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Abstract

For feedback loops involving single input, single output monotone systems with well-defined I/O characteristics, a recent
paper by Angeli and Sontag provided an approach to determining the location and stability of steady states. A result on global
convergence for multistable systems followed as a consequence of the technique. The present paper extends the approach t
multiple inputs and outputs. A key idea is the introduction of a reduced system which preserves local stability properties.
© 2004 Published by Elsevier B.V.
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1. Introduction reduction principle for unity feedback loops involving

. , single input, single output models which admit a well-
~ The study of stability properties for systems hav- qefined 1/0 characteristic and satisfy a monotonicity
ing multiple steady states is of great importance, qngition. The reduction was to a discrete-time one-
as such systems possess a “memory” of past stateSyimensional iteration.

and, as components of larger systems, can act as s note is a follow-up, where we extend the result
switches, or underlie relaxation oscillators. A result 4 the multivariable case. The key idea is to introduce
on global convergence for multistable systems was 5 continuous-timereduced system which preserves
presented in the articlg8]. That work presented a ocq stability properties. This reduced system is often
- easier to analyze than the original one, since its dimen-
* Corresponding author. Tel.: +1-732-572-2722; fax: +1-732- Sion equals the number of inputs (or outputs), which
445-5530. _ _ is typically very small. Model reduction is a powerful
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(singular perturbation techniques). The approach pro- formulated in terms of aliscrete-timecondition in-
posed in[3], and extended here, is completely differ- volving derivatives ok. One of the main contributions

ent to these two. of the present paper is the re-interpretation of that con-
In this paper, we deal with systems with inputs and dition in terms of the reduced-ordepntinuous-time
outputs, as usual in control thedi/7]: system (3). This re-interpretation is crucial to the gen-

F= ). y=h(x) (1) eralization that we gave in Theorem 1. Theorems 1 and
Y ’ 2 are the exact counterparts of Theorem 3 and Lemma

with u(z) € U andy(r) € Y, but we assume that the 6.6 of [3], respectively, even though the statements

input- and output-value spaces coincidé£€ Y is a are written somewhat differently. The main theorem is

subset of some Euclidean spdR¥; states evolve in  of use in a number of applications, especially in bio-

some subseX C R"). We assume thdf =Y because logical signaling networks with multiple steady states

our goal is to analyze the stability properties of the and/or presenting hysteresis effects; eet,18]

closed loop system One of the most interesting implications of this

. methodology lies in the fact that the mappikgan

¥ = h(x), 2) be often obtained from experimental data (“dose

which arises under unity feedback. More general response” curves in pharmacology, for example), even

feedback interconnections can be reduced to a unity when knowledge of the system (1) is poor because

feedback configuration for purposes of applying these of uncertainty in the form of equations, or unknown

techniques (see for instance the discussiorli). or unmeasurable parameters. Provided that general

We illustrate with an example how to rewrite a given qualitative knowledge about the system is available

system in a form suitable for application of our theory. (insuring the appropriate assumptions for the system
The main assumptions are that the open-loop sys-to apply), one can then mathematically conclude sta-

tem (1) is monotone with respect to con#s,,, ¢, bility from the input/output data provided by This

and ¢, in the input-value, state, and output-value is discussed in detail ift,18].

spaces, and that it admits a nondegenerate I/S char- The organization of this paper is as follows. Af-

acteristick® : U — X. We denote the corresponding ter stating some basic definitions, we first establish

(nondegenerate) I/O characteristidashok* : U — a number of preliminary results about positive matri-
U. In our main result we will establish a connection ces, followed by the local version of the result (linear
between (1) and the reduced system: systems). Theorem 1 will then follow by combining

this local result with a global convergence theorem
due to Hirsch. After this, we discuss an example, and
we study sufficient conditions for closed-loops to be
strongly monotone.

u=k(u) —u. (3

Theorem 1. Let (1) be a monotone system that ad-
mits a nondegenerate I/S characteristi¢ and an

I/0 characteristic k with nondegenerate fixed points,
and assume that the closed loop sys{&jris strongly
monotone. Then the functiogh— kX (i) forms a bi-
jective correspondence between the locally asymptoti-
cally stable points of the monotone systesk (i) —u

and those of2). Furthermore almost all bounded so-
lutions of (2) converge to one of these asymptotically
stable points.

