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SUMMARY

This paper discusses various continuity and incremental-gain properties for neutrally stable linear systems
under linear feedback subject to actuator saturation. The results complement our previous ones, which
applied to the same class of problems and provided finite-gain stability.
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1. INTRODUCTION

We continue in this paper the study, which we started in Reference 5, of operator stability properties
for saturated-input linear systems. In the previous paper, we studied feedback systems of the form

¥=Ax+Bo(Fx+u) )

Here o denotes a vector of saturation-type functions, each of which satisfies mild technical con-
ditions that are recalled later (at this point, it suffices to say that all reasonable ‘sigmoidal’ maps such
as o(x) = tanh(x) and the standard saturation function o, (t) = sign(#) min{| ¢ |, 1} are included). The
matrix A is assumed to be neutrally stable and one uses the standard passivity theory choice of
feedback F that makes the origin of the unforced closed-loop system % =Ax+ Bo(Fx) globally
asymptotically stable. (For instance, if A has all eigenvalues in the imaginary axis and the pair (A, B)
is controllable, F = —BTP, where P is a positive-definite matrix satisfying ATP + PA = 0.)

We proved in Reference 5 that this system is finite-L”-gain stable, that is, the zero-initial state
operator F, , mapping input functions u(-) to solutions x(-) is a well-defined and bounded operator
from L?([0, =), R™) to L?([0, =), R"). The result is valid for each p in the range [1, c]. Estimates
were provided of the operator norms, in particular giving for p=2 an upper bound expressed in
terms of the H”-norm of the same input-state map for the system in which the saturation ¢ is not
present. We also dealt with partially observed states, generalizing the result to the case where an
observer is inserted in the feedback construction. The assumption of neutral stability is critical: we
also obtained examples showing that the double integrator cannot be stabilized in this operator sense
by any linear feedback, contradicting what may be expected from the fact that such systems are
globally asymptotically stabilizable in the state-space sense. (Recently, Lin, Saberi, and Teel®
obtained related results, showing in particular that under the restriction that the input signals be
bounded one can drop the stability assumption in obtaining finite-gain stability. See also References
7-9 for state-space stabilization of linear systems subject to saturation, under minimal conditions.)
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Finite-gain stability, studied in the abovementioned papers, means that the ‘energy’ of inputs
is amplified by a bounded amount when passing through the system. Another property which is
extremely important in the context of feedback systems analysis is that of incrementally finite
gain (‘ifg’) stability. In mathematical terms, this latter property is the requirement that the
operator F, , be globally Lipschitz. That is to say, if Y. is the output produced in response to a
nominal input .., then a new input u,,, + Au produces an output whose energy differs from
that of y,, by at most a constant multiple of the energy of the increment Au. This stronger
notion measures sensitivity to input perturbations; for differentiable mappings, one would be
asking that the derivative be bounded. In the context of stability, the usual formulations of the
small-gain theorem involve ifg stability, because fg stability by itself is not sufficient in order to
guarantee the existence and uniqueness of signals (‘well-posedness’) in a closed-loop system. '
In the recent work,” it is shown how to generalize the gap metric, so successful in robustness
analysis of linear systems, to the context of ifg stability of nonlinear systems. Even stronger
properties may sometimes be needed; for instance, the work in Reference 2 requires what the
author of that paper calls ‘differential stability,” which means that ifg stability holds and F, , is
Fréchet differentiable as well. Motivated by this, we ask here if stronger properties hold for the
feedback configuration studied in Reference 5.

Our results can be summarized in informal terms as follows:

(1) The operator F, , is continuous if p is finite, but is not in general continuous for p=eo
(uniform norm).

(2) F,, is locally Lipschitz under additional assumptions on the saturation (for p finite, a
sufficient condition is that the components of o be differentiable near the origin; for
p=co one asks in addition that they be differentiable everywhere, with positive
derivative). A much stronger statement than the local Lipschitz property is established
which we call ‘semi-global Lipschitz’ — a‘ incremental gains are shown to depend only
on the norms of the controls; on the other hand, we also show by counter-example that
these operators are not generally globally Lipschitz (so ifg stability does not hold).

(3) Assume that ¢ is continuously differentiable. For p =0, we show that F, , is Fréchet
differentiable (under the assumption that ¢’ is always positive), but this may fail for finite
p. In the latter case, however, we can prove that directional derivatives always exist.

The paper is organized as follows. First we review some needed facts from Reference 5, to
be used in this paper. After that, we introduce our basic definitions and state the main results.
Proofs of the positive statements are given first, and we close with counterexamples that justify
the negative results.

2. PRELIMINARIES

In order to state our results, we need to first recall some definitions and basic results from
Reference 5, including those of ‘saturation function’ and finite gain L’-stability.

By a saturation function (‘S-function’ for short) we mean any o: R — R which satisfies the
following properties:

e 0 is locally Lipschitz and bounded;
o ta(t)>0if t+0;
e liminf _,, 9% > 0, lim sup,_,, OTI) < oo; and

e liminf,, . |o()|>0.
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We remark that the locally Lipschitz assumption on o is not really needed in establishing
Theorem (FG) below. This purpose of this condition is only to guarantee that system (1) in
Theorem (FG) has uniqueness of solutions for any input u.

All the interesting saturation functions found in usual systems models, including the standard
saturation function o,(f) = sign(t) min{|¢|, 1} as well as the functions arctan () and tanh(¢) are
S-functions.

We say that ¢ is an R"-valued S-function if o= (a,, ..., d,)", where each component g, is an
S-function and

o(x) 2 (01(x), -y Op (%))

for x=(x,, ..., x,)T € R". (Here we use (...)" to denote the transpose of the vector (...).)
We now turn to the stability definitions. These can be introduced for any initialized control
system

i=f(x,u), x(0)=0 )

The state x and the control u take values in R and R™ respectively. With appropriate
assumptions on f (for example f:R"xR™—>R" is globally Lipschitz with respect to its
argument (x,u)), the solution x of (X) corresponding to any input ue L?([0, ), R™) for
1<sps<co is well defined for all te [0, ). When defined for all te [0, ), we denote this
solution x, which is a priori just a locally absolutely continuous (l.a.c. for short) function, as
F 5, (u).

(11)1 general, for any 1<p=<eo and any vector function xe L?([0, o), R"), we’ll consider the
standard L’-norm

el 2 (7 Ixol &) @ <o)

llx]l,- 2 ess supy.; <. [| (D)

(For vectors in R” we use Euclidean norm

nm{iﬂ”

We use the same notation for matrices, that is, ||S]| is the Frobenius norm equal to the
square root of the sum of squares of entries, i.e. ||S]| =Tr(SS")'”?, where Tr denotes
trace.)

We define the L”-gain of a system (X)) as the norm of the operator F 3, that maps inputs to
solutions, assuming a zero initial state. That is, the L”-gain of (), to be denoted by G, is the
infimum (possibly +e0) of the numbers M so that

| F zy(2) HersMlull,»

for all ue L?([0,v), R™). (If Fx,(u) is undefined for any ue L?([0,=), R™), we also write
G,=0.) When this number is finite, we say that the operator is finite gain L-stable (in more
usual mathematical terms, it is a bounded operator).

