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Abstract

We study the task of uniformly minimizing all the
¢, norms of the vector of edge loads in an undi-
rected graph while obliviously routing a multicom-
modity flow. Let G be an undirected graph hav-
ing m edges and n vertices. Let the performance
index 7 of an oblivious routing algorithm A (on
G) be the supremum of its competitive ratios over
all ¢, norms, where the adversarial adaptive rout-
ing scheme may vary both with norm and the set
of demands. We give a expression in closed form
for m(HARMONIC) for a certain oblivious algorithm
HARMONIC that uses the “electrical flow”. We show
that 7(HARMONIC ) = O(Tyniz) where Ty, (G) is the
mixing time of the canonical random walk on G and
by O(y/m). These results lead to O(logn) upper
bounds on 7(HARMONIC) for expanders. We inde-
pendently show that on N x M discrete tori where
N < M, m(HARMONIC ) = O(N).

Lastly, we can handle a larger class of norms
than ¢, namely those norms that are invariant with
respect to all permutations of the canonical basis
vectors and reflections about any of them. Two novel
aspects of our proofs are the use of interpolation
theorems that relate different operator norms, and
connections between discrete harmonic functions and
random walks.

1 Introduction

Over the past three decades, there has been signif-
icant interest in the design and analysis of routing
schemes in networks of various kinds. A network is
typically modeled as a directed or undirected graph
G = (V,E), where E is a set of m edges representing
links and V is a set of n vertices representing loca-
tions or servers. Each link is associated with a cost
which is a function of the load that it carries. There
is a set of demands, which has the form

{(i, 4, dij)|(i, j) € V x V, dij > 0}.
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A routing scheme that routes a commodity from its
source to its target independent of the demands at
other source-target pairs is termed oblivious. The
competitive ratio of an oblivious routing scheme
OBLis the maximum taken over all demands, of cost
that OBLincurs divided by the cost that the optimal
adaptive scheme OPTincurs. Work in this area was
initiated by Valiant and Brebner [18] who developed
an oblivious routing protocol for parallel routing in
the hypercube that routes any permutation in time
that is only a logarithmic factor away from optimal.
For the cost-measure of congestion (the maximum
load of a network link) in a virtual circuit routing
model, Récke [11] proved the existence of an oblivi-
ous routing scheme with polylogarithmic competitive
ratio for any undirected network. This result was sub-
sequently made constructive by Harrelson, Hildrum
and Rao [5] and improved to a competitive ratio of
O(log® nloglogn).

Oblivious routing has largely been studied in the
context of minimizing the maximum congestion. A
series of papers [11, 5, 12] has culminated recently
in the development of an oblivious algorithm due to
Réecke [12] whose competitive ratio with respect to
congestion is O(logn). The algorithm HARMONIC
that is studied in this paper was introduced in [7]
where it was shown to have a competitive ratio of
O(v/log n) with respect to the £5 norm when demands
route to a single common target. We study the task
of uniformly minimizing all the £, norms of the vector
of edge loads in an undirected graph while routing a
multicommodity flow oblivious of the set of demands.
As a matter of fact our results hold under any norm
that transforms R™ into a Banach space symmetric
and “unconditional” with respect to the canonical
basis. These terms have been defined in section 3.

2 Our results

Let G = (V, E) denote an undirected graph with a
set V of n vertices and a set E of m edges. For
any oblivious algorithm A, let the competitive ratio
of A in the norm | - ||, be denoted k,(A). Let the
performance index 7(A) of A be defined to be their



supremum as || ||, ranges over the set of all £, norms.

7m(A) := sup K, (A).

