Stability conditions for multiclass fluid queueing networks

Dimitris Bertsimas^∗ David Gamarnik^† John N.Tsitsiklis^‡

December 1994, revised December 1995

Abstract We introduce a new method to investigate stability of work-conserving policies in multiclass queueing networks. The method decomposes feasible trajectories and uses linear programming to test stability. We show that this linear program is a necessary and sufficient condition for the stability of all work-conserving policies for multiclass fluid queueing networks with two stations. Furthermore, we find new sufficient conditions for the stability of multiclass queueing networks involving any number of stations and conjecture that these conditions are also necessary. Previous research had identified sufficient conditions through the use of a particular class (monotone piecewise linear convex) Lyapunov functions. Using linear programming duality, we show that for two-station systems the Lyapunov function approach is equivalent to ours and therefore characterizes stability exactly.

1 Introduction

The problem of establishing conditions under which a multiclass queueing network is stable under a particular policy has attracted a lot of attention in recent years. It is known that for single class (Borovkov [2], Sigman [19], Meyn and Down [16]) and multiclass acyclic queueing networks (Meyn and Down [11]) a necessary and sufficient condition for stability of all work-conserving policies is that the traffic intensity at each station of the network is less than one. For multiclass networks with

∗Dimitris Bertsimas, Sloan School of Management and Operations Research Center, MIT, Cambridge, MA 02139. Research partially supported by a Presidential Young Investigator Award DDM-9158118 with matching funds from Draper Laboratory.

†David Gamarnik, Operations Research Center, MIT, Cambridge, MA 02139. Research partially supported by the ARO under grant DAAL-03-92-G-0115 and by the NSF under grant DDM-9158118.

‡John N.Tsitsiklis, Laboratory for Information and Decision Sciences and Operations Research Center, MIT, Cambridge, MA 02139. Research partially supported by the ARO under grant DAAL-03-92-G-0115.

feedback, Kumar and Seidman [13] (see also Lu and Kumar [14] and Rybko and Stolyar [17]) have identified particular priority policies that lead to instability even if the traffic intensity at each station of the network is less than one. More surprisingly, Bramson [3] and Seidman [18] have shown that these instability phenomena are present even for the standard FIFO policy. It is therefore, a rather interesting problem to identify the right set of necessary and sufficient conditions for stability of multiclass queueing networks under work-conserving policies.

In recent years researchers have identified progressively sharper sufficient conditions for stability of all work-conserving policies through the use of Lyapunov functions. Kumar and Meyn [12] used quadratic Lyapunov functions, while Botvich and Zamyatin [4], Dai and Weiss [8], and Down and Meyn [9] used piecewise linear convex Lyapunov functions. Chen and Zhang [6] have found some sufficient (but not necessary) conditions for the stability of multiclass queueing networks under FIFO. In all cases, it was established that a multiclass network is stable if certain linear programming problems are feasible. To the best of our knowledge the sharpest such conditions are those of [8] and [9] obtained through the use of piecewise linear convex Lyapunov functions. For some specific examples (for example in [4]), the conditions obtained are indeed sharp. In general, however, the problem of establishing the exact stability region, i.e., sharp necessary and sufficient conditions for stability, is open. Furthermore, it is not known whether the Lyapunov function method with piecewise linear convex functions (or with any convex function) has the power of establishing the exact stability region.

Dai [7] has shown that a stochastic multiclass network is stable if the associated fluid limit (a deterministic network) is stable. Meyn [15] has proven a partial converse result. For this reason, the exact stability conditions obtained in this paper for the fluid model are suspected to hold for stochastic queueing networks as well.

The contributions of this paper can be summarized as follows:

1. We introduce in Section 3 a new method to investigate stability of work-conserving policies in multiclass fluid networks. The method looks at the detailed structure of possible trajectories. We find the exact stability region for two-station multiclass networks. The stability condition is expressed in terms of a linear program.

2. We demonstrate, in Section 4, a duality relationship between our linear program from Section 3 and the linear program proposed in [9] using Lyapunov function methods. We, therefore, establish that piecewise linear, convex Lyapunov functions have the power of checking stability exactly for networks with two stations.

3. We find, in Section 5, new sufficient conditions for multiclass networks with more than two stations that we believe are necessary, although we were unable to establish necessity. The conditions are again expressed in terms of a linear program with a small number of variables and constraints.

2 Notation

We introduce a fluid model (α, μ, P, C) consisting of n classes C_1, . . . , C_n and J service stations 1, . . . , J as follows. Each class is served at a particular station. Let σ_j be the set of classes that are served in station j. The external arrival rate for class i is α_i and the service rate is μ_i. Let α = (α_1, . . . , α_n)^′ and μ = (μ_1, . . . , μ_n)^′. After a service completion a fraction p_{ij} of class i customers becomes class j and a fraction 1 − ∑ j p_{ij} exits the system. Let P be the substochastic matrix P = (P_{ij} )_{1≤i,j≤n}. Finally, we define the J × n matrix C as follows: c_{jk} = 1 if class k is served at station j and c_{jk} = 0 otherwise. We let M = diag{μ_1, . . . , μ_n} and assume that the matrix P has spectral radius less that one.

Any scheduling policy can be described in terms of the variables T_k(t) defined as the amount of time class k is being served in the interval [0, t], and Q_k(t) defined as the queue length for class k at time t. We let T (t) = (T_1(t), . . . , T_n(t))^′ and Q(t) = (Q_1(t), . . . , Q_n(t))^′.

Throughout the paper we call Q(t) the trajectory of the fluid process under the allocation process T (t). Given the initial condition Q(0), the dynamics of the queue length process are as follows:

Q_k(t) = Q_k(0) + α_kt + n∑ i=1 μ_iT_i(t)p_{ik} − μ_kT_k(t) ≥ 0, k = 1, . . . , n,

or in matrix form:

Q(t) = Q(0) + αt + [P^′ − I]MT (t) ≥ 0.

We assume that the allocation process satisfies the following conditions:

1. T (0) = 0.

2. (Feasibility) For any t_2 > t_1 ≥ 0 and any station i: ∑ k∈σ_i

[T_k(t_2) − T_k(t_1)] ≤ t_2 − t_1, (1)

and T_k(t) is nondecreasing.

3. (Work-conservation) If for all t ∈ [t_1, t_2] we have ∑ k∈σ_i Qk(t) > 0 for some station i, then ∑ k∈σ_i

[T_k(t_2) − T_k(t_1)] = t_2 − t_1. (2)

Any scheduling policy satisfying all the above properties is called a (feasible) work-conserving policy.

An alternative characterization of the above requirements is to introduce for any station i, the cumulative idling process: U_i(t) = t − ∑ k∈σ_i

T_k(t).

The feasibility condition (1) then requires that U_i(t) be nonnegative and nondecreasing, while the work-conservation condition is rewritten as follows: if for all t ∈ [t_1, t_2] we have ∑ k∈σ_i Qk(t) > 0, then

U_i(t_1) = U_i(t_2). (3)

Following Chen [5], a fluid network (α, μ, P, C) is said to be (globally) stable for all work-conserving policies if for every work-conserving allocation process T (t) and every initial condition Q(0), there exists a finite time t_0 such that Q(t) = 0 for all t ≥ t_0. Rybko and Stolyar [17] show that this is equivalent to the weaker condition: for every work-conserving allocation process T (t) and every initial condition Q(0), there exists a finite time t_0 such that Q(t_0) = 0. We will use this as our working definition of stability.

A necessary condition for stability (see Chen [5]) is that the traffic intensity vector ρ defined by ρ = CM^{−1}[I − P^′]^{−1}α, satisfies ρ < e, (4) where e = (1, . . . , 1)^′. As mentioned in the introduction, for general multiclass networks with feedback, this condition is not sufficient. Our goal in the next section is to establish necessary and sufficient conditions for the stability of a multiclass fluid network with two stations, given that ρ < e. In preparation for this analysis, we introduce some further notation.

We refer to Q(t) ∈ R^n_+ as the state of the system at time t ≥ 0. We partition the set R^n_+ − {0} of nonzero states into the following finite family of subspaces. For any non-empty set of service stations S ⊂ {1, 2, . . . , J}, we let

R_S = {x ∈ R^n_+ : ∀i ∈ S, ∑ k∈σ_i

x_k > 0, and ∀i /∈ S, ∑ k∈σ_i

x_k = 0},

i.e., R_S corresponds to states for which all stations in S are busy, while all other stations have empty buffers.

