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Abstract

Modern data sets, though typically high dimen-
sional, are often generated by processes possess-
ing few essential degrees of freedom, as is the case
with human speech. In recent years, such consid-
erations have lead to the notion that high dimen-
sional data may be modeled to lie on a submani-
fold of low intrinsic dimension. We derive bounds
on the number of random samples needed before
it is possible to approximately separate data into
two classes using smooth decision boundaries with
high probability.

1 Introduction

Over the last several years, manifold based methods have
been developed and applied to a variety of problems. Much
of this work is empirically and algorithmically oriented and
there is a need to better understand the learning-theoretic
foundations of this class of machine learning problems. Our
paper is a contribution in this direction with the hope that it
will better delineate the possibilities and limitations.

In the manifold setting, one is canonically interested in
learning a function f : M — R (regression) or f : M —
{0, 1} (classification/clustering). For regression therefore,
the natural objects of study are classes of real-valued func-
tions on the manifold leading one to eventually consider func-

tional analysis on the manifold. Thus, for example, the Laplace-

Beltrami operator and its eigenfunctions have been studied
with a view to function learning [1, 2].

Our interest in this paper is the setting for classification
or clustering where the function is 0/1 valued and therefore
divides the manifold into two disjoint pieces M7 and M.
A natural class of such functions may be associated with
smooth cuts on the manifold. We will consider smooth cuts
where each cut corresponds to a submanifold (say P C M)
that divides M into two pieces. Since P is a submanifold of
M and hence R™, one can associate to it a measure of com-
plexity given by its condition number 1/7. The condition
number is defined as follows.

Definition 1 (Condition Number) Ler M be a smooth
d—dimensional submanifold of R™. We define the condition
number c¢(M) to be % where T is the largest number to have
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Figure 1: Curves of low and high condition number at the
left and right respectively.

the property that for any r < T no two normals of length r
that are incident on M at different points intersect.

Given two linear subspaces V, W, let <(V, W) be the
angle between V' and W, defined as

v-w
<(V,W) = arccos (sup inf ) . (D)
vev weW [l [|w]|
For any manifold M,
2 sin (2% Tw)
(M) = inf 2SR @)
syel |z -yl

where the infimum is taken over distinct points z,y € M
and T, and T, are the tangent spaces at x and y.
We can define the following function class (concept class

in PAC terminology.)
where S is the closure of S. Let
Cr={f|f M—={0,1}and f~'(1) € S, }.

Thus, the concept class C; is the collection of indicators of
all closed sets in M whose boundaries are 1/7-conditioned
d — 1 dimensional submanifolds of R™.

Definition 2 Let

S, = {S’stgMandc(SﬁM\S)S

N =

Note that when 7 = oo, C, contains the indicators of all
affine half-subspaces of dimension d that are contained in
M. By letting 7 vary, we obtain a structured family of cuts.
We now consider the following basic question.



[Question:] Let M be a d-dimensional submanifold of R™
and let C be a concept class of 0/1 valued functions corre-
sponding to a family of smooth cuts with condition number
%. Then what is the sample complexity of learning the ele-
ments of C,?

Our contributions in this paper are as follows.

1. We show that distribution-free learning of C.- is impos-
sible in general since for some M, it is a space of infi-
nite VC dimension. We prove that this is the case for a
natural embedding in R™ of the d—dimensional sphere
of radius k > 7.

2. On the the other hand, it is possible to provide distribution-

specific sample complexity bounds that hold uniformly
for a large class of probability measures on M. These
are the measures for which there exists a Radon Nikodym
derivative with respect to the uniform measure on M
such that there is an upper bound p,.x On the associ-
ated density function. The sample complexity is seen to
depend on the intrinsic dimension d, curvature bounds
7 and &, density bound pp,ax, but is independent of the
ambient dimension m.

3. The proof technique used for obtaining these distribu-
tion specific bounds (Poissonization etc.) may be useful
prove distribution specific learning in other settings.