p

Let HARMONIC be the oblivious algorithm (formally
defined in the following section,) which routes a flow
from s to ¢ in the (unique) way that minimizes the
ly norm of edge loads of that flow, assuming all
other demands to be 0. The competitive ratio of this
algorithm with respect to the f5 norm was shown
in [7] to be O(y/logn) over demands having single
common target. We show that HARMONIC has an
index 7(HARMONIC ) that is equal to its competitive
ratio in the £; norm, which is in turn bounded above
by min(y/m, O(Tyniz)) where Ty, is the mixing time
of the canonical random walk, We obtain O(logn)
upper bounds on 7(HARMONIC) for expanders and
two dimension tori. The constant in O(-) may depend
on the family. Almost matching Q(log){gogn) lower
bounds for expanders [6] and matching Q(logn) lower
bounds for 2—dimensional discrete tori [2] are known
for the competitive ratio of an oblivious algorithm
with respect to congestion or £, norm. In particular,
for cost functions that are convex combinations of
bounded powers of the various ¢, norms, such as
> . g(load(e)) where g is a polynomial with non-
negative coefficients, HARMONIC has on these graphs
a polylogarithmic competitive ratio. We show that
there exist graphs for which no algorithm that is
adaptive with respect to the demands but not p can
simultaneously have a cost that is less than Q(y/m)
times the £, norm of the optimal adaptive algorithm
that is permitted to vary with p, even if p can only
take the values 1 and oo. Lastly, we can handle a
larger class of norms than ¢,, namely those norms
that are invariant with respect to all permutations of
the canonical basis vectors and reflections about any
of them.

THEOREM 2.1. For any graph G, with n vertices,
and m edges, on which the canonical random
walk has a mizing time Ty, m(HARMONIC) <

min(y/m, O(Tiz))-

Hajiaghayi et al have shown in [6] that if G belongs to
a family of expanders and A is any oblivious routing
algorithm, the competitive ratio ko (A) with respect
to congestion is bounded from below by Q(log’ﬁ) o)
Therefore Theorem 2.1 is tight up to an O(loglogn)
factor for expanders.

THEOREM 2.2. If G is a two dimensional N x M
torus where N < M,

m(HARMONIC )[G] = O(log N).

For 2-dimensional N x N grids, ks (A) was shown
to be bounded below by Q(log N) by Bartal and
Leonardi. A minor variation of the same argument
gives an Q(log N) lower bound for 2—dimensional
N x N tori as well. Therefore Theorem 2.2 is tight
up to a universal constant for square tori.

THEOREM 2.3. For every m, there exists a graph G
with m edges, such that for any oblivious algorithm
A, n(A) > Liﬂ;*IJ on G.

3 Definitions and Preliminaries

A network will be an undirected graph G = (V, E),
where V' denotes a set of n vertices (or nodes)
{1,...,n} and E a set of m edges. If a traffic
vector t = (t1,...,tm,) is transported across edges
€1,...,€m, we shall consider costs that are £, norms
IIt]lp. In our setting, the network is undirected and
links are allowed to carry traffic in both directions
simultaneously. For book keeping, it will be conve-
nient to give each edge an orientation. For an edge e
of the form {v,w}, we will write e = (v, w) when we
want to emphasize that the edge is oriented from v
to w. The traffic on edge e will be a real number. If
this number is positive, it will represent traffic along
e from v to w; if it is negative, it will represent traffic
along e from w to v. Let In(v) be the edges of G
that are oriented into v and Out(v) be the edges of
G that are oriented away from v. A potential ¢ on
G is a function from V to R. The gradient V¢ of a
potential ¢ is a function from F to R, whose value on
an oriented edge e := (u,v) is

Vo(e) = ¢(u) = ¢(v).

A flow f on G is a function from E to R. The
divergence div f of a flow f is a function from V to
R whose value on a vertex v is given by

divf) ()= > fle)= > fle)

e€Out(v) e€ln(v)

We shall denote by A the Laplacian operator that
maps the space of real-valued functions on V' to itself
as follows.

A¢ = —div (V).

We call such f = (fi; 14,5 € V(G)) a multi-
flow. We say that a multi-flow f meets the demand
(dij 11,7 € V), ifforalli,jeV,

div fij = dij0; — di;6;,
where d,,(+) is the Kronecker Delta function that takes

a value 1 on v and 0 on all other vertices. If this is
the case, we say “f routes D” and write f \, D. For



a fixed 4, j, we shall use | f;;|l1 to denote >~ |fi;(e)l.
The traffic on the edge e under f is given by

t(e) = Y 1)

We shall call the vector ty := (tf(e1),...,tr(em)) the
network traffic or network load, where (e, ..., ey,,) is
a list of the edges of G. If for every edge e, the total
traffic on e under f is greater or equal to the total
traffic on e under f’, we shall say that f' < f. i.e.

(Ve)tr(e) = tp(e) = f' < f.

DEFINITION 1. An oblivious algorithm (A), is a
multi-flow {a;; } indexed by pairs of vertices i, j where
each a;; is a flow satisfying

div Qi = 51 — 5j.

