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Guaranteeing Spatial Uniformity

in Reaction-Diffusion Systems Using Weighted
L?* Norm Contractions
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Abstract We present conditions that guarantee spatial uniformity of the solutions
of reaction-diffusion partial differential equations. These equations are of central
importance to several diverse application fields concerned with pattern formation.
The conditions make use of the Jacobian matrix and Neumann eigenvalues of elliptic
operators on the given spatial domain. We present analogous conditions that apply
to the solutions of diffusively-coupled networks of ordinary differential equations.
We derive numerical tests making use of linear matrix inequalities that are useful
in certifying these conditions. We discuss examples relevant to enzymatic cell sig-
naling and biological oscillators. From a systems biology perspective, the paper’s
main contributions are unified verifiable relaxed conditions that guarantee spatial
uniformity of biological processes.
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3.1 Introduction

This paper studies reaction-diffusion partial differential equations (PDEs) of the form
Oou
E(w,t) = F(u(w,1),1) + Lu(w, 1), (3.1)

where £ denotes a diffusion operator. We prove a two-part result that addresses the
question of how the stability of solutions of the PDE relates to stability of solutions of
the underlying ordinary differential equation (ODE) ‘fj—f (t) = F(x(¢), t). The study of
this question is central to many application fields concerned with pattern formation,
ranging from biology (morphogenesis developmental biology, species competition
and cooperation in ecology, epidemiology) [8, 9, 23] and enzymatic reactions in
chemical engineering [24] to spatio-temporal dynamics in semiconductors [21].

The first part of our result shows that when solutions of the ODE have a certain
contraction property, namely 12 o (Jr(u, t)) < 0 uniformly on u and ¢, where p> o
is a logarithmic norm (matrix measure) associated to a Q-weighted L? norm, the
associated PDE, subject to no-flux (Neumann) boundary conditions, enjoys a similar
property. This result complements a similar result shown in [1] which, while allowing
norms L? with p not necessarily equal to 2, had the restriction that it only applied
to diagonal matrices Q and £ was the standard Laplacian. Logarithmic norm or
“contraction” approaches arose in the dynamical systems literature [12, 15, 17], and
were extended and much further developed in work by Slotine e.g. [16]; see also [18]
for historical comments.

The second, and complementary, part of our result shows that when pu o(Jy
(u,t) — Ap) < 0, where A3 is a nonnegative diagonal matrix whose entries are the
second smallest Neumann eigenvalues of the diffusion operators in (1), the solutions
become spatially homogeneous as t — oo. This result generalizes the previous
work [3] to allow for spatially-varying diffusion, and makes a contraction principle
implicitly used in [3] explicit.

We next turn to compartmental ordinary differential equations (ODEs), where
each compartment represents a well-mixed spatial domain wherein corresponding
components in adjacent compartments are coupled by diffusion [11], and present
spatial uniformity conditions analogous to those derived for the PDE case. We then
derive convex linear matrix inequality [4] tests as in [3] that can be used to certify the
conditions. Our discussion is punctuated by several examples of biological interest.
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3.2 Spatial Uniformity in Reaction-Diffusion PDEs

In this section, we study the reaction-diffusion PDE (3.1), subject to a Neumann
boundary condition:

Vui-n, 1) =0 YEe R, Viel0,o0). (3.2)

Assumption 1 In (3.1)—(3.2) we assume:

e 2 is a bounded domain in R” with smooth boundary 92 and outward normal n.
e F': V x[0,00) — R”is a (globally) Lipschitz and twice continuously differ-
entiable vector field with respect to x, and continuous with respect to ¢, with
components Fj:
F(x,t) = (Fi(x,1), ..., Fy(x, )7

for some functions F;: V x [0, 00) — R, where V is a convex subset of R”.
[ ]
L=diag(Ly,...,L,), and Lu= (Liuy,..., Loun)T,
where foreachi =1, ..., n,

