VARIABLE TO FIXED LENGTH ADAPTIVE
SOURCE CODING - LEMPEL-Z1V CODING

6.441 Supplementary Notes 2a, 2/17/94
1) THE LEMPEL-ZIV ALGORITHM

An adaptive source coder, or a universal encoder, is designed to compress data from any
source. The Lempel-Ziv [LZ76, ZL77 ZL78] coding strategy is essentially a variable to
fixed length code containing a parsing dictionary of source strings (as with the Tunstall
codes), but this dictionary changes dynamically. The algorithm as described here and in
[ZL78] is primarily appropriate for asymptolic analysis; more practical versions are
discussed in [StoB8]. More recent Lempel Ziv encoders use the stralegy of [ZL77], which
is a sliding window version as discussed in class.

Let ug, us, ....up be the source sequence to be encoded. Initially we view n as =0, and later we
can view n either as the total number of letters to be encoded or as a parameter, where the
encoder encodes n characters and then starts over with the next n characters, etc. The
general idea is to build a Tunstall code adaptively, starting with a dictionary that contains
just the single letters of the K letter source alphabet. The dictionary is then enlarged as the
encoding proceeds. The rule for enlarging the dictionary is essentially an adaptive version
of the rule used w construct the Tunstall code. That is, in constructing a Tunstall code, one
successively takes the most probable word in the current dictionary and replaces it with all
K single letter extensions of that word. In the Lempsl-Ziv code, each time a word in the
current dictionary is encoded, that word is replaced in the dictionary with all of its single
letter extensions!.

EXAMPLE 1: Consider the sequence aaaab ... from the alphabet {a bc}. Fig. 1
illustrates how this is parsed into al aal abl ... and how the dictionary tree grows as this
parsing takes place. Each ume the encoder parses another segment, it generates a binary

IIn [ZL78]. and in most of the literature on this topic, the dictionary is regarded as the set of intermediate
nodes above, and the encoding 1s viewed as sending a dictionary entry followed by a single character (j.e.. in
our terms sending the leaf node of the tree), The distincuon does not affect the algonthm, which is exacily
the same in boih cases, but allows us to bring out clearly the relationship between Tunstall codes and
Lempel-Ziv codes.
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code word for that segment. We postpone the question of how the mapping from

dictionary entries to code words takes place until later.
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Figure 1
EXAMPLE 2: Consider an unending sequence of 0's from the binary alphabet {0, 1}.
This gets parsed into 01 001 000100001 00000/ .... The corresponding code tree
is shown in Figure 2. Note that the number of source letters involved in the first ¢ parsed
strings is 1+2+3+...4+¢c, or ¢(c+1)/2, Thus as the length n of the source sequence increases,
the number of parsed strings grows roughly as ¥2n (see Figure 2). It is not difficult to
imagine that this example vields the fastest possible increase in the size of the individual
parsed strings with n and the slowest possible growth in the total number of parsed sirings
with n (sec Exercise 1 at the end of these notes).

Figure 2 0 1

EXAMPLE 3: Consider a sequence made up of the concatenation of all binary strings,
starting with strings of length 1, then strings of length 2, ete. Thus the sequence, using
spaces to make the structure more apparent visually, is 0 1 0001 10 11 000 001 010....
Note that the Lempel-Ziv algonthm parses this sequence according to the spaces above (i.e.,
into the binary strings being concatenated in the construction). The dictionary tree, after
encoding the part of the sequence shown above, is illustrated in Figure 3. Note that the size
of the parsed strings grows as loga n where n is the length of the input sequence already
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of the individual parsed swings with n and the fastest possible growth in the total number of
parsed strings with n (see Lemma 1 in section 3).

Figure 3

Now consider the encoding of dictionary entries into binary strings. In practice, Lempel-
Ziv encoding is usually done with 2 maximum dictonary size, with some rule to replace old
dictionary entries with new entries. To understand the asymptotic operation of the
algorithm, however, we want to view the dictionary as simply growing with time. After c-
1 parses, the size of the dictonary is K+{c-1)(K-1), where K is the source alphabet size.
Thus l—lngg[K+{c— 13(K-1)11 bits are required for a fixed length encoding of the ctb parsed
string. This means that all code words at a given time have the same length, but the code
word length gradually increases with time (i.e., with successive parses). The particular
mapping of dictionary entries into binary code words is simply a matter of implementation
convenience, but must of course follow some given algorithm,