Our sample complexity bounds depend on an upper bound
Pmaz > 1 on the maximum density of P with respect to the
volume measure, (normalized to be a probability measure),
the curvatures and the intrinsic dimension of M and the class
boundary P, but are independent of the ambient dimension
m. We also show that the dependence on the maximum den-
Sity pmaz Of P is unavoidable by proving that for any fixed 7
the VC-dimension of the function class associated with cuts
that are submanifolds with a condition number % is infinite
(Lemma 9) for certain compact submanifolds.

2 Preliminaries

Suppose that P is a probability measure supported on a d-
dimensional Riemannian submanifold M of R™ having con-
dition number < L. Suppose that data samples {x;};>1 are
randomly drawn from P in an i.i.d fashion. Let each data
point z be associated with a label f(z) € {0,1}.

Definition 3 (Annealed Entropy) Let P be a probability mea-

sure supported on a manifold M. Given a class of indicator
Sfunctions A and a set of points Z = {z1,...,z¢} C M, let
N(A, Z) be the the number of ways of partitioning z1, . . ., z
into two sets using indicators belonging to A . We define
G(A,P,?) to be the expected value of N(A\, Z). Thus

G(A7P,E) = EZF'PXKN(Av Z)7

where expectation is with respect to Z and \- signifies that Z
is drawn from the Cartesian product of ¢ copies of P. The
annealed entropy of A with respect to € samples from P is
defined to be

Hynn (A, P, 8) :=InG(A, P, L).

Definition 4 The risk R(«) of a classifier « is defined as the
probability that o misclassifies a random data point x drawn
Sfrom P. Formally, R(«) := Epla(z) # f(z)]. Given a set
of ¢ labeled data points (x1, f(x1)), . . ., (ze, f(x0)), the em-

pirical risk is defined to be Repp (e, £) := Lin I[a(gi#f(mi)]
where I|-] denotes the indicator of the respective event and
f(x) is the label of point x.

Theorem 5 (Vapnik [6], Thm 4.2) For any { the inequality
R(c) — Remp(a, 0)
R(a)

holds true, where random samples are drawn from the distri-

bution P.

P |sup
aEA

> € < e

2.1 Remarks

Our setting is the natural generalization of half-space learn-
ing applied to data on a d—dimensional sphere. In fact, when
the sphere has radius 7, C, corresponds to half-spaces, and
the VC dimension is d + 2. However, when 7 < &, as we
show in Lemma 9, on a d—dimensional sphere of radius &,
the VC dimension of C; is infinite. Interestingly, for these
spheres, if 7 > «, C, contains only the function that always
taked value 1 and the function that always takes value 0,
since there are normals of length s from center of the sphere
to any point of a submanifold embedded in the sphere. In
this case, the VC dimension is 1.

If the decision surface is not thin, but there is a margin
within which misclassification in not penalized, our results
can be adapted to show that the VC dimension is finite.

Our results pertain to the sample complexity of classi-
fication of smooth cuts, and does not address algorithmic
issues. We are not aware of a way to generate arbitrary
%fconditioned cuts. One direction towards addressing al-
gorithmic issues would be to prove bounds on the annealed
entropy of the family of linear classifiers in Gaussian Hilbert
space. Since the Hilbert space of Gaussians with a fixed
width has infinite VC dimension, distribution independent
bounds cannot be found and annealed entropy could be a
useful tool. Since SVMs based on Gaussian kernels are fre-
quently used for classification, such a result would have al-
gorithmic implications as well.

3 Learning Smooth Class Boundaries

Following Definition 2, let C; be the collection of indicators
of all open sets in M whose boundaries are 1/7-conditioned
submanifolds of R™ of dimension d — 1.

Our main theorem is the following.

Definition 6 (Packing number) Let N,(e,) be the largest
number N such that M contains N disjoint balls B (x;, €,),
where Bag(z, €,) is a geodesic ball in M around x of radius
€r.

Notation 1 Without loss of generality, let p.,q. be greater
or equal to 1. Let €, = min(%, §,1)e/(2pmaz). For some
sufficiently large universal constant C, let

{:=C (hl% + NP(GT/Q)dln(dpm,am/f))
: = )

)

( Hann (A, P,28) 7&) YA
£ 4



Figure 2: This illustrates the distribution from Lemma §. The
intersections of f~1(1) and f~1(0) with the support of P are
respectively green and red.

