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1. Introduction
In this work, we study reaction-diffusion PDE systems

U _ Fut)+DA
— =F(u, u
ot

as well as their discrete analogues (“compartmental-systems”). Here,

; ; ; u ouy ouy
u(w, t) = (u(w, t), ..., up(w, t)), oL (8t""’ 8t>’
A is the Laplacian operator on a suitable spatial domain £2, and no flux (Neumann) boundary conditions are assumed.

In biology, a PDE system of this form describes individuals (particles, chemical species, etc.) of n different types, with
respective abundances u;(w, t) at time t and location w € §2, that can react instantaneously, guided by the interaction rules
encoded into the vector field F, and can diffuse due to random motion. Reaction-diffusion PDEs play a key role in modeling
intracellular dynamics and protein localization in cell processes such as cell division and eukaryotic chemotaxis (e.g., [1-4])
as well as in the modeling of differentiation in multi-cellular organisms, through the diffusion of morphogens which control
heterogeneity in gene expression in different cells (e.g. [5,6]). From a bioengineering perspective, reaction-diffusion models
can be used to model artificial mechanisms for achieving cellular heterogeneity in tissue homeostasis (e.g., [7,8]).

The “symmetry breaking” phenomenon of diffusion-induced, or Turing, instability refers to the case where a dynamic
equilibrium u of the non-diffusing ODE system % = F(u, t) is stable, but, at least for some diagonal positive matrices D, the

corresponding uniform state u(w) = u is unstable for the PDE system S—Lt‘ = F(u, t) +DAu. This phenomenon has been stud-
ied at least since Turing’s seminal work on pattern formation in morphogenesis [9], where he argued that chemicals might
react and diffuse so as result in heterogeneous spatial patterns. Subsequent work by Gierer and Meinhardt [10,11] produced
a molecularly plausible minimal model, using two substances that combine local autocatalysis and long-ranging inhibition.
Since that early work, a variety of processes in physics, chemistry, biology, and many other areas have been studied from
the point of view of diffusive instabilities, and the mathematics of the process has been extensively studied [12-16,5,17,18,
6,19]. Most past work has focused on local stability analysis, through the analysis of the instability of nonuniform spatial
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modes of the linearized PDE. Nonlinear, global, results are usually proved under strong constraints on diffusion constants
as they compare to the growth of the reaction part.

In this work, we are interested in conditions on the reaction part F that guarantee that no diffusion instability will occur,
no matter what is the size of the diffusion matrix D. We show that if the reaction system is “contractive” in the sense that
trajectories globally and exponentially converge to each other with respect to a diagonally weighted L norm, then the same
property is inherited by the PDE. In particular, if there is an equilibrium, u, F(u, t) = 0, it will follow that this equilibrium
is globally exponentially stable for the PDE system. A similar result is also established for a discrete analog, in which a set
of ODE systems are diffusively interconnected. We were motivated by the desire to understand the important biological
systems described in [20,21] for which, as we will show, contractivity holds for diagonally weighted L! norms, but not with
respect to diagonally weighted I[P norms, forany 1 < p < oo.

There have been other works that imposed conditions on F that insure no diffusion instability. Particularly relevant
are [22,23], both of which provide conditions for asymptotic stability of solutions of the PDE based on properties of F. The
first of these references uses a condition based on “contracting rectangles” (a condition should not be confused with our
contractivity notion, which refers to infinitesimal contractivity of the vector field), and the second one an L*°-like Lyapunov
function. Our results, in contrast, provide global asymptotic stability. In fact, for systems satisfying our assumptions we show
that solutions exponentially converge to each other, a property that is considerably stronger than global asymptotic stability,
see Remark 8. In addition, we can also allow our systems to be time-dependent, which permits one to obtain conclusions
about limit cycles, see Remark 8.

Closely related work in the literature has dealt with the synchronization problem, in which one is interested in the
convergence of trajectories to their space averages in weighted L? norms, for appropriate diffusion coefficients and Laplacian
eigenvalues, specifically [24], which used passivity ideas from control theory for systems with special structures such
as cyclic systems, [25] which extended this approach to more general passive structures, and [26] which obtained a
generalization involving a contraction-like diagonal stability condition. For contractions with respect to L* norm, a similar
result had also been obtained in [27]. Our work uses very different techniques, from nonlinear functional analysis for normed
spaces, than the quadratic Lyapunov function approaches, appropriate for Hilbert spaces, followed in these references.

2. Logarithmic Lipschitz constants and norms

We start by reviewing several useful concepts from nonlinear functional analysis, and proving certain technical properties
for them.

2.1. General normed spaces
Definition 1 (/28,29]). Let (X, | - ||x) be a normed space. For x1, x, € X, the right and left semi inner products are defined by
o1
(%1, %)+ = [x1]lx Im — (llx1 + hxallx — x1]lx) - (m
h—0% h
Remark 1. Asevery norm possesses left and right Gateaux-differentials, the limits in (1) exist and are finite. For more details,
see [30].

Remark 2. The right and left semi inner products (-, -)+, induce the norm || - ||x in the usual way: (x, X)+ = ||x||)2<. Conversely,
if the norm arises from an inner product (-, -), as when X is a Hilbert space, (x1, X2)+ = (X1, X2)— = (X1, x2). Moreover the
right and left semi inner products satisfy the Cauchy-Schwarz inequalities:

=[xl -yl = &, )+ < lIxI - Iyl

The following elementary properties of semi inner products are consequences of the properties of norms. See [28,29] for the
proof.
Proposition 1. For x,y,z € X anda > 0,

1L (x =Y+ =—xy=z
2. (x7 ay):k :a(x5y):k;
3. (X7 y)— + (X7 Z):t < (me + Z)i < (X, y)+ + (X7 Z):t-

Remark 3. In general, the semi inner product is not symmetric:

*x, )+ # ¢, %) .

Definition 2 (/29]). Let (X, || - |lx) be a normed space and f: Y — X be a function, where Y C X. The strong least upper
bound logarithmic Lipschitz constants of f induced by the norm || - ||x, on Y, are defined by

Myi,x[f] — sup (u—v,f(w —zf(v))i
utvey lu—vllx

)
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or equivalently

1 (IIU—v+h(f(u)—f(v))|Ix _1>_ 2)

ME [fl= sup lim —
X utvey h—0% h lu —vllx

IfX =Y, we write M instead of Mf’x.

Note that in [29], M T is called the least upper bound logarithmic Lipschitz constants with respect to the semi inner product
Gy )
We cite the following facts from [29].
Proposition 2. Let (X, || - ||x) be a normed space. Forany f,g: Y — Xandany Y C X:
1. MyxI[f +81 = My[f]1+ Mylgl;

2. M;‘“.X[af] = aM}fX[f]fora > 0.

Definition 3 ([29]). Let (X, || - ||x) be a normed space and f: Y — X be a function, where Y C X. The least upper bound
Lipschitz constant of f induced by the norm || - ||x, on Y, is defined by

Ly x[f] = sup ILf (w) —f(v)llx.
ugvey  lu—vllx

Note that Ly x[f] < oo if and only if f is Lipschitzon Y.

Definition 4 ([29]). Let (X, || - |lx) be a normed space and f: Y — X be a Lipschitz function. The least upper bound
logarithmic Lipschitz constant of f induced by the norm || - ||x, on Y C X, is defined by

1
My x[f]1 = hgr& i (LyxII +nf]— 1),

or equivalently

My x[f] = lim sup 1 <||u —v+h(f@ —f)lx 1) .
> h—07F ysyey h ||u _ U”X

IfX =Y, we write My instead of My x.