Note that when the decoder attempts to decode the encoded message stream, it can duplicate
the actions of the encoder. That 1s, for example 3 above, the encoder might map the initial
string Q into the code word 0 (since the size of the inidal dictionary is 2). The next string,
1, must be mapped into a code word of length two since the size of the dictionary is now 3.
The decoder, on seeing the initial 0 in the encoded sequence, decodes the source letter O
and also knows that the dictionary now contains {00, 01, 1]. The decoder also knows the
algorithm for mapping dictionary entries into code words, and knows that the next code
word will have length 2. Thus the decoder can decode the second and third encoded binary
digits into the source string 1 and again enlarge the dictionary. In this way, the decoder
always knows what the current dictionary and what the current code word length is at the
beginning of rying to decode a new code word.

In general, we can view the dictionary at any time as a tree, The terminal nodes are strings
that have never been used up to the given time and each intermediate node has occurred at
least once in the parsing of the currently entered input sequence. In fact the number of
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times that an intermediate node has been used as a prefix of one of the parsed segments of
the input is precisely equal to the number of intermediate nodes that stem from the given
intermediate node (including the node itself).

Thus if one visualizes the Lempel-Ziv technique as attempting to choose equi-probable
dictionary entries (i.e., doing the same thing as the Tunstall code, except without prior
knowledge of the probabilities), one sees that there is very little statistical evidencs ror the
equi-probability of the leaves. On the other hand. for an intermediate node not too far from
the root, the size of the tree emanating from that node, relative w the size of the entire wee,
should be very close to the probability of the corresponding siring. Thus, one gets the
intuition that the ree generated by the Lempel-Ziv algorithm is internally similar to the tree
generated by a Tunstall code with known probabilites; the difference is in the "uneven
growth” of the Lempel-Ziv ee close to the leaves,

We now mm to analyzing the algorithm and maling the above intuitive notions more

precise, Let uf denote the input siring 13, 1, ...,Up,... and suppose that the Lempel-Ziv

. oo . ) m m . . X
algorithm parses u, into the strings uTI"‘, U“ﬁ...l, . .+,“m:_1+1 e With this notation, we

can state the algorithm precisely.
LEMPEL-ZIV ENCODING ALGORITHM:

The intial set of strings in the dictonary is the set of all single letter strings of the
alphaber; m=1

1) Find n such that uf, is a string in the dictionary; generate the code word for that
entry.

2) Remove up, from the dictionary and add the concatenation (uf} a;) to the
dictionary for each letter a; in the source alphabet. Set m =n+1 and goto step 1.

In the algorithm as stated, the input sequence is infinite, whereas with a finite input
sequence uj, there is a problem with the last sming. That is, after parsing the next to last
string, say the ¢- 1%, the encoder reads in the final source letters Umg_p+1sesUpe LIS might
be just a prefix in the dictionary, leading to the need for a special rule for encoding the last
segment generated by the parsing rule. One possibility is to use any dictionary entry for
which um__;+14....in is 2 prefix. The decoder, if it knows that only n letters are being
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encoded, simply smips off the final letters. Another possibility is to provide code words
for all the intermediate nodes in the dicionary tree as well as for the leaves (i.e., the real
dictionary entries according to the algorithm above).

We have already observed that ﬁc:-gz[Kﬂc—l}{K—I}ﬂ bits are required to represent a
dictionary entry after c-1 parses have occurred. If code words are also provided for all

intermediate nodes, the size of the dictionary plus intermediate nodes is cK, so that
[logs[Ke] | bits are required. Since the latter expression is simpler, we use it for an upper

bound on the length of the code words which is valid whether or not code words are
provided for intermediate nodes. Since at most this many binary letters are used for each
segment in the encoding, we see that at most ¢ riﬂggﬁ(cﬂ bits are required by the Lempel-
Ziv code to represent u’;. Upper bounding the ceiling funcdon above by adding 1, we
have proven the following theorem:

THEOREM 1: Let ¢ »(u]) be the number of strings into which the Lempel-Ziv algorithm
parses a given sequence uTll . The length LLZ{uTI'} of the encoded outpurt then satisfies

Liz(u]) € ¢ z(u]) log{2Keyz(u)) (1}

The upper bound here seems very loose since the dictionary starts out small, and short code
words could be used to encode the first few strings. Since the number of bits required to
encode a segment 1s a logarithmic function of the dictionary size, however, this saving is
rather unimportant.