The main result in Reference 5 concerns the finiteness of the LP-gain of 3, for a specific class
of input-saturated linear systems. We quote this result next.
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Theorem (FG)

Let A, B be n x n, n x m matrices respectively and let o be an R”-valued S-function. Assume
that A is neutrally stable. Then there exists an m x n matrix F such that the system

X=Ax+Bo(Fx+u)
x(0)=0

is finite gain L”-stable for all 1 € p<eo,

M

By neutral stability, we mean as usual that the origin of the differential equation X = Ax is stable
in the sense of Lyapunov (not necessarily asymptotically stable, of course; otherwise the result
would be trivial from linear systems theory); equivalently, there is a symmetric positive definite
matrix Q which provides a solution of the Lyapunov matrix inequality ATQ + QA <0.

The results in this paper will refer to the specific feedback F that is found in the proof of the
above-cited result. In order to understand the choice of F (which is the most natural choice of
feedback to use in this context), we need to recall the preliminary steps in the proof of
Theorem (FG). The first step consisted of the observation that one can assume without loss of
generality that the pair (A, B) is controllable, because the trajectories lie in the controllability
space R(A, B). Next we applied a change of basis to reduce A to the block-diagonal form

A O
2
( o Az) @
where A, is an r xr Hurwitz matrix and A, is an (n—r) x (n—r) skew-symmetric matrix.
(Recall that A is assumed to be neutrally stable.) Thus one only needs to obtain finite gain L”-
stability of the subsystem corresponding to A,; then feeding back a function of these variables
does not affect the finite gain L?-stability of the first subsystem. Since A, is skew-symmetric and

the pair (A,, B,) is controllable, the non-saturated closed-loop matrix A 24, — B,B} is Hurwitz.
Therefore, the proof of Theorem (FG) is reduced to showing that the following system:

i=Ax+Bo(-B"x+u), x(0)=0 3)

is finite gain L”-stable for every 1< p <eoo, provided that A is skew-symmetric and A = A — BBT
is Hurwitz. Thus, except for two coordinate changes (first to restrict to the controllability space
and then to exhibit the above block structure), the F used in the proof of Theorem (FG) is
F =-B". This is the standard choice of feedback suggested by the passivity approach to control
for a discussion and references see Reference 5.

(For completeness, we point out that, after these trivial preliminary steps, the proof of
Theorem (FG) then centers upon the hard part, which consists of finding a suitable ‘storage
function’ V, and establishing for it a ‘dissipation inequality’of the form

dv, (x(®)

SO < 1=l + % ol @

for x=F g,(u), where now (Z) is the system in equation (1) and x,>0 is some constant.
Surprisingly, a nonsmooth V,, is needed.)

In conclusion, we will denote by

[F : LP([0, =), R™) = L”([0, <o), R")

op
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the (nonlinear) input/state operator F z, for system (1) when the feedback F is chosen as in the
above discussion, for any fixed o and any fixed p.

3. REGULARITY PROPERTIES OF F, ,

Now we can turn to the precise statement of the regularity properties of F, , such as continuity,
incremental gains, differentiability, and so on, which we will study in this paper.

3.1. Statement of the incremental gain results

Recall that a X-function g: R* — R " is one that is continuous, strictly increasing, and satisfies
8(0)=0.

Definition 1

The operator F, , satisfies the generalized incremental gain property (with respect to L")
if

(GIG,) there exists a X-function g such that for all &, vin L”([0, =), R™),
N Fopo() = Fo @l r<gllv=ull )

It is obvious that F, , satisfies the GIG,, property if and only if it is uniformly continuous, i.e.
iff for any given £>0, there exists a 6>0 such that ||F, (u)-F, ()| ,r<¢ whenever
|lu—v||.»< &. Note that if g is linear, this is the standard ‘finite incremental gain’ property, or
in mathematical terms, a global Lipschitz property.

It turns out that GIG,, is a very strong property. For most S-functions, even smooth ones, the
operator F, , does not satisfy the GIG , property. For general S-functions o, F,, . even fails to
be continuous. However, for restricted classes of S-functions, more precisely the classes €,
and €"* defined below, F,, satisfies the following SLP, property (semiglobal Lipschitz

property):
(SLP ) there exist X-function g and a constant ¢ >0 so that, for all u,vin L?([0,e0), R™),

| Fo,(¥) = Fo )l rs(c+glull ) lv—ulle

This property clearly implies the continuity of F, .
The class 46, is defined as the class of functions o: R—R which are globally Lipschitz,
differentiable at O and satisfy

lim 20=9) _ ;o) (5)
1520 t—3s
t*s

An R™-valued S-function o belongs to 4 ,, if each of its components belongs to € .

The class @"* is defined as the class of functions o: R—»R which are continuously
differentiable and satisfy that ¢’ is everywhere positive. An R™-valued S-function o belongs to
%"+ if each of its components belongs to 6" *.

The main results of this paper are summarized in the next theorem.
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Theorem 1
Let o be an R”-valued S-function and let 1 € p<eo. We have

(A) Foreach 1< p<eo, the following conclusions hold:
(i) F,,iscontinuous, but in general does not satisfy the SLP, property.

(ii) Assume that o belongs to 6 . Then F, , satisfies SLP,,.

(iii) Even for smooth nondecreasing saturation functions o, F, , does not in general
satisfy the GIG, property.
(B) For p = 0, the following conclusions hold:
(i') Ingeneral, F, . is not continuous.

(ii") Assume that each component of ¢ is nondecreasing. Then for n=1, F,_ is
globally Lipschitz. If n>1, even for m=1 and o nondecreasing, F, .. need not be
continuous.

(ili') Assume that o belongs to ¢"*. Then F, . satisfies SLP...
(iv') Even for a smooth o€ €"*, F ., need not satisfy the GIG., property.

3.2. Statement of the differentiability results

We can also discuss the differentiability properties of F, . First if o is an R™-valued S-
function, we say that o is of class ¢' if each component of o is of class €', i.e. continuously
differentiable. We have:

Theorem 2

1. Forp=ccand oce 4"", F, is Fréchet-differentiable.
2. For 1sp<eoand o of class @' and globally Lipschitz, F, , is Giteaux-differentiable.

We will give an example (Example 6 in Section 5) to show that F,, need not be Fréchet-
differentiable even for smooth o.

If oe 6"* and u, ve L=([0, ), R™), we will use DF,_(u) v to denote the differential of
F,.. at u applied to v. For each 1< p<eo and o of class @', we use D,F, ,(u) to denote the
Gateaux-differential of F,, at ue L?([0, o), R™) in the direction v. It is well known that both
DF,.(u) v and D F, (u) are given by the linearization of (2) along the trajectory x of (%)
corresponding to w (cf. Reference 6). In other words, DF, (u) v and D F  (u) are the
respective solutions of the following time-varying initialized systems

Z(p,o,u) E=AE+Bo' (FE+u)(FE+v), £(0)=0 ©6)

where F is the m x n matrix given in the proof of Theorem (FG) and if o=(0,...,0,),
ze R™, then o’ (z) =diag(o,(zy), ..., 0,,(z,,)).

o.p

4. MAIN PROOFS

Now we prove the positive statements in Theorem 1 and Theorem 2. The negative results are
covered in the next section.