2. Definitions

Let#" C R" be acone by which we mean a set that
is nonempty, convex, closed under multiplication by
positive scalars, and pointed (i#.N(—.7")={0}). We
will also assume that/” is closed and has honempty
interior (itis “proper”). The cone?” induces the partial
This reduction allows to study the global stability order given byx<y iff y —x € 24", and the stronger
properties of the full system (1) in terms of the re- orderx <y iff y —x € int.#". We also say that <y
duced system, which has, in general, much lower di- if x<y andx # y.
mensionality than (1). Ifi3], a result was proved that Assume given a system (1), where the state space
is equivalent to this one for the special case of scalar X € R”" is the closure of an open set, the input- and
inputs and outputss{ = 1). This scalar result was output-value sebt) is also the closure of an open set,
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andf andh are continuously differentiable. We also
assume given two proper congs, c R" and.#",, C
R™. By aninput we mean a measurable essentially
bounded map : R — U and write ‘u<v” for two
inputs provided that:(r)<v(r) for almost allt. (We
abuse notation and use letters such &sdenote both
an input value—element &f—or an input, depending
on the context.)

System (1) ismonotone with respect to”,, 4,
if h is a monotone function, that is<y implies
h(x)<h(y), and the flow preserves the order, i.e., the
following property is satisfied:

For any two inputsu, v such thatu<wv, and
any two initial conditionsyy, x2 € X such that
x1<x2, it holds thatx(z, x1, u)<x(z, x2, v) for
all 1>0.

Herex (¢, xo, u) is the solution of system (1) with initial
conditionxg, evaluated at timé¢, and the relations<

& Control Lettass(nnn) - 3
When the state space and input value space are con-
vex, we can rewrite this condition as follows:

xeX,uelU heX,,
ve Ay, 0 X, anda(h) =0
= o(fx(x,wh+ f,(x,u)v)=>0, (5)

where f, andf, denote the Jacobiansfofvith respect

to thex andu variables, respectively (s¢&2] for an
analogous observation for systems with no inputs). As
an illustration, we show that the autonomous system
(3) is monotone, wherge : U — U is any monotone
function. By condition (4), it is enough to note the
following. If u<v, ande € ™ such that (1) =c(v),
then

o(k() —v) — a(k(u) —u) = o(k(v) — k(u))=0.

2.1. Characteristics

are defined as in the previous section for each cone, and say that (1) has a well-definddput to state

interpreted as<y or <y in the obvious manner. Sys-
tems with no inputs can be seen as a particular case (us
ing an input value space consisting of just one point);
such a system is monotonexif<x, impliesx (z, x1)<
x(t, x2) for all t. We will always understand “for atl
to mean for all timeg belonging to the common do-
main of definition of the solutions involved. The reader
is referred td16] for a comprehensive introduction to
the theory of monotone systems; see 4l49j.

A system of the form (1) is said to lsrongly mono-
toneif u<v, x1 < xp implies x(z, x1, u) <x(t, x2, v)
Vt. We also assume in this case tha&y implies
h(x) <h(y) (we say thahitself isstrongly monotone

Itis useful to be able to test monotonicity directly in
terms of vector fields. If2], two characterizations are
provided, one in terms of nonsmooth analysis and valid
for abstract monotone dynamics (even with respect
to arbitrary partial orders), and a second one, quoted
next, based upon a generalization to systems with in-
puts of the concept of quasi-monotonicity, the latter of
which was introduced by Schneider and Vidyasagar,
and used later by Volkmann (s€k5,19). System (1)
is monotone if and only if

xeX,uelU, heX,,
ve Ay, €A, anda(h) =0
= o(f(x +h,u+v)— f(x,u))=>0,

where 4" = {o € (R")*|a(x)>0 Vx>0}.

(4)

characteristickX : U — X if for every constant in-
putu(r) =u € U, x(t, xo, u) converges t&* (u) for
every initial conditionxg € X. In that case we refer
to k = h o kX as the system’sput to output charac-
teristic. We will also assume throughout in this text
that the characteristi¢® is nondegeneratethat is,
det f (kX (u), u) # 0O for everyu € U.

We say thatk has nondegenerate fixed pointé
det(k’(u)—1) # 0 (i.e.,k’(u) has no eigenvalues equal
to one) for eaclx fixed point ofk (not to confuse with
the previous definition).

