 2 26 — 2

Let B be the ball of radius 1 centered at the origin in the image of v. As M — oo, U;l(BﬂP)
tends uniformly to a great circle, and its tangent spaces (see (11.1) tend uniformly to the
corresponding tangent spaces of the great circle in terms of the angle. Therefore, (by (11.2))
for sufficiently large M, the condition number of Ugl(P) is less than 71_, completing the
proof. This argument carries over to when S,% € R™ for m > 3. Now, we may extend the
copy of R? that we considered to R? by taking the canonical embedding RZ — R2 x R42,
The 1—dimensional manifold P can be similarly extended to obtain a m — 1—dimensional

submanifold P x R?~2. We can then consider as we did in the case of R?, the stereographic

projection that maps the d—sphere

Sg = {(xay7Z17227 ce ,Zd_1)|

P+ 2+ (2geg — R)? = K2}

onto R4 by the map

Uk (T, Y, 2155 2q-1) 1=
2K 2Ky 2K21 2K24_9 0
26— zg_1 26— zZg_1 26— zg—1 26 —2z9-1 )’
and the same argument carries through. O]

We shall nonetheless uniformly bound from above, the annealed entropy of Cr with

respect to any distribution P on M, whose density (with respect to the uniform probability
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measure) on M is bounded above by pqz. The number of samples that need to be taken
before the empirical risk is within € of the true risk, uniformly over C; with probability 1 —¢
is determined by the annealed entropy of C; w.r.t P. We have the following theorem that

bounds the annealed entropy from above.

Theorem 11.3.2. Let M be a d—dimensional submanifold of R™ whose condition number is
< % Let P be a probability measure on M, whose density relative to the uniform probability
measure on M is bounded above by pmar. When the number n of random samples from
P is large, the annealed entropy of Cr can be bounded from above as follows. Let ¢, =
min(7, frack4, 1)e/(2pmaz). Suppose

dIn(2Vdp2,q/€)
2 Y
€

n > Nyler/2)

then,
Hopn(C, P, [n— /nin(27n)|) < 4den+1.

11.3.1 Owerview of the Proof of Theorem 11.5.2
Our strategy is as follows.

1. Cut the manifold into small pieces M; that are almost Euclidean, such that the re-

strictions of any cut hypersurface is almost linear.

P
2. Let the probability measure % be denoted P; for each i. Lemma 11.3.7 allows us

7

to show, roughly, that

Hann(cmpa n) < sup Hcmn(cﬂpiv LnP(Mz)D
n ™~ [nP(M;)] 7

thereby allowing us to focus on a single piece M;.
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3. We use a projection 7;, to map M, orthogonally onto the tangent space to M, at
a point x; € M; and then reduce the question to a sphere inscribed in a cube [J of

Euclidean space.

4. We cover CT‘D by the union of classes of functions that are constant outside a thin

slab (see Definition 11.3.5 and Figure 3).
5. Finally, we bound the annealed entropy of each of these classes using Lemma 11.3.8.

The rest of this chapter is devoted to a detailed treatment of the proof of Theorem 11.3.2.

11.3.2  Volumes of balls in a manifold

Let M C R™ be a d-dimensional Riemannian manifold and let P be a d — 1—dimensional
submanifold of M. Let VM(r) be defined to be the volume of a ball of radius r (in the
intrinsic metric) around a point x € M. The sectional curvature of a manifold at a point
x depends on a two-dimensional plane in the tangent space at z. A formal definition of
sectional curvature can be found in most textbooks of differential geometry (for example,
[46]). The volumes of balls can be estimated using sectional curvatures. The Bishop-Giinther
inequalities tell us that if the sectional curvature K Mg upper bounded by A, then the volume

of the ball of radius r around z, V! is bounded from below as follows (section 3.5, [28]).

M 27r_d/2 " [ sin(tv/)) -

where I'(z) is Euler’s T" function.