Figure 1: The times t_i for a typical trajectory.

3 Stability conditions for multiclass two-station fluid networks

In this section we establish necessary and sufficient conditions for stability, for the case where J = 2, i.e., for multiclass networks with two stations. Throughout this section, we assume that ρ < e, since otherwise the system is unstable.

We denote by R_1, R_2 and R_{12} the subspaces corresponding to S = {1}, {2}, {1, 2}, respectively, as defined at the end of Section 2. In particular, for Q ∈ R_1 station 2 has no customers, for Q ∈ R_2 station 1 has no customers, while for Q ∈ R_{12} both stations have customers in queue. The proposition that follows states that a trajectory can be broken down into subtrajectories of four different types.

Proposition 1 Consider a stable work-conserving trajectory Q(t) and let τ be the smallest time such that Q(τ) = 0. There exists a (finite or infinite) nondecreasing sequence t_i such that sup_i t_i = τ and such that for all times less than τ the following hold: Q(t_{4m+1}) ∈ R_1 and for t ∈ [t_{4m+1}, t_{4m+2}], Q(t) ∈ R_1 ∪ R_{12}; Q(t_{4m+2}) ∈ R_1 and for t ∈ (t_{4m+2}, t_{4m+3}), Q(t) ∈ R_{12}; Q(t_{4m+3}) ∈ R_2 and for t ∈ [t_{4m+3}, t_{4m+4}], Q(t) ∈ R_2 ∪ R_{12}; Q(t_{4m+4}) ∈ R_2 and for t ∈ (t_{4m+4}, t_{4m+5}), Q(t) ∈ R_{12}.

Proof: This is a simple consequence of the fact that starting in R_1, the system can get to R_2 only by first going through R_{12}, and vice versa; see Figure 1. In particular, once t_{4m+1} has been defined, we may let t_{4m+3} = min{t > t_{4m+1} | Q(t) ∈ R_2} and t_{4m+2} = max{t < t_{4m+3} | Q(t) ∈ R_1}. [In case Q(t) never enters R_2 after time t_{4m+1}, then the preceding definition of t_{4m+3} is inapplicable; however, in this case, the system gets to Q(τ) = 0 without ever leaving R_1 ∪ R_{12}. Thus, [t_{4m+1}, τ) can be taken as the last interval.] Having thus defined t_{4m+3}, the times t_{4m+4} and t_{4m+5} are defined similarly. �

3.1 Bounds for the strong busy period of stable work-conserving policies In this subsection we find an upper bound on the time that stable work-conserving policies take to empty the fluid network starting with an initial condition Q(0). This time is usually called the strong busy period. This result is of independent interest, as it contributes to our understanding of the performance of the network; it is also the key to our stability analysis in the next subsection.

Proposition 2 Consider a stable work-conserving policy T (t) starting with initial condition Q(0) ≠ 0. Let τ be the smallest time such that Q(τ) = 0. Then, τ is bounded above by the optimal value of the following linear program to be called LP [Q(0)]:

maximize 4∑ j=1 τ_j

subject to τ_1 = ∑ k∈σ_1

τ^1_k , τ_1 ≥ ∑ k∈σ_2

τ^1_k ,

τ_2 = ∑ k∈σ_1

τ^2_k , τ_2 = ∑ k∈σ_2

τ^2_k ,

τ_3 ≥ ∑ k∈σ_1

τ^3_k , τ_3 = ∑ k∈σ_3

τ^3_k ,

τ_4 = ∑ k∈σ_1

τ^4_k , τ_4 = ∑ k∈σ_2

τ^4_k ,

∀ k ∈ σ_2 : α_kτ_1 + n∑ i=1 μ_ip_{ik}τ^1_i − μ_kτ^1_k = 0,

α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≥ 0,

α_kτ_4 + n∑ i=1 μ_ip_{ik}τ^4_i − μ_kτ^4_k ≤ 0,

∀ k ∈ σ_1 : α_kτ_3 + n∑ i=1 μ_ip_{ik}τ^3_i − μ_kτ^3_k = 0, α_kτ_4 + n∑ i=1 μ_ip_{ik}τ^4_i − μ_kτ^4_k ≥ 0,

α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≤ 0,

∀k ∈ {1, . . . , n} : α_k 4∑ j=1 τ_j + n∑ i=1 μ_ip_{ik} 4∑ j=1 τ^j_i − μ_k 4∑ j=1 τ^j_k = −Q_k(0), (5)

τ_j ≥ 0, τ^j_k ≥ 0.

Proof: Consider a stable work conserving policy with initial condition Q(0) ≠ 0. Without loss of generality, we only provide the proof for the case Q(0) ∈ R_1; the proof for the other cases is essentially identical. Let t_1 = 0 and let the times t_j be as in the statement of Proposition 1. For j = 1, . . . , 4 we introduce the following variables: τ_j = ∞∑ m=0 (t_{4m+j+1} − t_{4m+j} ) (6) and τ^j_k = ∞∑ m=0 (T_k(t_{4m+j+1}) − T_k(t_{4m+j} )). (7)

Intuitively, τ_1 is the total amount of time the trajectory spends in R_1 as well as in excursions from R_1 into R_{12} and back into R_1; τ_2 is the total amount of time the trajectory spends in R_{12} coming from R_1 and going to R_2; τ_3 is the total amount of time the trajectory spends in R_2 as well as in excursions from R_2 into R_{12} and back into R_2; finally, τ_4 is the total amount of time the trajectory spends in R_{12} coming from R_2 and going to R_1. Clearly τ_j ≥ 0 and the first time that Q(t) becomes zero is given by τ = τ_1 + τ_2 + τ_3 + τ_4. Note that for every class k, τ^1_k , τ^2_k , τ^2_k and τ^4_k is the total work allocated to class k, during the time intervals that enter in the definitions of τ_1, τ_2, τ_3, τ_4, respectively.

For all t ∈ [t_{4m+1}, t_{4m+2}], we have Q(t) ∈ R_1 ∪ R_{12}, and therefore ∑ k∈σ_1 Qk(t) > 0. Because the

policy is work-conserving,

t_{4m+2} − t_{4m+1} = ∑ k∈σ_1

(T_k(t_{4m+2}) − T_k(t_{4m+1})). (8)

By summing over m ≥ 0 we obtain that τ_1 = ∑ k∈σ_1

τ^1_k ,

which simply expresses the work conservation in station 1, while the trajectory is in R_1 ∪ R_{12} (station 1 busy). Similarly, work conservation for station 2, while the trajectory is in R_2 ∪ R_{12} (station 2 busy) leads to τ_3 = ∑ k∈σ_2

τ^2_k .

Moreover, for t ∈ (t_{4m+2}, t_{4m+3}) ∪ (t_{4m+4}, t_{4m+5}), we have Q(t) ∈ R_{12}, and work conservation for both stations leads to τ_2 = ∑ k∈σ_1

τ^2_k = ∑ k∈σ_2

τ^2_k , τ_4 = ∑ k∈σ_1

τ^4_k = ∑ k∈σ_2

τ^4_k .

For every station j, we have ∑ k∈σ_j

(T_k(t_{i+1}) − T_k(t_i)) ≤ t_{i+1} − t_i, leading to τ_1 ≥ ∑ k∈σ_2

τ^1_k , τ_3 ≥ ∑ k∈σ_1

τ^2_k .

By definition of the times t_i, we have Q(t_{4m+1}) ∈ R_1 and Q(t_{4m+2}) ∈ R_1. Thus, for all k ∈ σ_2 we have Q_k(t_{4m+1}) = Q_k(t_{4m+2}) = 0, which leads to

α_k(t_{4m+2} − t_{4m+1}) + n∑ i=1 μ_ip_{ik}(T_i(t_{4m+2}) − T_i(t_{4m+1})) − μ_k(T_k(t_{4m+2}) − T_k(t_{4m+1})) = 0, k ∈ σ_2.

Summing over all m ≥ 0, we obtain α_kτ_1 + n∑ i=1 μ_ip_{ik}τ^1_i − μ_kτ^1_k = 0, k ∈ σ_2.