(Liup)(w, 1) = V- (Ai(w)Vu;(w, 1), (3.3)

and A;: 2 — R"™™ is symmetric and there exist a;, 3; > 0 such that for all
weRand = ((1,....¢n)T e R™,

ol = (MAiw)¢ = Bil¢™ (34
Suppose that £ has r < n distinct elements Ly, ..., L, (up to a scalar). Namely,

diag(ﬁl,...,ﬁnl,...,ﬁn_nr_H,...,[:n) =

diag(dll,...,dlnl,...,drl,...,dmr)diag(Ll,...,L],...,Lr,...,Lr),
where ny +---+n, =n.Foreachi =1, ..., r,let D; be an n x n diagonal matrix
with entries [D;ln;_ +jn;_+j = dij, for j =1,..., n;, ng = 0 elsewhere. Also for
eachi =1,...,r,let £ be an n x n diagonal matrix with identical entries L;. Then

L can be written as below,

L= D& (3.5)
i=1

Some times it is easier to use expression (3.5) for L to prove theorems in this paper.

For a fixedi € {1, ...,n}, let )\f be the kth Neumann eigenvalue of the operator
—L;asin (33) (Al =0, ¥ > 0fork > 1, and \¥ — 0o as k — o0) and e be the
corresponding normalized eigenfunction:
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V- (4@ Vet @) = -Mefw), wee

Vel(©) - m=0, ¢eon (3.6)
Also foreachi =1,...,r,let )\f-‘ be the kth Neumann eigenvalue of —L;. Note
that
,
A = D ND;, where A¢ = diag (X, ... ML) 3.7)

i=1

Foreach k € {1, 2,...}, let Elk be the subspace spanned by the first kth eigenfunc-
tions:
k 1 k
Ef = {e,....¢;).

Now define the map [T ; on L2(£2) as follows:
Ik i(v) = v —m,i(v),

where 7y ; is the orthogonal projection map onto El{‘_l, and we define E? = 0.

Namely for any v = >3 (v, el.])el.j,

k—1 00
i (V) = Z(v, eij)ei] and [T ;(v) = Z(v, eij)eij, fork > 1,
j=1 j=k
m,i(v) =0, and IT;;(v) =v; (3.8)
where (x, y) ;= [x”y. Note that forany i = 1,...,n,
I i (v) : (3.9)
2i(v) = v—— [ v .
l 12| Je2
For any v = (v1, ..., v,), define [T} as follows:
T
My (v) = v —m(v) where m(v) = (M1 (WD), ..., Tn(Va))

Observe that 7 (v) is the orthogonal projection map onto E’l‘_] X -+ X Eﬁ_l.

Definition 1 By a solution of the PDE

ou
E(w, t)=Fu(w,1),t) + Lu(w,1t),
Vu; -n(&,t) =0 VEe€d2, Vtel0,00)

on an inte_trval [0, T), where 0 < T < 0o, we mean a function u = (uy, ..., u,)".,
withu: £ x [0, T) — V, such that:
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foreach w € 2, u(w, -) is continuously differentiable;
. foreacht € [0, T), u(-,t)isin Y, where Y is defined as the following set:

N =

[v:(vl,...,vn)T:fZ—>V| v € Cj (), %(5):0, V¢ € 082 Vi],

where Cﬂz{ (S_Z) is the set of twice continuously differentiable functions 2 — R.
3. foreachw € 2, and each t € [0, T'), u satisfies the above PDE.

Theorems on existence and uniqueness of solutions for PDEs such as (3.1)—(3.2)
can be found in standard references, e.g. [5, 22].

For any invertible matrix Q, and any 1 < p < oo, and continuous u: 2 — R”,
we denote the weighted L, ¢ norm, |[ull,,0 = [|Qu|l», where (Qu)(w) = Qu(w)
and || - ||, indicates the norm in L?(£2, R").

Definition 2 Let (X, || - | x) be a finite dimensional normed vector space over R or
C. The space L(X, X) of linear transformations M : X — X is also a normed vector
space with the induced operator norm

Mlx—>x = sup [Mx|x.
lxllx=1

The logarithmic norm px () induced by || - || x is defined as the directional derivative
of the matrix norm, that is,

1
M) = lim — (| +hiM|x>x—1),
px (M) hin&rh(” +hM|x-x — 1)

where [ is the identity operator on X.