Theorem 1 relates the length of the encoded sequence (and thus the efficiency of the code)
to the number of strings that the parser generates, but it gives us very little insight into the
relation between the input sequence and the number of srings. Example 2 above illustrated
a particular input (all 0's) in which ¢; z(u]) grows as the square root of n, and thus

Ly z(u})/n goes 10 O with increasing n. It is not surprising that very few code letters are
required per source letter for this source sequence, and we see that successive inputs are
being compressed more and more as the encoder "learns” just how boring the input is.
Example 3 illustrated an input where ¢;z(u]) grows with n as n/log n, and in this case no
compression at all occurs.,

We now go on to show that the compression achieved with the Lempel-Ziv encoder is
asymptotically as good as can be achieved with any finite state encoder that knows the



24 -6
source statistics (or even knows the exact source sequence). Because of this result, we see
that cpz(u}) must be in some sense a fundamental characterization of the "complexity" of
u}, and that this characterization is independent of any assurmed stochastic model from
which u'; might have arisen. Note that we can only hope for such a result asymptoticallv as
n—<o, For example, if we knew that the source would produce v} with probability 1, then
we could build an encoder that would represent u} with just one binary digit (or even no
binary digits), and the decoder would simply remember u). The problem here is that such
an encoder/decoder could be constructed for any particular value of n, but the decoder
could not be constructed to generate a condnuing binary encoded output that would produce

u; in the limit. The mathematical artifice that Ziv and Lempel use to approach these limiting
questions is that of looking at the best possible finite state encoders for encoding u’;,

2) FINITE STATE ENCODERS

The class of finite state encoders is a generalization of both the fixed length to variable
length and the variable to fixed length encoders we have considered up to now (although
we restrict ourselves to binary encoded sequences; the generalization to arbitrary code
alphabets should be obvious). As each successive letter from the source sequence enters
the encoder, the encoder responds to the incoming source letter and its current state by
going into a new state and by emitting a string (perhaps empty) of binary output letters. To
put this more mathematically, a finite state encoder with 8§21 states is defined by two
functons, g(u,s) and h(u,s); g(u,s) maps an input letter u and a state s, 1<s<S into a new
state §', 1<s'<S, and h{u,s) maps an input letter u and a state s, 1<s<S into a binary output
string (perhaps the empty string). Thus, letting ug, usz, ... be the input sequence and letting
50, $1, 52.... denote the state sequence for the encoder, the state sequence is deterrnined
(for a given an initial state sg), by s; = g(u;, si-1), i21. Similarly, the i output string, ¥;,
is given by ¥; = h(u;, si.1) for i=1. The encoded output is the concatenation of ¥, , ¥5,
+e¥is . In what follows, we extend these functions to denote the concatenated output

3'!1 from a string of letters uf}n by ?:1 = h(u;,sm-ﬂ and we denote the final state by sy =

Etu:.lssm-ll

Since these output strings can be null, such a finite state encoder (with enough states) can
be used to implement an arbitrary variable length to variable length encoder. Viewing a
variable length to variable length encoder as a parsing dictionary followed by a mapping
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from dicdonary entries to encoded strings, the states can be used to represent the

intermediate nodes in the dictionary wee (with the root node used as the starting state). If
the intermediate node extended by the current input letter is another intermediate node, the
new state corresponds to the new intermediate node and the output is the null string. If the
intermediate node extended by the current input is a leaf node, then the new state is the root
node and the output is the code word corresponding to the given leaf node (this assumes
that the dictionary sartisfies the prefix condition; implementing a non-prefix condition
dictionary by a finite state encoder is left as an exercise). The Lempel-Ziv encoder,
however, is not a finite state encoder since the dictionary grows without bound. We return
to this distinction later.

By unique decodability for a finite state encoder, we mean that for any two distinct input

—

smings, say u"ml and E;. and any starting state sm.1, either the two input strings lead to
different final states, g{u;.s m-1) = g( 'ﬁ:l.sm-l}, or lead o different ourput strings,

hiup,$m-1) = h( E:'n.sm-lj. Note that it is doesn't necessarily cause a problem for distinct
input strings to lead to the same output if they lead to different states; for example, in a
variable to variable length encoder, all strings corresponding to intermediate nodes in the
parsing dictionary would lead to null outputs. If distinct inputs lead to both the same state
and the same output, however, it would be impossible for a decoder to ever distinguish
those inputs, no matter what the subsequent inpur and outpur. Another way to express the

condition of unique decodability is to insist that a decoder, given sm.1, Y @0d Sp, must be

able to uniquely reconstruct u?n.