Suppose given a system (1) which is both mono-
tone and admits an I/O characteriskicThen k is a
monotone functionThis is proved as follows. Pick
any two elementa<v in U, and consider the corre-
sponding constant inpuis(r) = u andv(r) = v as
well as an arbitrary initial statep. By monotonicity,
x(t, xp, u)<x(t, xo, v). Letting t tend to infinity, we
conclude thak (u)<k(v).

We finally turn to the question of showing that sys-
tem (3) has well defined and unique solutions. Note
that the functionk® is defined as a level curve of
f(x,u), where the latter function can be extended in
the first variable to an open domain coverikigx U,
from the definition of differentiability on a closed do-
main. By the implicit function theorem, and using the
nondegeneracy hypothesis, we have tHaitself is a
continuously differentiable function on the state space,
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boundary points included. Composing with the output
functionh, after applying similar remarks, we see that
k(u) is C* onU and its boundary points. Thus system
(3) has unique, maximally defined solutions.

3. Preliminaries on positive matrices

We begin with a definition. Given a cong” C
R", ann x n matrix A is calledinverse-positive with
respect tox” if for everyx € R", Ax>0 impliesx >0.
We note first that an inverse-positive matdxmust
be invertible: if Ax =0, then alsaA(—x) = 0, which
impliesx € K, —x € K, andx = 0. Also, it is easy
to see tha~1K C K, and that these two conditions
imply inverse-positivity.

We quote the following results without proof from
Plemmons et al[6, pp. 113 and 1Q]respectively.
(That reference also calls inverse positive matrigés
monotoné By aHurwitzmatrix M, we mean, as usual,
one for which Rel < 0 for any eigenvalue of M, and
we denote by (M) the spectral radius of a matrid.

Lemma 1. LetA=oal—B, o> 0,and assuma.%" C
. Then the following conditions are equivalent

(1) Ais inverse-positive.
(2) p(B) <o.
(3) —A is Hurwitz
Lemma 2. LetA=al — B, >0, B C 2, and

suppose that A is invertible antde > 0 for somex > 0.
Then A is inverse-positive.

4. Linear systems

Consider a linear system = Ax + Bu, y = Cx

Theorem 2. Let ¥ = Ax + Bu, y = Cx, with A €
R™" B € R™™, C € R™", be a linear system that
admits an I/O characteristic k and is monotone with
respect to cones?”,, and %", in the input-value and
state spaces. Assume thiat(/ + CA~1B) # 0. Then

A + BC is Hurwitz iff —(I + CA~1B) is Hurwitz. In
other words the closed loop system is exponentially
stable iff the linear system=k (1) —u is exponentially
stable.

Proof. The unity-feedback system is given by (A+
BC)x. The hypotheses of monotonicity and existence
of characteristic on the linear system are equivalent
to the following requirements: (i) the positivity cone
A, is positively invariant for the systemh= Ax; (ii)
BA y C A s (i) CH Y, C A s and (iV)Ais a Hur-
witz matrix. Se€3,8] for a proof of this equivalence
and other properties of monotone (positive) linear sys-
tems.

Since A + BC is such thatx = (A + BC)x is
monotone, there exists a Perron—Frobenius eigenvalue
for A 4+ BC, that is, a numbert € R with maxi-
mal real part among the eigenvaluesAof- BC, such
that (A + BC)v = Av for somev > 0. (This is stan-
dard; see for exampl@, Lemma 6.2]) Also, it holds
that —-CA~'B K < K, sincek is a monotone in-
creasing function. By the Perron—-Frobenius theorem
there exists a real eigenvalpe= p(—CA™1B) — 1 of
—CA~1B — I with maximal real part; the nondegen-
eracy hypothesis implies that=~ 0.

Observe tha+ BC is Hurwitz if and only ifA < 0,
and —1 — CA~1B is Hurwitz if and only if x <O.