This allows us to get an explicit upper bound on the packing number Np(e-/2), namely

IM
Npler/2) < —
ord/2 fer/2 sin(tv/\) dt

r(g) 0 VA
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11.3.3 Partitioning the Manifold

The next step is to partition the manifold M into disjoint pieces {M;} such that each piece
M, is contained in the geodesic ball By(x;, ). Such a partition can be constructed by the

following natural greedy procedure.

e Choose Np(er/2) disjoint balls Bpg(x;, €r/2), 1 < i < Np(er/2) where Np(er/2) is the

packing number as in Definition 11.3.1.
o Let My := By (z1,€r).

o Iteratively, for each i > 2, let M; := By(z, ) \ {Ui;ll./\/lk}.

11.8.4 Constructing charts by projecting onto Euclidean Balls

In this section, we show how the question can be reduced to Euclidean space using a family
of charts. The strategy is the following. Let €, be as defined in Notation 11.3.1. Choose a
set of points X = {x1,..., 2z} belonging to M such that the union of geodesic balls in M
(measured in the intrinsic Riemannian metric) of radius €, centered at these points in M

covers all of M.

U By (i, er) = M.
i€[N]

Definition 11.3.2. For each i € [Np(er/2)], let the d—dimensional affine subspace of R
tangent to M at x; be denoted A;, and let the d-dimensional ball of radius €, contained in
A;, centered at x; be B (v, €7). Let the orthogonal projection from R"™ onto A; be denoted
;-

Lemma 11.3.3. The image of Bag(x;,€r) under the projection m; is contained in the cor-

responding ball Bag(x;, €r) in A;.

Wz(BM (m’b 67”)) C BAZ (.’ﬂi, ET)'
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Proof. This follows from the fact that the length of a geodesic segment on Bpg(x;, €) is

greater or equal to the length of its image under a projection. O]

Let P be a smooth 1/7-conditioned boundary (i.e.c(P) <

=

) separating M into two

parts. and ¢(M) <

x|

Lemma 11.3.4. Let ¢, < min(1,7/4,x/4). Let mj(Bpq(x;, €4) N P) be the image of P re-
stricted to Bag(x;, €;) under the projection ;. Then, the condition number of m;( Bpq(x;, €)M

P) is bounded above by %

Proof. Let Ty, () and T,y be the spaces tangent to L at m;(x) and m;(y) respectively.
Then, for any =,y € Byg(x;, ) N P, because the kernel of 7; is nearly orthogonal to Tm(x)

and Tr, (y),
Ty () Tray) < V2T, Ty). (11.3)

B (z, €r) N P is contained in a neighborhood of the affine space tangent to By (z;, €-) N P
at x;, which is orthogonal to the kernel of 7;. After some calculation, this can be used to

show that for all x,y € Ba(z,€) N P,

1 ) = m)|
S eyl

<1 (11.4)

The lemma follows from (11.2). O

11.8.5 Proof of Theorem 11.3.2

We shall organize this proof into several Lemmas, which will be proved immediately after
their respective statements. The following Lemma allows us to work with a random rather

than deterministic number of samples. The purpose of allowing the number of samples to
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be a Poisson random variable is that we are able make the set of numbers of samples {v;}

from different M;, a collection of independent random variables.

Lemma 11.3.5 (Poissonization). Let v be a Poisson random variable with mean \, where
A > 0. Then, for any € > 0 the expected value of the annealed entropy of a class of indicators
with respect to v random samples from a distribution P is asymptotically greater or equal to

the annealed entropy of | (1 — €)A| random samples from the distribution P. More precisely,

for any e >0, mE,G(A,P,v) >InG(A, P, |\N1—¢€)])—exp (_62/\ n 1n(27r)\)> '

Proof.

ImE,G(A,P,v) = In Z Plv = n]Hann (A, P,n)
neN
> In Z Plv = n]G(A, P, n).
n=|A(1-e)]

G(A,P,n) is monotonically increasing as a function of n. Therefore the above expression
can be lower bounded by InP[v > [A(1 — €) ||G(A, P,v) > Haunn(A, P, A1 —¢€)])
— exp (—62)\ + w> : H

Definition 11.3.3. For each i € [Np(er/2)], let P; be the restriction of P to M;. Let | P
denote the total measure of P;. Let \; denote \|P;|. Let {v;} be a collection of independent

Poisson random variables such that for each i € [Np(er/2)], the mean of v; is ;.