Similarly, for k ∈ σ_1, we have Q_k(t_{4m+3}) = Q_k(t_{4m+4}) = 0, which yields

α_k(t_{4m+4} − t_{4m+3}) + n∑ i=1 μ_ip_{ik}(T_i(t_{4m+4}) − T_i(t_{4m+3})) − μ_k(T_k(t_{4m+4}) − T_k(t_{4m+3})) = 0, k ∈ σ_1, and leads to α_kτ_3 + n∑ i=1 μ_ip_{ik}τ^3_i − μ_kτ^3_k = 0, k ∈ σ_1.

Since Q(t_{4m+2}) ∈ R_1 and Q(t_{4m+3}) ∈ R_2, we obtain 0 = Q_k(t_{4m+2}), k ∈ σ_2 and 0 ≤ Q_k(t_{4m+3}), k ∈ σ_2, which implies that for all k ∈ σ_2, Q_k(t_{4m+3}) − Q_k(t_{4m+2}) ≥ 0, leading to

α_k(t_{4m+3} − t_{4m+2}) + n∑ i=1 μ_ip_{ik}(T_i(t_{4m+3}) − T_i(t_{4m+2})) − μ_k(T_k(t_{4m+3}) − T_k(t_{4m+2})) ≥ 0, k ∈ σ_2.

Summing over all m ≥ 0, we obtain α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≥ 0, k ∈ σ_2.

Similarly, for all k ∈ σ_1, Q_k(t_{4m+3}) − Q_k(t_{4m+2}) ≤ 0, leading to

α_k(t_{4m+3} − t_{4m+2}) + n∑ i=1 μ_ip_{ik}(T_i(t_{4m+3}) − T_i(t_{4m+2})) − μ_k(T_k(t_{4m+3}) − T_k(t_{4m+2})) ≤ 0, k ∈ σ_1, and therefore, α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≤ 0, k ∈ σ_1.

Finally, since Q(t_{4m+4}) ∈ R_2 and Q(t_{4m+5}) ∈ R_1, we obtain:

α_k(t_{4m+5} − t_{4m+4}) + n∑ i=1 μ_ip_{ik}(T_i(t_{4m+5}) − T_i(t_{4m+4})) − μ_k(T_k(t_{4m+5}) − T_k(t_{4m+4})) ≥ 0, k ∈ σ_1,

α_k(t_{4m+5} − t_{4m+4}) + n∑ i=1 μ_ip_{ik}(T_i(t_{4m+5}) − T_i(t_{4m+4})) − μ_k(T_k(t_{4m+5}) − T_k(t_{4m+4})) ≤ 0, k ∈ σ_2, leading respectively to α_kτ_4 + n∑ i=1 μ_ip_{ik}τ^4_i − μ_kτ^4_k ≥ 0, k ∈ σ_1, α_kτ_4 + n∑ i=1 μ_ip_{ik}τ^4_i − μ_kτ^4_k ≤ 0, k ∈ σ_2.

Recall that τ =

∑_4

j=1 τ_j. Then, from the dynamics of the network Q_k(τ) = Q_k(0) + α_kτ + n∑ i=1 μ_ip_{ik} 4∑ j=1 τ^j_i − μ_k 4∑ j=1 τ^j_k .

Since Q(τ) = 0, we obtain α_kτ + n∑ i=1 μ_ip_{ik} 4∑ j=1 τ^j_i − μ_k 4∑ j=1 τ^j_k = −Q_k(0), k = 1, . . . , n.

We have shown that all of the constraints of the linear program LP [Q(0)] must be satisfied and therefore τ must be bounded above by the value of this linear program. � The linear program LP[Q(0)] gives an upper bound on the strong busy period of all stable workconserving policies. Similarly, if we minimize

∑_4

i=1 τ_i we find a lower bound on the time it takes for the network to empty using a work-conserving policy starting from an initial condition Q(0). The lower bound is particularly interesting as it gives information on the least possible emptying time.

3.2 Sufficient conditions for stability In this subsection, we derive sufficient conditions for stability of the fluid network. The sufficient conditions involve the linear program LP[0] which is defined exactly as the linear program LP[Q(0)] of the preceding subsection, except that the right–hand side variables Q_k(0) in the constraints (5) are set to zero.

Theorem 1 (Sufficient Conditions for stability) Consider the following set of linear inequalities in 4(n + 1) variables τ_1 = ∑ k∈σ_1

τ^1_k , τ_1 ≥ ∑ k∈σ_2

τ^1_k , (9) τ_2 = ∑ k∈σ_1

τ^2_k , τ_2 = ∑ k∈σ_2

τ^2_k , (10) τ_3 ≥ ∑ k∈σ_1

τ^2_k , τ_3 = ∑ k∈σ_2

τ^3_k , (11) τ_4 = ∑ k∈σ_1

τ^4_k , τ_4 = ∑ k∈σ_2

τ^4_k , (12) ∀ k ∈ σ_2 : α_kτ_1 + n∑ i=1 μ_ip_{ik}τ^1_i − μ_kτ^1_k = 0, (13)

α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≥ 0, (14)

α_kτ_4 + n∑ i=1 μ_ip_{ik}τ^4_i − μ_kτ^4_k ≤ 0, (15) ∀ k ∈ σ_1 : α_kτ_3 + n∑ i=1 μ_ip_{ik}τ^3_i − μ_kτ^3_k = 0, (16)

α_kτ_4 + n∑ i=1 μ_ip_{ik}τ^4_i − μ_kτ^4_k ≥ 0, (17)

α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≤ 0, (18) ∀k ∈ {1, . . . , n} : α_k 4∑ j=1 τ_j + n∑ i=1 μ_ip_{ik} 4∑ j=1 τ^j_i − μ_k 4∑ j=1 τ^j_k = 0, (19) τ_j ≥ 0, τ^j_k ≥ 0, to be referred to as LP [0]. If LP [0] has zero as the only feasible solution, then the multiclass fluid network (α, μ, P, C) is stable for all work-conserving policies.

Proof: Let us assume that zero is the only feasible solution of LP [0]. Let us also assume that there exists an initial condition Q(0) ≠ 0 and a work-conserving policy such that Q(t) never becomes zero. We will derive a contradiction.

Recall that the constraints in LP [0] and in LP [Q(0)] are the same except that the right hand-side in (5) is changed from −Q_k(0) to zero. Using linear programming theory ([1]) and since 0 is the only feasible solution of LP [0], it follows that the feasible set of LP [Q(0)] is bounded. Let Z be the optimal value of the objective function in LP [Q(0)], which is finite.

Let us now consider the unstable policy starting from Q(0). Let us follow this policy up to time Z; from then on, let us switch to some stable work-conserving policy (under our standing assumption that ρ < e, it is known that such a policy exists.) We then obtain a work-conserving policy that, starting from Q(0), eventually leads the state to zero, say at some time τ. By construction τ > Z. On the other hand, Proposition 2 asserts that τ ≤ Z. This is a contradiction and the proof is complete. �

3.3 Necessary conditions for stability In this section we show that the conditions of Theorem 1 are also necessary. In particular, we show that if the linear program LP [0] has a nonzero solution (τ_j, τ^j_k ), j = 1, . . . , 4, k = 1, . . . , n, then there exists a work-conserving policy and an initial condition Q(0) ≠ 0, such that for some time τ > 0, Q(τ) = Q(0). By repeating the same policy each time that the state Q(0) is revisited, the system never empties and therefore the fluid network is unstable. In preparation of the instability theorem we prove the following proposition.

Proposition 3 If (τ_j , τ^j_k ), j = 1, . . . , 4, k = 1, . . . , n, is a nonzero solution of LP [0], then τ_j > 0 for all j = 1, . . . , 4. Proof Suppose τ_1 = 0. Then from (9) τ^1_k = 0 for all k = 1, . . . , n and therefore, from (19) we obtain for all k = 1, . . . , n, α_k(τ_2 + τ_3 + τ_4) + n∑ i=1 μ_ip_{ik}(τ^2_i + τ^3_i + τ^4_i ) − μ_k(τ^2_k + τ^2_k + τ^4_k ) = 0

or in matrix form, with τ^j = (τ^j_1 , . . . , τ^j_n)^′, α(τ_2 + τ_3 + τ_4) + [P^′ − I]M[τ^2 + τ^3 + τ^4] = 0 Multiplying both sides from the left by CM^{−1}[I − P^′]^{−1} we obtain ( ρ_1 − 1 ρ_2 − 1 ) (τ_2 + τ_3 + τ_4) + ( τ_2 + τ_3 + τ_4 − ∑ k∈σ_1 (τ 2 k + τ^3_k + τ^4_k ) τ_2 + τ_3 + τ_4 − ∑ k∈σ_2 (τ 2 k + τ^2_k + τ^4_k ) ) = 0.