In what follows, we implicitly include unique decodability as part of the definition of a
finite state encoder. The class of "uniquely decodable finite state encoders” as defined here
is a little larger than desirable. In particular, the definition guarantees that a decoder, given
50, ¥7» and sq, could uniquely decode u}, but it does not necessarily mean that u can be
decoded for any n in the absence of s,, which is not normally known to the decoder. This
does not matter for us since the properties established for this class are also valid for the
included class of encoders for which these "end effects” can be resolved.
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3) DISTINCT PARSING STRINGS

Define c(u}) as the maximum number of distinct strings that uj can be parsed into, counting
the null string. In what follows, we develop bounds, in terms of c(uy), on the

compression achieved both by Lempel-Ziv encoding and by arbitrary finite state encoders.
We will show, following [ZL78], that c(u}) provides a fundamental measure of the
compressibility of u}. We shall not be concerned with calculating c(u?), but only with
bounds and asymptotic results. First note that the Lempel-Ziv algorithm parses 11’11 into
cpz{u7) strings, all of which are distinct except perhaps the last. By combining the last two
strings, we obtain c¢yz(u}) - 1 distinct strings, and by adding the null string, which is not
included in c;_z{u','], we get clz(url'] distinct strings. Thus

crz{u}) < c(ul) (2)
Combining this with (1),
Liz(u]) € c(u) log {2Ke(u))} (3)

We next find a lower bound on the length of code word for uj that applies for any finite
state encoder with S states,

THEOREM 2: For any uniquely decodable finite state encoder of at most § states, and
for any initial state, the length Lg(u}) of the encoding of uj satisfies

c{ul)
L(u® 2 c(ud)l !
S 2 o 1}04452]

4)

Before proving this, we first discuss what the theorem means and then present a lemma
needed in the proof. The finite state encoder in the theorem is arbitrary (subject to the
constraint of S states), and thus could be designed under the assumption that u] will occur,
On the other hand, because of the unique decodability requirement, the encoder must also
provide for the remote possibility of all possible sequences from the source. What this
means is that if the encoder attempts to encode u] into a single binary letter, then the
encoder must at least recognize u} in the input; this requires at least n states. Thus, for
fixed § and sufficiently large n, one cannot encode u) into a single binary digit.
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Note that the theorem only asserts that Ls(u}) is positive when c(u}) > 482, and the above
example helps to explain why such a theorem can only be meaningful when n is large, and
therefore when c(uy) is large.One should also note that the number of states in an encoder

18 typically very large. The theorem is not intended as a practical bound for small values of
n, but rather to see what happens asymptotically as n —ee.

LEMMA 1: Let nic) be the minimum possible length of the concatenation of ¢ distincr
strings from an alphabet of K=2 symbols. Then

nicylogK 2 ¢ lng-‘% (5)

Proof of lemma 1: We claim that the length of the concatenadon is minimized if the set of
strings contains all sirings of length less than some integer j and no swrings of length greater
than j. To see this, suppose the contrary; then there must be some string not in the set of ¢
that is shorter than some string in the set; removing the longer siring and replacing by the
shorter string reduces the length of the concatenation, exhibiting a contradiction. Lettingr
be the number of strings of length j in the set, we then have

i
c=r+ > K ; 0<rg? (6)
=
.
n{c) =jr + 2 iK' (7)

1=0

Consider the special case in which r = 0. We can sum (6) and (7) 1o get

i
. -
e {]K-K—j}lzi +K &5
(K-1)

Solving (8) for K and for j, we get

_ logfe(K-1)+1]

K =c(K-1)41 ; j log K
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Substituting this into (9) and simplifying, we get

c{K-1)+1

o % _ K¢
-1 log K| OB -9

nfc) = [

Multiplying both sides by log K and recognizing that x log x is increasing in x, we can
lower bound this as

Kclog K
K-1

=clogcH+ c{lug(rc-n -5—1—‘:'5_‘5]

n(c) logK 2 cloglc®-1)] - K-1

The final term in brackets above is equal 1o -2 for K=2 and is increasing in K for K=2.
Thus,

nic) log K = ¢ log(c) - 2c =c logic/4)

Thus (5) is satisfied in the special case r=0. We also have equality for the special caser =
21', since this case is identical to choosing j one larger and choosing =0, Finally, from (6)
and (7}, we see that n(c) is linear in ¢ for fixed j and 0<r=2J. Since the right hand side of
(5) is convex w in ¢, it follows that (5) is satisfied for all r.