The following Lemma allows us to focus our attention to small pieces M; which are

almost FEuclidean.

Lemma 11.3.6 (Factorization). The quantity InE, G(Cr,P,v) is less or equal to the sum

over i of the corresponding quantities Cr with respect to v; random samples from Pj. i.e.

mE,G(Cr,Pv) < Y IE,G(Cr, Py v).
i€Np(er/2)
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Proof.
G(CT,P7 é) = IHEXprfN<CT,X),

where expectation is with respect to X and I signifies that X is drawn from the Cartesian
product of ¢ copies of P. The number of ways of splitting X = {x1,...,2p,..., 2y} using

elements of Cr, N(Cr, X) satisfies a sub-multiplicative property, namely
N(CT7 {'Ila s 7x€}) S

N(Cr {x1,..., 2} )N(Cr,{Tk11,--.,2¢}).

This can be iterated to generate inequalities where the right side involves a partition with

any integer number of parts. Note that P is a mixture of the P;, and can be expressed as

P = Z%PZ
(2

A draw from P of a Poisson number of samples can be decomposed as the union of indepen-
dently chosen sets of samples. The ith set is a draw of size v; from P;, v; being a Poisson
random variable having mean A;. These facts imply that
InE,G(Cr,P,v) < ZieNp(er/2) InE,,G(Cr, P;, v;).

O

Lemma 11.3.6 can be used together with an upper bound on annealed entropy based on

the number of samples to obtain

Lemma 11.3.7 (Localization). For any € >0

1nEyG(CT,P,V) < ln]EVZG(CT7PZ7VZ) +€/.

= sup
A , . A
i s.t|”Pi|2W;/2) i
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Proof. Lemma 11.3.7 allows us to reduce the question to a single M, in the following way.

InE,G(Cr,P,v) < Z ﬁlnEin(CT,Pi,ui)
A - Ai
ieN,(er/2)

Allowing all summations to be over i s.t |P;| > 6—/, the right side can be split into

Np(er/2)

ﬁln EZ/ZG(CT? Pz, VZ)
B N

+ ZIHEVZ'G(CT7Pi’ Vi)‘
7

G(Cr,P;, v;) must be less or equal to the expression obtained in the case of complete shatter-

ing, which is 2¥i. Therefore the second term in the above expression can be bounded above

as follows,
> IE,G(Cr Pv;) < ) InE,2"
7 )
- 3
)
< e
Therefore,

mE,G(Cr,P.v) _ N AE,GCrPivi)

A = 20 hy e
S sup lnEViG<CT7Pi7V’i) +€/.
i Ai

]

As mentioned earlier, Lemma 11.3.7 allows us to reduce the proof to a question concerning
a single piece M;. This is more convenient because M; can be projected onto a single

Euclidean ball in the way described in Section 11.3.4 without incurring significant distortion.
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By Lemmas 11.3.3 and 11.3.4, the question can be transferred to one about the annealed
entropy of the induced function class C- o7rl._1 on chart B 4, (z;, €r) with respect to v; random
samples from the projected probability distribution 7;(v;). Cro 7TZ-_1 is contained in C_ /2(-’41')
which is the analogue of C; /5 on A;. For simplicity, henceworth we shall abbreviate C; /2(./42-)
as Cr /9. Then,

lnEViG(CT7Pi7Vi) _ lnEViG(CTOWf;l?Wi(Pi)?Vi)

Ai B Ai
InEy, G(Cy o, mi(Py), v4)

Ai

<

We inscribe B 4, (7;, ;) in a cube of side 2¢, for convenience, and proceed to find the desired
upper bound on

G(C; 2, mi(Pi),v;). We shall indicate how to achieve this using covers. For convenience, let
this cube be dilated until we have the cube of side 2. The measure m;(P;) assigns to it
must be scaled to a probability measure that we call P,, which is actually supported on
the inscribed ball. We shall normalize all quantities appropriately when the calculations are
over. The 17 that we shall work with below is a rescaled version of the original, 77 = 7 /€.
Let Bgo be the cube of side 2 centered at the origin and Lgfo be its indicator. Let Bg be the

unit ball inscribed in Bgo.