Lemma 1. Since foranyu # v €Y,

1<|Iu—v+h(f(U)—f(v))le _ 1) 1 (IIU—v+h(f(u) —f)lx 1)

< lim sup —
lu —vllx h—0% ypey h lu —vllx

lim
h—0+ h

by definition, M y [f] < My x[f].

2.2. Finite dimensional case

The least upper bound (lub) logarithmic Lipschitz constant generalizes the usual logarithmic norm; for every matrix A we
have Mx[A] = ux[A]. For ease of reference, we review next the basic properties of logarithmic norms for finite dimensional
operators.

Definition 5. Let (X, | - ||x) be a finite dimensional normed vector space over R or C. The space £(X, X) of linear
transformations A: X — X is also a normed vector space with the induced operator norm

[Allx—x = sup [lAx]lx.

lIxlix=1

The logarithmic norm ux () induced by || - ||x is defined as the directional derivative of the matrix norm, that is,
o1
px(A) = lim — (Il + hA[lx—x — 1),
h—o0+ h
where [ is the identity operator on X.

Remark 4. Since supy.s(as + b) = asup,.s(s) + b, whenevera > 0and S C R, it follows that

. 1
ux(A) = lim sup h (IIx + hAx|Ix — 1) .

h—0% |jx||x=1

Proposition 3. For any matrix A, j1(A) = sup,—; limy_.o+ 3 (|[v + hAv|| — 1).
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Table 1

Standard matrix measures for a real n x n matrix, A = [a;].
Vector norm, || - || Induced matrix measure, ©(A)
Il = S0 Il s () = max; (a5 + ¥, Loy

1 T
Il = (S ) ) = max e, (2 [457])

oo () = max; (@i + X, layl)

IXlloo = maxq<i<n [X;

Table 2
Basic concepts.

Notation Definition Equivalent definition Equivalent definition

1x (A) limy, o+ § (I + hAllx—x — 1) limy o+ SUpjy =1 5 (IX + hAxlx — 1) SUP =1 limp o+ 1 (1% + hAx[lx — 1)

Ly xIf] SUPy-£yey W

. . —v+hi —f(v
My x[f] limpoos 3 (LyxU + hf]— 1) limy o+ SUPy2ucy + (% _ ])
*, )+ [IXllx limy_o+ 3 (x4 hyllx — [IX]1x)
—v, —f(v . —v+h —f(v
M;’Fx[f] SUPytyey 4 1{:{)1!“{2(@)# SUPy£yey limp_, o+ % (HU V+H1(‘f_(1]1})nxf(l))|\x - 1)

See the Appendix for the proof.

Corollary 1. Let (X, || - |x) be a finite dimensional normed space. For any linear operator A: X — X,

1x (A) = My [A] = MxlA].

Proof. The proof is immediate from the definition of My, M;r ,and Proposition 3. O

When X = R" or C", we identify operators and their matrix representations on the standard basis, and we call the
logarithmic norm the matrix measure. In Table 1, the algebraic expression of the logarithmic norms induced by the [P norm
for p = 1, 2, and oo are shown for matrices. For proofs, see for instance [31].

For ease of reference, we summarize the main notations and definitions in Table 2.

3. Weighted L? norms

Suppose £2, a bounded domain in R™ with smooth boundary 92 and outward normal n, and a subset V C R" have been
fixed. We denote

_ _ 0v;
Y:{U:Q—>V| v=(v1,.... v, v € C2(2), a—:(g)zo, VE € 90 Vi};

where C2 (£2) is the set of twice continuously differentiable functions £2 — R. In addition, we denote X = Cgn (£2), where

Crr (£2) is the set of all continuous functions £2 — R".
For any 1 < p < o0, and any nonsingular, diagonal matrix Q = diag (q1, ..., g»), we introduce a Q -weighted norm on
X as follows:

Wlha = @ (01l )] (4)

Since

D lalPluily]  1<p<oo
i

sup |qil[lvillp p =00,
1

lvllpe =

without loss of generality we will assume gq; > 0 for each i. Note that ||v||, ¢ is finite, for any p, Q, because each v; is a
continuous function on §2 and £2 is a compact subset of R™.
With a slight abuse of notation, we use the same symbol for a norm in R":

IXllp.q = 1QXlp-
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Lemma 2. Forany v € X, ||[vll, o = llvll; o, where

p
bd 1<
Ivllyo = (/:2 1evi@lly w) =Pe> (5)
sup [Qu(@) [l p = o0.
Note that [Qu(@) I} = Y1, [qivi(@) [P and [|Qu(e) [l = sup; 1givi(@))

Proof. Let Q = diag (g1, ..., qn), gi > 0.For 1 < p < oo (the proof is analogous when p = 00), by the definitions of ||-||, o
and [11I% o

1

lollsg = (fg lQu@)I? dw)p

1

f ”(q1 v1 (w)v AL ] ann(w))THE da)) ’
2

_ (f Q1@ + - + [gavn(@) dw)p
2

1
= (Iquvrll? + -~ + llgwvallZ)?

T
= @il auloaty)"|
T
= 11l - Nenll) T
= [0l O

Note that this equality between weighted p norms of functions and of vectors depends on our having taken the matrix Q to
be diagonal. This is the key place where the assumption that Q is diagonal is being used.

4. Main result
In this section, we study the reaction-diffusion PDE:

%(a), t) = F(u(w, t)) + DAu(w, t) (6)

subject to the Neumann boundary condition:

g%(g,t) =0 VEe€dfR, Vtel0,00). 7)

Assumption 1. In (6)-(7) we assume:
o F,(x) =F(x,t)and F: V x [0, o0) — R"is a(globally) Lipschitz vector field with components F;:
F(x, t) = (Fi(x, 1), ..., Fa(x, ),

for some functions F;: V x [0, co) — R, where V is a convex subset of R".
e D =diag(dy, ..., d), withd; > 0, is called the diffusion matrix.
e 2 is a bounded domain in R™ with smooth boundary 952 and outward normal n.

Definition 6. By a solution of the PDE
au
E(w, t) = F(u(w, t)) + DAu(w, t)
au
ﬁ@’ t)=0 V& e a8, Vt €0, 00),

on an interval [0, T), where 0 < T < oo, we mean a functionu = (uy, ..., u,)", withu: £ x [0, T) — V, such that:
1. for each w € 2, u(w, -) is continuously differentiable;

2. foreacht € [0, T), u(-, t) isinY; and

3. foreachw € £2,and each t € [0, T), u satisfies the above PDE.
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Under the additional assumptions that F(x, t) is twice continuously differentiable with respect to x and continuous with
respect to t, theorems on existence and uniqueness for PDEs such as (6)-(7) can be found in standard references, e.g. [32,33].
One must impose appropriate conditions on the vector field, on the boundary of V, to insure invariance of V. Convexity of
V insures that the Laplacian also preserves V. Since we are interested here in estimates relating pairs of solutions, we will
not deal with existence and well-posedness. Our results will refer to solutions already assumed to exist.

Pick any 0 < T < oo and suppose that u is a solution of (6)-(7) defined on §2 x [0, T). Define &i: [0, T) — Y by

u(t)(w) = u(w, t).
Also define the function F[ 1Y — Xas follows: forany u € Y,
F(u)(w) == F(u(w)) foreach w € £2.