So we must prove that <0 if and only if u<O0.
By multiplying on both sides bycA~! we obtain:
(I+CA~B)Cv=ACA™1v. We prove thatl # 0: if
J. were zero, then def + CA~1B) # 0 would imply
Cv =0 andAv = (A + BC)v = 0, contradicting the
fact thatA is a Hurwitz matrix. Note also thatv>0

that is monotone and admits well defined (and neces- andCA™ v = — [ Cet'v dr<O0.

sarily nondegenerate) I/S and 1/O characteristics. We

close the system by unity feedback, lettimg= y =
Cx, thus forming an autonomous dynamical system.
It is easy to compute the 1/O characteristic from the
equationAx + Bu = 0 for a fixedu € U, namely
k(u) = —CA~1Bu. Thusk’(0) = —CA~1B; this will

be important for the statement of the following theo-
rem, which is equivalent to Lemma 6.6[8] (see also
the remark after the proof).

Suppose first that v > 0. By continuity of the inte-
grand, we conclude thafA~1v <0. If 1 <0, we can
apply Lemma 2 (with&” =1,“B” = —CA™1B,“A’
=1+ CA!B, and X’ =Cy) to conclude that +
CA~1B is inverse-positive, and therefore, by Lemma
1, that—(I + CA~1B) is Hurwitz.

Conversely, if—(I + CA~1B) is Hurwitz, then,
once again appealing to Lemma 1, we know
that I + CA~1B is inverse-positive. Then, from
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(I + CA1B)(—/."YHcv = —cA~ v, we conclude
that (—1"1)Cv>0or1<0.

Finally, let us consider the general caSe>0. We
show the existence of an x n matrix P with Px >0
for eachx > 0: since.#’,, is closed and pointed, there
must be somén — 1)-dimensional hyperplané C
R" whose intersection with?",, is {0}. Lettingw €
R" have norm equal to 1 and be perpendiculaHto
we have without loss of generality- w > 0, for every
x> 0. Let now# be a basis ofR" consisting of an
orthonormal basis dfl, together withw. Then4 itself
is orthonormal.

We can define a linear transformatigh: R" —
R™ by freely defining the value o at each of the
elements of%4, and we do so by setting(w) >0 and
P(b) =0 for all otherb € 4. Givenx >0, one can
write x as linear combination of the base elements,
and the coefficient associated with e&gch # isb - x.
SinceP (b) =0 except forb = w, our assertion follows
from

Px)=P((x-w)w)=(x-w)P(w)>0.

Let nowC, = C + ¢P, for ¢ > 0 small enough so
that det/ + C;A~1B) # 0. Thus we can repeat the
procedure above with this new matrix, and we have,
for Z¢, u, denoting the stability modulus of + BC,
and —(I + C,A~1B) respectively, that, <O if and
only if u, <0. By continuity of eigenvalues on both

0. Thenx is asymptotically stable if and only if it is
exponentially stable.

Proof. We prove the only nontrivial direction: l&tbe

an asymptotically stable equilibrium, which implies
that the real parts of all eigenvalues of the mattix
detdF/ox(x) are smaller or equal than zero (see for
instancg17, Corollary 5.8.7). By monotonicity ofA,
there is a Perron—Frobenius eigenvaluassociated
to it, that is, a real eigenvalue such that Ris larger
than the real part of any other eigenvalue/fyfsee
[3, Lemma 6.2] But by hypothesig. # 0—thusi <0
and exponential stability follows. ]

5. Proof of Theorem 1

Now we are ready to prove the main result. In the
case that:=1, the condition that be a stable equilib-
rium of the reduced system (3) is equivalent to asking
thatk(u) =u andk’(iz) — 1 <0, since by nondegener-
acyk’(un) — 1 # 0. This is just the conditiok’(z) < 1
used in[3].

Proof of Theorem 1. Much of the proof is identical
to that of Theorem 3 if3]; the supporting Lemmas 6.4
and 6.5 in that paper were actually proven for finite-
dimensional inputs. Faf an equilibrium point of (3),
thatisk (i) =u, let the linearization of the open system

sides of the equivalence under continuous changes inaroundi andk* (i) be denoted ag = Ax + Bu, y=

matrix entries, the result follows, taking into account
thatZ #0,u#0. O

The second conclusion of Lemma 6.6 [B] also
holds here in a multidimensional version: sincet
0,u # 0, and4 <0 iff <0, it must hold thatt > 0
iff u> 0. That is, there exists a positive eigenvalue of
A+ BC if and only if there exists a positive eigenvalue
of —(I + CA71B).