Proof of Theorem 2: Let u] be an arbitrary input string with a parsing into c(u}) distinct
substrings. Denote the states as (1, 2,...,8] and let c;j be the number of substrings in the
above parsing for which the original state is i and the final state is j. Thus Zjj ¢jj = c(u}).
The binary output from each of these strings for a given i,j must be distinct (because of the
unique decodability), and thus, using (5) with K=2, the aggregate length Ljj of the output
strings for a given starting state i and final state j satsfies

Lij 2 cij log(ciy4) (10)

The total length Ls(u}) of encoded output is Tjj Lij, so

5.5
d ..
Lug) = 3 [cij mgi"-] (11)
i=1, j=1

The right hand side of (11) is minimized over the choice of {Cij }, subject to Xjj cij = “':“:11} .
if each ¢jj is equal to ¢(u})/S2. Substituting this in (11) yields (4).
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Note that the lower bound on Lsfu’;‘) given in the theorem is zero at the point where c{urf} =
482. For c(uy) very large, however, the term S2 becomes less significant. We note,
similarly, that the term 2K in the bound on LLz{u?) appears to be insignificant for large
c(u}) This suggests defining the compressibility A(u}) of the sequence uj as

\u) = c(u?) loglc(u)] | (12)
= n
THEOREM 3:
Lif) _ gpme QogKi(log 2K) (13)
n YT logequlv4]
Afun) - LsD) ¢ (log K)(logd$?) 85

LT Jogc(uly4)

The first part of the theorem says that the number of code letters per source letter with the
Lempel-Ziv algorithm is arbitrarily little more than A(u}) and that this excess goes to 0 with
increasing c(u'll). The rate of approach in (13) is only logarithmic in c(u';}, but it depends

on u; only through c(u}). The second part of the theorem says that the minimum number
of code letters per source letter achievable by a uniquely decodable finite state encoder,
even one selected for the partcular sequence u’;, is arbitrarily little less than A( u']’). The
rate of approach 1s again logarithmic in c(u?}, but is highly dependent on § (as we have
already seen that it must be).

Proof of Theorem 3: From (3) and (12), we see that

EL”;f_mi - AMuj) = c—ﬂ,luﬂllag(EK) (15)
Similarly, from (4) and (12), we have
Mug) - 8D SO0 1, f460) (16)

To obtain a bound on c(u), we rewrite (5) with ¢ equal to c(u}),
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@y el log K

nlogK = c(ul) log- i S ogoyA] (17

Substituting this in (15) and (16) completes the proof.

From Exercise 1 at the end of this note, c(u}) = +ii. Applying this inequality to (13) and
(14), we have the following corollary:

COROLLARY 3.1:

Ly (0] Au?) < 2(log K){ log 2K)

n log]n/16) (18
o Ls@® _ 2(log K)(logdSH
Au})- n =< log{n/16] )

This shows that the compressibility achievable with the Lempel-Ziv algorithm, i.e.,
Ll_z(u';},fn, is almost as small as l{u?}. with the upper bound on the difference going to 0
with n. Similarly A(u7) is almost as small as Lg(u})/n. Itis very surprising that the right
hand side of (18) and (19) depends on u? only through n. One should note? that these

quantities approach 0 very slowly with increasing n. One can combine (18) and (19) to
obtain

L) L) _ 2(og K)1og8KS?)
n n logn/16] (20

This says that given any finite state encoder of S states (perhaps designed with knowledge

of u?), the compressibility achieved by the Lempel-Ziv algorithm on u] is arbitrarily little
more than that achieved by the finite state encoder, with the difference approaching 0 asn
approaches infinity.