In [1], we proved the following lemma:

Lemma 1 Consider the PDE system (3.1)—~(3.2), with L = DA, where D =
diag(dy, ..., dy). In addition suppose Assumption 1 holds. For some 1 < p < 00,
and a positive diagonal matrix Q, let

poi= sup kp.0(JF(x,1)).
(x,1)eV x[0,00)

(We are using jip, o to denote the logarithmic norm associated to the norm || Q| p
in R™.) Then for any two solutions u and v of (3.1)—(3.2), we have

lut, 1) = v, Dllp.o < ellu,0) — v, 0)llp,0-

The first part of the following theorem is a generalization of Lemma 1 to non-
diagonal P for the special case of p = 2. The second part of the theorem is a
generalization of Theorem 1 from [3] to spatially-varying diffusion.
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Theorem 1 Considerthe reaction-diffusion system (3.1)—(3.2) and suppose Assump-
tion 1 holds. Fork =1, 2, let

Pk = sup  po p(Jr(x, 1) — Ap),
(x,1)eV x[0,00)
for a positive symmetric matrix P such that foranyi =1,...,r:
P2D; + D; P> > 0. (3.10)

Then for any two solutions, namely u and v, of (3.1)—(3.2), we have:
lu(-, 1) = v(, Oll2.p < e |lu(-, 0) = v(-, 0)2,p- (3.11)

In addition
T, )2, p < e (-, 0)2,p. (3.12)

Before proving the main theorem of this section, Theorem 1, we first prove the
following:

Lemma 2 Suppose that P is a positive definite, symmetric matrix and M is an
arbitrary matrix.

1. If po,p(M) = i, then QM + MTQ <2410, where Q = P2

2. Iffor some Q = QT >0, OM + MT Q < 210, then there exists P = PT > 0
such that P* = Q and p p(M) < p.

Proof First suppose (2 p(M) = p. By definition of pi:

1 —1 -1 r
5 (pmrp +(PMP ) < ul.

Since P is symmetric, so is P! so
PMP~ '+ P 'MTP <2ul
Now multiplying the last inequality by P on the right and the left, we get:
P*M + MTP? <2uP?.
This proves 1. Now assume that for some Q = Q7 > 0, OM + MT Q < 2u0.
Since Q > 0, there exists P > 0 such that PTP = Q; moreover, because Q is

symmetric, so is P. Hence we have:

P’M + MTP? <2uP%.
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Multiplying the last inequality by P~! from right and from left, we
conclude 2. O

Remark 1 Observe that for Q > 0,

1.
OM+MTQ<uQ = OM+MTQ

IA

B,

where 3 = pA and A is the smallest eigenvalue of Q.
2.
OM+M'Q < BI = OM+M'Q < 70,

where v = % and )\’ is the largest eigenvalue of Q.

We now recall a result following from the Poincaré principle as in [13], which
gives a variational characterization of the eigenvalues of an elliptic operator.

Lemma 3 Consider an elliptic operator asin (3.3) and let v = v(w) be afunction not

identically zero in L*($2) with derivatives 8_U € Lz(.Q) that satisfies the Neumann
wj

boundary condition, Vv(w) -n(w) = 0, and forany j € {1, ..., k—1}, / veij =0.
2
Then the following inequality holds, for any k > 1:

/Vv~(A,-(w)Vv)dw > A{F/vzdw. (3.13)

2 2

Lemma 4 Suppose u € L?*(82) satisfies the Neumann boundary conditions. For any
kel{l,2,...},

(T (), LT () = — (T (u), Al (u)) . (3.14)

In addition for k = 1,2 and any n x n symmetric matrix Q with the following

property:
OD;+D;Q >0 i=1,...,r (3.15)

we have:
(I (u), QLM (w)) < — (T (), QAT (w)) . (3.16)

Proof Note that by (3.6), for any £ € 052,
0 . .
VI i (€) -n= D (i, ¢))Ve () -mn=0.
j=k

Also by the definition of [Ty ;, forany j =1,...,k — 1,
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/Hk,i(u,-)eij dw = 0.
Q

Then by this last equality, Green’s identity and Lemma 3 we get:
(I (u), LIk (1))

- /Hk(u)T (V- (A1 @ VT @), .. V- (A @) VT (u)) | dw
2

=3 [ M)V - (@9 it do
i:lg

= > [ st i)V T - s

i=log

= > [ V) AV ) do

i=1 Q
<= S [ ) de
= — (ITx(w), AxITx(n)) .