Definition 11.3.4. Let C’;-D be defined to be the set of all indicators of the form Lgo -t, where

L is the indicator of some set in Cr.

In other words, C~TD is the collection of all functions that are indicators of sets that can

be expressed as the intersection of the unit cube and an element of Cr.
C’TD = {f|3c € Cry, for which f:Ic-LCOlO}, (11.5)

where 7. is the indicator of c.
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zev < (t— 35|l z-v > (t+ 55

“ el

Figure 11.3: Each class of the form ée(:’t) contains a subset of the set of indicators of the

form Z. - 19

Definition 11.3.5. For every v € R where ||[v]| = 1, t € R and € > 0 and €5 = €2/ pmaz-
Let C~£:’t) be a class of indicator functions consisting of all those measurable indicators v that

satisfy the following.

1. x-v<(t— 2%)”1}” orx & BY = () =0 and

. €s d —
2. x-v> (t+2\/(—1)||v|| and x € BS, = 1(z) = 1.

The VC dimension of the above class is clearly infinite since any samples lying within the
slab of thickness €g/ Vd get shattered. However if a distribution is sufficiently uniform, most
samples would lie outside the slab and so the annealed entropy can be bounded from above.

We shall construct a finite set W of tuples (v, ) such that the union of the corresponding

classes C’e(:’t) contains éTD. Let tv take values in an %D—grid contained in Bglo, iLe.tv €

€s

5 \/ZlZd N BL. Tt is then the case (see Figure 3) that any indicator in (Z—D agrees over Bg
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. . ~(v,t) .
with a member in some class Ce(:’ ), if e >

b

A bound on the volume of the band where (t — 2%)”1}” <z-v<(t+ 2%)”2}” in Bg
follows from the fact that the maximum volume hyperplane section is a bisecting hyperplane,
whose volume is < 2v/d vol(Bg).

This allows us to bound the annealed entropy of a single class C’e(:’t) in the following
lemma, where ppqp is the same maximum density with respect to the uniform density on

Bg. (Re-scaling was unnecessary because that was with respect to the Lebesgue measure

normalized to be a probability measure).

Lemma 11.3.8. The logarithm of the expected growth function of a class C’é:’t) with respect
to vo random samples from Po, 18 < 2€5pmazro, Where Vo is a Poisson random variable of
mean Ao, 1. €.

InEy, G(Cry, Po, o) < 2€spmazo-

_ _Cs . _Es ; d
Proof. A bound on the volume of the band where (¢ 2\/g)HvH <z-v<(t+ 2\/&)HUH in BS
follows from the fact that the maximum volume hyperplane section is a bisecting hyperplane,
whose d — 1-dimensional volume is < 2v/d vol(Bg). Therefore, the number of samples that
fall in this band is a Poisson random variable whose mean is less than 2egpmazrAo. This

implies the Lemma. O
Therefore the expected annealed entropy of
U C'e(f’t)

_€s_77d d
tvEQ\/aZ NBY,

with respect to v, random samples from Ps is bounded above by 2€spmazAo + In | =< Z4n

2V/d
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Bgo| Putting these observations together,

InE, G(C os Vo
InE, G (Cr,P,v) /A < Sl ()\TDP V)—i—e

dIn(2v/d/es)

< 2€spmaxr + ——————— +¢€

Ao
We know that Ao Np(er/2) > eA. Then,

dIn(2vd
2€spmazx + —n( ;/_/68) 4+ €<
o)

le(Q\/C_l,;maa:/és) e
€

2e + Np(er/2)

which is
VA /o)

< 2e+ Np(er/2) 5

2
Therefore, if A > Np(er/Z)dln(Q\/ngm“m/e), then,
InE,G (Cr,P,v) /A < e

Together with Lemma 11.3.5, this shows that for any ¢; > 0,
if
dln(2\/f_l/)%mx/€)
2

€

A2 Ny(er/2)

?

then

Hann(A, P, M1 —€1)]) < WE,G(A,P,v)

ln(227r)\)>

+ exp <—e%)\ +

< 4e\ + exp (—6%/\ +

196

In(27))

2

)



Setting €1 to 1n(2/\7r)\)7 exp (—6%/\ + w> is less than 1. Therefore,

This completes the proof of Theorem 11.3.2.
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CHAPTER 12
CONCLUDING REMARKS

In this thesis, the dual interpretations of diffusion as an evolution of densities satisfying a
version of the heat equation on the one hand, and as the aggregate effect of a multitude of
random walks on the other, were systematically used in a number of settings.