Given a demand D, A routes D using D-a =
(dl-jaij : Z,] S V(G)>

DEFINITION 2. For any oblivious algorithm A, for
every p € [1,00], we define its competitive ratio under
the £, norm || - ||p

tp.
kp(A) 1= sup sup | Da”p.
p o sl
Let the performance index w(.A) of A be defined to be
their supremum as || - ||, ranges over all possible ¢,
norms,
w(A) = sup kp(A).
PpE[1,00]

All results in this paper hold without modifica-
tion if the above definition of performance index, is
altered to be the supremum over all norms that sat-
isfy the symmetry and unconditionality conditions in
Definition 6.

DEFINITION 3. We define HARMONIC to be the
oblivious algorithm corresponding to the multi-flow
h = (hij :i,j € V(G)), where h;; is the unique flow
such that

1. dthi]‘ = 61’ — 5j and
2. There exists a potential ¢;; such that Vé;; = h;.

These conditions uniquely determine {h;;} and de-
termine the potential ¢;; up to an additive con-
stant. The potential can be described in terms of
random walk on the graph. Suppose Wy, Wy, ...
denotes simple random walk on the graph, and let
7(v) = deg(v)/[2#(F)] denotes its stationary distri-
bution.

DEFINITION 4. (HITTING TIME) If S C V| let
Hg =min{j >1: W, € S},
If S = {i,j}, we write H;j, H;;.
Note that Hg, Hg agree if Wy ¢ S. The potential ¢;;
with boundary condition ¢;;(j) = 0 is given by
¢ij(v) = by P{W (Hy5) = i},
where we write PV to denote probabilities assuming
Wy = v and the constant b;; is given by
byt =PI{W (Hy) =i}
DEFINITION 5. (MIXING TIME) Let Wy, Wy,... be
simple random walk on G. Let
PP (u) = P{W; = u}.
The mixing time as a function of € is
Tpniz(€) := sup inf {t F = oD < 26} .
veV

DEFINITION 6. A Banach space X with a basis
{e1,...,em} is said to be symmetric and uncondi-
tional with respect to the basis if the following two
conditions hold for any x1,...,x, € R .

S. For any permutation w, | it xiellx =

13252 @ien( lx -

U. For any €1,...,em, € {=1,1}, ||Dmieillx =

> cimieil x .

3.1 Interpolation Theorems All /, norms sat-
isfy the above conditions. Given a linear operator
A :R™— R™, we shall define its £, — ¢, norm

[ Az]ly

[Allp—p = :
pr |z p=1 [l

More generally if R™ is endowed with a norm trans-
forming it into a Banach space X, we shall denote
its operator norm by || A||x—x. We will need the fol-
lowing special cases of the theorems of Riesz-Thorin
[13, 16] and Mityagin [9].

THEOREM 3.1. (RIESZ-THORIN) For any 1 < p <
r<q <00,

[Allr—r < maX(HAHpHpa HAHqu)-

The following theorem is due to B. Mityagin.

THEOREM 3.2. (MITYAGIN) Let R™ be endowed
with a norm transforming it into a Banach space X
that is symmetric and unconditional with respect to
the standard basis. Then,

[Allx—x < max([[All1-1, [ Alloo—o0)-

Hgs =min{j >0:W; € S}.



3.2 Some facts about harmonic functions and
flows h;; = V¢;;, where ¢;; is up to addition by a
constant, the unique solution of the linear equation

A¢ij =—9; + 5j.

Therefore for every u,v and w, the following linear
relation is true.

FacT 3.1. hyy + hyw = huyw-

For e = (u,v), let he := hy, and ¢ := ¢y,. More
generally, we have the following.

LeMMA 3.1. Let gi; be a flow such that divg;; =
(Si — (5]‘. Then,

Zgij(e)he = hi]‘.
Proof. By linearity,
div Zgij(e)he = Zgij (e)div h,

e=(u,v)EE

9ij(€)(du — 6v),

which is

>

veV

S gi(e) = > gijle) | 6y =i 4.

e€Out(v) e€In(v)

Secondly,
VOO gij(e)ée) =Y gij(€)Vée = > gij(€)he.

According to the definition, h;; is the unique flow
that satisfies the above properties, so we are done.

The following is a result from network theory [17].