Since for eachi = 1,...,r, OD; + D;Q > 0, there exists positive definite
symmetric matrix M;, such that QD; + D; Q = 2Ml.T M; . Note that

2(ITk(w), OD; £iITi(u)) = (ITx(u), (QD; + D; Q)L I (u))
+ (), (QD; — D;i Q) £ilTi(w)) .

A simple calculation shows that (IT;(u), (OD; — D; Q)L IT;(u)) =0 :
Let Y = QD;. Then since Q and D; are symmetric, Y = D; Q. Also let
x = I (u) and y = Yx = QD; I (u). By the definition of £;, Y £; = £;Y, hence
we need to show:
(x, Liy) = (, Lix).

By the definition of £;, it suffices to show that forany j =1, ..., n:
(xj,Liy;)) = (yj, Lixj).

This last equality holds by the definition of L;, the Neumann boundary condition,
and Green’s identity. Therefore, using (3.14), for k = 1, 2, we get
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1
(i (u), QD; £i I (u)) = 5 (i (u), (QD; + D; Q) £iITi(u))

= (Mo, M My @)

= (M ITy (u), M; £ Ty (u))

= (M;ITx(u), £, M; ITi (1))

Uy (M;u), £ 1T (M, u))

K (M (M), T (M;u))

2N (M), QDM (w)) . (3.17)

A

Note that by the definition of £;, M; £; = £;M;. By (3.8) and (3.9), for any i, j =
1,...,n,
Iy; = I ; for k=1,2.

Therefore M; [Ty (u) = Ty (M;u) and for any /, [Ty ;(M;u) is orthogonal to el.] .Hence
we can apply the Poincaré principle. Now using (3.5) and (3.17), we get:

(i (), QLI (w)) = D (Mi(w), QD; Li I (w))

i=1

< = D A UTe(w), QDi M (w))

i=1
= — (ITx(u), QArlTi(u)) . (3.18)
The last equality holds by Eq. (3.7). (]
Lemma 5 Supposeu € L?*(2) satisfies the Neumann boundary conditions. For any
ke{l,2,...},
I, (Lu) = LITi(u).

Proof By the definition of [T and L, it is enough to show that for a fixed i(i =
1,...,n),

Iy i (Liui) = LiMy i (u;). (3.19)
Using the fact that Lieij = —)\{ eij , the right hand side of (3.19) becomes:
0 . . 0 . . 0 . . .
Lilly (i) = L; Z(Mi, e)el = Z(ui» e))Liel = — Z(”i’ e )N el
i=k i=k i=k

and using the orthogonality of the eij ’s, the left hand side of (3.19) becomes:



82 7. Aminzare et al.

j=k \i=1
o0
=— Z(u, e\ el
j=k
Hence (3.19) holds. (I

Lemma 6 Let w = u — x, where u is a solution of (3.1)—(3.2) and x = m(u) or
x = v is another solution of (3.1)—(3.2). Note that for x = v, w = I1;(u — v) and
for x = m(u), w = I1x(u). For a positive, symmetric matrix Q, let

1
D(w) = E(w, Ow).

Then 4o
E(w) = (w, Q(F(u,t) — F(x,1))) + (w, QLw). (3.20)

Proof For x = v,

do
) =@ —v, Q4 u—v))

(w, Q(F(u, 1) = F(v,1))) + (w, QL(u —v))
(w, Q(F(u, 1) — F(x, 1)) + (w, QLw).