When the context is clear, for simplicity, we will drop the indices o, p or g, e and simply
write F for F, ,or F, ., and use D F to denote D F, ,(u) for 1 < p <eo,

o.p
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4.1. Proof of (ii')
When n =1, system (1) is written as

¥=-ax+Bo(-B"x+u)
(020 T
where A =—a <0, B=(b,, ..., b,,) is a row vector, and 6= (0, ..., 5,,)".
Let x=F(u). If vis also in L=([0, =), R™), define y=F(v), z=F(v)- F(¥) and h=v —u.
Let
D(t) = diag(d\ (1), ..., d,(1))

where

a(=by(®) + v,() - o,(-bx(t) + u(t)) .
d(n) = £ p, ,-
“ =b;z() + k(D) if -bz()+ h(r) = O
and d;(t) = 1 if -bz(t) + h;(t) = 0. Since each g, is nondecreasing, d,(t)=0 a.e.
Now z satisfies

2()= —az(t) - BD(t)BDB"z(t) + BD(t)h(t)
z(0=0
First assume that a>0. Let d(¢) = BD(¢)B". Then d(t) =0. Let
o) = [ (@ + ds)) ds

Then 7 is strictly increasing on [0, e0), and onto [0, ee). Let Z(s) = z(¢) and

H(s) = BD(H)h(?)
a+d()
if 7(t)=s. Then Z satisfies
“z_ -Z+H
ds
Z0)=0

on [0, o). Therefore the sup-nom || Z||;=., of Z on [0,e) is bounded by the sup-norm
WH || ;0. of H on [0, e). Then

izl ,-=11Z “L"[o,m-)s | H “L"[O.a-)
Foreach0< a<oo, let

( > big.?)‘”

C, =sup 10 < & < llofll,(€di=1,...m

o+ Zb?fi
i=1
Note that 0< C, < 0. Now for @ >0, we have || H || .=, < Cll & || .~ Therefore
IFw)y-Fwll =zl ~<Callv-ull.~

This is also true for a=0 because C,<C, and the trajectories of (X,), for fixed u, v,
converge to the trajectories of (%.,), uniformly on compact intervals as @ -0".



420 Y. CHITOUR, W. LIU AND E. SONTAG

In the last section, we will show (Example 7) that the above constant C , is in general the best
possible Lipschitz constant.

4.2. Proof of (iii")

First observe that from the sketch of the proof of Theorem (FG) and the definition of
F,, we may without loss of generality assume that A is skew-symmetric and (A,B) is
controllable.

Take now any two «, v in L?([0, e0), R™), where 1 < p <eo. We may also assume without loss
of generality, when proving both of statements (ii) and (iii’) on SL.P,, that

No—ullp<llull.- )

Indeed, assume that for any constant C it would be the case that ||v—ul|,» > C ||| ». Then,
using finite gain L/-stability, we have

”EI,[) (U) - Ey,p(u)"LP < ”Fo.p(v) ”L’ + ”F:J,[)(u)“LP
< Glvll, + llull,) < Gdlv—ull, + 2/lull,)

2
< (1 N -C-;)G,,(llv ~ull,

Thus the desired result holds and there would be nothing more to prove.
Since A is skew-symmetric, in this case system (1) is written as

x=Ax+Bo(-B"x+u)
x(0)=0

We will show that there exists a function x: R, >R, such that for any two functions
u, ve L=([0, =), R™), we have

| F@w) = F()ll = < el Il = vl - (8)

Once this is proved, the conclusion of (iii') would follow trivially, as follows. Consider the
function

&)= sup x(s) - x(0)
Then g(0) =0 and § is increasing. Clearly we can take a ¥-function g such that g(r)<g(r) for
all re R,. Then we have

| F(u)— Fo)ll =< (@) + g (|| u | =Dl = v || .-

as desired. Now we show (8). Let u, ve L*([0,), R™). Let h=v —u, x=F(u), y=F(v),
and z =y — x. We assume that (7) holds for «, v. Then z is the solution of

Z=Az+B{o(-B"y+ v) - 0(-B"x + u)

z({) =0 ©
Write
F=(%,....,%,)" =B"x
y=(, -’)’-mT'-'BTy
i=(,,....%2,)" =Bz
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For each te [0, e), 1 <i=<m, by the mean-value theorem, there exists a
&,() e [min{;(6) + u;(0), 5:(1) + v;(D}, max{,(2) + u;(2), -F,(£) + v,()}]
such that
0,(-3:(1) + v;(1)) = 0,(-X(0) + u (1)) = 0 (E,()) (-Z:(1) + (1))
Let
di(t)=o;(&;(1), fori=1,...,m
D(t)=diag(d,(s),...,d,. (1))

We may assume that each d;(t) is a measurable function, since whenever Z;(t)+ h,(¢) it is a
quotient of two measurable functions and if Z;(t) = h;(t) any value can be chosen. Then (9) can
be written as

(10)

2(1)) = Az(1) - BD(1)(B"z(1) - h(1))
z(0))=0
For r>0, let |- &(r) =3(|| B || G.. + 1)r. Using (7) and the finite gain L*-stability, we have

|&:(5)] < max{|=§:(6) + v;()],| =%:(1) + w; (D]}
<| 70+ vi(D] + [ =%(1) + u; (1)
gl Nvllm+ Il =+ el =< el =)
For each >0, let
m(r)= min inf  o/(&)

leig€m EE[-e(reln)

M(r) = max sup 0/(§)
I<ism EE[-en.e(n)]

Then we get
0<mflull~)<d()<sM(llull -) <

(Note that the positivity of m(|lu||,~) and the finiteness of M (|| u||,~) follow from the
assumption that o€ 6" *.) Now the existence of x: R, = R, such that (8) holds follows from
the next lemma. (We state the lemma for arbitrary p, not just p = eo, since it will be used again
later.

Lemma 1

Let A be an n x n skew-symmetric matrix and B an n x m matrix. Assume that A=A — BB is
Hurwitz. Let D(t) be an m x m matrix with bounded measurable entries. Assume that there
exists a constant a >0 such that

Dy(t)2D(t)+ D"(t)=al foralmost all ¢ in [0, +e) (11
Then the following initialized system
¥=(A-BD(t)B")x+u
( ()B") )
x(0)=0

where ue L7([0, +e0), R"), is finite gain L”-stable, and the L”-gain depends only on p,a, A, B,
and b=sup,, (o,-)“ D).
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This lemma has been given in Reference 5. For the sake of completeness, we enclose the proof

here.

Proof of Lemma 1. Fix a 1 < p<eo Since A is Hurwitz, there exists a differentiable function

V,: R"— R, such that for all xe R", we have
(1) allxlP<V,(0<b,lx]?
@) IDv,(x)ll=c,ll x|~
(3) DV,()Ax<—|x||”
where a
For any 1< p<eo, let

A =

/4

2[c,(b+ Vm)||B|IY
a

For 1 < p<eo, let
. »
v,00=1, I 4 2y ¢y
p

Then along the trajectories of (3.), we have
V. (x(0) < 4l x0l = x"()BDs()B"x(®) + X" ()u(®)
+2 LI = X + el <@l 1B I = T BT + ¢/l 2ol [| )]}

< 1501 |~ 2 BOI + 250l 0] - 2500

+2¢,(6 + VI BIl 10l 1B + 26, x(0)l ||u<t>n]

= 1@ =11 xOIF = 12 = 2¢,(b + V)| B || | x| |B x(0)
+ [, + Vm)|| B B} + (4, + 2l x| lu]])
Letting d,= 4, + 2c,, we obtain
V,x(0) <= lx@l|7 + d x> u|l

Integrating the above inequality from O to ¢, since V,,> 0, we get

[ Nx 1P ds < &, [ I~ Nluts) ] ds

»» b,, c, are some positive constants. We can choose V, so that lim sup,,,, c,=c, <ee.