THEOREM 3.3. (RECIPROCITY THEOREM) The
flows comprising HARMONIC have the following
symmetry property. For each i,7 € V, let ¢;; be
a potential such that V¢;; = hj. Then, for any
u,v €V,

(31) ¢ij (u) - (bij (U) = Puv (Z) — uv (j)

4 Using Interpolation to derive uniform
bounds

Proof. [Proof of Theorem 2.1] This Theorem follows
from Proposition 4.3, Proposition 4.1 and Proposi-
tion 4.2.

ProproOSITION 4.1. For any graph G,

m(HARMONIC) = k1(HARMONIC)

mase e |1,

where the mazimum is taken over all edges of G.

Proof. [Proof of Proposition 4.1] Given a demand D,
let D, be constructed as follows. Let OPT ,(G, D) be
an optimal multi-flow routing D with respect to £,
and opt ,(G, D) be the corresponding ¢, norm. For
an edge e = (u,w), let (Dp)yw be the total amount
of traffic from u to v in OPT ,(G, D) that routes D.
For any pair of vertices (u,w) that are not adjacent,
let (Dp)yw be defined to be 0. Let ||D||, be defined
in the natural way to be

| Dlp == Z d?j
ij

LEMMA 4.1. opt,(G,D) = opt (G, Dp) = || Dplp-

Proof. [Proof of Lemma 4.1] Any multi-flow f that
routes D, can be converted to a multi-flow that
routes D having the same total cost, since D, was
constructed from a multi-flow that routes D. There-
fore opt ,(G, D) < opt,(G,D,p). By the definition
of D, there exists an optimal solution to D that
can be used to route D,. This establishes that
|Dyllp = opt ,(G, D) > opt ,(G, D,), and proves the
lemma.

Let @p represent the set of all demands of the
form D, arising from some demand D by the above
conversion procedure. By Lemma 4.1,

1 1
Vp ep. SUp 7 = .
P o lltglly 1Dl
Using D - h to denote the multi-flow
(dijhij 2,5 € V(G)), it is sufficient to prove
that for all p € [1, x0].
tp, . tp,.
) Dl Ito,all
D,€D, ”DpHp D.€D; ||D1||1
Let ey, ..., ey, be some enumeration of the edges

of G and let R be the m x m matrix whose ;"
entry, where e; = (u,v) is given by r;; = |huv(e;)].
For D, € @p, the “traffic vector” tp,.n can be
obtained by applying the linear transformation R
to dp, for each e; = (u,v), (dp)i = (Dp)uw and

dp = ((dp)1;- -+ (dp)m).
tp,-n(€1) T11 T1im (dp)1
tDp-h(QZ) T21 T2m (dp)2
tp,-n(€m) T'm1 Tmm (dp)m

Given a linear operator A : R™ — R™, we define
its £, — ¢, norm
| Azl

lz) =1 ||17Hp '

[Allp—p =




With this notation, for p € (1, o],

£, 1 lp

(4.3) sup
1Dyl

D,€D,

[ Bllp—p

while for p = 1, because D; is equal to {R*}™, we
can make the stronger assertion that

ltp,-nll1

4.4 AR

sup [ Rl[1—1-

D.€D,

LEMMA 4.2. ||R]l1—1 = | R]loo—oo-

Proof. [Proof of Lemma 4.2] Recall that R is an
m x m matrix whose ij'" entry is |he,(e;)]. By
the Reciprocity Theorem (Theorem 3.3), R is a
symmetric matrix. Let 1 € R™ be a unit #; normed
vector that achieves the maximum dilation in the
¢y norm when multiplied by R, i.e.|z1|y = 1 and
|Rz1]1 = ||R||1—1. We may assume without loss of
generality that all coordinates of 1 are non-negative,
because if we replace z; by the vector x} obtained
by taking absolute values of the coordinates of xy,
|Rzy]| > ||Rx1]]. Let wi,...,u, be the standard
basis. We note that

m
IR = ) llhe,faas
=1
< max e |
= max | Ru; |1
< [R[i-1-

Therefore |R||1—~1 = max; | he;|l1- Since R is a
symmetric matrix whose entries are non-negative,

| sup [|Rzlloo = [[R(u1 + -+ + Um)|oo-
Tl co=1
Therefore,
| R| oo— o0 [R(ur + -+ um)oo
— i A,y
= |IRlli-1-

By Lemma 4.2 and the Riesz-Thorin theorem (The-
orem 3.1), we conclude that

tD,nllp

||Dp||p ||R||P—’P

D,€eD,

IN

(| Bl -1, | Rl -oc)
|R|l1—1(By Lemma 4.2)

ltp,-nll1
D111

= sup
D.€D;

which establishes Inequality 4.2 and thereby com-
pletes the proof.