LetA, o : Y — Xdenote an n x n diagonal matrix of operators on Y with the operators d; A on the diagonal.
Lemma 3. Suppose that u solves the PDE (6)-(7), on an interval [0, T), for some T € (0, oo], and let
.0 = 2w,
v(w, t) = —(w,
ot

foreacht > 0 and w € £2. We introduce 9: [0, T) — X by 1(t)(w) = v(w, t). Then, d(t) is the derivative of {i(t) in the space
X, Illp,@). that is:

mj H; [t +h) — )] — () T =0,
forallt € [0, T). Moreover,

8(6) = F(@(0) + Ap o @(0)). 8)
Proof. Fixt € [0,T) andi € {1, ..., n}. Using the definition of v, we have:

1
lim ‘h [ui(@, t +h) — ui(w, £)] — vi(w, t)| = 0,
11—

for any € £2. Hence for any € > 0, there exists h,, > 0 such that for any 0 < h < h,,,

@, E+ )~ (o, 0]~ v, D

€
< —.

2
Now since u; is a continuous function of w, there exists a ball B,, centered at w such that forany 0 < h < h,,

1. i -
A [ui(@, t + h) — u(@, )] — vi(@, 1)| < €

forall ® € B,. Since {B,, : w € 2} is an open cover of 2 and £2 is a compact subset of R™, finitely many of these balls,
namely B, , ..., By, cover £2. Now let hy = min(h,,,, ..., h,,). Then, forany 0 < h < hp and any w € £2, we have

1
‘h [ui(w, t +h) — uj(w, £)] — vi(w, t)| < €.

Raising to the p-th power and taking the integral over £2 of the above inequality, we get

J

which by the definition of |||, o, it implies that for any 0 < h < hy,

p

1
h [ui(w, t + h) —uj(w, ] —vi(w, t)| do < |2]€P,

< Ce,

”:l [u('a t+ h) - u(" t)] - U(', t)
p.Q

1
where ¢ = (|Q| Z?:l qf) P, Since € > 0 was arbitrary, we have proved that

=0.

N oS . A
lim H B [i(t + h) — a(6)] — D(t) o
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Forafixedt € [0, T) and any w € £2:
N au
V() (w) = v(t, w) = 5(“” t) = F(u(w, t)) + DAu(w, t)

Fe(@(6) (@) + Ap.q (0(D) (),
and therefore Eq. (8) holds. O

In this section we show that (6)-(7) is contracting (meaning that solutions converge exponentially to each other, ast —
+00) if SUp;cjo.00) Mp, [F:] < 0, where, as defined before,

M,olF] = lim sup 1(“X—Hﬁ)iﬂ(?)”—ﬂ(y)nuﬂ ~ ]).
—Jlp,Q

h—07F x£yev h
Note that for any t, M, o [F;] < oo because F; is (globally) Lipschitz.
Now we state the main result of this section.

Theorem 1. Consider the PDE (6)-(7) and suppose Assumption 1 holds. Let ¢ = sup;¢[o ) Mp,q[F] forsome 1 < p < oo, and
some positive, diagonal matrix Q. Then for every two solutions u, v of the PDE (6)—(7)and allt € [0, T):

8 =30, = & 2@ ~ 0] 4 -

Remark 5. In terms of the PDE (6)-(7), this last estimate can be equivalently written as:
lu(-, 6) —v(, Do < e u(-,0) —v(-, 0),q -
Before proving the theorem, we prove a few technical lemmas.

Definition 7. The upper left and right Dini derivatives for any continuous function, ¥ : [0, c0) — R, are defined by
1
(D*) (t) = limsup — (¥(t + h) — ¥ (1)).
h—0% h

Note that D*¢ and/or D~ ¥ might be infinite.

Lemmad. Let (X, || - lx) = (Can (2), lI'll,.)- Let G: Y x [0, 00) — X be a (globally) Lipschitz function, where Y < X. Let
u, v: [0, 00) — Y be two solutions of % = G¢(u(t)), where G;(u) = G(u, t). Then for all t € [0, c0),

((u = v)(®), G (u(t)) — G (v()))+
[l —v)(®)ll5

When u(t) = v(t), we understand the right hand side through the limit in (10).

Proof. By the definition of right semi inner product, the right hand side of (9) is:

DHl(u—v)(®)lx = l[(u—=v)(®)llx- (9)

hglg % (1w = v)(6) + h(Ge (u(t)) — GO ]Ix — [[u—=v)(O)lx), (10)
hence we just need to show that

DHl(u—v)(®)x = hEI(T)L % (IIw = v)(®) + h(Ge (u(t)) = G () lIx — l[(u—=v)(O)lx) -
Now using the definition of Dini derivative, we have:

1
D¥||(u —v)(®)x = li;n sup o ([ = v)(E+ hllx = [ =v)(O)]x)
—0t

1
= limsup — (f|(u = v)(®) + h(i —0)(t) + o) [Ix — I — v)(©)Ix)

h—07t

1
lim sup - ([l (u — v)(©) + h(i — o) (O llx — [ —v)(©)]x)

h—07t

1
Jim ([ =) (@) + hi = v)(O)llx — [ —v)(Ollx)

1
hi% 7 (1w =) (@) + h(G W®) = G @ODlx — [ =v)Olx)

where i1 = Z—t‘ Note that the fourth equality holds because of Remark 1. O



38 Z. Aminzare, E.D. Sontag / Nonlinear Analysis 83 (2013) 31-49

Corollary 2. Under the assumptions of Lemma 4, for any t € [0, co) we have:
D¥[lu(t) — v(®)[Ix < My x[Gelllu(t) — v(®)llx. (11)

Proof. By the definition of the strong least upper bound logarithmic Lipschitz constant,
((w—v)(t), Ge(u(t)) — G (v(t))+

[l = v)(®O)]%
Now apply Lemma 4 to the above inequality. O

< My (G-

Corollary 3. Under the assumptions of Lemma 4, for any t € [0, co) we have:
llu(t) — v(®)llx < e"Ju(0) — v(0)|lx,

where ¢ = SUp;[g 00y My x[Gc]-

Proof. Apply Gronwall’s inequality, [34], to (11). O

Remark 6. Note that Lemma 4 says in particular that for any bounded linear operator A: X — X, and any solution
u: [0, T) > X of & = Au,

,Au(t
Dl = LA 1 < METATIO .
WO

forallt € [0, T).
Lemma 5. Let Ap g, as defined above, denote an n x n diagonal matrix of operators on Y with the operators d; A on the diagonal.
Then My y[Ap.q] < 0.