Theorem 7 Let M be a d—dimensional submanifold of R™
whose condition number is < % Let P be a probability mea-
sure on M, whose density relative to the uniform probability
measure on M is bounded above by py,q... Then the number
of random samples needed before the empirical risk and the
true risk are close uniformly over C, can be bounded above
as follows. Let £ be defined as in Notation 1. then

P | sup R(a) = Remp(a, 0)
a€Cr R(Oé)

< 4

> e

Proof:The proof follows from Theorem 11 and Theorem 5.
The former provides a bound on the annealed entropy of C,
with respect to samples from P. The latter relates the sample
complexity of learning an element of a class of indicators
such as C; using random samples drawn from a distribution
‘P, to the annealed entropy of that class. |

Lemma 8 provides a lower bound on the sample com-
plexity that shows that some dependence on the packing num-
ber cannot be avoided in Theorem 7. Further, Lemma 9
shows that it is impossible to learn an element of C, in a
distribution-free setting in general.

Lemma 8 Let M be a d—dimensional sphere in R™. Let the
P have a uniform density over the disjoint union of N, (2T)
identical spherical caps

S ={Bm(zi,T)}1<i<n,(2r)

of radius T, whose mutual distances are all > 271. Then, if
s < (1 —€)Ny(27),

P | sup () = RBemp(@, 5) >Ve|l = 1
a€eCr R(Oé)

Proof: Suppose that the labels are given by f : M — {0, 1},
such that f~1(1) is the union of some of the caps in S as
depicted in Figure 1. Suppose s random samples 21, ..., 25
are chosen from P. Then at least eN,(27) of the caps in S

Figure 3: The 1—dimensional submanifold P of R? traced
out by all points (z, fs(z)).

do not contain any of the z;. Let X be the union of these
caps. Let a : M — {0,1} satisfy a(z) = 1 — f(z) if
z € X and a(z) = f(z)if x € M\ X. Note that o €
C,. However, Rpp(c,s) = 0 and R(a) > e. Therefore

R(a)+‘f(’"‘;(a’s) > /€, which completes the proof. |

Lemma9 Forany m > d > 2, and T > 0, there exist com-
pact d—dimensional manifolds on which the VC dimension
of C is infinite. In particular, this is true for the standard
d—dimensional Euclidean sphere of radius x embedded in
R"™, where m > d > 2 and k > T.

Proof: First consider the two dimensional plane R2. Sup-
pose that for i = 0 ton — 1, z; = (it/n,0). If there is
no bound on the condition number, we make the following
claim.

Claim 10 For every subset S C [n] there exists a boundary
given by a graph (z, fs(z)), fs : R — R such that the
following hold.

1. fs(z;) > 0ifi € S (see Figure 2) and fs(x;) < 0 if
i€ n]\S.

2. f is thrice continuously differentiable.

3. Forallz € R |f{(x)] < % = gap= for some large

constant M >> 1 and for all x such that |z| > T,

fs(z) =0.

It is clear that for any .S a function gg exists that satisfy the
first two conditions. We will use gg to obtain fg.

To see this, note that the radius of curvature at any point
(+gt@)®)?

I Now, let

(z,9s(x)) is given by

a= sup  max(|gs(a)], |gs(2)])-

SCn],z€[—7,7]

Let fo(z) = gi—f). The 1—dimensional submanifold P of
R? traced out by all points (x, fs(z)) has curvature < %

because for all z € [—7, 7], for all S,

) o\ 3/2
ay <1 + (793(?) )
195 ()]

Let S2 = {(z,y,2)|2? + y* + (z — k)? = K*} be the
2—sphere of radius k > 7 tangent to the (z,y) plane at

the origin. Consider the stereographic projection v, of S2 \
{0,0, 2k} onto R? (embedded in R?), defined by

2k 2Ky 0>

> Q).