2The term log[n/16] in the denominator of (18) and (19) can be replaced with 2 log[n/4] (1-e(n}] where e(n}
—0 as n—se, To see this, use the result in Exercise 4 in place of (17) in the proof of theorem 3.
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The compressibility of an infinite length sequence u”l" can now be defined by

A{u]) = lim sup A(uf)

oo (21)

This yields the following corollary to theorem 3:

COROLLARY 3.2:
lim sup i;uﬂ < A{ul)

n—k

(22)

lim sup E&i—u]l 2 M uy) forevery finite § (23)

n—joa

One should not read more into this corollary than it says. In particular, A(u}) need not
approach a limit with n, and one can construct sequences u; for which A{u}) oscillates

forever. Whether uj is meaningful in these simations is questionable, but because of
corollary 3.1, the oscillations in Ly z{u})¥/n and Ls(u})/n are bounded by those of A(u]).
This corollary precisely defines the sense in which the number of encoded bits per source
letter achieved with the Lempel-Ziv algorithm is, asymptotically, at least as small as that
with any finite state encoder. We also note that the Lempel-Ziv algorithm (for operation on
uj for any fixed n) can be implemented by a finite state encoder.

The interpretation of this is as follows: (23) says that for any given S, no marter how large,

any sequence u;, and any £20, there is a large enough n so that the best finite state

uniquely decodable encoder (for u];} requires at least I'.,(u'l"] - € bits per source letter for
encoding. From (20), the Lempel-Ziv encoder, requiring some finite number S states,

will require at most l(u';] + E bits per source letter to encode u’;. The rub is that S' might
be very much larger than S. In other words, the price paid for the universally good
performance of the Lempel-Ziv encoder is that it requires many more states than the best
finite state encoder designed for the particular source sequence.
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There is now a subtlety that we must deal with: the Lempel-Ziv encoder requires a finite
number of states for each finite n, but the number of states becomes unbounded as n —=.
Ziv and Lempel's way of dealing with this issue is to use the Lempel-Ziv strategy for n
input letiers, for some large block length n, and then to start all over again for each
successive set of n input letters, From a practical standpoint, it would clearly be preferable
to build the dicdonary out to some fixed size, and then to develop some algorithm for
replacing dictonary entries that are no longer useful with enwies that occur more often;
from the standpoint of establishing theoretical properties, however, starting over with each
block of n has great advantages. To analyze what happens when an input sequence of say
mn letters is encoded n letters at a time, we use theorem 3 on successive n-tuples.
Applying Eq. (20) to the ith n-tuple of inputs,

uptd)  Lduiid) . 200 K)(log 8KS% 24)

n n - log{n/16]

Now if we consider any particular finite state encoder of S states, we see that
S Loful (25)
Le(o™) = 2, Loluf33])
=

Note that each of the terms on the right of (25) correspond to some particular starting state,
which we have heretofore suppressed. Since Theorem 3 applies to any starting state, we
can continue to suppress it. Summing (24) over i, and using (25), we have

3 I ( in+n
2 Ll _Leluf™) _ 200 K)(log 8KS?) 6)
mn mn logn/16]

The first term is the compressibility of a Lempel-Ziv encoder, operating on m blocks of n
source letters at a ime, and thus requiring only a finite number of states (which depends on
n but not m). The second term is the compressibility of an arbitrary uniquely decodable
finite state encoder operating on the same sequence of mn letters. The final term depends

neither on m nor cn u?. For any S and any £>0, we can choose n large enough to make the
right side of (25) less than g, and therefore, for any 8, the compressibility achieved by the
Lempel-Ziv encoding algorithm, using blocks of sufficiently large length n, is at most £
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more than the compressibility of the best finite state encoder of S states. What is

remarkable is that the required value of n is independent of u7.

In a sense, the lower bound Lg(u})/n on bits per letter for a finite state encoder is very
artificial - there is no point to building an encoder for a particular sequence u’;. What we
have really shown there is that the Lempel-Ziv algorithm asymptotically does as well, in the
ahsence of knowledge of source or source statistics, as the best finite state encoder. The
price that is paid for the lack of knowledge, however, is a larger number of states.