Recall that if a linear system is asymptotically sta-

ble, then all of its eigenvalues must have negative real

Cx. The hypotheses of Lemma 3 are satisfied both
for i in the reduced system and for= kX (i) in the
closed loop system, by nondegeneracy of fixed points
in the former, and since ddt+ BC # 0 in the latter;
see the proof of Theorem 2. We therefore have &hat
is asymptotically stable in the reduced system if and
only if it is exponentially stable in the reduced system
(by Lemma 3), if and only ifc is exponentially stable
in the closed loop system (by Theorem 2), if and only
if X is asymptotically stable in the closed loop system.
The important generic convergence result proven by

part, and the system is therefore exponentially stable. Hirsch in the late 1980s can be stated in our frame-
From the proof of the previous theorem we can de- work as follows: given an autonomous system that is
duce a similar property for monotone systems, that we strongly monotone with respect to some proper cone,
explicitly state below. almost every initial condition with bounded solution

has a limit set contained in the set of equilibria; see
[9, Theorem 7.8]In the case that the set of equilibria

is discrete, as it is here, we can conclude that almost

Lemma 3. Letx = F(x) be a monotone system under
some proper coneF (x) = 0, and detdF/dx(x) #
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every bounded solution converges to an equilibrium A

point. [ P
Let 4 € R be the Perron—Frobenius eigenvalue as-

sociated withA + BC after linearizing around an un-

stable equilibrium pointc. By unstability and since .

we know . # 0, we havel > 0; thusx is a hyperbol- P

ically unstable equilibrium of the closed loop system,

and it follows (sed3,13]) that the set of initial condi-

tions that converge towatdin the closed loop system . D,

has measure zero. Thus almost all bounded solutions ~.

converge to one of the equilibria corresponding to a

locally exponentially stable steady state of the reduced Fig. 1. interconnections for system (6). The dotted lines indicate
system, as stated.[] where the interconnections will be cut and replaced by inputs.

Note that under the present hypotheses merely
asymptotic stability is actually ruled out: an equilib-
rium point is either exponentially stable, or unstable
with some eigenvalue with positive real part.

This theorem provides a way to describe the behav-
ior of a complex monotone system in terms of a po-
tentially much simpler, associated system. ket 2 a
graphical analysis as ii,3] is also possible, by plot-
ting the vector field(«) — u on the input space, and
observing which equilibria appear to be stable (see
example below).

In the case that (3) is itself strongly monotone and p; = a;r; — b; p;,
has bounded solutions, one can actually apply Hirsch's 7 = g;(p1, p2) — ciri,
theorem to it and deduce that almost all trajectories We assume that bofh ( ) andga( ) are in-
converge toward one of the stable steady states. The . . PL, p2 §2(P1, p2 .

. X creasing functions of botps and p2, as well as posi-
guestion arises as to whether the analogy between the,; ; . .
. s tive and bounded. The interconnections are illustrated
two systems could be carried further: if the output . . : .
. - : in Fig. 1 In particular, note that all the solutions of
function h were surjective, does it hold thatz, xo) .
. . this system are bounded.
converges tar if and only if u(z, h(xg)) converges . . .
- " . We analyze the dynamics of this system by cutting
to h(x)? In other words, do the basins of attraction - . ! )
. the arcs as indicated in the figure, and we arrive to the
of each stable point correspond to each other, as thefollowin controlled svstem with two inouts:
stable points do? Unfortunately this is not true, as the 9 Y puts:
example below will illustrate. pi = aju; — b;p;,
i = gi(p1, p2) — ciri,
which is monotone under the usual positive or-
thant cone. If we fix the inputus, u2), the system
converges toward the poinp; = (a;/bj)u;, r; =

RNA. Transcription factors are very common, and of-
ten more than one is necessary for RNA polymerase
to initiate transcription. For a mathematical analysis
of the simple autoregulatory circuit, sg6].