26—z 26— 2’

Un (2,9, 2) 1= (



Let B be the ball of radius 1 centered at the origin in the
image of v,. As M — oo, v;; (BN P) tends uniformly to a
great circle, and its tangent spaces (see (1) tend uniformly to
the corresponding tangent spaces of the great circle in terms
of the angle. Therefore, (by (2)) for sufficiently large M, the
condition number of v, !(P) is less than 1, completing the
proof. This argument carries over to when S? € R™ for m >
3. Now, we may extend the copy of R? that we considered
to R? by taking the canonical embedding R? — R? x R9~2,
The 1—dimensional manifold P can similarly extended to
obtain a m — 1—dimensional submanifold P x R9~2. We can
then consider as we did in the case of R?, the stereographic
projection that maps the d—sphere

Sg = {(x7yazl7227"'72d71)|

2y 2+ (2aer — )2 = K
onto R by the map

Ve, Y, 21,5 -+ oy 2d—1) =
< 2KkT 2Ky 2k21 2KZ4—2 O)
26 — Zg—1 2k — 2g—1 2Kk — zq—1 26— 241 /)’
and the same argument carries through. |

We shall nonetheless uniformly bound from above, the
annealed entropy of C, with respect to any distribution P on
M, whose density (with respect to the uniform probability
measure) on M is bounded above by py,4,. The number
of samples that need to be taken before the empirical risk is
within € of the true risk, uniformly over C, with probability
1—4¢ is determined by the annealed entropy of C, w.r.t P. We
have the following theorem that bounds the annealed entropy
from above.

Theorem 11 Let M be a d—dimensional submanifold of R™
whose condition number is < % Let P be a probability
measure on M, whose density relative to the uniform prob-
ability measure on M is bounded above by py,q... When the
number n of random samples from P is large, the annealed
entropy of C. can be bounded from above as follows. Let

€ = min(7, fracsd, 1)e/(2pmaz ). Suppose
dIn(2vdp},4./€)

€2 ’

n > Np(er/2)

then,

Hunn(Co, Py In— /nIn(2mn)]) < 4den+1.

3.1 Overview of the Proof of Theorem 11
Our strategy is as follows.
1. Cut the manifold into small pieces M; that are almost

Euclidean, such that the restrictions of any cut hyper-
surface is almost linear.

2. Let the probability measure ;D(ljfj%') be denoted P; for

each ¢. Lemma 18 allows us to show, roughly, that
HCLTLH(CT7 P, n) 5 sup Hann(c'ra Pi; Ln,P(Mz)J ) ,

thereby allowing us to focus on a single piece M.

3. We use a projection 7;, to map M, orthogonally onto
the tangent space to M; at a point x; € M, and then
reduce the question to a sphere inscribed in a cube [J of
Euclidean space.

4. We cover C, ||:| by the union of classes of functions that
are constant outside a thin slab (see Definition 20 and
Figure 3).

5. Finally, we bound the annealed entropy of each of these
classes using Lemma 21.

The rest of this chapter is devoted to a detailed treatment of
the proof of Theorem 11.

3.2 Volumes of balls in a manifold

Let M C R™ be a d-dimensional Riemannian manifold
and let P be a d — 1—dimensional submanifold of M. Let
VM(7) be defined to be the volume of a ball of radius r
(in the intrinsic metric) around a point x € M. The sec-
tional curvature of a manifold at a point  depends on a
two-dimensional plane in the tangent space at x. A formal
definition of sectional curvature can be found in most text-
books of differential geometry (for example, [5]). The vol-
umes of balls can be estimated using sectional curvatures.
The Bishop-Giinther inequalities tell us that if the sectional
curvature K is upper bounded by ), then the volume of
the ball of radius r around z, VwM is bounded from below as
follows (section 3.5, [4]).