Proof. To prove the lemma, we consider the following three cases:
Case 1.1 < p < oo. By the definition of M{x[Ap,Q], it is enough to show that for any u € Y with ||ul|, o # 0,and any € > 0,
there exists h, > 0, depending on ¢, such that for0 < h < h,

p
Pllu; + hd; Aui|p
1(||u+hmu||p,q_1>_1 @q'"“ b))

h h 1
llull,.q (Z qf||u,-||§> P
i

(As Ap qu = DAu, we write DAu instead of Ap qu.)
Therefore we will show that for h small enough

> qlllui + hdiAw|p < (14 €h)? > gl lluillb. (12)
i i

Let us define k: [0, 1] — R as follows:
k(h) =Y qllui + hdi Aug[|) — (1+ €’ > qf ui] 2.
i i

Observe that k is continuously differentiable:
d
Ky = qu /Q |ui() + hd; Au;(@)[” de — pe(1+ eh)P~! qu w12
=y q / plui(@) + hd; Aug() [P (i) + hd; Ati(w)) di Aug() do — pe(1+ ehyP™ > gl ui]]2.
i 2 i

Note that in general |g|” is differentiable for p > 1 and its derivative is p|g|P~2gg’. Now by Green’s identity, the Neumann
boundary condition, and by the assumption that ), qf Ilu; ||g # 0, it follows integrating by parts that:

KO)y=p) q / |ui(@) "~ *ui(@)d; Aug() do> — pe Y qf i}
i 2 i

—p(p—1) Y _qd; f |ui(@) P> Vui(w)® do — pe Y qf uill?
i 2 i
< 0.
Since k'(0) < 0 and k' is continuous and k(0) = 0, k(h) < 0 for h small enough and therefore Inequality (12) holds.
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Note that by the definition of Y, any u € Y satisfies the Neumann boundary condition.
Case2.p = 1. Let

1

p
(Z q; llui + hdeuiHﬁ)
g(p) == lim — :

h—o0t+ h %
(Z qfnu,-uﬁ)
1

Since g(p) is a continuous function at p = 1, and since in Case 1, we showed that g(p) < 0 for any p > 1, we conclude that
g =o.
Case 3. p = oo. Before proving this case we need the following lemma, which is an easy exercise in real analysis.

-1

Lemma 6. Let 2 C R™ be a Lebesgue measurable set with finite measure |$2| and let f be a bounded, continuous function on R.
1

Then F(p) = (ﬁ fQ [f|P) ? isan increasing function of p and its limitasp — 00 is ||f || co-

For a fixed py > 1, pick u € Y with [[ullp,,o # 0. By the definition of the norm, [[ull,, o # O implies that for some iy €

{1,....n}, lluigllp, # 0.Letp(p) == L%””io”ery Lemma 6, ¢ is an increasing function of p. Hence for any p > po, ||uj,|l, >
1£2]
lluso llpo > 0. Now fixi € {1,...,n}, p > po,and € > 0. Define k as follows:
k(h) _ {”ui + hd,Auzng - (1 + eh)P||ul-0 ||g if ||ul.0||p > ”ui”p
I+ e Ay, = (U el iF gl < il

In both cases k(0) < 0 and k'(0) < O (the proof is similar to the proof of k¥'(0) < 0 in Case 1, since both ||u;, ||, > 0 and
Ity ll, > 0). Therefore, for some small h, k(h) < 0, which implies that:

m 1 <||Ui+hd1AUi||p _ 1) <o.
h—o0+ h ||u,»||p

Now by Lemma 6, since

1
7 llui + hd; Auill, — |lui + hdiAuillc  and  — [[uill, = [[Uilloo, asp — o0,
|27 |£2[P

we can conclude that

m 1 <||Ui+hdiAui||oo _ 1) <0.
h—0t h luill o

In other words, for a fixed € > 0, there exists h; > 0 such that forany 0 < h < h;,
llu; + hd; Auil|l oo < (1 + €h)||ujllo foranyi e {1,...,n}.
Let hg = min; h;. Then forany 0 < h < hy,
miaXQiHUi + hd; Auill o =: gjlluj + hd; Aujllo < qi(1 + €h)||Ujllec < (1 + €h) miani”ui”oo’
which implies
1 ( maxqillui + hdi Auilo

lim — —-1]<0. O
h—o+ h max ;|| till oo
1

Lemma 7. For any function F, any 1 < p < oo, and any positive diagonal matrix Q,

My x[F1 < M o[F],
where M, o is the lub logarithmic Lipschitz constant induced by the norm || - ||,.o defined on R": [|x|lp.0 = [|Qx||.
Proof. By the definition of ¢ := M, o[F], we have

lim 1 sup (le—y+h(F(X) —FODlpo 1) _.
Ix = yllpq

h—0t h x£yeV
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Fix an arbitrary € > 0. Then there exists hyg > 0 such that forall0 < h < hy,

1 x—y+h(F(x) —F
1 (II Y+ hE) —FO)lpo 1) —cte
xAyeV x =yl
Therefore, for any x  y,and 0 < h < hy
x—y+h(Fx) —F
Ix —y+h(F@) —FO),q cctOht1.

X —ylp.0

(13)

Forfixedu # v € Y, let 2; = {w € 2 : u(w) # v(w)}. Fixw € £21,and let x = u(w) and y = v(w). We give a proof for the

case p < oo; the case p = oo is analogous. Using Eq. (13), we have:

<Z q} lui(w) — vi(w) + h(Fi(u(w)) — Fi(v(w)))l") ’
! - <(c+eh+1.

(Z ¢lui(w) - vi(w)lp> '

Multiplying both sides by the denominator and raising to the power p, we have:

> gl Jui@) — vi(@) + h (Fiu()) — Fe@) P < (€ +eh+ DY ¢ lu) — viw)]
Since I:"(u)(w) = F(u(w)), Eq. (15) can be written as:
pA

Now by taking the integral over £2, using Lemma 2, we get:

(@) — () + h (Fw @ - F0@)[ < (@ +oh+ 17 Y ¢l - u@).

“u —v+h (ﬁ(u) - F(u)) HP,Q <(cH+Oh+1)u—1ul,,.
(Note that for w & £21,

(c+eh+ 1" qlui(w, 1) — vi(w, O =0
i
which we can add to the right hand side of (16), and also
Z q} |ui(@) — vi(w) + h(F(u(@)) — Fi(v(@)’ =0
i

which we can add to the left hand side of (16), and hence we can indeed take the integral over all £2.)
Hence,

o Hu —vth (F(u) - F(v))
m

2 Hp,Q -1
h—0+ h lu—vll,q

<c+e.

Now by letting ¢ — 0 and taking sup over u # v € Y, we get M;fx[l:"] <c. O

(15)

(16)

Proof of Theorem 1. If ¢ = sup;(g o) Mp.q[F:] = o0, there is nothing to prove. Suppose ¢ < oo. Forany 1 < p < oo, by

subadditivity of semi inner product, Lemmas 5 and 7,
My x[Fe +Apql < M{yIF] < c.

Now using Corollary 3,
) - 30)], , < e i) - 0], , -

forallt € [0,00). O

Theorem 2. Consider the reaction—diffusion system (6)-(7) and suppose Assumption 1 holds and for each t, F, (x) is continuously
differentiable with respect to x. In addition suppose for some 1 < p < oo, ¢ € R, and a positive diagonal matrix Q, jtp o (Jr (X)) <
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cforallx € Vandt € [0, 00), where i, q is the logarithmic norm induced by ||-||, o and Jp, (x) = %Ft (X). Then, for any two
solutions u, v of (6)—(7), we have

u(-, 6) = v(, Dllpq < e u-,0) —v(-, 0),q -
To prove Theorem 2, we use the following proposition, from [35].

Proposition 4. Let (X, || - ||x) be a normed space and Y is a connected subset of X. Then for any (globally) Lipschitz and
continuously differentiable functionf: Y — R",

sup uxJr (%)) < My x[f].

Moreover if Y is convex, then

sup fix UJr ) = My xIf].

Proof of Theorem 2. The proof is immediate from Theorem 1 and Proposition 4. O

Corollary 4. Consider the reaction-diffusion system (6)-(7) and suppose Assumption 1 holds and for each t, F:(x) is
continuously differentiable with respect to x. In addition suppose for some 1 < p < oo, and a positive diagonal matrix
Q. SUD(x tyevx[0.00) Mp.@ Ur (X)) < 0. Then (6)-(7) is contracting in Y, meaning that solutions converge (exponentially) to each
other, as t — 4-o00.