Let p1, p2 be two autoregulatory transcription fac-
tors, andry, r2 their corresponding messenger RNAs.
We will couple the circuits by assuming that the pro-
teins are also needed to regulate each other’s transcrip-
tion. The dynamics of the circuit is thus expressed as
follows:

i=12 (6)

i=12 )

6. An example

We illustrate the main result with an example of
a coupled biological circuit. An important class of ——
proteins, referred to asanscription factors regulate 3The standard model {16, p. 58Jis in fact another interesting
transcription of messenger RNA by promoting (or in- gpplication of Theorem 1: by cutting t‘he arg — x1 as explai‘ned
hibiting) the binding of the enzyme RNA polymerase in our egample,' the results [ﬂti,lSectlf)? 4.2]follow by looking

A at the fixed points ofc(u) = a3~ ..., “g(u). Furthermore, the
to the DNA sequence. An autoregulatory transcription |ocal stability of each equilibrium is determined by the slope of
factor regulates the production of its own messenger k(x) at each corresponding fixed point.
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(1/ci)gi((a1/b1)uz, (az/b2)uz), which constitutes the )
value of kX at the point(u1, u»). Note that the arcs (ol — ) (1 ~un ,
cut in Fig. 1 are chosen so as to leave the digraph Fs
with no directed loops in order for the characteris-
tic to be well defined, while minimizing the number
of inputs. Also, two cuts are the minimum since
there are two disjoint, directed loops in the digraph. ;
Since we want the closed loop to be (6), we need /A NE o
h(p1, p2,r1,r2) = (r1,r2), which when composed
with kX yields
1 ai ar ) ) )
k(u,v) = <—g1 <_ u1, —Mz) , Fig. 2. The solutions of the equatidiuy, up) = (17, up).
2" \b1 " b2
1 ai ar
Ln(Enu))
Under mass action kinetics assumptions, a quasi- SS: ¥ t r % % §§§§§ s $ % ’f/
steady state analysis (sgEl]) yields for theg; the =N N EANNNNNNNDY BiLZ
general formg; = &;(py" p5')/(Ki + pi' p5). The JNY ¢ ooy ot
coefficients m;, n; describe the cooperativity with :‘.Q Q% v k § EQ:‘.:‘.}\‘.X\i:
which the proteins bind to the DNA sequence. Forin- X3\ 4 [ 1 ) i PRI S
stance, if twop; proteins bind to each other (forming =23 t § AL LI Lo il
a dimer) before acting on the DNA sequence pf, s e i e e e
thenm; = 2. It is a reasonable assumption that the e e
cooperativity of a protein is the same for both DNA  ——~_~77 | N~ ety | F
sequences, that im1 = m> = m, n1 = np = n. We 7541 i oy e s g
set for simplicitym = 2, n = 1. The remaining coeffi- e —Ler v

cientsK;, 6; are determined by the way the proteins
bind to the particular DNA sequence and how they
aid the polymerase enzyme. We hak@u1, uz) =
(01(ufu2) /(K1 + ufua), o2ufuz) /(K2 + ufuz)),
wheres;=&;¢; Y, Ki=K;aj?by%ay *by*. Apartfrom

Fig. 3. The vector field)(«) = k(u) — I, using parameter values
01=4,0,=2,K1=4, K, =5.

the trivial solution (0, 0), the equationk(u1, uz) = the particular case1 = 4,02 =2, K1 =4, K> = 5;

(u1, u2) can be rewritten a¥; + u%uz = g1uU1U?2, note that additional solutions may appear outside the
Kouz + u3u3 = oou?uy. We solve foruy in the first positive quadrant.

equation above and replace in the second equation, Given the simple form of the output functidrix)=
obtaining K1u? = (o2u? — K2)(01 — u1)uz. From (r1, r2), any basin of attraction of=k (1) — I will cor-

Fig. 2 we see that there might be only one nonnega- respond inX (unders 1) to a rather rigid set, namely
tive solution ofk(u1, u2) = (u1, u2) (i.e., the trivial that of every(p1, p2, r1, r2) such thatry, rp) is in the

solutionu; = 0), or there may be three nonnegative basin. Itis clear that the basins of attraction of (6) don't
solutions, in the case thd;, K> are comparatively  have this form — this limits the analogy between (6)
small. Theorem 1 can be used here to establish a cor-and its reduced system.

respondence between these points and the equilibrium On the other hand, the same procedure can be ap-
points of (6), which sends stable states (of the system plied for cones that are not necessarily the positive
u=k(u)—I) to stable states of (6). Thus, by verifying orthant: for instance if, in the above example, each
that there are two stable points and one unstable pointprotein promoted its own growth aridhibited each

in i =k(u) — I, we will have shown that the same other's growth, thew?’, =R x R~ x R x R~ would
holds for (6). Sed-ig. 3 for an illustration of this in make (6) strongly monotone.
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7. Cascades and strong monotonicity