2142 [T [ sin(tv/A) -t
VmM(sz(g)/O( i ) d,

where I'(z) is Euler’s T" function.
This allows us to get an explicit upper bound on the pack-
ing number N, (¢, /2), namely

1
Ny(er/2) < v
ord/2 e€r/2 sin(tﬁ) dt
r(d) Jo A

3.3 Partitioning the Manifold

The next step is to partition the manifold M into disjoint
pieces {M;} such that each piece M, is contained in the
geodesic ball B (z;, €,). Such a partition can be constructed
by the following natural greedy procedure.

o Choose N, (e,/2) disjoint balls Bag(x;, €,/2),1 <14 <
Ny(€e-/2) where N, (e,/2) is the packing number as in
Definition 6.

o Let My := Bap(x1,€p).

e Iteratively, for each i > 2, let M; := Bam(xi,er) \
{U;g;lle}-

3.4 Constructing charts by projecting onto Euclidean
Balls

In this section, we show how the question can be reduced
to Euclidean space using a family of charts. The strategy is
the following. Let €, be as defined in Notation 1. Choose a
set of points X = {z1,...,2x} belonging to M such that



the union of geodesic balls in M (measured in the intrinsic
Riemannian metric) of radius €, centered at these points in
M covers all of M.

U Bu(@i,e) = M.

i€[N]

Definition 12 Foreachi € [N,(e,/2)], let the d—dimensional
affine subspace of R™ tangent to M at x; be denoted A,
and let the d-dimensional ball of radius €, contained in A;,
centered at x; be By, (x;,€,). Let the orthogonal projection
Sfrom R™ onto A; be denoted ;.

Lemma 13 The image of B (24, €,) under the projection
m; is contained in the corresponding ball B (x;, €,.) in A,;.

ﬂ-l(BM (xi7 ET)) C Bqu (Iia 67")'

Proof: This follows from the fact that the length of a geodesic
segment on B (xz;, €,.) is greater or equal to the length of its
image under a projection. |
Let P be a smooth 1/7-conditioned boundary (i. e. ¢(P) <
1) separating M into two parts. and ¢(M) < +.
Lemma 14 Lete, < min(1,7/4,r/4). Let m;( By (24, €-)N
P) be the image of P restricted to Baq(x;, €,.) under the pro-
Jection m;. Then, the condition number of m;(Ba(x;,€,) N
P) is bounded above by 2.

Proof:

Let T%, () and T’ () be the spaces tangent to 7; (B (i, €,)

P) at m;(x) and m;(y) respectively. Then, for any z,y €
Ba(x;, €.) N P, because the kernel of 7; is nearly orthogo-
nal to T, () and Tr, ),

UTria)s Tr()) < V24T, Ty). 3)

Bay(zi, €.) N P is contained in a neighborhood of the affine
space tangent to Bag(z;, €,) N P at x;, which is orthogonal
to the kernel of ;. After some calculation, this can be used
to show that for all x,y € Baq(x;,¢,) N P,

1 Im@) -ml "
V2 lz =yl
The lemma follows from (2). ||

3.5 Proof of Theorem 11

‘We shall organize this proof into several Lemmas, which will
be proved immediately after their respective statements. The
following Lemma allows us to work with a random rather
than deterministic number of samples. The purpose of al-
lowing the number of samples to be a Poisson random vari-
able is that we are able make the set of numbers of samples
{v;} from different M, a collection of independent random
variables.

Lemma 15 (Poissonization) Let v be a Poisson random vari-
able with mean \, where X\ > 0. Then, for any ¢ > 0 the
expected value of the annealed entropy of a class of indica-
tors with respect to v random samples from a distribution
‘P is asymptotically greater or equal to the annealed en-
tropy of |(1 — €)\| random samples from the distribution
P. More precisely, for any € > 0, InE,G(A,P,v) >

hMXAPAMl—@D_en%_gA+E%E».

Proof:

InE,G(A,P,v) = an]P’[V:n}HLmn(A,P,n)

neN

>

n>[A(1-0)]

> In Plv = n]G(A, P, n).

G(A,P,n) is monotonically increasing as a function of n.
Therefore the above expression can be lower bounded by
InPlv > | A1 —€)]]G(A,P,v) > Hopnn (A, P, A1 —€)])

— exp (—62)\ + L(Q;’\)) . [ ]

Definition 16 Foreachi € [Ny(¢,/2)], let P; be the restric-
tion of P to M;. Let |P;| denote the total measure of P;.
Let \; denote \|P;|. Let {v;} be a collection of independent
Poisson random variables such that for each i € [Np(e,/2)],
the mean of v; is ;.