(12)

If we let d,=4,+2c,, by the Lebesgue Dominated Convergence theorem (applied to any

sequence {p’}7., decreasing to 1) we know that above inequality is also true for p=1.
Now applying Hélder’s inequality to [ || x(s)I| 7~'|| u(s)|| ds in (12) we get that

I xIl ro.a s dp" ull

Letting 1 — p <eo we conclude that || x || ,»<d,||ul| ,». This finishes the proof of the lemma for

1<sp<oo,
For p = o, consider V,. We have, along trajectories of &),

V@<=l x®N* + dollx @)l u)lh < =N 2Dl - dall w1,

(13)
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Therefore,

2

- ~ A‘)d‘) 2 2 ‘)(A‘) ) )
V,(x(®) < Vi(E) = —= 2b,d; w=dil=+2 -
) < | max Vi(®) < 2 Null+ 2bdlulf- = |5+ 20wl

Since V,(x)= (4,/2)]|x]|?, we end up with
4b,
Il < afn+ 2] - O

Thus the proof of (iii') is completed. It remains to show that the positive parts of (i) and (ii)
hold. Let 1sp<ee,

4.3. Proof of (i)

Let us fix a u in L”([0, o), R™). To prove the continuity of F, it is enough to show that for
any sequence (u’}3., in LP([0,%), R™) such that kim;—ee ||u/—u|l,,=0, then
lim,,. ||F(u’)- F(u)I(Lp—O Let w/ and u be functions in L”([0,e), R™) such that
Ilu’—uIILp—>0 as j—oo. Let x = F(u) and x/ = F(//). For any T >0 and j >0, we have

I = I, < [T166) = x@)IP ds + 22 [ 15) = 2ol ds + 2* [ A ds
Recalling (4) and integrating it from T to o> we have

[F1d6)r ds < v,o/@ + %, [Tl ds

< ') + 2,1 - ulll, + Nully.)

Next we observe that x(t) 50 as t—oe. (This has been remarked in Reference 5 in a similar
context. We only need to consider @,(#)=x"(¢t) for i=1,...,m. Then we know that ¢, is
integrable on [0, o). It is easily verified by a direct computation that ¢; is also in L” on [0, e).
Therefore ¢@;(¢t) >0 as t— oo as claimed.)

Fix an £> 0. There exists T > 0 such that

2([7IxIP ds + 26, T0) + 4 ., < 272

For the fixed T, it can be proved that the x/ converge uniformly to x on [0, T]. Therefore there
exists a J> O such that, if j=J, V,(x/(T))<2V,(x(T)) and

T ] » ] p
[T 1) = Xt ds + 4 lad - ull, < 12

Therefore, when j=J, we have ||x/ — x||%-< ¢

4.4. Proof of (i)

As in the proof of (iii'), we again assume that A is skew-symmetric and (A, B) is
controllable.

Assume that 0= (o0, ..., 0,,)". Since A is skew-symmetric and (A, B) is controllable. The
matrix A = A-BDB" is Hurwitz, where D = diag(a}(0), ..., ¢/,(0)). Let P >0 satisfy

PA+A™P=-1 (14)
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Let A, and A, be respectively the largest and smallest eigenvalue of P and let

1
ot
aJ/m||B|||PB||
Since o belongs to @, there exists an @ >0 such that, for |s| < a, |t/ <aand t+s:
0,(t) — os)

0O |< B fori=1,..m
t—3S8

Fix u and v in L?([0, =), R™) for which (7) holds. As in the proof of (iii'), letting x = F(u)
and y=F(v), then x, y satisfy
X=Ax+Bo(-B"x +u)
y=Ay+Bo(-BTy + v)
x0)=y(0)=0
Write z=y—x, h=v—u and let %, ¥, 7; denote respectively the ith component of B"x, BTy,
BTz. We have
;=Az+BD()(-B"z+h
Z=Az+ ()( z+h) (15
z(0)=0

where
D(0) 2 diag(d,(1), ..., d, ()
g (=30 + (1) - o(=%@) + u, ()
—Z(t) + k(D)

df 2,(t)- h;(1)=0 we just let d;(t) = 0}(0).) Let K>0 be a Lipschitz constant for o (more
precisely, let K be a Lipschitz constant for each component of o). Then |d}||,»<K. So
D ()] < VmK.

Let

a2

E=|]telldm - o0 > p)
i=1
Clearly
E=C U{{t || £C6) - w()| > a}U{tHii(t) - y()| > a}}
i=1

Therefore, by Chebyshev’s inequality we get
|El<Cllulizz+ vl

for some constant C >0 independent of u and v. Noticing (7) we have | E| < C | u||%», where
C > 0 is a constant independent of u, v.
If we let V(z)=z"Pz for ze R", where P is defined in (14), we get along the trajectories of
(15):
V(z(0)==[1z(®I* - 22(t)TPB(D (1) - D)B"z(t) - D(t)h(1)]
< - [1-2[|B[| IPBI | D) - BII1 I z()II1> + 2¥mKI| PB|| l| 2(5) || IF A (o)
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Therefore, along the trajectories of (15), V satisfies the differential inequality

V(z(1) <24V (2(1)) +2C, V') A (16)
V(0)=0

where

C; ifteE
A = -
@ -G, iftEE

and the constants C,, C, and C, are respectively equal to

JmK || PB|| 1+ 4/mK || B||PB|| 1
, and
A,lnl,zn Amin 2Avmax

Let A(t) = [, A(s) ds. From (16), if W(r)=e "V (z(t)), we obtain
W) <2C, W' (e h()|l

and then
W' < ¢ J(; e || h(s)|| ds
which gives
V') < C [ e hes)] ds

But for ze R", V'2(z2)=A2|lz|l, and if t=s, A(t)-A(s)<(C,+ CHIE| - C5(t-5).
Therefore, we have
t =Cir=9)

Izl < ¢ [ ™Il as

0

where

C4 — C,e

(€ + CIE| C,CC(C2+C3)"“"ZF
At At
We conclude from the previous inequality that

Iz It <TUull I

for some I'(J| u| ,»)> 0.

4.5. Proof of Theorem 2, Part 1

Again we may assume that (A, B) is controllable. We first show conclusion 1 under the extra
assumption that A is skew-symmetric.

Let u, ve L™([0, ), R™), and let DF , .(u) v be the solution of (6). For simplicity, we write
FforF,. Let x=F(u), y=F(v) and w=F(v) — F(u) — DF (1) (v — u). Assume now that u is
fixed. We want to show that

Iwll~=o(lv-ull,~) as [v—ul~—0.