Remark 7. When the time-dependence of F on t is periodic (as in Example 1 below when z(t) is periodic), there will be
convergence to a (unique) globally asymptotically stable solution, uniform in space. This is because the corresponding ODE
system admits a periodic limit cycle [21], which is also a solution of the associated PDE.

Remark 8. Note that our results provide a far stronger property than asymptotic stability of solutions. These properties are
very different, even for ordinary differential equations. Consider for example the system

Xy = —X
ye=Kx-—1y

which has the origin as a globally asymptotically stable state. This system cannot be contractive under any possible norm,
since solutions starting with large x initially diverge from each other.

5. Examples

We first provide an example of a biochemical model which can be shown to be contractive by applying Corollary 4 when
using a weighted L! norm, but which is not contractive in any weighted I” norm, p > 1. This shows that the choice of norms
is a key step in the application of contraction techniques. The example is of great interest in molecular systems biology [20],
and contractivity in a weighted L! norm was shown for ODE systems in [21], but the PDE case was open. The variant with
more enzymes discussed in [21] can also be extended to the PDE case in an analogous fashion.

Example 1. A typical biochemical reaction is one in which an enzyme X (whose concentration is quantified by the non-
negative variable x = x(t)) binds to a substrate S (whose concentration is quantified by s = s(t) > 0), to produce a complex
Y (whose concentration is quantified by y = y(t) > 0), and the enzyme is subject to degradation and dilution (at rate §x,
where § > 0) and production according to an external signal z = z(t) > 0. An entirely analogous system can be used
to model a transcription factor binding to a promoter, as well as many other biological processes of interest. The complete
system of chemical reactions is given by:

k
05 x 2o, x+skéy.
1

We let the domain £2 represent the part of the cytoplasm where these chemicals are free to diffuse. Taking equal diffusion
constants for S and Y (which is reasonable since typically S and Y have approximately the same size), a natural model is
given by a reaction-diffusion system

X = z(t) — 6x + k1y — kosx + d1 Ax

Ve = —kiy + kasx + dy Ay

Sy = k1y — kosx + dy As.
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If we assume that initially S and Y are uniformly distributed, it follows that % Y(w, t) + s(w, t)) = 0,s0y(w, t) +s(w, t) =
y(w, 0) + s(w, 0) = Sy is a constant. Thus we can study the following reduced system:

Xr = z(t) — Sx + kiy — ko (Sy — y)x + d1 Ax

Ve = —kiy + ka(Sy —y)x + dr Ay.
Note that (x(t), y(t)) € V = [0, 00) x [0, Sy] forall t > 0 (V is convex and forward-invariant), and Sy, k1, k>, §, d1, and d,

are arbitrary positive constants.
Let ] be the Jacobian of F = (z — 8x + kiy — ka(Sy — y)x, —kiy + ko (Sy —y)x)T:

= -8 —ky(Sy —y) ky + kax
- ka(Sy —y) — (k1 + k%) ) -

In [21], it has been shown that supy v 11,0 J(x,¥)) < 0 for Q = diag (1, 1+ & - ) where 0 < ¢ < & For ease

of reference, we review the proof next.
Without loss of generality we assume Q = diag (1, g). Then

b

_ -8 —
Q' = ¢ q |-
aq —b
where a = k,(Sy — y) € [0, k2Sy]and b = kq + kxx € [k, 00).Sincea > 0, b > 0,and q > 0, by Table 1, we have:
p1o() = m(QQ™

b
max{—&—a—|— laq|, —b + H}
q

max{—(H—a(q—l),b(;—l)}.

So to show that 1,9 (J) < 0, we need to find a range for the values of q such that:

—8+a(@—1) <0, (17)

b(l—l) <0. (18)
q

Eq. (18) holds if and only if ¢ > 1. So we need to find an appropriate ¢ > 1 such that Eq. (17) holds:

and

1)
—5+alg—1 0 iff 1+4-=14+4 —— 14+ ——.
Fa@=D <0 i g <1+ a * ka(Sy —y) < kaSy

Hence for Q = diag (1, q),with1 < g < 1+ ﬁ t1,0(J) < 0. Therefore, by Corollary 4, the system is contracting. Note

that a weighted norm L' is necessary, since with Q = I we obtain p; = 0.

We will show that for any p > 1 and any diagonal Q, it is not true that up o (J(x,y)) < Oforall (x,y) € V.

We first consider the case p # oco. We will show that there exists (xq, yo) € V such that for any small h > 0, ||[I +
hQJ (x0, y0)Q ! I, > 1. This will imply wp o (J (X0, Yo)) > 0. Computing explicitly, we have:

(| =16+ + 12| + hagt, + & — hvep)”

IT+hQQ [, = sup T
(£1,62)7(0,0) (1&11P + |&;1P) P

1
, i
(’1 —h(5+a)+h%*‘ +|haq+k—hbk|p)p

)

(1 + [A[)?

where we take a point of the form (&1, &) = (1, A), for a A > 0 which will be determined later. To show

==

(J1-n6+a+ hbﬂp + hag + 2 — hbi P’

> 1,
(1+ [1p)?
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we will equivalently show that for any small enough h > 0:

p

1 b
(‘1—h(8+a)+h
h q

+|haq+k—hbk|p—l—|k|p) > 0. (19)

Note that the lim,_, o+ of the left hand side of the above inequality is f'(0) where

p

f(h) = ‘1 +h<%A —~ (8+a)) + | + h(ag — bA)P.

Therefore it suffices to show that f'(0) > 0 for some value (xq, o) € C (because f'(0) > 0 implies that there exists hy > 0
such that for 0 < h < hg, (19) holds). Since p > 1, by assumption, f is differentiable and

, b b p-2 b
£(hy =p<q—(5+a)>’l+h<q—(8+a)) (1+h(?—(8+a)>)

+p(aq — bA) | + h(ag — bA)|P~2 (A + h(ag — bhr)) .

Hence, since A > 0
, bi -
f (0 =p e (8 +a) ) +p(ag — bA)A?
bi
=p (; - a) (1—""'q) — ps.

Choosing A small enough such that 1 — AP~!q > 0 and choosing , or equivalently b, large enough, we can make f’(0) > 0.
For p = oo, using Table 1, 1£,(Q/Q ') = max [—8 —a+ g, —b+ aq}. For large enough x, —8 — a + g > 0(and —b +
aq < 0)and hence 14 (QJQ™") > 0.

The following example, from the literature on pattern formation, also illustrates the need to choose norms judiciously.

Example 2 ([5]). In this example, we study the Thomas mechanism, which is based on a specific reaction, involving the
substrates oxygen v, and uric acid u. The dimensionless form of the reaction-diffusion equations for the oxygen and the uric
acid concentrations are as follows:

U =a—u— pR(u,v) +dAu
ve = a(b — v) — pR(u, v) + dy Av,

where R(u, v) = . We assume :

uv
1+u-+Ku?
1. a, b, p, @, K, dy, and d, are all positive constants,
2. forallt > 0, (u(t), v(t)) € V=0, 2a] x [0, 00),

3.a< L

2VK"

Note that V is convex and forward-invariant.

In this model, u and v are subject to production at constant rates a and «b, and are subject to degradation at rates —u
and —av respectively; and both are used up in the reaction at a rate pR(u, v).