In the paper[3], it is shown that a monotone
controlled system which is weakly transparent and
strongly excitable, or strongly transparent and weakly
excitable, has a closed loop which is strongly mono-
tone (definitions below). This is used as a conve-
nient sufficient condition for the corresponding hy-

will say that (1) ispartially transparentf for arbitrary
inputsuy<uz and initial conditionst1, x2 one has (1)
x1 < x2 implies h(x (¢, x1, u1)) < h(x(t, x2, u2)), and
(2) x1<Kx2 implies h(x(t, x1, u1)) <h(x(t, x2, u2)).

It is strongly transparenif x; < xp impliesh(x (¢, x1,
u1)) <h(x(t, x2, u2)), for all t > 0 for which the so-
lutionsx(z, x;, u;) are defined. Note that the first con-
dition for partial excitability and the second condition

pothesis of the main result, here Theorem 1. One for partial transparency correspond to the notions of
drawback of the setup of that paper is that it is not weak excitability and weak transparency, respectively,
robust under cascading, in the sense that a cascaden the terminology of3] (borrowed from[14]).
of weakly transparent and excitable systems is not In particular partial excitability (transparency) im-
necessarily weakly transparent nor weakly excitable. plies weak excitability (transparency). But the con-
In what follows, we strengthen these definitions so verse is not true: in the cooperative case, if there are
as to address this point. One possible application arcs from a fixed input to every single state, but no
is the introduction of “pseudo-delays” in the sys- arcs from other inputs whatsoever, then the system
tem by adding a cascade of systems of the form is weakly excitable but not partially excitable since
17 =v; —Zi, vit1=2i, I =1,2,....Note that this u1 < up does not implyx (z, &, uy) < x(t, &, up). Sim-
cascade respects both the monotonicity and the char-ilarly for transparency. The valid implication allows
acteristic of the original system. The introduction of us nevertheless to quote Theorem 2 fri8hin our
true delays in the loop also does not affect our con- present terminology:
clusions; this can be shown by appealing to Corollary
5.5.2 in[16], which asserts that the stability proper-
ties of equilibria in a strongly monotone delay system
do not change when the delays are ignored. S¢e
for further discussion.

We say that a system of the form (1)sign definite
if for eachi # j, it holds thatd f; /0x  (x, u)><O0 for all
(x,u) € X x U, where the relation« stands for either

“<" ">" or “=", and of course different signs are

Proposition 1. A monotone syster(l) that is par-
tially excitable and partially transparent has strongly
monotone feedback loop provided that it is also either
strongly excitable or strongly transparent.

It has also been shown [B] that in the case of or-
thant cones and sign definite systems, there are sim-
ple conditions on the digraph of the system that imply
allowed for different pairgi, j). Similarly for partial transparency and excitability statements. For instance,
derivativesd f; /ou ; (x, u) for all i, j, and for partial if there exists a directed path from every input variable
derivatives ot. One can then define a signed digraph (from every state variable) to every state variable (to
by using the input and the state variables as nodes, asevery output variable), then the system is strongly ex-
usual. It can be shown that a sign definite autonomous citable (strongly transparent). We show a similar result
system is monotone with respect to some orthant conefor the definitions above, which complements Theo-
iff every undirected cycle in its digraph has an even rems 4 and 5 of3].
number of “~™’s, and that in that case, it is strongly
monotone if the digraph is strongly connected. Be

In what follows, we say that a monotone sys-
tem (1) is partially excitable if for any x;<xp,
arbitrary inputsui, up, and anyr > 0, the follow-
ing properties hold: (1)u1 <uz a.e. on(0, tp) im-
plies x(t, x1,u1) <x(t,x2,u2), t € (0,7), and
(2) ui<uza.e.on(0,7p) implies x(z,x1,u1)<
x(t,x2,u2), t € (0,19). We also say that (1) is
strongly excitableif u1 <u a.e. on(0, rg) implies
x(t, x1,u1) <x(t,x2,u2), t € (0,1). Further, we

Lemma 4. Let(1) be a sign definite controlled system
that is monotone under some orthant cone. If from ev-
ery input(from every statethere exists a path towards
some stat¢towards some outpytand if towards ev-
ery state(towards every outplitthere exists a path
from some inpuffrom some stadethen the system is
partially excitable(partially transpareny.