426 Y. CHITOUR, W. LIU AND E. SONTAG

Let h=v - u and z=y - x. Then from Theorem 1 part (iii') we know that ||z|| .~< C(l|ull =) 4| .-
for some constant C (]| ]| ,~) >0. Let X = B"x, =By and 7 = B"z. Again by the mean-value theorem,
for each i, there exists a

£.(t) e [min{~-%(¢) + u;(t), -5:(8) + vi(1) }, max{-%;(£) + (1), -¥:(£) + v;()}]
such that

o/(-Fi(t) + vi(1)) — 0,;(-F;(1) + u (1)) = 7 &§,(1)) (-2:(8) + Ay (1)) (18)

g(t) = (&l(t), esey gm(t))’
D(1) = o' (§(1)) =diag(a'(§,(1)), ..., 07,(&,()))

As in the proof of (iii'), D(¢) can be taken to be measurable. Then w satisfies
w=[A-Bo' (-BTx(t) + u(t))B"lw+ B{[D(t) - o' (-=B™x(¢) + u(t)}[-B"z(t) + h(t)1}

Since ||-B"x+ul|,~ is finite and o is in ¢"*, there exist 0<a<b<e such that
al < o' (-B™x(t) + u(t)) < bl a.e. in [0, o). Applying Lemma 1, we have
wll =< GBI LD - o’ (=B x + u))(B"z~ W) |} .=

<G.IBICUull HIBI+1D) 1D - o' (-B x +w)lf .~ 2| .~ (19)
where G is the L=-gain of the system w = [(A ~Bo’' (-B"x(t) + u(t))B"lw+ i1, w(0)=0. By
definition we have
D(t) - o' (=B x(¢) +u(£))

=diag[01(§,(1)) — o1 (=%,(6) + u, (1)), ..., 0,,(§,.(1)) — O (=F,.(1) + u,.(1))]

But we know that

|E:(6) = (=x,(8) + u; (NI = 12:(0) - k(D] < (Clull =) + Dl Al -

If we assume that ||hl|,~=1, then |£,(1)| is bounded. Let M be such that |£,(f)| <M,
| %) - (| < M if ||hl[,~>1 (M may depend on u). Let K=G.IBI(C(llull - B] +1).
Then by the uniform continuity of o) on [-M,M] we conclude that for any given &> there
exists a0< d< 1 such that ||D - o' (-BTx + u)|| ,-< ¢/K if ||h]| ,~< 6. So from (19) we conclude
that [|w|| -< el Al .~

This was all assuming that A was skew-symmetric. Now consider a general (neutrally stable)
A. Let u,ve L=([0, ), R™) with u being fixed. Then we know that under a suitable change of
coordinates, system (1) can be written as

$1=A,x; + B,0(-B}x, + u)
x.z = A2X2 + Bza(—'B}-xZ + ll) (20)
x(0)=0, x0)=0
where A, is Hurwitz and A, is skew-symmetric. Now (6) is written as
£ =A\£ +B,0' (-Bix, + u)(-B} £, + v)
&,=A,&,+B,0' (~Bix, + u)(-B}&, + v)
§0)=0
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Again let h=v-u, z=y—x, w=z-DF(u)h. Write w= (w,w,)". Then the above proof
implies that ||w,||,~= o(|| 2| ,~). We need to show that
lwill == o]l All =) @1
Clearly w, satisfies
W, =Aw, + B (0" (§(1))-0' (=Bix,(£) + u())) (- B3z, (£) + h(t))
— B,0' (-B3x,(1) + u(t)Bw, (1) (22)
where £ is defined similar to (18). Since ||B}z, — Al ;=< C(||lull =)l 4]l = for some C(|| |} ,~)>0,

A, is Hurwitz, ||o'(§)- o' (=B, + w)||,~=0(1), and ||B,0’ (~Bix, + w)Biw,| = o(|| Al =),
(22) implies that (21) holds too. This finishes the first part of Theorem 2.

4.6. Proof of Theorem 2, Part 2

Let 1sp<eco and u, ve L?([0,00), R™). As in establishing Part 1, we will first show
conclusion 2 under the assumption that A is skew-symmetric. Let ¥ be a real number such that
0<|v|=<1. Write

»h—x

x = F(u), y, = F(u + vv), 7, = and w, =z, — D F(u) (23)
v

where D F (u) is the solution of (6). We have to show that lim,_,, ||w,|| ,»= 0. In the sequel, C;
will denote positive constants depending on A, B, o, u, vand p.
Now z, satisfies

t=Az+BD (t)(-B"z + v(1)) (24)
with
D (1) =diag[(c'(&,.,(1)), ---, U (&, n ()]
where the &, ; satisfy
0(=F,.(t) + u;(t) + vu,()) - 0,(=%,() + u; (D)) = 0(§, (D)=, (D) + X,(£) + vv (1))

Exactly by the same proof as in part (ii) of Theorem 1 (cf. (17)), we can prove that there exist
constants C,, C,>0 (independent of ve [-1,1]) such that

Izl < ¢ [ e™ ol ds

Let g(1)=C, I5e%“?||v(s)|| ds. Then ||gl| .« is finite for any p < g <e. The above inequality
can be written as

Cyls-1),

llz, (Dl < g(2) (25)
for all te [0,0). So || z,|| ,~< || g || .~ By the definition of z, we have
ly,=xll-<ligll =l ¥l (26)
Let D =diag(0.(0), ..., 0',(0)). Let A=A — BDB". Then A is Hurwitz. Let P >0 satisfy
PA+ATP =1

Define ¢, 2 1/(4Vm| B|| || PB]]). Let ¢ be such that 0> e< ¢,. We show that {|w,| r<eif vis
small enough.
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Write % = B'x. For any constant M >0, let H,,= U™, {t| |ax;(t) - u;(t)| = M}. Then we know
that there exists C;> 0 such that | H,,| < C;/MP?. Let’s fix an M > 1 large enough such that

[ 120l 6 < ecef. @5) @

[, @l ar < & (28)
By the continuity of the o) there exists 0< £’ <1/2 such that for i=1,...,m

loi(&)-oi(m<e (29)
if £,pe [-2M,2M]and |E-9|>¢'.
Let E;={t]||%,(t)-u;(t)|>€'} and E=U/ E. By Chebyshev’s inequality we have
| E| < C, for some constant C,>0.
Write §,= (J,.,, ..., 7,..)" = BTy,. Define

G,= e 1.0 - 50 - v(0] > €)

i=1

Noticing (26), we have for |v| small enough

G,c e lbxeol > €12)

i=1

Therefore by Chebyshev’s inequality again we have

PP m
1G,| < (8,”),, 2 Nl (30)
i=1

Notice that if te H,,U G,, then
19,4 = ui(8) = v, ()| <15, () = £ (1) — v, ()] + [ —w ()| < & + M<2M
Now w, satisfies '

w,=[A-Bo'(-B™x(t) + u(t)B"Iw,+ B[D,(t) - o' (-B™x() + u(t))1 [-B"z,(t) + v(1)]
(31

If welet V(£)=E&"PE for e R”, we get
Vw, () =—llw,()lI* - 2w} (£)PBLo’ (-B"x(t) + u(t)) - D1B™w, (1)
+ ZWI(I)PB [D,(5)-o' (-B"x(t)+ u(n)] [—BTZ,(t) + v(1)] (32)

Therefore, we conclude that there exist positive constants Cs, Cg, C; such that for almost all
te [0,00)/(EUH,UG)),