Let ] be the Jacobian of F = (a — u — pR(u, v), (b — v) — pR(u, v))':

—1— pRy(u, v) —pRy(u, v)
u, = s
Jaw ( —PRu(t,v) e — pR(u v)
2
where R, (u, v) = % and R, (u, v) = m are the partial derivatives of R with respect to u and v, respectively.

Note that, by the second and third conditions above, both R, and R, are non-negative on V. Hence for any (u, v) € V,

u1(J(w, v)) = max{—1— pRy(u, v) + | — pRy(U, V)|, —a — PR, (U, V) + | — PRy (u, V)|}
= max {—1— pRy(u, v) + pRy(u, v), —ax — PRy (u, v) + PR, (u, v)}
= max{—1, —a}
< 0.

Therefore, by Corollary 4, the system is contractive.



44 Z. Aminzare, E.D. Sontag / Nonlinear Analysis 83 (2013) 31-49

Remark 9. For a system

xe =f(xy) +dAx
Ve =8R,y) +dy Ay,

with a steady state (x*, y*), a set of necessary and sufficient conditions for diffusive instability are as follows (for a proof see
e.g.[5,6]):

1. fi+g <0,
2. fxgy _fygx >0,
3. dofy +digy > 0,and

4. (dofx + dlgy)2 — 4dyd, (fxgy _fygx) > 0;

where f, denote the partial derivative of f, with respect to x, at the steady state (x*, y*), etc.

The first two conditions say that (u*, v*) is (locally) stable before diffusion.

Note that the derivatives f; and g, must be of opposite sign.

In Example 2, the first two conditions hold for all (u, v) € V, soif there exists a steady state in V, it must be asymptotically
stable (without diffusion terms). But since R, and R, are both non-negative on V (because of the choice of V and the
parameters), the third condition is violated. Hence if there exists a steady state in V, it remains locally asymptotically stable
after diffusion; and we showed that it is in fact globally stable on V.

One may get diffusive instability with choosing parameters appropriately.

Remark 10. For any positive, diagonal matrix Q,and p > 1,

sup fip.oJ(u, v) > 0.
(u,v)ev

Proof. Let Q = diag (1, q) and u = 0. Then for any v € [0, 00):

1—h(1 + pv) 0 )

Jow) :==1+hQ O, v)Q " = ( —qpvh 1 - ha

We first consider p # oo and will show that i, oJ(0, v) > 0 for some v € [0, oo). To this end, by the definition of the

logarithmic norm, we show that there exists v € [0, oo) such that for all small enough h > 0, ||Jo(v)|[, > 1. Computing
explicitly, we have:

(181 = h(1 + pv)&i I + | — ghpvé + & — Oth%“zl")%

Wow)ll, =  sup 1
(£1.52)7(0,0) (&P + & 1P)P

1

(11— h(1+ pv)P +| — ghpv + 1 — ahiP)?

’

1
(T+ [AP)P
where we take a point of the form (&1, &) = (1, A), for a A < 0 which will be determined later. To show
1
(1T =h(1 + pv)IP 4+ | — ghpv + A — ahA|P)?
1
(1+AlP)»

we will equivalently show that for any small enough h > 0:

1
A (IT=h( + pv)IP 4+ | — ghpv + A — ahA]P — 1 — [A[?) > 0. (20)

Note that the lim;_, ¢+ of the left hand side of the above inequality is f’(0) where
f(h) =11 —h(1+ pv)]” + | — ghpv + A — ahrP.

Therefore it suffices to show that f/(0) > 0 for some value v € [0, c0) (because f'(0) > 0 implies that there exists hg > 0
such that for 0 < h < hg, (20) holds). Since p > 1, by assumption, f is differentiable and

f'(h)y = —p(1+ pv) [1 — h(1 + pv)[" (1 — h(1 + pv))
+p(—qpv — @A) |—qhpv + A — ahA|P~2 (—qhpv + A — ah)) .
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Hence, since A < 0

f1(0) = —p(1+4 pv) + p(—qpv — ak) A[P? 1
—p(1+4 pv) + p(gpv + ar)(—1)P~!
=pp (—14+ 90" v —p(1+a(=1)P").

Choosing A small enough such that —1 + q(—A)?~! > 0 and choosing v large enough, we can make f'(0) > 0.
Now we show that for large v, o (Jo(v)) > 0O:

By Table 1,
Moo (Jo(v)) = max{—a 4+ qpv, —1 — pv},
which is positive forv > &. O

ap
6. Diffusive interconnection of ODEs
In this section, we derive a result analogous to that for PDEs for a network of identical ODE models which are diffusively
interconnected. We study systems of ODEs as follows:
u(t) = Fu(t), t) — (L ® Dyu(t). (21)
Assumption 2. In (21), we assume:
e For a fixed convex subset of R", say V, F: VN x [0, 00) — R™ is a function of the form:
Fu,0) = (Fur, 07, ..., Fun, 7)),

where u = (u{ RN u,f,)T, with y; € V foreachi,and F: V x [0, co) — R" is a (globally) Lipschitz function.

e Forany u € VN we define lull, q as follows:

Il = | (1Qu1 T Huwn 1)

where Q = diag (q1, .. ., qn) is a positive diagonal matrix and 1 < p < oc.
With a slight abuse of notation, we use the same symbol for a norm in R":

[Xllp.q = N1QxIlp-
e u: [0, 00) — VN isa continuously differentiable function.
o D= dia%’ (dq, ..., d,) with d; > 0, which we call the diffusion matrix.
e L € R¥*N is a symmetric matrix with non-positive off-diagonal entries, and L1 = 0, where 1 = (1, ..., 1)T. We think of
L as the Laplacian of a graph that describes the interconnections among component subsystems.

Theorem 3. Consider the system (21) and suppose Assumption 2 holds. Let ¢ = SUD;c[g o0) Mp,q[F;], where M, q is the lub
logarithmic Lipschitz constant induced by the norm || - ||,.o on R" defined by ||x|lp,o = |IQxIl,. Then for any two solutions u, v
of (21), we have

[u() = v(®)llpq < e ) — vO) g -

This theorem is proved by following the same steps as in the PDE case and using Lipschitz norms and properties of discrete
Laplacians on finite graphs. For ODEs, we can make some of the steps more explicit, and for purposes of exposition, we do

so next. We start with several technical lemmas.
The following elementary property of logarithmic norms is well-known. For more properties of logarithmic norms, see

e.g. [31].
Lemma 8. Let A be the largest real part of an eigenvalue of A. Then, pip o (A) > A.

We recall that if A = (a) is an m x n matrix and B = (byj) is a p x q matrix, then the Kronecker product, denoted by A ® B,
is the mp x nq block matrix defined as follows:

aB ... a;,B
A®B:= : . : )
amB ... amB
where a;B denote the following p x q matrix:
aibii ... ajbyg
a;B .= : . :
aibpr ... abpg
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The following are some properties of Kronecker product (for more properties see e.g. [36]):

1. (A® B)(C ® D) = (AC) ® (BD);

2. IfAand B are invertible, then A® B) "' = A~ @ B~..

Proposition 5. Forany 1 < p < oo, M; (—L®D) = 0, where M; is the strong least upper bound logarithmic Lipschitz constant
induced by the [P norm.