The following Lemma allows us to focus our attention to
small pieces M; which are almost Euclidean.

Lemma 17 (Factorization) The quantity InE,G(C,,P,v)
is less or equal to the sum over 1 of the corresponding quan-
tities C- with respect to v; random samples from P;. i. e.

>

1€ENp(er/2)

InE,G(C,,P,v) < InE, G(C;,P;,v;).

N
Proof:

G(CT7P7€) = IHEXF'PXEN(CT’X)’

where expectation is with respect to X and - signifies that
X is drawn from the Cartesian product of ¢ copies of P.
The number of ways of splitting X = {z1,...,2%,...,2¢}
using elements of C,, N(C,, X) satisfies a sub-multiplicative
property, namely

N(CT, {xl, .. ,:L‘z}) <

N(Cry{z1,. . 2k })N(Cry{Tt1, .-, Te}).
This can be iterated to generate inequalities where the right
side involves a partition with any integer number of parts.
Note that P is a mixture of the P;, and can be expressed as

A draw from P of a Poisson number of samples can be de-
composed as the union of independently chosen sets of sam-
ples. The ith set is a draw of size v; from P;, v; being a
Poisson random variable having mean \;. These facts imply
that

InE,G(C;,P,v) < ZieNp(eT/2) InE,,G(C:, Pi,v;). .

Lemma 17 can be used together with an upper bound on
annealed entropy based on the number of samples to obtain

Lemma 18 (Localization) For any ¢ > 0

InE,G(C;,P,v) < InE, G(C,,P;,v;) N
A - o Y

Np(er/2)

sup
is.t|Pi|>

!



Proof:Lemma 18 allows us to reduce the question to a single
M, in the following way.
InE,G(C,,P,v)
N <

Z ﬁlnEin(CT,Pi,l/i)
A

, A
1€ENp(er/2)

’

Allowing all summations to be over i s.t |P;| > m, the
right side can be split into
)\i In Ein(Cq—, Pi, V;
- A i

) +Y InE,,G(Cr, Pi,vs).

G(C,,P;,v;) must be less or equal to the expression ob-
tained in the case of complete shattering, which is 2"¢. There-
fore the second term in the above expression can be bounded

above as follows,
> IE,,G(Cr Pivi) < Y InE,2"%
pIRY

/
€.

IN

Therefore,

InE,G(C,,P,v) ﬁlnEin(CT,'Pi,Vi) L

A - - A Ai
InE, G(C;,P;,v;) ,
< sup Y + €.

As mentioned earlier, Lemma 18 allows us to reduce the
proof to a question concerning a single piece M. This is
more convenient because M; can be projected onto a single
Euclidean ball in the way described in Section 3.4 without
incurring significant distortion. By Lemmas 13 and 14, the
question can be transferred to one about the annealed entropy
of the induced function class C, o 7, ! on chart B a, (T4, €r)
with respect to v; random samples from the projected proba-
bility distribution ;(v;). C, o mr; " is contained in C, s2(Ag)
which is the analogue of C;/» on A;. For simplicity, hence-
worth we shall abbreviate C /2(4;) as C; /2. Then,

InE,,G(C,, Py, vi) InE,,G(Crom , mi(Pi),vi)
Ai Ai
InE,,G(C; /2, mi(Pi), vs)

= Al .
We inscribe By, (z;,€,) in a cube of side 2, for conve-
nience, and proceed to find the desired upper bound on
G(C; 2, mi(P;),vi). We shall indicate how to achieve this
using covers. For convenience, let this cube be dilated until
we have the cube of side 2. The measure 7;(P;) assigns to
it must be scaled to a probability measure that we call P,
which is actually supported on the inscribed ball. We shall
normalize all quantities appropriately when the calculations
are over. The 7 that we shall work with below is a rescaled
version of the original, 75 = 7/e,.. Let BL be the cube of
side 2 centered at the origin and %, be its indicator. Let B
be the unit ball inscribed in BZ..

r-v>(t+

ol

el

Figure 4: Each class of the form CNE(f’t) contains a subset of
the set of indicators of the form Z,. - 14,

Definition 19 Let C;D be defined to be the set of all indica-

tors of the form 1% - 1, where v is the indicator of some set in

-
In other words, C~'TD is the collection of all functions that

are indicators of sets that can be expressed as the intersection
of the unit cube and an element of C.