V(w, (D)< =2C;V(w, (1)) + 2CseV' 2 (w, ()]l - B™z,(6) + v(1)]|
for almost all re E/(HyUG,),
V(w, (1)) <2C;V(w,(1) +2CceV'(w, (1)) || - B'2,(1) + v(1) ||
and for almost all te H,,UG,,
V(w, (1) S2C,V (W, (1) + 2CV' 2w, ()| - BTz,(1) + v(2)|
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The previous inequalities imply

Vw, () <24,(HV(w, (D)) + 24,V P (w, () | - BTz, () + v(t) || (33)
where
-C, ift€ EUH, UG, C. ift €H,UG
,1 — 5 M v , = 6 M v
0=\ ¢ itrerun,ug, M9 40 lc(, ift € H,UG,

Similar to the proof of part (ii) in Theorem! we obtain an inequality similar to (17), namely
t —Glt-1)
Iwll < G [

for some constants Cg, Cy>0. Using (34) and the definition of A,, there exists C,,> 0 such that

Il < Cul 118 = vl + [, 187240 - v ]

|L@I(B"z,(z) - v(z)|| dz (34)

UG,

< Col 18, ~ vl + 2ZUBIP [, la@IP de+ 2 [, oI de

T P
+ [, 1870 - vl dr]
Noticing (25), (27) and (28) we get that
I, < Cule’1B", = oll, + 2°1BIP + De+ 2 [ 1BI'g"@ + vl dr)

Now from (30) we get that the last integral in the right-hand side of the above inequality goes to
0 as v — 0. Since ¢ is arbitrary, we have lim,_, || w,[| ,»=0.

Assume now that A is not skew-symmetric. Let 1< p<oo, u, ve LP([0,0), R™) and for
0<|v| <1 use the functions introduced in (23). Write w,=(w,,, w,)z)T. Then we need to show
that

tim ], = 0 (39)

Asin (22), w, , satisfies
Wy =AW, + B (D, () — ' (-Bix, (1) + u())1(-B3z, ,(£) + v(1))
- B,0' (-Bixy(1) + u(1))Biw, (36)
where D, ,(¢) is defined in the same manner as D ,(t), with the difference that %, ; and y, ; are
now equal respectively to the ith component of B,"x, and B}y, ,. Fix £>0. Then taking into

account the fact that A, is Hurwitz, lim,_, ||w,,|| .» =0 and (25), we can get that there exists a
constant C >0 independent of v such that

Iwaally < Clllmalll + #1BTza = vl + [, 1B32a() ~ o0 ]
M

UG,
From the previous paragraph, the proof of conclusion 2 is now complete.

5. COUNTER-EXAMPLES

We now tumn to the negative statements in Theorem 1. These are established by exhibiting
counter-examples. More precisely, Examples 1, 2, 3, and 4 below refer respectively to (i'),
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(ii"), (iv'), and (i), while Example 5 refers to (iii). Finally, Example 6 refers to the fact that
F ., need not be Fréchet-differentiable in general.

5.1. F, . need not be continuous

Example 1. Consider the one-dimensional initialized control system
x=-0(x+u)
x(0)=0

where the S-function o verifies the following condition: there exists an a>0 such that for
e=+1and |¢]| < a, we have

37

o(e+t)=¢-t
Let

h(t)={—1 on[2n,2n+1),n= 0
1 on[2n+1,2n+2),n20

and x=- [} 0(h(s))ds. Then ||x||,-=1. Letting u(s)=h(t) - x(t), we know that x is the
solution of (37) corresponding to u. Clearly || u|| ,~=2.
For m>1,let 5s,,= ae ™ and

Uul(t) = h(t) + s5,e" + L’ o(h(z) + s,e7) dr
for O<t<m and v,(¢t) = u(t) for t>m. Let y,, be the solution of (37) cormresponding to v,,. If
weletz,, =y, - xand h,= v, — u, then on [0, m] we have

Zn()=s,(e'=1) and  h,()=s,

Therefore, ||4,ll,~=s,, and ||z, ,~= s,(e™ - 1). Since lim, _,.. 5,,=0 and ||z,]l,~= a/2 for m
large enough, F is not continuous at u.

5.2. F, . Need not be continuous even for nondecreasing o

Note that the example that follows could of course also be used to establish (i'), instead of
using Example 1. However, it is far more complicated to analyse than the preceding one.

Example 2. We provide an example in which the input to state operator defined at the very
end of Section 2, F, . (or F) corresponding to the system
xX=Ax— bao(X2 + u)
x(0)=0

1 -1 0
A = , =
i of e=()
and o, is the standard saturation function. The idea is to argue by contradiction: in a first step,

we construct an l.a.c. curve Z(¢) such that

lim [z == (38)

is not continuous. The data are
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and a bounded input /; in a second step, using the curve 7(¢) we exhibit another La.c. curve x()
such that there exists an input # for which

lull =<oe,  x=F(u)
Now define

Z= F(u+ sh) - F(u) (39)
s

and assuming that F is continuous at u, we have lim,_, sz, =0. We show then that for s>0
small enough, z,= 7, which contradicts (38). Therefore, F cannot be continuous at u.

Let us start by the construction of Z. In the plane (z,, z,), define for =0 the la.c. curve z(#)
as follows:

(a) z(0)= (N2,0)

Az+ bz,  if]z] < 1

®) 2=1,, if |2} > 1

Since 27220, ||z(#)|| is nondecreasing and in particular
Izl> 1zl =2

at the times ¢> 0 for which z(¢) is defined.

Furthermore, one checks that in fact, the curve z(t) is well defined for ¢=0. (The times ¢ so
that |z,(¢)| =1 are isolated because for each of them, there exists an open neighbourhood
(t— 1, t+ 7) where |z,| >0).

Now, by writing z(¢) in polar coordinates, if

. h2) — Z,2Z
9= 22in
21+ 23
is the angular velocity, we have forall t= 0,
le el
AR
The previous remarks imply that there exist two increasing sequences (7,) 0, 1) >0 and two
positive numbers C;, C, such that
() T,=0,T,<T,<T,,, forn=0;
G

T
nll3

QL -T, ~pse

(3) limn—)u Tn+l - T,n= H

@ |zl<ston(T, T Jand |z,|>1on (T, T,,,) for n=0;
) llz()ll~, Cy2'

6) lim,_,. 6(r)= 1.

From this construction, we have lim,,,, ||z(#)|| = o. Let
1 on([7,,T,)

w0 [0 on (T, T i)n > 0

-25(8)  on[Z,T,]

)=
e [o on (T, T, ) 2 0
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Then z is the solution of the system (E;)
2=Az-dy(1)b(z2+ ho(1))
z(0) =z,
Let (E|) be the planar system
X=Ax-boy[f(x,1)]
x(0)=x,
where A, b are defined as above, x,+ 0 is small and
0 ift€[T,T,]
2 ifte (T ,T,,.,),|x|>2andx, = 0
-2 if € (T, T,s1) % |>2andx, < 0
2 ifte(T,,T,,,)and |x] < 2

fix, )=

Once again, one checks that the previous curve is well defined for ¢>0. Note that if
lx(D|| =3V2, then 1/2<6<3/2 and #x"(£)=0 if and only if re (T, T,,,) for some n=0,
|x,(t)] €2 and x,(¢)<O.