REMARK 1. One can repeat the above argument us-
ing Mityagin’s theorem (Theorem 3.2) instead of the
Riesz-Thorin theorem, and prove the stronger state-
ment that for any norm that transforms R™ into a
symmetric unconditional Banach space X with re-
spect to the standard basis,

kx (HARMONIC ) < k1 (HARMONIC ),
where kx(HARMONIC) is the competitive ratio of

HARMONIC with respect to the norm of X.

4.1 Bounding
mixing times

m(Harmonic) by hitting and

ProroOSITION 4.2. For any vertices i,5 € V,
1
7

Proof. [Proof of Proposition 4.2] It is always possible
to find a potential ¢;; such that A¢;; = §; — d;, and

1hijll < 8Tomia(

7({u|pij(u) <0}) >
7({v]|pij(v) = 0}) >

because adding an arbitrary constant does not change
the gradient of a potential. Let ¢;; satisfy the above
conditions.

Recall that Hg be the (hitting) time taken for
a random walk starting at v to hit the set S (Def-

)

N = N

inition 4). Let EY[-] denote expectations assuming
W() = V.
LEMMA 4.3. Suppose A¢;; = 6; — 6;. Then,

)| i (v)]

Vsl < deg(v

Proof. [Proof of Lemma 4.3]

Vil = D loi(u) — ¢ij(v)|
(u,v)EE

<Y (6w +16i()])
(u,v)EE

Z deg(v

LEMMA 4.4. Let A(,ZS” = §j — 52', SS = {U|¢ij(1)) <
0} and S> := {v|¢i;(v) > 0}. Then,

> deg(v)|¢ij (v
veV
Proof. [Proof of Lemma 4.4] Let Wy, Wi,... be a
random walk on G starting at ¢ and ending the first
time it hits S<. Given v € V and a subset S of V, let
Ni(v) be the number of times the walk ezits v until

EN
hitting S<, and ¥ (v) := Wv()) Note that ¢(u) =

for all u € S<. We make the following claim.

v)|i; (v)]

)| < IEHS +EH3



CrLAaIM 1.

-1
0 if ueV\{S<uU{il}.

AY(i) =
Ay (u)

Proof. [Proof of Claim 1] To see why this is true, let
E(t,v) be the event that W; = v. For any vertex u,
let *(u) denote the set of vertices adjacent to u. We
see that for 1 <t < H}_ and uw € V \ {S< U {i}},

PE t—lu
_ y° BlEC-Lu)

€
uEx(v) g

Summing up over time, this implies E[N§_(v)] =

E[N%_ (u)]
2 uex(v) ~dea(a)
D uex(w) dﬁ&‘g). When v = 4, a similar computation
yields
U( )
=1
* 2 et

uex(i )

This translates to ¢(v) =

proving the claim.

It follows that A(y) — ¢) is 0 on all of V' \ S<.
This implies that the maximum of ¢ — 1 cannot be
achieved on V'\ S< (Maximum principle for Harmonic
functions). ¢ — ¢ is < 0 on S<, therefore ¢y — ¢ is a
non-negative function. It follows that

> deg(v)di;(v

veES>

<Ez [HS<]-

An identical argument applied to
gives us the following.

—¢;; instead of ¢;;

D deg(v)(—¢i;(v) <E [Hs. ] .

vES<

Together,
proof.

the last two inequalities complete the

LEMMA 4.5. Let S be a subset of V whose stationary

measure s greater or equal to % Letv e V\S. Then
E[Hs] < 4T04.(1/4).

Proof. [Proof of Lemma 4.5] Let Wy, Wi,... be a

random walk on G starting at v. Recall that from
Definition 5,

Tmzaj(f) = sup inf {T|vt2T||ﬁ' — p’gt)Hl < 6} .
veV

Let 7 := Ty (1/4) and P = PV.