But from (10), (11) and (12) we obtain

τ_2 + τ_3 + τ_4 = ∑ k∈σ_2

(τ^2_k + τ^3_k + τ^4_k ).

Since τ_2 + τ_3 + τ_4 > 0, we obtain that ρ_2 = 1, a contradiction. A similar argument shows that τ_3 > 0.

Suppose now that τ_2 = 0. From (10), τ^2 = (τ^2_1 , . . . , τ^2_n) = 0, while from (13), (15), and (19), we obtain that α_kτ_3 + n∑ i=1 μ_ip_{ik}τ^3_i − μ_kτ^3_k ≥ 0, k ∈ σ_2.

From (16) we obtain α_kτ_3 + n∑ i=1 μ_ip_{ik}τ^3_i − μ_kτ^3_k = 0, k ∈ σ_1.

Combining these two equations in matrix form, we obtain

ατ_3 + [P^′ − I]Mτ^3 ≥ 0.

Multiplying both sides of the inequality by CM^{−1}[I − P^′]^{−1}, we obtain ( ρ_1 − 1 ρ_2 − 1 ) τ_3 + ( τ_3 − ∑ k∈σ_1 τ 3 k τ_3 − ∑ k∈σ_2 τ 3 k ) ≥ 0.

Since from (11), τ_3 = ∑ k∈σ_2 τ 3 k and τ_3 > 0, we obtain that ρ_2 = 1, a contradiction. By a similar argument τ_4 > 0. � We next prove that the condition of Theorem 1 is also necessary.

Theorem 2 (Necessary Conditions for stability) If the linear program LP [0] has a nonzero solution, then there exists a work-conserving policy under which the multiclass fluid network (α, μ, P, C) is unstable.

Proof:

Let (τ_j , τ^j_k ) be a nonzero solution of the linear program LP [0]. We will construct an initial condition Q(0) ∈ R_1 and a work-conserving policy, such that for some time τ > 0, Q(τ) = Q(0). It will follow that there exists a work-conserving policy under which the system never empties and therefore the fluid network is unstable. Let Q_k(0) = −(α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ), k ∈ σ_1 (20) and Q_k(0) = 0, k ∈ σ_2.

Constraint (18) guarantees that Q(0) ≥ 0. We next show that ∑ k∈σ_1 Qk(0) > 0, i.e., Q(0) ∈ R1. If

Q(0) = 0, then, for all k ∈ σ_1 α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k = 0

Moreover, from (14) for all k ∈ σ_2

α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≥ 0.

In matrix form, with τ^i = (τ^i_1, . . . , τ^i_n)^′, the previous equations become

ατ_2 + [P^′ − I]Mτ^2 ≥ 0.

Multiplying by CM^{−1}[I − P^′]^{−1}, we obtain ( ρ_1 − 1 ρ_2 − 1 ) τ_2 + ( τ_2 − ∑ k∈σ_1 τ 2 k τ_2 − ∑ k∈σ_2 τ 2 k ) ≥ 0.

From (10), we have τ_2 = ∑ k∈σ_1 τ 2 k = ∑ k∈σ_2 τ 2 k . From Proposition 3, τ_2 > 0, so ρ_1, ρ_2 ≥ 1, a contradiction and therefore, Q(0) ≠ 0.

We next construct the following allocation process for k = 1, . . . , n:

T_k(t) =

t τ_2 τ 2 k t ∈ [0, τ_2];

τ^2_k +^{t−τ2}_{τ3} τ^2_k t ∈ (τ_2, τ_2 + τ_3]; τ^2_k + τ^2_k +^{t−τ2−τ3}_{τ4} τ^4_k t ∈ (τ_2 + τ_3, τ_2 + τ_3 + τ_4]; τ^2_k + τ^2_k + τ^4_k +^{t−τ2−τ3−τ4}_{τ1} τ^1_k t ∈ (τ_2 + τ_3 + τ_4, τ_2 + τ_3 + τ_4 + τ_1].

We show that the above allocation process is both feasible and work-conserving.

We first consider the first interval [0, τ_2]. By the dynamics of the fluid network for this allocation process and starting from the initial condition given above we obtain from (20) and (14)

Q_k(τ_2) = 0, k ∈ σ_1

Q_k(τ_2) = α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k ≥ 0, k ∈ σ_2.

We next show that ∑ k∈σ_2

Q_k(τ_2) > 0, so Q(τ_2) ∈ R_2. If not, then Q_k(τ_2) = 0 k ∈ σ_2 or α_kτ_2 + n∑ i=1 μ_ip_{ik}τ^2_i − μ_kτ^2_k = 0, k ∈ σ_2,

then from (13) and (19) we obtain that

α_k(τ_3 + τ_4) + n∑ i=1 μ_ip_{ik}(τ^3_i + τ^4_i ) − μ_k(τ^3_k + τ^4_k ) = 0, k ∈ σ_2.

Also from (16) and (17) we obtain that

α_k(τ_3 + τ_4) + n∑ i=1 μ_ip_{ik}(τ^3_i + τ^4_i ) − μ_k(τ^3_k + τ^4_k ) ≥ 0, k ∈ σ_1.

Written in matrix from, the two previous relations become

α(τ_3 + τ_4) + [P^′ − I]M(τ^3 + τ^4) ≥ 0.

Multiplying by CM^{−1}[I − P^′]^{−1}, we obtain ( ρ_1 − 1 ρ_2 − 1 ) (τ_3 + τ_4) + ( τ_3 + τ_4 − ∑ k∈σ_1 (τ 2 k + τ^4_k ) τ_3 + τ_4 − ∑ k∈σ_2 (τ 2 k + τ^4_k ) ) ≥ 0.

Since τ_3 + τ_4 = ∑ k∈σ_2 (τ 2 k + τ^4_k ) and τ_3 + τ_4 > 0, we obtain ρ_2 ≥ 1, a contradiction, and therefore ∑ k∈σ_2 Qk(τ2) > 0.

Since the allocation process is linear, we obtain:

∀t ∈ [0, τ_2], Q(t) ≥ 0, and ∀t ∈ (0, τ_2), Q(t) ∈ R_{12}, i.e., the allocation process is feasible. We next show that it is also work-conserving. From (10) t = ∑ k∈σ_1 t τ_2 τ^2_k = ∑ k∈σ_2 t τ_2 τ^2_k

or equivalently ∀t ∈ [0, τ_2] : U_1(t) = U_2(t) = U_1(0) = U_2(0) = 0, and the process is indeed work-conserving.

In the interval (τ_2, τ_2 + τ_3], we prove similarly that for k ∈ σ_2 we have Q_k(τ_2 + τ_3) ≥ 0 and ∑ k∈σ_2 Qk(τ2 + τ3) > 0. Therefore, Q(τ2 + τ3) ∈ R2, and since Q(τ2) ∈ R2, we obtain by linearity that

∀t ∈ [τ_2, τ_2 + τ_3], Q(t) ∈ R_2.

Work-conservation is shown similarly.

Similarly, we show that in the interval t ∈ (τ_2 + τ_3, τ_2 + τ_3 + τ_4], Q(t) ∈ R_{12} and in the interval t ∈ [τ_2 + τ_3 + τ_4, τ_2 + τ_3 + τ_4 + τ_1], Q(t) ∈ R_1, while the process is work-conserving.

In addition, because of (19), Q(τ_1 + τ_2 + τ_3 + τ_4) = Q(0). It follows that the fluid network never empties for this work-conserving feasible policy, and is unstable. � The necessity proof has identified a particular way that an unstable work-conserving trajectory materializes, leading to some insight as to how instability may be reached. In particular, we have shown that if there exists an unstable trajectory, then there exists a periodic trajectory with a particular structure.

Combining Theorems 1 and 2 we obtain the main theorem of this section.

Theorem 3 A two–station multiclass fluid network (α, μ, P, C) is stable for all work conserving policies if and only if the load condition ρ < e holds and the linear program LP [0] has zero as the only feasible solution.

3.4 A special case To illustrate the use (as well as the power) of Theorem 3 we prove that a two-station fluid network, in which one of the two stations has only one class, is stable provided that the load condition (4) is satisfied. This generalizes previous results obtained by Kumar [10] and Meyn and Down [9] for a three–class, two–station network.