Let us show that || x ]| ;=< ee. Fix an integer n, such that for all n=> n,

9_.71' .<11.71:

5=

10 <l 1, 10

Then writing (E,) in polar coordinates gives

F=sin Boy(t(x, 1)), |6 1|< L (40)

r
Consider the positive constant =15 and the first time #,= T, such that [|x(t)| = r(z,) = r,.
Define also
r = sup [[x()l| =
11,
If such ¢, does not exist then we are done. Otherwise, in the worst case, there exist 7' < 7" in
(T T oy +1) such that for te [T',T"]
0n@)=-2,xT")=2,|x@®)|<2 and x()s<0

A direct computation shows that one of the two following cases occurs:

(1) " xan()+l)|l = r()’ or
(2) for n=ny, || x(T,)|| is decreasing and

sup_ || x(@)| < 2n
petsT,

as long as || xT )l = r,

Therefore, if the n= n, for which (2) is satisfied are unbounded, we are again done. Otherwise,
there exists an n, = n, for which || x(T,,)|| < r,. Once again, consider the first time ¢, > n, such
that

2@ = 1Tl = (T7) 2 r
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If 1, does not exist, the assertion is proved. Otherwise one shows that || x(T, , )|l <r,and
sup  ||lx(l < 2r

m S1S T 4y
By repeating this argument if necessary, it follows that
x|l -<2r <eo and utofl =<l x fl = + 2
Furthermore, there exist #;=0 and two bounded inputs u, and A4, such that:
(i) the solution of
X=Ax—-boy(x,+ u,)
x(0)=0
reaches x, in time #; and |x,(¢) + u,(t)| <1/2 for te [0, t;];
(ii) the solution of
t=Az-b(z,+h))
z(0)=0
reaches (\/_2_, 0) in time ;.

Concatenate u, and u,2 f(x(¢), ) — x,(t), h, and h, to respectively the bounded inputs u and A.
For x the solution of

X=Ax—-boy(x,+ u)
x(@=0
we get ||x|| .~<oo. Note that for all =0, |x,(t) + u(t)| <1/2 or |x,(t) + u(t)| =2. Then, 2, the
solution of
2=Az-d(t)b(z,+ h)
2(0)=0
where
1 on [0, )
O=Nae-0  onlh
is in fact the solution of
(Ey) 2=Az— op(x, +u)b(z,+ h)
z(0)=0

where o, () stands for the derivative of o, with respect to its argument.
Suppose that F is continuous at u. For 0 < s <1, define z, by (38) and note that it is the solution of
Op(x2 + u+ $(z; + h)) — op(xy + 1)

= Az — h
Z z SG k) b(z, + h)

z2(0)=0
Since F is continuous at u,
ls(z. () + ()| <1/4

for s small enough, and then z, is the solution of (E,) and then z,=Z.
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Therefore, for s >0 and small enough, lim,_,. s||z,(#)|| = e, which contradicts the continuity
of Fatu.

5.3. Failure of GIG.., even for ce €"*

Example 3. The next example serves to show that GIG.. does not hold for all oe ¢"*.
Pick any element o of 6'* (i.e., o is continuously differentiable and ¢’ >0) such that in
addition, o is smooth, o(t) =1t for te [-a,, a,), where a,>0 is a positive constant, ¢" >0 on
(—o0,~a,) and 0" <0 on (a,, =). Let A and b be as in the previous example. Thus, the system
that we consider now is essentially the same as in Example 2, with the only difference that
the standard saturation function o, is now replaced by any o which satisfies the above
properties.

If F,.=F is the corresponding input-to-state operator, we will prove that for any a, 8>0,
there exist u, v in L™([0, o), R) such that:

lv-ull~<a and  ||F(v)-F@l . -=8
The strategy is to construct two l.a.c. curves z(¢) and A(¢) such that

lim [zl = e, |lk]-< @

and then two other La.c. curves x(¢) and y(t) such that:

(@) y(¢)— x(t)=z(¢t) for te [0, t|] where ¢} is chosen so that || z(¢})|| = 8;
(b) there exist two essentially bounded inputs u,v such that x=F(u), y=F(v),
v()—u(t)=h(t) forte [0, ;] and v(t)=u(t) =0 for t=1,.

Consider a, #>0. We choose a zy=(£,0)#0 so that {Z| <1 and there exist £,=0 and a
bounded input 4 for which

@) all~<e;
(ii) the solution = ({,, §,) of
E=AL - o(L() +h(D)),
£0)=0
reaches z, at time ¢, and §,(£) + () +0 a.e. in [0, t,).

Define the constants a' >0 and r, such that

a' = min(l, a. M)
2 2
283
ro——aT

For £>01in (0, 1) and for ¢=t, consider z,(¢) the 1.a.c. curve defined by
@) z(t.) = z;
Az + bz, if|z,,] < a'

o) Z = . .
Az, + bez,,  if|z,]> @
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(Note that for a given e€ (0, 1), z, need not be defined for all ¢=+,.) It is easy to see by using
polar coordinates, that if we choose &,> 0 small enough, then there exists t, > ¢, such that
r(to) =l z,,(t)ll > 21, Z,2{t)>0 and Zga(te)=-a
Now, for ¢ ¢, consider the La.c. curve 2’ (r) defined by
@) z'(ty) = z(4);
AZ' + bz if|z] < a'
® Z={ | 3
Al

Write 2’ (¢) and 2’ (¢) in polar coordinates r(¢), 6(¢) and define for n= 1

iflls > a

r,=r(t,_,) with zj(t,_) >0 and 7(t,.)=-a’
By an induction argument, we show that

(1) the sequences (£,),24,(7.).» are well-defined,
2) Vnzl,r(t)zr,if t2t,,,,
(3) there exists a constant C >0 depending only on rg such that for all n>0,

riazri+Cr,

Therefore lim, . 7(t) = oo,
Concatenate §, z,, and z' to obtain an la.c. curve z(t) from [0, ) to R2. Then, define for
t =0, the functions d(¢), h(t) by

o(G()) + k(o) )
m a.e.in[0,1,)
d(t) = 1 ift=t,|z0 < da
£ ift, <t< gand|5(0)| > o
1 ) '
Ty ift 2 tyand |z,()| > a
[EG]y

and
(1) on [0,¢,)
h)={-250 ift=t,|z0|<a
0 ift=1,|50>d
We observe that z is actually the solution of
2=Az—-d(t)b[z,+ h(1)]
z(0)=0

and therefore we get that || 4[| ,~< a and lim,_,_ || z(¢)]| = o.
In order to construct x and y as we want, it is enough to know &(#) £ x,(¢) + u(¢), because of
the following formula:

x(6) = & L e **bal£(s)] ds @1)
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This is simply done by considering the equation in &
J«E +2(N+ k() o

z(1) + h(t) ) “2)
with z,(1)+ h(t)+0 and 0'0(E)=d(t) if z,(¢)+ h(t)=0. The times r=t, for which
z,(f) + h(t) = 0 are isolated and then z, + h is a piecewise continuous function. Therefore, for
the times ¢ t, such that |z,(#)| < a it is enough to set £=0 in (42) and for the other times ¢>¢,,
we can choose a piecewise continuous selection for & in (42).