4) STATIONARY SOURCES

Next consider the performance of a Lempel-Ziv encoder on an arbitrary (stochastic)
stationary source of entropy Hw(U). From Eq, 3.5.12 in theorem 3.5.2 of the text, we
know that for any 6> we can choose an m large enough so that the expected number of

encoded binary digits per source letter in a Huffman code on super letters of length m is at
most H..(U)+8. Now consider encoding i successive m-mples of inputs. Let LHuﬂ(uﬂni}
be the length of the encoder output for the input u'f'i. As we have just seen,

E[—L“M < H () +38 (27)

mi

The Huffman encoder on super letters of length m can be implemented as a finite state
encoder with § = (K™M-1)/(K-1) states (see Exercise 5). For an arbirary input sequence u'll.
let n = im+j, where 0<j<m. The Huffman encoder, with input uf, will generate i code
words with expected length satisfying (27) and save the final j inputs waiting for additonal
input letters to make up the next super letter input. The length, LHuﬁ'{l.l?}, of output from
the Huffman encoder is at least as large as that for the best finite state encoder for u] with $
states. Thus, using (19), we have

Lygo{0]) . Lfuf) 4(log K) log[2(K™- DAK-1)]
no > n |5=(Km-1}f[!€—l} 2 Alef)- log(n/16)

The final term above approaches 0 with n, so that for large enough n,

Lt » ().

n (28)
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With n = mi+j, O<j<m, we have Lpygf(u]) = Lgus@™). Thus from (27),

%ﬁﬂ=$ﬁu§iﬂgwi_ﬂ£mw+5

mi (29)
Taking expected values of both sides of (28) and combining with (29), we have

HA{ul)] €H.(U)+25 for all sufficiently large n (30)

Next consider a Lempel-Ziv encoder working on blocks of n inputs at a nme. Since this
can be viewed as a block to variable length encoder, we have

ELy o]
H, (U) € =12 (31

Taking the expected value of (18) and substituting into (31), we have

by < Bl o gy 2006000620 a5 o)

n log(n/16)

where the final inequality holds for large encugh n. Since (30) and (32) hold for arbitrary
5>0, we have proved the following theorem:

THEOREM 4: For any stationary stochastic source,

H.(U)= lim E{—'ﬂ%“jﬂ = bm [A(ul)]

n—poo N—3oa {33}
There is one practical problem with Lempel-Ziv encoders that is slightly concealed by this
result: if one implements a Lempel-Ziv encoder with a particular value of n {or, more
practically, with a given dictionary size and given replacement rule), then one can always
construct a stationary source with too long a memory for the given encoder size. For
example, the source could simply repeat with a repetidon cycle of length n+1, and the
Lempel-Ziv encoder limited 1o a particular value of n would be tomlly stymied. In other
words, the rate of convergence in (33) depends on the particular stationary source.
Another problem is that if the source is not ergodic, then individual sequences will not
behave as the expected value, None-the-less, Theorem 4 is an amazing result. It shows
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that this very simple algorithm can adapt, evenwally, to gny stationary source, no matter
how complex or long term the memory, and compress it to the enropy rate.

5) KOLMOGOROFF-CHAITIN COMPLEXITY

There is another well known measure of how much a source sequence can be compressed
known as the Kolmogoroff-Chaitin complexity measure. The question asked here is the
same as the question in Lempel-Ziv coding - how many code letters per source letter are
needed, in the limit n—os, to represent a source sequence uy. The crucial difference is in
the type of encoder and decoder allowed. The Lempel-Ziv algorithm focuses on the
encoder, whereas Kolmogoroff-Chaitin complexity focuses on decoding and allows an
arbitrary universal Turing machine to be used as the decoder® . The input to the universal

Turing machine is the encoded version of u] and the outputis u7 itself. Thus we can view

the input as a program plus data, where the program tells the Turing machine how to
process the data in generating the output.

More abstractly, we view the Turing machine input as a sequence of binary digits which the
machine interprets according to its rules. There are many Turing machine input sequences

that could give rise to the required source sequence uT, For example, the Turing machine
input could be a program for a given Huffman decoder followed by the Huffman encoding

of u. Similarly the Turing machine input could be a program for Lempel-Ziv decoding,
followed by the the Lempel-Ziv encoding of u‘;’. For the given Turing machine T, we can
define L(uj, T) as the minimum length input sequence required to generate the output u),

We can then define the Kolmogoroff-Chaitin complexity of uT, relative to T, as

3 For the reader unfamiliar with Turing machine theory, it is sufficient to view a Turing machine as a
conventional computer with an unlimited memory, viewed as an infinite tape. A universal Turing machins
iz one that can be programmed o simulate any other Turing machine, Essentially any general purposs
computer with unlimited memaory (i.e., where memory is addad as neaded) can be viewed as universal in this
SCNSe.
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hedu? T) = lim sup Ll T) (34)

1’ n
fi—% oo

Since the input to the Turing machine could be a program for a Lempel-Ziv decoder
followed by the Lempel-Ziv encoding of u7, we see that A(u]) = Axc(], T).