Proof. Let £ = —L®D = (L;). Note that since L1 = 0, by the definition of Kronecker product, £1 = 0. In addition because
L is symmetric and D is diagonal, £ is also symmetric and therefore £1 = 1.£ = 0. Also the off diagonal entries of .£, like
those of —L, are positive. By Corollary 1, it suffices to show that p,(£) = 0 for any p. We first show that (L) = 0 for
p=1,00Forp=1,

(L) =max Y (Li+ L) = max 0 = 0.

Similarly for p = oo,
Poo(£) =max D (Li+|Lyl) = max0 =0.
i#jj=1,....nN ]

Now suppose p # 1, oco. By Lemma 8, 11, (L) > NA, where A is an eigenvalue of .£. Because £1 = 0, A = 0 is an eigenvalue
of £; therefore p,(L) > 0. To show that u,(L£) < 0, by Remark 6, it suffices to show that D*|jul|, < 0 where u is the
solution of it = Lu. By the definition of Dini derivative, it suffices to show that ||u(t)||, is a non-increasing function of t. Let
@ (u(t)) := |lu)||p, whereu = (ul, ..., ul)T withu; = (u}, ..., u")T € V™. Here we abuse the notation and assume that

u=(ui, ..., umw)". We will show that 22 (u(t)) < 0.

We will use the following simple fact:

Lemma 9. Forany real @ and S and 1 < p:
(P + [BPHap < |afP +|BP.
As we explained above, £ is symmetric and .£1 = 0. Using this information and the above inequality:
N, do du
= du; dt
=vo-u
=v® - Lu
= p(lurP2uq, .., [ P2 unn) LU, - tpy)”
=p Z | P2 Ly
o

J
=p Z luilPLii +p Z Lij(uilP% + [P~ Husy;
i

i<j

do ;
E(U( )

<Py lwlPeLi+pYy  Ly(lul + )
i

i<j

=p Y |ulPLi+py (Ll + Lilu?)
i

P
= PZ [uilP (DCii + Z“CU)
i i#j
=0,
since 3—f = £|ui|p = p|ui|p*1‘5—’:‘ = p|u;|P~2u;. Recall that |x|? is differentiable forp > 1. O
1 1 1

Lemma 10. Let up, and p, o denote the logarithmic norms induced by || - ||, and || - ||,,q respectively. Then
Up.o(=L®D) = up(—L @ D).
Proof. By the properties of Kronecker product mentioned above, we have:
Ipo(~L®D) = 1[I ® Q(-L@D)I ® Q1]
= up(-L®QDQ ™)
Up(—=L ® D).
The last equality holds because both Q and D are diagonal, and thus they commute. Therefore QDQ ' =DQQ ! =D. O
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Proposition 6. Let M;f o denote the strong least upper bound logarithmic Lipschitz constant induced by the norm || - || o on R™,
Then,

M, o[-L® D] =0.

Proof. By Proposition 5, Corollary 1 and Lemma 10,
MY [—L® D] = o (—L® D) = jtp(—~L ® D) = M, [-L® D] = 0. O
Lemma 11. Let M;Q denote the strong lub logarithmic Lipschitz constant induced by the norm || - ||,o on R™ and let M;.o
denote the lub logarithmic Lipschitz constant induced by the norm || - ||, o on R™. Then,
Mo [F] < My o[F].
Proof. The proof is exactly the same as the proof of Lemma 7. O
Proof of Theorem 3. By subadditivity of M;f o» Propostions 2, 6, and Lemma 11, for any ¢t > 0:
M, o[F — L® D] < M, [F] + M}, [-L ® D] < M o[F¢].
Therefore sup;c(g o) M;Q [F; — L ® D] < c. Now using Corollary 3,

[u@®) = v(®)llp.q < e*u0) = v(0)llpo. O

Lemma 12. Assume F is a linear operator. Then
tpo(F —L®D) < pgo(F) if p=aq. (22)
Proof. The proof is immediate by subadditivity of logarithmic norm, Lemma 11, and Corollary 1.

Remark 11. Note that (22) does not need to hold if p # q. Indeed, consider the following system:
X1 = Axy + D(x; — X1)
Xy = Axy + D(x1 — X2),

where x; € R?,A = [_12 _12] and D = diag (d, d;). In this example L = [_11 _11] ,F(u) = Au, and I?(u) = diag (Au, Au).

We will show that for Q = diag (3, 1), u2,q(A) < 0 while ,u,l.Q(f: —L®D)>0.

By Table 1,
-2 3
p2oA) = ma(AQ N =2 | 1 | <0,
3
and
-2 —d, 1 dq 0
=~ 1 —2—d 0 d
HioF =L®D) = pio | g 0o —2-d 1
0 d, 1 —-2—d,
—2—d, 3 dq 0
1
= -2—-d, 0 d,
= M 3
d; 0 -2 —d 3
1
0 d, 3 —2—d,
=1>0.

Theorem 4. Consider the reaction-diffusion ODE (21) and suppose Assumption 2 holds. In addition assume that F(x,t) is
continuously differentiable with respect to x and ¢ = SUD(y r)ev x[0.00) Mp.@ Ur (X, t)). Then for any two solutions u, v of (21) we
have

lu®) = v(®)llp.o < e u(0) = v(O)lpq-

Proof. The proof is immediate by Theorem 3 and Proposition4. O
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Appendix
A.1. Proof of Proposition 3

To prove this result, we first review some basic minimax optimization facts.

Proposition 7 ([37]). Let X, Y be arbitrary sets and let ¢ : X x Y — R be an arbitrary function. Foranyy € Y and c € R,
denote H, . = {x € X : ¢(x,y) > c} and C the set of all real numbers c such that forally € Y, H, . # ¥, and let ¢* = sup C.
Then

(B =) supinf ¢(x,y) = infsup p(x,y)(=])
xeX YEY YEY xex

if and only if for every ¢ < c*, ﬂyey Hy . # 9. Inthiscase B=] = c*.
A proof is outlined in [37].
For a fixed arbitrary norm | - || on R™ and a fixed arbitrary matrix A € R*™>™ define ¢ : S™N~! x (0, 1) — R by
1
o, h) = i (v + hAv|| = 1),

where S™M~! = {v € R™ : ||y|| = 1}. Forany h € (0, 1) and ¢ € R, let H,. = {v € S"™N~! : ¢(v, h) > c} and let € be the set
of all real numbers c such that Hy, . # ¥ whenever h € (0, 1). Let c* = sup C.
The following two facts are easy to prove, see [31].

Lemma 13. ¢(v, h) = %(Hv + hAv|| — 1) is non-increasing as h — 0.

Corollary 5. For any matrix A, +(||I + hA|| — 1) is non-increasing as h — 0%,

1
> h
Proof of Proposition 3. Claim 1.

sup inf ¢@(v,h) =hi(r(1)f sup (v, h). (23)

vesnN—1he(0,1) €(0,1) ,cgnN—1

Proof of Claim 1. To apply Proposition 7, we will show that for ¢ < c*, ﬂhe(o,l) Hyc # 0, where Hy, = {v € S~ :
@(v, h) > c} and c* is defined as above. By Lemma 13, ¢(v, h) is decreasing in h which implies Hy, . C Hp, c when hy < hy.
Also by the definition of ¢*, c < c¢* implies that H, . # ¢ for any h € (0, 1). On the other hand, each Hj, . is a closed subset
of S"™N—1 5o they are all compact. Hence their intersection is non-empty.