Theorem 4 A fluid network satisfying the load condition ρ < e with two stations and such that only one class is served by station 2 (|σ_2| = 1) is stable.

Proof: We show that the corresponding linear program LP [0] cannot have a nonzero solution. For the purposes of contradiction suppose that (τ_j, τ^j_k ) is a nonzero solution to LP [0]. Let σ_2 = {l}. We distinguish two cases:

Case 1: α_lτ_3 +

∑_n

i=1 μ_ip_{il}τ^3_i − μ_lτ^3_l ≥ 0. From (16): α_kτ_3 + ∑ i=1 μ_ip_{ik}τ^3_i − μ_kτ^2_k = 0, ∀k ∈ σ_1.

We combine the previous relations in matrix form as follows:

ατ_3 + [P^′ − I]Mτ^3 ≥ 0.

We multiply both sides by CM^{−1}[I − P^′]^{−1} to obtain: ( ρ_1 − 1 ρ_2 − 1 ) τ_3 + ( τ_3 − ∑ k∈σ_1 τ 2 k τ_3 − τ^3_l ) ≥ 0.

But from (11) we obtain τ_3 = τ^3_l and from Proposition 3, we obtain τ_3 > 0, leading to ρ_2 = 1, a contradiction. Case 2 : α_lτ_3 +

∑_n

i=1 μ_ip_{il}τ^3_i − μ_lτ^3_l ≤ 0. From (19), we obtain

α_l(τ_4 + τ_1 + τ_2) + n∑ i=1 μ_ip_{il}(τ^4_i + τ^1_i + τ^2_i ) − μ_l(τ^4_l + τ^1_l + τ^2_l ) ≥ 0.

Moreover, from (16) and (19) we obtain

α_k(τ_4 + τ_1 + τ_2) + n∑ i=1 μ_ip_{ik}(τ^4_i + τ^1_i + τ^2_i ) − μ_k(τ^4_k + τ^1_k + τ^2_k ) = 0, k ∈ σ_1,

which, in matrix form, becomes

α(τ_4 + τ_1 + τ_2) + [P^′ − I]M(τ^4 + τ^1 + τ^2) ≥ 0.

Multiplying both sides by CM^{−1}[I − P^′]^{−1} we obtain: ( ρ_1 − 1 ρ_2 − 1 ) (τ_4 + τ_1 + τ_2) + ( τ_4 + τ_1 + τ_2 − ∑ k∈σ_1 (τ 4 k + τ^1_k + τ^2_k ) τ_4 + τ_1 + τ_2 − (τ^4_l + τ^1_l + τ^2_l ) ) ≥ 0 From (9), (10), and (12)we obtain

τ_4 + τ_1 + τ_2 = ∑ k∈σ_1

(τ^4_k + τ^1_k + τ^2_k ),

and since τ_4 + τ_1 + τ_2 > 0, then ρ_1 = 1, a contradiction. �

4 On the power of piecewise linear Lyapunov functions

It is well known that a multiclass fluid network is stable under all work conserving policies if and only if there exists a Lyapunov function which decreases along all possible trajectories. An example of such a function is the maximum (over all work conserving policies) of the time it takes for the system to empty. However, in order to prove that a system is stable, one needs to explicitly construct such a Lyapunov function, and this can be quite difficult. One possibility that has been investigated recently is to restrict to a class of convex Lyapunov functions (quadratic or piecewise linear) and to use mathematical programming techniques in order to identify a suitable Lyapunov function within such a class (Kumar and Meyn [12], Botvich and Zamyatin [4], Dai and Weiss [8], Down and Meyn [9]).

These papers, however, leave open the question of whether convex Lyapunov functions have the power to establish (sharp) necessary and sufficient conditions for stability. In other words, is it true that a system is stable under all work conserving policies if and only if there exists a convex Lyapunov function that testifies to this?

In this section we give a positive answer to this question for the case of a piecewise linear, convex Lyapunov function and a two station multiclass fluid network. Concretely, we will show that a twostation network is stable if and only if the linear program constructed by Meyn and Down in [9] has a feasible solution. This solution (as discussed in [9]), if it exists, provides a certain piecewise linear Lyapunov function which guarantees stability. In particular, we will demonstrate that the dual of this linear program is a relaxation of the linear program LP[0] constructed in the previous section. Finally we will significantly simplify LP[0] and construct a linear program with only 2n variables that exactly characterizes stability.

4.1 Piecewise linear Lyapunov function and duality The goal of this section is to establish that the linear program LP[0] derived in the previous section and the linear program derived by Meyn and Down in [9] are related through linear programming duality. This relation will lead to a proof that the linear program derived in [9] exactly characterizes stability for two station multiclass fluid networks.

Consider a multiclass fluid network (α, μ, P, C) with two stations, which is a reentrant line. Namely, there is only a single arrival stream of customers, i.e., α_1 = λ, α_2 = . . . = α_n = 0. These customers are processed deterministically from class k to class k + 1 (p_{k,k+1} = 1 for k = 1, 2, . . . , n − 1, p_{ij} = 0 otherwise). Meyn and Down [9] proved that if the following linear program

λL_1 + μ_i(L_{i+1} − L_i) ≤ −1 i ∈ σ_1 λQ_1 + μ_j(Q_{j+1} − Q_j ) ≤ −1 j ∈ σ_2 λL_1 + μ_i(L_{i+1} − L_i) + μ_j(L_{j+1} − L_j ) ≤ −1 i ∈ σ_1, j ∈ σ_2 λQ_1 + μ_i(Q_{i+1} − Q_i) + μ_j(Q_{j+1} − Q_j ) ≤ −1 i ∈ σ_1, j ∈ σ_2 L_i ≥ Q_i i ∈ σ_1 L_j ≤ Q_j j ∈ σ_2 L ≥ 0, Q ≥ 0,

is feasible, then the piecewise linear function Φ(x) = max(L^′x, Q^′x), for x ≥ 0, is a Lyapunov function and therefore the network is stable for all work-conserving policies.

We can easily extend this linear program to a general multiclass two-station fluid network (α, μ, P, C), i.e., not necessarily a reentrant line. If the following linear program (we call it LP[md]) (X_i)

∑_n k=1 L_kα_k +

∑_n

k=1 L_kp_{ik}μ_i − L_iμ_i + V ≤ −1 i ∈ σ_1 (X_j )

∑_n

k=1 L_kp_{jk}μ_j − L_jμ_j ≤ V j ∈ σ_2 (Y_j )

∑_n

k=1 Q_kα_k +

∑_n

k=1 Q_kp_{jk}μ_j − Q_j μ_j + W ≤ −1 j ∈ σ_2 (Y_i)

∑_n

k=1 Q_kp_{ik}μ_i − Q_iμ_i ≤ W i ∈ σ_1 (m_i) L_i ≥ Q_i i ∈ σ_1 (n_j ) L_j ≤ Q_j j ∈ σ_2 L, Q, V, W ≥ 0 is feasible, then a piecewise linear function Φ(x) = max(L^′x, Q^′x), is a Lyapunov function and therefore the network is stable for all work-conserving policies (the associated dual variables are indicated in parenthesis).