Corpy = {f|3c € Crp, for which f =T, -2}, (5)
where Z.. is the indicator of c.

Definition 20 For every v € R% where ||v|| = 1, t € R and

€ >0and ey = 62/pm,w. Let (fe(:’t) be a class of indicator
functions consisting of all those measurable indicators . that
satisfy the following.

I z-v<(t— 2%)”1}” orx & BL = 1(z) = 0and

2. z-v>(t+ ﬁ)”v” andr € B, = 1(z) = 1.

The VC dimension of the above class is clearly infinite

since any samples lying within the slab of thickness ¢/ Vd
get shattered. However if a distribution is sufficiently uni-
form, most samples would lie outside the slab and so the
annealed entropy can be bounded from above. We shall con-
struct a finite set W of tuples (v, t) such that the union of the

corresponding classes C'e(:’t) contains éTD . Let tv take values

in an -grid contained in B, i.e. tv € %Zd N B4, . Ttis

then the case (see Figure 3) that any indicator in éTD agrees

) . “(v,t) .
over B¢ with a member in some class C\*", if ¢, > 2,

|
tne U
€s_7dnRBd
tvezjal NnBZ,

i.e.
)




Abound on the volume of the band where (¢—5%=)||v]| <
z-v < ( )HUH in BY follows from the fact that the

maximum volume hyperplane section is a bisecting hyper-

plane, whose volume is < 2v/d vol(Bg).
This allows us to bound the annealed entropy of a single

class ég“t) in the following lemma, where p.,4,, is the same
maximum density with respect to the uniform density on B.
(Re-scaling was unnecessary because that was with respect
to the Lebesgue measure normalized to be a probability mea-
sure).

Lemma 21 The logarithm of the expected growth function
of a class C6 wzth respect to v, random samples from P,

is < 2€5Pmaz Mo, Where Vs is a Poisson random variable of
mean Ao, i. e.

InE, G(Cry, Pos Vo) < 2€5PmazNo-

Proof: A bound on the volume of the band where (¢t —
2i/E)HvH < z-v < (t 2i/3)||v|| in B follows from
the fact that the maximum volume hyperplane section is a
bisecting hyperplane, whose d — 1-dimensional volume is
< 2v/dvol(Bg). Therefore, the number of samples that fall
in this band is a Poisson random variable whose mean is less
than 2€5p.mq2\o- This implies the Lemma. |

Therefore the expected annealed entropy of

U C”«g(z;,t)

€s d d
tve 2\/22 NnBY,

with respect to v, random samples from P, is bounded above

by 2€5pmaz o ﬂBd |. Putting these observations
together,
1 El/ G CT 7P07 o
IME,G (Cr,P,v) [N < — (AD Vo) 4
dIn(2vd/eg
< 2€5Pmar + M + €
We know that Ao NV, (€,./2) > €. Then,
dIn(2vd/eg
L LR
Ao
dIn(2vdpmaz/€s
2€+Np(€r/2) n( fp/e)+e’
€A
which is
dn(2vdp?
< 2e+ Np(e/2) n( \f;m”/e) + €.
€

Therefore, if A > Np(er/Q)%, then,
InE,G(C,,P,v) /A < e
Together with Lemma 15, this shows that for any €; > 0,
if
A0V /O)

€2

> Ny(er/2)

then
Hoynn(A,P, M1 —€1)]) < lnEyG’(A,P,V)

+ exp <—€1/\

(227TA))

In(27A)
2

Setting €1 to 4/ M, exp ( N+ (2“)) is less than
1. Therefore,
—V/Aln(27 )]

a'rm A P
This completes the proof of Theorem 11.

< 4del+exp (—e%)\ +

< ded+ 1.
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