Claim 2.
sup lim ¢(v,h) = sup inf @(v,h) (24)
vesiN—1 h—0T vesnN—1 he0.1)

and
lim sup ¢(v,h) = inf sup ¢(v,h). (25)
h—0T , cgnN—1 he(0,1) | cgnN—1

Proof of Claim 2. By Lemma 13, since f (v, h) is non-increasing as h — 07, (24) holds. By Corollary 5, since %(||I +hA| —1)
is non-increasing as h — 07, (25) holds.

By Claim 1, the right hand side of the equalities in Claim 2 are equal, and therefore so are their left hand sides:

sup lim ¢(v,h) = lim sup ¢(v,h),

vesiN—1 h—0t —0t ,cgnN—1

which implies 4 (A) = sup = limy_, o+ %(Hv + hAv|| —1). O

References

[1] G.C.Brown, B.N. Kholodenko, Spatial gradients of cellular phospho-proteins, FEBS Letters 457 (3) (1999) 452-454.

[2] P.Kalab, K. Weis, R. Heald, Visualization of a Ran-GTP gradient in interphase and mitotic Xenopus egg extracts, Science 295 (5564) (2002) 2452-2456.

[3] B.N. Kholodenko, Cell-signalling dynamics in time and space, Nature Reviews Molecular Cell Biology 7 (2006) 165-176.

[4] Y. Xiong, C.H. Huang, P.A. Iglesias, P.N. Devreotes, Cells navigate with a local-excitation, global-inhibition-biased excitable network, Proceedings of
the National Academy of Sciences of the United States of America 107 (40) (2010) 17079-17086.

[5] J.D. Murray, Mathematical Biology, I, II: An Introduction, Springer-Verlag, New York, 2002.



Z. Aminzare, E.D. Sontag / Nonlinear Analysis 83 (2013) 31-49 49

[6] L. Edelstein-Keshet, Mathematical Models in Biology, Society for Industrial and Applied Mathematics (SIAM), 2005.
[7] S.Basu, Y.Gerchman, C.H. Collins, F.H. Arnold, R. Weiss, A synthetic multicellular system for programmed pattern formation, Nature 434 (7037) (2005)
1130-1134.
[8] M. Miller, M. Hafner, E.D. Sontag, N. Davidsohn, S. Subramanian, P.E.M. Purnick, D. Lauffenburger, R. Weiss, Modular design of artificial tissue
homeostasis: robust control through synthetic cellular heterogeneity, PLoS Computational Biology 8 (2012) e1002579.
[9] A.M. Turing, The chemical basis of morphogenesis, Philosophical Transactions of the Royal Society of London. Series B, Biological Sciences 237 (641)
(1952) 37-72.
[10] A. Gierer, H. Meinhardt, A theory of biological pattern formation, Kybernetik 12 (1) (1972) 30-39.
[11] A. Gierer, Generation of biological patterns and form: some physical, mathematical, and logical aspects, Progress in Biophysics & Molecular Biology
37(1)(1981) 1-47.
[12] H.G. Othmer, L.E. Scriven, Interactions of reaction and diffusion in open systems, Industrial and Engineering Chemmistry, Fundamentals 8 (1969)
302-313.
[13] L.A. Segel, ].L. Jackson, Dissipative structure: an explanation and an ecological example, Journal of Theoretical Biology 37 (3) (1972) 545-559.
[14] G.W. Cross, Three types of matrix stability, Linear Algebra and Its Applications 20 (1978) 253-262.
[15] E. Conway, D. Hoff, J. Smoller, Large time behavior of solutions of systems of nonlinear reaction-diffusion equations, SIAM Journal on Applied
Mathematics 35 (1978) 1-16.
[16] H.G. Othmer, Synchronized and differentiated modes of cellular dynamics, in: H. Haken (Ed.), Dynamics of Synergetic Systems, Springer, 1980,
pp. 191-204.
[17] P. Borckmans, G. Dewel, A. De Wit, D. Walgraef, Turing bifurcations and pattern selection, in: R. Kapral, K. Showalter (Eds.), Chemical Waves and
Patterns, Kluwer, 1995, pp. 323-363.
[18] V. Castets, E. Dulos, ]. Boissonade, P. De Kepper, Experimental evidence of a sustained standing Turing-type nonequilibrium chemical pattern, Physical
Review Letters 64 (24) (1990) 2953-2956.
[19] R.A. Satnoianu, M. Menzinger, P.K. Maini, Turing instabilities in general systems, Journal of Mathematical Biology 41 (6) (2000) 493-512.
[20] D. Del Vecchio, AJ. Ninfa, E.D. Sontag, Modular cell biology: retroactivity and insulation, Nature Molecular Systems Biology 4 (2008) 161.
[21] E.D. Sontag, G. Russo, M. di Bernardo, Global entrainment of transcriptional systems to periodic inputs, PLoS Computational Biology 6 (4) (2010).
[22] P.N. Brown, Decay to uniform states in ecological interactions, SIAM Journal on Applied Mathematics 38 (1) (1980) 22-37.
[23] W.B.Fitzgibbon, S.L. Hollis, J.J. Morgan, Stability and lyapunov functions for reaction-diffusion systems, SIAM Journal on Mathematical Analysis (1997).
[24] M.R. Jovanovi¢, M. Arcak, E.D. Sontag, A passivity-based approach to stability of spatially distributed systems with a cyclic interconnection structure,
IEEE Transactions on Circuits and Systems 55 (2008) 75-86. Special issue on Systems Biology.
[25] L. Wang, A passivity-based stability criterion for reaction diffusion systems with interconnected structure, Discrete and Continuous Dynamical
Systems. Series B 17 (2012) 303-323.
[26] M. Arcak, Certifying spatially uniform behavior in reaction-diffusion pde and compartmental ode systems, Automatica 47 (6) (2011) 1219-1229.
[27] W. Lohmiller, ].J.E. Slotine, Contraction analysis of nonlinear distributed systems, International Journal of Control (2005).
[28] K. Deimling, Nonlinear Functional Analysis, Springer, 1985.
[29] G. Soderlind, The logarithmic norm. History and modern theory, BIT 46 (3) (2006) 631-652.
[30] E.D. Sontag, Mathematical Control Theory: Deterministic Finite Dimensional Systems, second ed., Springer, 1998.
[31] M. Vidyasagar, C.A. Desoer, Feedback Systems: Input-Output Properties, Electrical Science, Academic Press [Harcourt Brace Jovanovich, Publishers],
1975.
[32] H. Smith, Monotone Dynamical Systems: An Introduction to the Theory of Competitive and Cooperative Systems, American Mathematical Society,
1995.
[33] C.Cosner, R.S. Cantrell, Spatial Ecology via Reaction-Diffusion Equations, in: Wiley Series in Mathematical and Computational Biology, 2003.
[34] L.C. Evans, Partial Differential Equations, American Mathematical Society, 2010.
[35] G. Soderlind, Bounds on nonlinear operators in finite-dimensional Banach spaces, Numer 50 (1) (1986) 27-44.
[36] R.A.Horn, C.R. Johnson, Topics in Matrix Analysis, Cambridge University Press, 1991.
[37] I Joo, Note on my paper: a simple proof for von Neumann’s minimax theorem, Acta Scientiarum Mathematicarum 42 (3-4) (1980) 363-365.



	Logarithmic Lipschitz norms and diffusion-induced instability
	Introduction
	Logarithmic Lipschitz constants and norms
	General normed spaces
	Finite dimensional case

	Weighted  Lp  norms
	Main result
	Examples
	Diffusive interconnection of ODEs
	Acknowledgments
	Appendix
	Proof of Proposition 3

	References