Proof. These results follow from an adaptation of the
proofs of Theorems 4 and 5 in Appendix A {8].
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Consider first partial excitability: by Case 2 of Lemma
Al of [3], since every input variable; reaches some
x; through a directed pathy; <up a.e. on(0, 7o)
implies thatx(z, &, u1) <x(, &, up) for any &, ¢ €

(0, tp). By monotonicity, x (¢, x1, u1)<x(t, x2, u1) <
x(t,x2,u2). As to the second assertion, the proof
given for Theorem 4 in[3] actually shows that if
every x; is reachable from some;, then for any
& up<up = x(t, & u) <x(t, & up). The state-
ment for x1<x, follows by monotonicity. A similar
argument is valid for transparency: given an in-
put u and assumingZ; < &,, there isi such that
{t=0] x; (¢, &1, u) < x;(t, &2, u)} N[0, €) has nonzero
measure for every >0, see sketch of proof of
Theorem 5 in[3]. If y; is reachable fromy;, then
hj(x(t, &, u)) <hj(x(t,&p,u)), t>0. The state-
ment for ui<up follows by monotonicity, and
from the fact that every; reaches some;. By the
same token, since every; is reached by some;,
x1<xp implies 7j(x(t, x1, u1)) <hj(x(t, x2, u2)),
t>0. O

Now consider, instead of system (1), a cascade of
the form

= fi(x', ub), (8)

We will refer to the subsystetil = f; (x, u’), u'*t=
hi(x"), as (8L).

wtl=p;(x", i=1...N.

Lemma 5. Suppose that the cascade systéh is
monotoneand that each subsystef8.i) is both par-
tially excitable and partially transparent. TheB) is
partially excitable and partially transparent. Further
if (8.1)is strongly excitablethen (8) is strongly ex-
citable. If (8.N) is strongly transparentthen (8) is
strongly transparent.

Proof. Consider any pair of initial conditions
x1 = (x}); <x2 = (x3); of the closed loop system,
and letxi (1), x5(t), i = 1...N be the correspond-
ing induced inputsuf(t) = hl(x}(t)), . uj-v(t) =
RN ), wh o) =ul o =N @), j =
1, 2, the corresponding outputs on a maximally de-
fined interval (from now on we will restrict ourselves
to this interval). In particular, note thai;.(t) is the
solution of the open systerd = f(x/, ué) with initial

condition x;'. and inputui.(-), j=12 i=1...N.
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The monotonicity of (8) is clear since it is the closed
loop of a cascade of monotone systems, under positive
feedback. By monotonicity we thus havi(r) <x5 (1),
and consequently’, (t)<u) (), for everyt>0.

We prove the partial excitability of the cascade:
if u} <u} on some interval0, 1), thenx} <x1 on
that interval by partial excitability of (8.1). But this
in particular implies that1(¢) # x2(¢) on this inter-
val, hencex1 (1) < x2(). If, on the other handy} <u3
on (0, 1), thenx} <x3 on that interval by partial ex-
citability of (8.1), u? <u3 by partial transparency of
(8.1), and so on, so that by inductief(r) <x5(t) for
all i by partial excitability of (8) for everyi, and so
x1 <x2. The proof for partial transparency is very sim-
ilar.

Now suppose that (B.is strongly excitable, and let
ul <ul. By strong excitability we havel <x3, and
by partial transparency and excitabilitf (1) <x2(t).
Continuing as before, we hawg(r) <x2(r). The last
assertion is proven in a similar wayl]

Corollary 1. Let Systeni8) be monotone and let each
(8.) be partially excitable and partially transparent.
Let one of these two conditions also be strofay
some(8.). Then the closed loop system obtained by
settingu® = u¥*1 in (8) is strongly monotone.

Proof. By the previous lemma, cascade (8) is itself
partially excitable and partially transparent. If (8.1) is
strongly excitable or if (8\) is strongly transparent,
the conclusion follows by the previous lemma and the
previous proposition. If (8) is strongly excitable for

i > 1, change the order of the cascade by eliminating
(8.1) ... (8. — 1) and appending them after K§.

in the natural way. Note that the closed loop system
remains the same, and apply the previous argument.
A similar proof applies to the second statement of the
Corollary. [
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