In Chapter 2, a model of language evolution was considered in which a network of in-
teracting agents each of which, at each time step, produces a word based on its belief and
updates its belief on the basis of the words produced by its neighbors. In our analysis, we
interpreted the belief of an agent as a weighted linear combination of all the words it had
heard over time. Then, we studied the evolution of beliefs by tracing backward in time, the
trajectory of the words that influenced the beliefs.

In Chapter 4, we used the electrical flows in a network with unit resistors to construct
a multicommodity flow. When a unit current is injected in into a node v in an electrical
network with unit resistors and extracted out of a node u, the currents can be as follows
[23]. Suppose a negatively charged electron does a random walk from « until it hits v. For
any edge e = (a,b), let iy, be the expected number of times the electron traverses e from
b to a minus the expected number of times it traverses e from a to b. Then iy, is the
current in the edge e flowing from a to b. This fact was used to relate the competitive ratio
(Definition 4.3.2) of this routing scheme to the mixing time of the graph.

In Chapter 5, we interpreted the amount of heat leaving a uniformly heated convex body
K in time ¢ in terms of the probability that a Brownian particle, whose initial position is
chosen uniformly at random inside K is outside K after time ¢. This probability was then
estimated by making repeated trials.

In Chapter 6, we traced Brownian particles whose initial positions were chosen indepen-
dently and uniformly at random, approximated their trajectories by straight line segments,
and in the event that they exited the body, output the intersection of the line segment with
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the boundary as an approximately random sample from the surface.

Chapter 7 investigated halfplane capacity of a hull in the upper half plane,and related
it to the area of a neighborhood of the hull. The halfplane capacity can be interpreted in
terms of harmonic functions or Brownian motion. The proof used properties of Brownian
motion in the upper half plane.

Markov Chain Monte Carlo methods are algorithms for sampling from probability distri-
butions by designing a Markov chain whose stationary distribution is the desired distribution.
In Chapter 8 and Chapter 9, we constructed such Markov Chains for sampling from Rieman-
nian manifolds defined using charts and polytopes respectively. In Chapter 9, we also used
a random walk on polytopes to design an interior point algorithm for linear programming.
This random walk had a drift that guided it towards the optimal point. While a determin-
istic analogue of this algorithm due to Dikin [22] does not have polynomial time guarantees,
our randomized version did.

In Chapter 3, we designed a distributed algorithm for averaging the values held by nodes
in a graph motivated by a diffusion taking place on two scales. Chapter 10 and Chapter 11
are discussed in Section 12.4 below.

Finally, we discuss directions for future work and mention some open questions based on

the results of this thesis.

12.1 Sampling manifolds

While there is a large body of work devoted to sampling convex sets from log-concave den-
sities, much less is known about sampling manifolds. It would be interesting to attempt to
extend the existing framework for sampling convex sets to more general settings. We made
some progress towards this goal in Chapter 8 where we presented a class of Markov chains
that could be interpreted as approximations to Brownian motion with drift. Algorithms

for sampling manifolds have a number of interesting applications, including Goodness-of-Fit
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tests in statistics. Another interesting application of sampling manifolds could be to sample
compact Lie groups from the Haar measure. Random matrices have a number of applica-
tions in statistics, and more recently in wireless technology, and their distributions in several
important cases (such as random matrices from the orthogonal group) are, in fact, from
the Haar measure of some compact Lie group. Thus, this question is of more than purely

theoretical interest.