For x = mp(u), i.e. w = ITr(u),

do d
E(w) = (ITx(u), Q7 (IT2(u)))
(ITy(u), QI (F (u,1))) + (w, QI2(Lu))
(I (u), QI (F(u, 1)) + (w, QLIT>(u)) by Lemma 5
(I (u), Q(F (u, t) — m(F(u, 1)) + (w, QLw)
(I (u), Q(F(u, 1) — F(m(u), 1)) + (w, QLw)
+ (W), Q(ma(F (u, 1)) — F(m(u), 1)))
= (w, Q(F(u,t) — F(x,1))) + (w, QLw).

Note that the last equality holds because Q (w2 (F (u, t))— F (m(u), t)) is independent
of wand [, ITp; (u) = 0. O
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Now we are ready to prove Theorem 1.
Proof of Theorem 1

Proof By Lemma 2,

OUr — Ap) +(Jr — AT O <210, (3.21)

where Q = P2. Define w and @ (w) as in Lemma 6 for 0 = P2, Since @ (w) =
1
7 | Pw||§, to prove (3.11) and (3.12), it’s enough to show that for k = 1,2

d
2 o) = 2P (w).

Note that by Lemma 4, and the fact that w = [T (4 — v) or w = I1(u), the second
d
term of the right hand side of (3.20), Eq)(w), satisfies:

(w, QLw) < —(w, QArw). (3.22)

Next, by the Mean Value Theorem for integrals, and using (3.21), we rewrite the
first term of the right hand side of (3.20) as follows:

(w, Q(F(u,t) — F(x,1))) = / wl (W, ) Q(F(u(w, 1), 1) — F(x,1)) dw

2

1
= /wT(w, t)Q/JF(x +sw(w, 1), 1) - ww,t) ds dw
0

2
1
= // w! (W, ) QJp(x + sw(w, 1), 1) - ww, 1) dw ds.
09
This last equality together with (3.22) imply:
(w, Q(F(u, 1) — F(x,1))) + (w, QLw)

1
5//wT(w,t)Q(Jp(x+sw(w,t),t)—Ak)
0 2

cw(w, t) dw ds

1
2
5%/ds/wTdew
0

2
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2
=ﬂ/wTdew
2

2

=2 @ (w).

Therefore
do
E(w) < 2P (w).

This last inequality implies (3.11) and (3.12) for k = 1 and k = 2 respectively. [

Corollary 1 In Theorem 1, if i1 < 0, then (3.1)—(3.2) is contracting, meaning that
solutions converge (exponentially) to each other, as t — +00 in the weighted Ly p
norm:

lu(-, 1) —v(, t)|l2,p — 0 ast — oo.

Corollary 2 In Theorem 1, if uo < 0, then solutions converge (exponentially) to
uniform solutions, as t — 400 in the weighted Ly p norm:

T (u(-, )|l2.p — 0 ast — oo.

Note that (3.16) doesn’t necessarily hold for any k > 2, since for k > 2, the [Ty ;’s
could be different for different i’s. In the following lemma we provide a condition
for which (3.16) holds for any .

Lemma 7 Assume PL = LP, where P is a positive, symmetric n X n matrix and
P%2 = Q. Thenforanyk =1,2, ...

(M (), QLM (w)) = — (i), QAT (w)) .

Proof The proof is analogous to the proof of (3.16), using the fact that PL = LP
implies that P is diagonal (if all £;’s are different) or block diagonal (for equal
Laplacian operators). O

Remark 2 Note that Theorem 1 is valid if PL = LP is assumed instead of (3.15),
because (3.16) holds by Lemma 7 and this is all that is needed in the proof. In the
following theorem we use this condition to generalize the result of Theorem 1 for any
arbitrary k but restricted to linear systems. We omit the proof, which is analogous.

Theorem 2 Consider the reaction-diffusion system (3.1)-(3.2) and suppose Assump-
tion 1 holds. In addition assume that F is a linear function. For k € {1,2, ...}, let

P = sup w2, p(Jrp(x, 1) — Ag),
(x,1)eV x[0,00)

for a positive symmetric matrix P such that PL = LP. Then for any two solutions,
namely u and v, of (3.1)—~(3.2), we have:
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Tk (u (-, 1) = v, 0) M2, p < e[ T (u(-, 0) = v(-, 0)) 12, p- (3.23)
Example 1 In [1] we studied the following system:

Xy =2—0x+kiy —ko(Sy — y)x +diAx
v = —k1y +ka(Sy — y)x +dr Ay,

where (x(¢), y(t)) € V = [0, 0c0) x [0, Sy] forall ¢t > 0 (V is convex), and Sy, ki,
kz, 0, di, and d; are arbitrary positive constants.