Let the objective function in LP[md] be to maximize 0L + 0Q + 0V + 0W and consider the dual LP. It is a homoheneous LP in the variables X_k, Y_k, k = 1, 2, . . . , n, m_k, k ∈ σ_1, n_k, k ∈ σ_2 which has the following form:

maximize − ∑ i∈σ_1 Xi − ∑ j∈σ_2 Yj

subject to α_k ∑ i∈σ_1 Xi +

∑_n

i=1 μ_ip_{ik}X_i − μ_kX_k − m_k ≤ 0 k ∈ σ_1 α_k ∑ j∈σ_2 Yj +

∑_n

i=1 μ_ip_{ik}Y_i − μ_kY_k + m_k ≤ 0 k ∈ σ_1 α_k ∑ i∈σ_1 Xi +

∑_n

i=1 μ_ip_{ik}X_i − μ_kX_k + n_k ≤ 0 k ∈ σ_2 α_k ∑ j∈σ_2 Yj +

∑_n

i=1 μ_ip_{ik}Y_i − μ_kY_k − n_k ≤ 0 k ∈ σ_2 ∑ i∈σ_1 Xi ≤ ∑ j∈σ_2 Xj ∑ j∈σ_2 Yj ≤ ∑ i∈σ_1 Yi

X, Y, m, n ≤ 0

By multiplying objective function, constraints and variables by -1 we obtain the following equivalent linear pogram:

maximize ∑ i∈σ_1 Xi + ∑ j∈σ_2 Yj

subject to α_k ∑ i∈σ_1 Xi +

∑_n

i=1 μ_ip_{ik}X_i − μ_kX_k − m_k ≥ 0 k ∈ σ_1 α_k ∑ j∈σ_2 Yj +

∑_n

i=1 μ_ip_{ik}Y_i − μ_kY_k + m_k ≥ 0 k ∈ σ_1 α_k ∑ i∈σ_1 Xi +

∑_n

i=1 μ_ip_{ik}X_i − μ_kX_k + n_k ≥ 0 k ∈ σ_2 α_k ∑ j∈σ_2 Yj +

∑_n

i=1 μ_ip_{ik}Y_i − μ_kY_k − n_k ≥ 0 k ∈ σ_2 ∑ i∈σ_1 Xi ≥ ∑ j∈σ_2 Xj ∑ j∈σ_2 Yj ≥ ∑ i∈σ_1 Yi

X, Y, m, n ≥ 0

which we call DLP[md].

Lemma 5 LP[md] is feasible if and only if DLP[md] has zero as the only feasible solution.

Proof: follows immediately from strong duality of linear programming. We will gradually simplify DLP[md]. We start with the following lemma:

Lemma 6 DLP[md] has a nonzero feasible solution if and only if the following linear program, called DLP[1], has a nonzero feasible solution.

maximize ∑ i∈σ_1 Xi + ∑ j∈σ_2 Yj

subject to α_k ∑ i∈σ_1 Xi +

∑_n

i=1 μ_ip_{ik}X_i − μ_kX_k ≥ 0 k ∈ σ_1 (21) α_k ∑ j∈σ_1 Yj +

∑_n

i=1 μ_ip_{ik}Y_i − μ_kY_k ≥ 0 k ∈ σ_2 (22) α_k( ∑ i∈σ_1 Xi + ∑ j∈σ_2 Yj) +

∑_n

i=1 μ_ip_{ik}(X_i + Y_i) − μ_k(X_k + Y_k) ≥ 0 k = 1, 2, . . . , n(23) ∑ k∈σ_1 Xk ≥ ∑ k∈σ_2 Xk (24) ∑ k∈σ_2 Yk ≥ ∑ k∈σ_1 Yk (25)

X, Y ≥ 0

Proof: Let X_k, Y_k, m_k, n_k be a feasible nonzero solution to DLP[md]. Since, α_k ∑ i∈σ_1

X_i + n∑ i=1 μ_ip_{ik}X_i − μ_kX_k − m_k ≥ 0, m_k ≥ 0 (21) follows. Similarly, (22) follows. By adding inequalities in DLP[md] corresponding to stations σ_1 and σ_2 separately we obtain that X_k, Y_k is a feasible nonzero solution to DLP[1].

Conversely, if X_k, Y_k is a nonzero solution to DLP[1], then by setting ∀ k ∈ σ_1 : α_k ∑ i∈σ_1

X_i + n∑ i=1 μ_ip_{ik}X_i − μ_kX_k = m_k and ∀ k ∈ σ_2 : α_k ∑ j∈σ_1

Y_j + n∑ i=1 μ_ip_{ik}Y_i − μ_kY_k = n_k we obtain that X_k, Y_k, m_k, n_k is a nonzero solution to DLP[md]. � The next lemma shows that we can change inequality (23) to an equality.

Lemma 7 Let DLP[2] be a linear program obtained from DLP[1] by replacing inequality (23) with equality. Then, if the condition ρ < e holds , DLP[2] has a nonzero feasible solution if and only if DLP[1] has a nonzero feasible solution.

Proof: Trivially, if X, Y is a nonzero solution to DLP[2], then it is also a nonzero solution to DLP[1]. For the converse part, let X, Y be a nonzero solution to DLP[1]. We will construct a nonzero solution to DLP[2].

Let us rewrite (23) in matrix form as follows:

α(x + y) + [P^′ − I]M(X + Y ) ≥ 0 (26) where we define x = ∑ i∈σ_1

X_i, y = ∑ j∈σ_2

Y_j , X = (X_1, ..., X_n), Y = (Y_1, ..., Y_n) (27) Since [I − P^′]^{−1} and M^{−1} exist and are non-negative, (26) is equivalent to M^{−1}[I − P^′]^{−1}α(x + y) − (X + Y ) ≥ 0 or simply ρ(x + y) − (X + Y ) ≥ 0.

Now we will increase X_k to X̂_k for all k ∈ σ_2 so that for all k ∈ σ_2:

ρ_k(x + y) − (X̂_k + Y_k) = 0

This is possible to do because x is not affected by X_k for k ∈ σ_2. Notice also that this change can only increase the LHS of (21).

Similarly we construct Ŷ_k for all k ∈ σ_1 such that for all k ∈ σ_1

ρ_k(x + y) − (X_k + Ŷ_k) = 0

and (22) is still satisfied. Finally we show that (24) and (25) are still satisfied. We have, by construction, ∑ k∈σ_2

X̂_k + ∑ k∈σ_2

Y_k = ∑ k∈σ_2

ρ_k(x + y) = ρ_{σ2} (x + y) ≤ x + y

Since, by definition, y = ∑ k∈σ_2 Yk we obtain that ∑ k∈σ_2

X̂_k ≤ x,

i.e., (24) holds. By a similar reason (25) holds, i.e., ∑ k∈σ_1

Ŷ_k ≤ y.

The new solution X̂, Ŷ satisfies X̂ ≥ X, Ŷ ≥ Y and therefore it is nonzero. By construction it is a feasible solution to DLP[2]. �

In the remaining part of this section we will show that DLP[2] has a nonzero solution if and only if LP[0] (from Section 3) has a nonzero solution. We show first that DLP[2] is a relaxation of LP[0]: Lemma 8 Let (τ_1, τ_2, τ_3, τ_4, τ^1_k , τ^2_k , τ^3_k , τ^4_k ), k = 1, 2, . . . , n be a nonzero feasible solution to LP[0] . Let X_k = τ^4_k + τ^1_k , Y_k = τ^2_k + τ^3_k , k = 1, 2, . . . , n. Then (X_k, Y_k) is a nonzero feasible solution to DLP[2].

Proof: Combining (9) with (12) we obtain (24). Combining (10) with (11) we obtain (25). (19) shows that (23) (with equality) holds. Combining (16) with (18) we obtain that

∀ k ∈ σ_1 : α_k ∑ j∈σ_2

Y_j + n∑ i=1 μ_ip_{ik}Y_i − μ_kY_k ≤ 0.

By subtracting this from (23) (with equality) we obtain (21). (22) is obtained similarly. By construction, if (τ_1, τ_2, τ_3, τ_4, τ^1_k , τ^2_k , τ^3_k , τ^4_k ) is nonzero, then the solution (X_k, Y_k) is nonzero as well. �

We now intend to prove the more involved converse part.

Lemma 9 If there exists a nonzero solution to DLP[2], then there exists a nonzero solution to LP[0].

Proof: Let (X_k, Y_k), k = 1, 2, . . . , n be a nonzero solution to DLP[2]. Let x = ∑ i∈σ_1 Xi and y = ∑ j∈σ_2 Yj .

We will construct a nonzero solution to LP[0].

We select a number γ ∈ [0, 1]; we specify how γ is selected later. Combining (22) and (23) (with equality) we obtain α_kx + n∑ i=1 μ_ip_{ik}X_i − μ_kX_k ≤ 0, k ∈ σ_2.

Then α_kγx + n∑ i=1 μ_ip_{ik}γX_i − μ_kγX_k ≤ 0, k ∈ σ_2. (28)

Let us rewrite this as follows

α_kγx + ∑ i∈σ_1

μ_ip_{ik}γX_i + ∑ j∈σ_2

μ_ip_{ik}γX_i − μ_kγX_k ≤ 0, k ∈ σ_2. (29)

We introduce the following notation. For any vector W ∈ R^n_+ let W_{σ1} and W_{σ2} be the portion of the vector W corresponding to the indices in σ_1 and σ_2 repsectively. Also let P_{ij}, i, j = 1, 2 be the portion of the matrix P corresponding to the pairs of indices in σ_i × σ_j:

P = P_{11} P_{12} P_{21} P_{22} .