12.2 Randomized interior point methods for convex optimization

Self concordant barriers are real valued functions defined on a convex set, that “blow up” as
one approaches the boundary of the set. These functions have been used to develop interior
point algorithms for convex optimization. Their role is to ensure that the path taken by the
algorithm does not approach too close to the boundary. The algorithm in Chapter 9 may be
interpreted as a discretization of Brownian motion with drift, on a manifold whose metric
tensor is derived from the Hessian of a barrier function. It would be interesting to study
global aspects of its geometry such as its isoperimetric constant. A better understanding of
global aspects of the geometry of these manifolds could lead to better average case analysis

of interior point methods (which are frequently used in practice).

12.3 Sampling polytopes and computing volumes

One of the most basic quantities that can be associated with a polytope is its volume. It
can be shown ([27], [2]) that any deterministic algorithm to approximate the volume of a
convex body given by a membership oracle, within a constant factor in R", needs time
that is exponential in the dimension n. Remarkably, randomized algorithms turn out to
be more powerful. In their path breaking paper [25] Dyer, Frieze and Kannan gave the

first randomized polynomial time algorithm to approximate the volume of a convex body to
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arbitrary accuracy. Since then a considerable body of work has been devoted to improving
the complexity of volume computation culminating with the recent best of O*(n4) due to
Lovéasz and Vempala [61]. In the case of n—dimensional polytopes defined by m constraints,
in Chapter 9, we developed a Markov Chain whose mixing time was O(mn) from a starting
density that was upper bounded by a constant with respect to the uniform density, i. e. from

1'62), the number of arithmetic operations taken to produce

a warm start. When m = O(n
an almost uniform sample by the algorithm that uses this chain is less than that for other
algorithms. There seem to be some avenues for improvement. The mixing time we obtained
was O(mn?) from a fixed point and O(mn) from a warm start. It may be possible to bridge
this gap if instead of using £9 bounds, we could use Log-Sobolev inequalities. Secondly, in
some important applications, such as sampling contingency tables, m = n+ o(n). It may be
possible to improve the mixing time from a warm start to O((m — n)n) by proving a better
isoperimetric inequality.

It would be interesting to obtain an algorithm to compute the volume of a polytope
that performs better under similar conditions. A natural way to proceed would be to devise

an efficient annealing strategy starting from a simple polytope whose volume can easily be

estimated, ending with the polytope we are interested in, along the lines of [25, 61].

12.4 Learning on manifolds

Manifold learning has emerged as a new important paradigm for modeling high dimensional
data. The underlying intuition is that while modern data often lie in very high dimensions,
the number of degrees of true freedom is usually much less. An example of this is the
case of human speech, where the waveforms lie in an infinite dimensional space, but the
undulations of our vocal chords have, in essence, far fewer degrees of freedom. Many basic
questions on learning over manifolds remain open. It would be interesting to develop a

clustering algorithm that finds a cut that minimizes the total amount of heat diffusing out of
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it interpreted appropriately. Diffusion maps and random projections onto low dimensional
vector spaces seem to be natural tools in this context. Concepts from functional analysis, in
particular reproducing kernel Hilbert spaces are likely to be useful in tackling this question.
Chapter 10 was an attempt to address the sample complexity of learning the Cheeger cut of
a probability density on R"™. Towards this end, we proved that for any fixed hypersurface
satisfying appropriate smoothness conditions, its weighted surface area (Equation 10.1) is
the limit of the weights of the induced cuts, on the data dependent graphs of Theorem 10.3.1,
as the number of samples tends to co. In order to take the results of Chapter 10 to their
natural conclusion, we would need to prove a uniform bound over all sufficiently smooth
hypersurfaces, relating the weighted surface area of the hypersurfaces to the normalized
weights of the corresponding cuts, i.e.a uniform analogue of Theorem 10.3.1. Then, we
would be able to claim that the Cheeger cut can be obtained by structural risk minimization
[100] over the class of all smooth cuts, where the class of cuts is made progressively richer
by gradually increasing the permissible condition number (see Definition 6.3.1).

In Chapter 11, we proved a bound on the number of samples needed to learn a smooth
partition on a manifold separating data into two classes. Our results were based on a quantity
known as annealed entropy, that measures the complexity of a class of indicator functions
with respect to a probability measure. In our setting, the more commonly used notion known
as VC dimension could not be bounded, since it is potentially infinite. The bounds that we

obtain are not optimal, and to prove better bounds is a subject for future research.
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