P[Hs<7'] > P[WTES}
— A(S) - (7(S) — Y B(W, = u])
uesS
> 2 17(5) ~ SO PIW, =]
u€eSsS
> - | h(w) ~ PV, = )] > |

In order to get a bound on the expected hitting
time from this bound on the hitting probability, we
observe that the distribution of hitting times has an
exponential tail. More precisely, using the Markovian
property of the random walk,

P[Hg > k7] is less or equal to

k—1
3k
PIX; ¢S] [[supP [Xipnr # S|Xir = o] < 5.
i=1"
Finally,
EV[Hs] < T (ZP [HY > iT]) < 4r.
=0

PROPOSITION 4.3. For any edge e, |hel1 < /m.

Proof. [Proof of Proposition 4.3] If e = (u,v), h. is
by Thompson’s principle ([4]) the minimizer of || f]|2
among all flows f for which div f = §, — d,. Since

u and v are adjacent, ||f|l2 = 1 if f is the “shortest-
path” flow defined by

re={ 5

Therefore || he||2 < 1. This implies that ||he]|1 < +/m,
since for any vector z € R™, ||z|l1 < v/m||z]|2.

ife =e
otherwise.

Proof. [Proof of Theorem 2.3]

Let G be a graph with n = m — |[vVm —1] +1
vertices and m edges constructed as follows (see
Figure 1). Let vertices labeled 1 and 2 be joined by
an edge ep, and also be connected by r := |v/m — 1]
vertex disjoint paths of length h. We make the
remaining vertices and edges belong to a path from
vertex 3 to 2, such that there is no path from any of
these vertices to 1 which does not contain 2. We will
fix a specific set of demands D = {d;;}; namely a unit
demand from 1 to 2, and 0 otherwise. Suppose that
an algorithm A uses a flow denoted a;2 to achieve
this, where a12(e1) = a € [0, 1]. Then,

laijlli > a+ (1 —a)r,

and
laijlloc > a.
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Figure 1: A graph on which the performance index 7(.A) of any oblivious algorithm A is >

On the other hand a flow OpPT; that uses only e
incurs an ¢; norm of 1. A flow OPT ., that uses all
the r+1 edge disjoint paths from 1 to 2 equally incurs
an {,, cost of %

llaizll1

Mozl o

forr, [, = et
and an

12 ||co

ToPr ol = 20V
Therefore,
max (k1 (A), koo (A)) > k1(A) +2/foo(./4) > | m2— i

5 Random walks and 7(Harmonic)

5.1 Random walk on the torus

Proof. [Proof of Theorem 2.2] We consider the ex-
ample of simple random walk Wy, Wq,... on the 2-
dimensional torus

Ty = {(z1,22) € Z* 1 2, € {0,1,...,N — 1},

with the usual periodic boundary condition. Note
that T contains N2 vertices and 2/N2 edges. The lo-
cal central limit theorem implies that T, is ©(N?).

Let u denote a nearest neighbor of the origin, and
let ¢ = ¢, be the corresponding potential with the
additive constant chosen so that ¢(0) = —¢(u). In
other words, for every vertex =z,

o(x) = 2 B (W(Hou) = 0} — B (W (Hou) = u}

= bW (Hou) = 0} — o,

where

L= P (Hou) = 0} = P{W (Hiu) = u) >

] =

3

[Vm—1]
2

ProroOSITION 5.1. As N — oo,
IVo]l1 = O(log N).

Proof. [Proof of Proposition 5.1] We will prove the
stronger statement, that if e = (x,y) is an edge,

(5:5) [Vo(e)| < cla| ™2,

where the distance | - | is taken on the torus Ty. In
order to prove this, it suffices to prove that

(5.6) [p(2)| < clz| 7

" Indeed, if this holds then |¢(x)| < 2¢|z|~! in the disk

of radius |z|/2 about x and then standard difference
estimates for discrete harmonic functions (see, e.g.,
[8, Theorem 1.7.1]) imply (5.5). Since b < 2d, (5.6)
follows from

PHW (Ho) = 0} = PAW (Ho) = u} + Oz ),

which we now prove. Let C = C, = {v: |[v| < |z|/2},
0C ={y ¢ C : |[v—yl = 1lforsomev € C},
S = 9C U {0,u}. By focusing at the last visit to
OC before reaching {0, u}, we can see that

P*{W (Ho.) =0} = Y _ G(z,y)PY{W(Hs) =0}

yeol
= D Gla,y) P{W(Hs) =y},
yeal
where G = Gy, is the Green’s function for the

simple random walk killed when it reaches {0, u}.
The second inequality uses a symmetry argument. A
similar expression holds for P*{W (Hy ) = u}, so it
suffices to show for y € 9C,

PUW (Hs) =y} =P{W(Hs) =y} [1+O(lz[7")] .