The matrices P_{12} and P_{22} are just the portions of the matrix P corresponding to flows going from station σ_1 to σ_2 and from σ_2 to itself.

We rewrite (29) in matrix form:

α_{σ2} γx + P_{12}M_{σ1} γX_{σ1} + [P_{22} − I_{σ2} ]M_{σ2} γX_{σ2} ≤ 0, (30)

The matrix P_{22} is non-negative and has spectral radius less than one. Therefore the matrix [I_{σ2} −P_{22}]^{−1} exists and is non-negative. We rewrite (30) as follows

M^{−1}_{σ2} [I_{σ2} − P_{22}]^{−1}α_{σ2} γx + M^{−1}_{σ2} [I_{σ2} − P_{22}]^{−1}P_{12}M_{σ1} γX_{σ1} − γX_{σ2} ≤ 0 (31)

We next introduce a |σ_2|-dimensional vector τ^1_{σ2}

τ^1_{σ2} = M^{−1}_{σ2} [I_{σ2} − P_{22}]^{−1}α_{σ2} γx + M^{−1}_{σ2} [I_{σ2} − P_{22}]^{−1}P_{12}M_{σ1} γX_{σ1} = γZ_{σ2} ≥ 0. (32)

From (31) it follows that τ^1_{σ2} = γZ_{σ2} ≤ γX_{σ2} . (33) We have defined thus variables τ^1_k for k ∈ σ_2. For all k ∈ σ_1 let τ^1_k = γX_k. Thus we have defined variables τ^1_k , k = 1, 2, ..., n. By construction (32), we have (13) is satisfied.

We have from (24) γx = ∑ k∈σ_1

γX_k ≥ ∑ k∈σ_2

γX_k

Then from (33) it follows that (9) is satisfied (where we set τ_1 = γx).

We next let τ^4_k = X_k − τ^1_k = (1 − γ)X_k for k ∈ σ_1, τ^4_k = X_k − τ^1_k for k ∈ σ_2 and τ_4 = (1 − γ)x. It follows from (33) that τ^4_k are non-negative for k ∈ σ_2 and therefore all the new variables τ^4_k are non-negative. From the way we introduced x in (27) it follows that the first part of (12) is satisfied. We next show that we can select γ ∈ [0, 1] so that the second part of (12) is satisfied as well. Recall that τ^1_k = γX_k, k ∈ σ_1, τ^1_k = γZ_k, k ∈ σ_2(from (32)), τ^4_k = X_k − τ^1_k = (1 − γ)X_k, k ∈ σ_1, τ^4_k = X_k − τ^1_k , k ∈ σ_2. Then ∑ k∈σ_2

τ^4_k = ∑ k∈σ_2

(X_k − τ^1_k ) and ∑ k∈σ_1

τ^4_k = (1 − γ) ∑ k∈σ_1

X_k

We claim that we can find γ such that both of the sums ∑ k∈σ_2

τ^4_k and ∑ k∈σ_1

τ^4_k

are indeed equal and (12) is therefore satisfied. In fact, consider equation ∑ k∈σ_1

τ^4_k = (1 − γ) ∑ k∈σ_1

X_k = ∑ k∈σ_2

(X_k − τ^1_k ) = ∑ k∈σ_2

(X_k − γZ_k) (34)

Recall Z_k ≤ X_k, k ∈ σ_2 from (33) and ∑ k∈σ_1

X_k ≥ ∑ k∈σ_2

X_k

from (24). Therefore ∑ k∈σ_2

Z_k ≤ ∑ k∈σ_2

X_k ≤ ∑ k∈σ_1

X_k

In case the first sum is strictly less than the third sum we take γ to be γ = ∑ k∈σ_1 Xk − ∑ k∈σ_2 Xk ∑ k∈σ_1 Xk − ∑ k∈σ_2 Zk

which from inequalities above must satisfy γ ∈ [0, 1]. If, on the other hand all sums are equal, then we take γ to be any number in [0, 1] and (34) is still satisfied.

We thus have satisfied (9), (12) and (13). We next prove that (15) and (17) are satisfied as well. Subtracting (22) from (23) (with equality) we obtain ∀ k ∈ σ_2 : α_kx + n∑ i=1 μ_ip_{ik}X_i − μ_kX_k ≤ 0, which in terms of the variables τ^1_1 , . . . , τ^1_n, τ^4_1 , . . . , τ^4_n means ∀ k ∈ σ_2 : α_k(τ_4 + τ_1) + n∑ i=1 μ_ip_{ik}(τ^4_i + τ^1_i ) − μ_k(τ^4_k + τ^1_k ) ≤ 0.

This combined with (13) proves (15). Also from (21) ∀ k ∈ σ_1 : α_k(1 − γ)x + n∑ i=1 μ_ip_{ik}(1 − γ)X_i − μ_k(1 − γ)X_k ≥ 0.

From (33) we obtain for k ∈ σ_2 τ^4_k = X_k − τ^1_k ≥ X_k − γX_k = (1 − γ)X_k.

Therefore, ∀k ∈ σ_1 : α_k(1 − γ)x + ∑ i∈σ_1

μ_ip_{ik}(1 − γ)X_i + ∑ i∈σ_2

μ_ip_{ik}τ^4_i − μ_k(1 − γ)X_k ≥

α_k(1 − γ)x + n∑ i=1 μ_ip_{ik}(1 − γ)X_i − μ_k(1 − γ)X_k ≥ 0, or, equivalently ∀ k ∈ σ_1 : α_kτ^4 + n∑ i=1 μ_ip_{ik}τ^4_i − μ_kτ^4_k ≥ 0 which is (17).

We thus constructed τ_1, τ_4, τ^1_k , τ^4_k , k = 1, 2, . . . n which satisfy (9), (12), (13), (15) and (17). The construction of τ_2, τ_3, τ^2_k , τ^3_k , k = 1, 2, . . . n is symmetrical. Finally (19) is a simple implication of (23) (with equality). If the initial solution (x, y, X_k, Y_k) is nonzero then the solution τ_1, τ_2, . . . , τ^4_n is also nonzero. This concludes the proof of the lemma. �

We now summarize the results obtained in this and the previous section.

Corollary 1 A multiclass fluid network (α, μ, P, C) with two stations is stable for all work-conserving policies if and only if one of the following equivalent conditions holds:

1. Linear program LP[md] constructed by Meyn and Down in [9] is feasible.

2. Linear program DLP[2] constructed in this section has zero as the only feasible solution.

3. Linear program LP[0] constructed in the previous section has zero as the only feasible solution.

It seems that from all three equivalent tests for stability, the second one - DLP[md] is the most economical. Unlike LP[md], it can be interpreted physically, with variables corresponding to times arising from a decomposition of trajectories. On the other hand, it has half as many variables compared to LP[0].

5 Sufficient stability conditions for a general multiclass fluid network

In this section we derive new sufficient conditions for stability of a general multiclass fluid network involving an arbitrary number J of stations. We follow the notation of Section 2. We consider an arbitrary stable trajectory with τ being the emptying time.

A time t̂ ≤ τ will be called an “emptying time for station σ” if ∑ k∈σ Q_k(t̂) = 0

and there exists an ϵ > 0 such that for all t ∈ (t̂ − ϵ, t̂): ∑ k∈σ Q_k(t) > 0

namely, t̂ is exactly the time at which station σ becomes empty. The set of all “emptying times” Λ is clearly a countable set. Let Λ = {t_1, t_2, ..., t_m, ...} For any t, t^′ ∈ Λ we will say that an interval (t, t^′) is of type σ_r, r = 1, 2, . . . , J or a σ_r -interval if t^′ is an “emptying time” of station σ_r (and no other “emptying times” are located strictly within the interval (t, t^′)). Consider the example of Figure 2. In this example there are three stations and we denote by t_{l1} , t_{l2} ..., t_{l6} the first six emptying times. Here t_{l3} , t_{l5} are the times that station 1 becomes empty, times t_{l1} , t_{l6} are the times that station 2 becomes empty and times t_{l2} , t_{l4} are the times that station 3 becomes empty. If there is a time t_{li} that two stations become empty at the same time, we assign time t arbitrarily to one of these stations. Notice that by definition, Q_k(t_{li} ) = 0 for all k ∈ σ_r if (t_{li−1} , t_{li} ) is an interval of type σ_r.