We next observe that h{{c(u?, T) is independent of the universal Turing machine T. The
reason is that any universal Turing machine T can simulate any other Turing machine T'.
More specifically, there is some input Z{T,T) that instructs T to act like T" in the sense
that if input ¥ to T" produces output uj, then input Z concatenated with y will produce
output uy from T. Since the fixed input Z is finite and independent of y, the limit in (34) is
the same for any T and T, and therefore we drop the T in what follows (note however that
before going to the limit, L{u?, T) is very much a functon of T; one can always find a
universal Turing machine T that produces u] after looking at just one bit of the input.

Example 3, (first given in [LZ78]) clarifies the difference between ch(uT] and l{u’:],

Recall that u] is a listing first of all binary strings of length 1, then of length 2, etc., all
ordered within their length, i.e., (0)(1)(00)(01)(10)(11)(000)001)(010)... A Turing
machine can be programmed with a finite program to generate this infinite output stream, so

that ch{uT} =0. On the other hand, the parsing above shows that ?L(u;’} = 1.

From an intuitive viewpoint, it is reasonable to view the above sequence as having zero
complexity or zero compressibility - after knowing how it is generated, there is simply no
additional information in watching the entire boring sequence unfold. There are infinitely
many variations on this theme; for example, one could invert the ith digit in each string of
length greater than i, which is one variation for each integeri. There are clearly many other
types of examples; in fact any finite input to a Turing machine that gives rise to an infinite
output is such an example. Unfortunately, there is a famous theorem in Turing machine
theory that states that there is no algorithm that will determine which inputs give rise to an
infinite output sequence.
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A more troubling aspect of Kolmogoroff-Chaitin complexity is the lack of any approach to

encoding a given sequence u?. One must in principle see the entire sequence before
determining the minimum length program to generate it, for whenever one looks at a finite
sequence u, it is important to know which universal Turing machine is to generate uj.
Even if one is willing to adopt some given Turing machine, there is no way to find the
minimum length program to generate uj.

Kolmogoroff-Chaitin complexity is usually viewed as a fundamental topic for theoretical
computer science, but it seems less appropriate (since it ignores encoding) to the study of
data compression. This is a personal viewpoint, however, that is not universally shared by
all information theorists.
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EXERCISES:
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1) The object of this problem is to show that cLz{u';) might be considerably smaller than
‘ciu‘;} for particular choices of u}. This indicates that Lempel-Ziv coding might compress
some sequences considerably more than the bound in theorem 3 indicates.

a) Use the Lempel-Ziv algorithm 10 parse the binary sequence of length 55 below (i.e.,
parse from left to right, always selecting the shortest sring that has not appeared earlier).

0010110110011010110100110100011010010110100110110100111
Show that ¢pz(u}) = 10 for n = 55,

b) Now rake (0 as the lefimost sring in a parsing of the sequence above and then parse the
rest of the sequence from left to right by always selecting the shortest string that has not
appeared before (including 00 as a string that has appeared before). How many strings
does uj parse into by this procedure? Explain why this is an lower bound to c(u}).

¢) Show that your answer in (b) is equal to c{u}) for n=55.

d) EXTRA CREDIT (I don't know how to solve this either) Extend u] to arbitrarily large
n of the form n=k(k+1)/2, k integer, in such a way that ::Lz(u?} = k. Either show that
erz(u})c(u]) —» 1 as n —ee or show that lim supy, cpz(u})e(u]) < 1.

-1 + ¥1+8(n+1) %

2) Show thatc(u) = 3

Vil

Solution: Note that any sring can be parsed into unique strings by starting with the null
string, then a swing of length 1, then of length 2, and so forth. After selecting the i string
{which has length i-1), if the remaining string has length less than 2i+1, it is possible that
choosing another string of length i will cause the remainder to be one of the selected strings
(recall Example 2), and thus this final string is not parsed. We see that if this process gives
us ¢ strings, the ith, i<c-1 will have length i-1, and the ¢th will have some length berween c-
1 and 2¢-2. Adding up these lengths, we have n < (c-1)(c+2) /2, thus yielding

1+ YT+8(@+])
3 >

c(u‘i‘) = +M {35]

3) Verify Eq. (9).