This estimate follows from the following estimates:

E P W (Hg) € 9C)

PUW (Hoc) =y} < 2]

C
) E 07 )
gl €0

PAW(Hs) =y | W(Hs) € 0C} =
1
S
for v € {0,u},y € 9C. For proofs of these, see

Theorem 1.6.5, Lemma 1.7.4, and Theorem 2.1.3,
respectively, of [8].

The last proposition can be extended to the
skewed torus

T(N, M) = {(z1,22) i 21 =0,...,N—=1;20 =0,..., M—1}, L

with N < M to show that in this case
Vo[l < clog N,

where ¢ is independent of M. The proof is similar,
but one gives a coupling argument to show that for
|6(x)] < e NHem MU,

for some constants ¢, 3. The difference estimate on
the disk of radius N/2 about z, then yields

|Vp(e)| < e N“2e Blel/N
for for any edge e that has x as an endpoint.

5.2 A Bound on the Spectral Gap using
flows of Harmonic A well known method method
due to Diaconis-Stroock [3] and Sinclair [15], of
bounding the spectral gap of a reversible Markov
chain involves the construction of canonical paths
from each node to every other. One may use flows
instead of paths, and derive better mixing bounds,
as was the case in the work of Morris-Sinclair [10]
on sampling knapsack solutions. Sinclair suggested
a natural way of constructing canonical flows using
random walks in [15]. This scheme gives a bound of
O(7?), if 7 is the true mixing time. In this section,
we observe that for a random walk on a graph, the
flows of HARMONIC provide a certificate for rapid
mixing as well, and give the same O(72) bound on
the mixing time. Let the stationary distribution be
denoted 7. (i) = d%(f). Let the capacity of an edge
e = (u,v), denoted Q(e) be defined to be 7(u)pys,
where py, = m is the transition probability from
u tov. Let the transition matrix be denoted P. In our
setting of (unweighted) random walks, 7 (i) = deg(@)
and for each edge e, Q(e) is 5

2m

2m”

DEFINITION 7. Let D be the demand (d;j : 1,5 € V),
where d;; = 7(1)7(j). Given a multi-flow f, where
f \\ D, let p(f) denote the mazimum load on any
edge divided by its capacity i.e. p(f) = %

THEOREM 5.1. (SINCLAIR) Let f N\, D as described
above. Then, the second eigenvalue Ay of the transi-

tion matriz P satisfies
1
A <1-——.
1= 8,2
Let us denote T,,;.(1/4) by 7. Let h - D be the
multi-flow obtained by re-scaling h so that it meets
D. Then, we have the following proposition.

PROPOSITION 5.2.

—————— < p(h-D) < 167T.
5 2(1—)\1)_p( ) <

Proof. [Proof of Proposition 5.2] The lower bound on
p(h - D) follows from Theorem 5.1. We proceed to
show the upper bound. In the case of a random walk
on a graph with m edges, for every edge e, Q(e) = ﬁ
Therefore

1tD-nllco
Q(e)

= 2ml|tp.slce.

p(D-h) =

Given an edge e = (u, w), let ¢ = ¢y be a potential
such that hy, = V. For convenience, for any ¢,
let h;; be defined to be the flow that is zero on all
edges. Let e = (u,w) be the edge that carries the
maximum load. Then,

p(D - h) Z | deg(7) d;grfj)hij(eﬂ

= >0 OB )~ i)

= > B ()~ 6.0
1) deg
2m

<y deg( ()

23 deg(i)lge(i)]

(19 (@) + [De(4)])

Adding an appropriate constant to ¢. is necessary,
we may assume that

T({ulgij(u) < 0})
T({vlgi(v) =2 0}) =

vV
N =N =

(Thm 3.3)



Then, Lemma 4.4 and Lemma 4.5 together imply that

2Zdeg<i)l¢e(i)l < 167,

completing the proof.
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