Figure 2: The emptying times t_{li} for a typical trajectory.

By writing the dynamics of the system during a σ_r-interval (t_{li−1} , t_{li} ], we obtain for k ∈ σ_r:

Q_k(t_{li} ) − Q_k(t_{li−1} ) = α_k(t_{li} − t_{li−1} ) + n∑ j=1 μ_jp_{jk} [ T_j (t_{li} ) − T_j (t_{li−1} ) ] − μ_k [ T_k(t_{li} ) − T_k(t_{li−1} ) ] . Since Q_k(t_{li} ) = 0 and Q_k(t_{li−1} ) ≥ 0 we obtain that

α_k(t_{li} − t_{li−1} ) + n∑ j=1 μ_j p_{jk} [ T_j (t_{li} ) − T_j (t_{li−1} ) ] − μ_k [ T_k(t_{li} ) − T_k(t_{li−1} ) ] ≤ 0.

Summing over all σ_r-intervals and introducing the new variables:

τ_r = ∑ (t_{li−1} ,t_{li} ] is a σ_r −interval

(t_{li} − t_{li−1} ), r = 1, . . . , J,

τ_{jr} = ∑ (t_{li−1} ,t_{li} ] is a σ_r −interval [ T_j (t_{li} ) − T_j (t_{li−1} ) ] , j = 1, . . . n, r = 1, . . . , J,

we obtain:

α_kτ_r + n∑ j=1 μ_jp_{jk}τ_{jr} − μ_kτ_{kr} ≤ 0, ∀k ∈ σ_r.

Since by definition, during a σ_r-interval, station σ_r is busy, we obtain from work-conservation that ∑ k∈σ_r [ T_k(t_{li} ) − T_k(t_{li−1} ) ] = t_{li} − t_{li−1} .

Summing over all σ_r-intervals we obtain that ∑ k∈σ_r

τ_{kr} = τ_r, r = 1, . . . , n.

Since the trajectory is feasible, ∑ k∈σ_j [ T_k(t_{li} ) − T_k(t_{li−1} ) ] ≤ t_{li} − t_{li−1} .

Summing over all σ_r-intervals we obtain that ∑ k∈σ_j

τ_{kr} ≤ τ_r, j ≠ r.

Finally, since we consider a stable trajectory, all the stations become empty for T = max t_{li} = t_L. Writing the dynamics of the trajectory we obtain that for all k = 1, . . . , n:

Q_k(t_L) − Q_k(0) = α_k L∑ i=1 (t_{li} − t_{li−1} ) + L∑ i=1 n∑ j=1 μ_jp_{jk} [ T_j(t_{li} ) − T_j (t_{li−1} ) ] − μ_k L∑ i=1 [ T_k(t_{li} ) − T_k(t_{li−1} ) ] . Using Q_k(t_L) = 0 and decomposing the sums

∑_L i=1 over σ_r-intervals we obtain

α_k J∑ r=1 τ_r + J∑ r=1 n∑ j=1 μ_jp_{jk}τ_{jr} − μ_k J∑ r=1 τ_{kr} = −Q_k(0), k = 1, . . . , n.

Using as variables the quantities τ_r and τ_{jr} and arguing exactly as in Proposition 2 we obtain the following upper bound on the duration of the strong busy period.

Proposition 4 Consider a stable work-conserving policy starting with initial condition Q(0) ≠ 0. Let τ be the smallest time such that Q(τ) = 0. Then, τ is bounded above by the optimal value ofthe following linear program to be called G[Q(0)]: maximize J∑ r=1 τ_r subject to α_kτ_r + n∑ j=1 μ_jp_{jk}τ_{jr} − μ_kτ_{kr} ≤ 0, ∀k ∈ σ_r, r = 1, . . . , J. (35) ∑ k∈σ_r

τ_{kr} = τ_r, r = 1, . . . , J. (36) ∑ k∈σ_j

τ_{kr} ≤ τ_r, j ≠ r. (37)

α_k J∑ r=1 τ_r + J∑ r=1 n∑ j=1 μ_j p_{jk}τ_{jr} − μ_k J∑ r=1 τ_{kr} = −Q_k(0), k = 1, . . . , n. (38)

τ_r, τ_{jr} ≥ 0.

We conclude this section by stating the sufficient conditions for stability.

Theorem 10 (Sufficient Conditions for stability) Suppose that the load condition (4) holds. Consider the linear program G[0] obtained by setting Q(0)=0 in G[Q(0)]. If G[0] has zero as the only feasible solution, then the multiclass network (α, μ, P, C) is stable for all work-conserving policies.

Proof: The argument is identical with the proof of Theorem 1. � Since the variables τ_r can be eliminated using (36), the proposed test for stability involves only nJ variables, and 2n + J (J − 1) constraints, which is efficiently solvable. The linear program G[0] is the direct generalization of the linear program DLP[2] in Lemma 7 for two stations, where we have subtracted inequalities (35) from (38).

6 Conclusions

For two-station multiclass fluid networks we have established necessary and sufficient conditions for stability of all work-conserving policies. We have also proved that piecewise linear Lyapunov functions establish stability sharply.

For networks with more than two stations we have established sufficient conditions for stability and we conjecture that they are also necessary. Given that in terms of stability the equivalence of fluid and stochastic networks is not fully proven (although highly suspected), our results do not yet imply necessary and sufficient conditions for stochastic networks as well.

References

[1] D. Bertsimas and J. Tsitsiklis. *****

[2] A.A. Borovkov. Limit theorems for queueing networks. J. Theory Probab. Appl.,, 31 (3), 413-427, 1986.

[3] M. Bramson. Instability of FIFO queueing networks. Ann. Appl. Probab., 2, 414-431, 1994.

[4] D. D. Botvich and A. A. Zamyatin. Ergodicity of conservative communication networks. Rapports de Recherche, no. 1772, INRIA, France, 1992.

[5] H. Chen. Fluid approximations and stability of multiclass queuing networks I: Work conserving disciplines. Ann. Appl. Probab., 5, 637-666, 1995.

[6] H. Chen and H. Zhang. Stability of multiclass queueing networks under FIFO service discipline.

Technical report, University of British Columbia, 1994.

[7] J. G. Dai. On the positive Harris recurrence for multiclass queueing networks: A unified approach via fluid models. Ann. Appl. Probab., 5, 49-77, 1995.

[8] J. G. Dai and G. Weiss. Stability and instability of fluid models for certain re-entrant lines. Technical report, Georgia Institute of Technology, 1994.

[9] D. D. Down and S. P. Meyn. Piecewise linear test functions for stability and instability of queueing networks. Technical report, University of Illinois at Urbana Champaigne, 1994.

[10] P.R. Kumar. Re-entrant lines. Queueing Systems: Theory and applications, 13, 87-110, 1993. [11] D.D. Down and S.P. Meyn. Stability of acyclic multiclass queueing networks. IEEE Trans. Automat.

Control, 40, 5, 916-920, 1995.

[12] P. R. Kumar and S. P. Meyn. Stability of queueing networks and scheduling policies. IEEE Trans.

Autom. Control, 40, 2, 251-261, 1995.

[13] P.R. Kumar and T.I. Seidman. Dynamic instabilities and stabilization methods in distributed realtime scheduling of manufacturing stems. IEEE Trans. Autom. Control, 35, 3, 289-298, 1990.

[14] S.H. Lu and P.R. Kumar. Distributed scheduling based on due dates and buffer priorities. IEEE Trans. Autom. Control, 36, 12, 1406-1416, 1991.

[15] S.P. Meyn. Transience of queueing networks via fluid limit models. Technical report, University of Illinois at Urbana Champaigne, 1994.

[16] S. P. Meyn and D. Down. Stability of generalized Jackson networks. Ann. Appl. Probab., 4, 124-148, 1994.

[17] A. N. Rybko and A.L. Stolyar. On the ergodicity of stochastic processes describing open queueing networks. Problemy Peredachi Informatsii, 28, 3, 3-26, 1992.

[18] T.I. Seidman. First come first serve can be unstable. IEEE Trans. Autom. Control, 39, 10, 2166- 2170, 1994.

[19] K. Sigman. The stability of open queueing networks. Stochastic Processes and their Applications, 34, 11-25, 1990.