Therefore, if ¢, is picked so that [|z(¢,)|| = B (without loss of generality we can suppose
t, = ty), we construct x on [0, t,) by taking x =0, then on [,,T,), by using the solution of (42)
in (41) and finally ¥ =0 for t=t,. As for y, it is defined by x+z on [0,t,) and v=0 for t=¢,.
To conclude the construction, notice that

o) - u) = {0 on g’ Z’:)
1s

54. Failure of SLP,, for arbitrary o

Example 4. Next, we deal with counter examples to property SLP,. Let o(t) =, o' (s) ds,
where o' is an even function and for #>0 is given by

0 ift=1

dn=| 1 ifte[ 1 1 ,l),n>1
n+1" @+ A

-1 ifte[ 12, 12+ lz),nzl
‘ n+ 1) (n+1) n

It is easy to verify that o is an S-function and obviously o does not belong to % . Consider the
system

X=—0o(x+u)

x(0)=0 (“43)
Let
0 on {0, 1]
=1 u, onnn+1/2),n=1
—u, on[n+1/2,n+ 1)
with

1 1
Uy = +
(n+ 1 2(n+1)*
for n=1. Let x(t) =—[, o(h(s)) ds. Then, if we let u=h-x, x is the solution of (43). Clearly

forall 1 < p<eo, |[x|lp<ee, [lullr<ece.
For m=1, define

—m

s =€
" 2m+ 1)
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and let w, = -[§, a(g(s)) ds, where

0 if t € [0, 1]
g ={h(+s,e  iftel, m
0 if t € (m, o)

Now let v,=g(t)-w,(t) on [0,m] and v,=u for t>m. Let y, be the solution (43)
corresponding to v,,. Then, if z, =y, —xand h,= v, —u, we have on [1, m]:

2, () =s,(e—e) and h,(t)=s,e.

Therefore, for m large enough, (|4, || ,»<m'"”s,e and ||z, || »= 5, [["(e* - €)? ds]'/”. Let
m-1 > Up
a,= “O (S dsj]

We get
"ym - x“Lp >
” Un—U “LP

which goes to e as m — o, Therefore F does not satisfy SLP , at .

~lip
m

5.5. Failure of GIG,, even for nondecreasing o

Example 5. Let o be an S-function that satisfies the following condition. There exists a >0
such that o(¢) =t if || <8 and o(r) =sign(¢) if |¢| =1+ 8. For example, o could even be the
standard saturation function. Consider the one-dimensional system

X=—0o(x+u)
x(0)=0
Let 1< p<oo be a real number. Let a>1+ 0, 0< £< 9 be two real numbers. Take two inputs
u, ve L'([0, «), R) as follows:
u(y=v(t)=-t-1-9, forO<t<a
u(t)=—-a,v(t)=—-e(t—a)—-a-¢g, fora>t<a+1
u(t)=v(t)=0, ift>a+1

(44)

Let x,y be the solutions of (44) corresponding to u, v respectively. Then we have for
ast<a+l,

x(N=a,y(t)=a+€e(t-a)
and
x()=2a+1-t,y(t)=2a+e+1-1
for a + 1st<2a- 0. Therefore
[t 301 > [ b1 5= -1
So, |ly=x|l;>= e(a-1-8)""”. On the other hand,

. » p+l_ 1/p
||v—u||Lp=e(Ja l|t—a+1|”dt)”'=£(2 l)
a p+1
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Noticing that a and € could be almost arbitrary, we have shown that for any a, 8> 0, there exist
u, vin L?([0, ), R) such that

lv-uyll<a and |F(v)- FQu)-ll =8

5.6. Nondifferentiability of F,,
Example 6. Consider a saturation function o continuously differentiable, linear in a
neighbourhood of 0 (i.e. a(t) = ¢ for | #| small enough) and the control system
X=—-0(x+u)
x(0)=0

Fix an a>1 and let K = || o||,». Take u =0 and consider the sequence {1/}7., of inputs defined
by

(43)

W) = J on[0,j "]
0 on(j %)
Then || &/,1 = j*~*— 0 as j —> 0. Note that for any ve L'([0, ), R), D F(0) is the solution of
Z=-z+ v, z(0)=0
Then for j large enough and ¢ = j ™%, we have
|Fu)(t)| <Kj %"  and D FO)(t)=j(1-—e¥' ") "
Then

@

”uj”L'

for j large enough. Therefore, F, , is not Fréchet-differentiable at 0.

| FGdy - D FO),. -

172

5.7. One last example

The last example shows that the Lipschitz constant C obtained in the proof of part (ii'),
Theorem 1 is the best possible one. We keep the notations used in the proof of Theorem 1.

Example 7. Let o be a saturation function. Consider the system
¥=-ax+Bo(-BTx+u)
x(0)=0

With no loss of generality, we can assume that b,>0 for k=1,...,m. Fix £>0 and an
o= (w,,..., w,)such that

(46)

O<wi< |0l L=(s0), k=1,...,m

and
m 12
(z bzwz)
Coe< ¥ 1 o

m
a+ Z bﬁwk
k=1
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We can pick &£> 0 small enough so that
i 2
a+ Z biw,—e>0
k=1
Let §,= (&), ..., £,) be chosen so that for k=1, ..., m, o, is differentiable at &, and
|oW(E) - ol s g2

Define Q=diag(w,, ..., w,,). Furthermore, there exists an £>0 such thatif ||& - ;|| <¢', then
o) -o(&)
FEI"TN el < g2
(- &)

For a >0, let x, be the solution of the system

k=—ax+Bo(&,)
x()=0

If we let u,(t)= &,+ B"x,(t), then x, is the solution of (46) corresponding to u .
Pick a constant h; > 0 so that h,(1 +||B||C,)<¢'. Let

P By, -, by,

m 12
( > bfwi)
k=1

and v,=&;+ B"x,+ h. Let y, be the solution of (46) corresponding to v,. Let z,=y, x,. Then
z, satisfies

z=—az—-d(t)z+BD(t)h
z(0)=0

where

o(& + Bz, + h) - 0(&,)

D@ =
Bz, +h

and d(r)=BD(1)B".
By the choice of h, and the fact that F,. is globally Lipschitz, we have
|BTz,+ h=<||B||C 4ho+ hy< &'. Then, for t>0, we get

ID(H-Qll<e
In that case, ||x,|l,= ||y./l.~<e and a direct computation shows that there exists a positive

constant u (independent of ¢) such that

lim inf

[T

z(D)
ho

=2 C, — ue

Letting £ -0, we prove that C, is the desired Lipschitz constant.
Now assume that & =0. For T >0, define x;(¢) = Bo(&,)t on [0, T] and as the solution of

¥=Bo(-B"x), xT)=Bo(&,)T
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for t=T. Then consider y; defined on [0,7] as the solution of (46) corresponding to
v=Ey+ B x;+ hand for t=T, defined as the solution of

x=Bo(-B™x), x(T) = y(T)

Finally set z; = y;— x1. If we define the input hy=h for te [0,T] and O for =T, we obtain
for T large enough, there exists a positive constant 4 (independent of ¢) such that

|IZT||]_°'
— 2z G- (u+ )
arll- —

As in the case a >0, we conclude that C| is the desired Lipschitz constant.

for some integer k, C, is independent of a=0 and is equal to (inf, _,

One can also notice that C,— C, as ¢ —0* and under the extra assumption that ||g}|| j~=o0
AV
mt &k
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