This two-dimensional system is a prototype for a large class of models of enzy-
matic cell signaling as well as transcriptional components. Generalizations to systems
of higher dimensions, representing networks of such systems, may be studied as well
[19].

In [19], it has been shown that for p = 1, there exists a positive, diagonal matrix
Q, independent of d1 and d», such that for all (x, y) € V, u1,0(Jr(x,y)) < 0; and
then by Lemma 1 one concludes that the system is contractive.

Specifically, [1] showed that for any positive, diagonal matrix Q and any p > 1,
there exists (x, y) € V such that 1, o (Jr(x, y)) > 0, where

F = (z—6x +kiy —ka(Sy — y)x, —=k1y + ka(Sy — y)x)7,

—d—a b
Jr = ( . - b) )
witha = k2(Sy — y) € [0, kx Syl and b = k1 + kox € [k, 00).
Now we show that there exists some positive, symmetric (but non-diagonal) matrix
P such that for all (x,y) € V, pa.pJr(x,y) < 0and P?D + DP? > 0, where
D = diag(d, d»). Then by Theorem 1 (for » = 1 and L;u; = Au;), and Corollary
1, one can conclude that the system is contractive.

2
1) 1 d
Claim Ler Q = [} ;i|, where ¢ > max 11+ R(m + %_) ,and d =
1

and

d
d—l. Then QJr + (QJr)T <0and QD + DQ > 0.
2

Note that Q is symmetric and positive (because g > 1).
Proof of Claim We first compute Q Jr:

11][-6—a b7 _ -5 0
1g a —b| |=0+@—Da-blg-1]

26 —0+(q—1a
—5+(q—Da —2b@g-1 |

So
QJr +Ur0) = [
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To show QJr +J1 Q < 0, we show that det (QJF (x, y) + JL (x, y) Q) > 0 forall
(x,y)eV:

det (QJF +Jr Q) —48b(g — 1) — (=6 + (¢ — Da)?.

Note that for any ¢ > 1, f(a) := (=6 + (¢ — D)a)*> < 6% on [0, k2Sy], and

g(b) == 46b(q — 1) > 46k1(q — 1) on [k, 00]. So to have det > 0, it’s enough to
52 0

have 46ki(g — 1) — 6> > 0,ie.g — 1 > —, i.e.q¢ > 1 + —. Now we compute

40k, 4k,
0D+ DQ:
2 dy +
D+DQ= .
eb+DQ [d1+d2 2qd2}

OD+ DQ > 0Oifandonly ifdet (QD + DQ) > 0, i.e. 4d1drqg — (di —|—d2)2 > 0,

2
1 d d
ie.qg > —+£ ,Whered:—l. O
2Jd 2 dy

Now by Remark 1 and Lemma 2, for P = /Q, uz.p(Jr(x,y)) < 0, for all
(x,y)eV.

Example 2 We now provide an example of a class of reaction-diffusion systems
x; = F(x) + DAx, with x € V (V convex), which satisfy the following conditions:

1. For some positive definite, diagonal matrix Q, sup 1,0 (Jr(x)) < 0 (and hence
xeV
by Lemma 1, these systems are contractive).

2. For any positive definite, symmetric (not necessarily diagonal) matrix P,
sup,ey H2,p(JF(x)) £ 0.

Consider two variable systems of the following type

xr=—f1(x) +91(y) +di1Ax (3.24)
i = f2(x) — g2(y) + d2 Ay, (3.25)

where dy, d> are positive constants and (x, y) € V = [0, o0) x [0, 00). The functions
fi and g; take non-negative values. Systems of this form model a case where x decays
according to f1, y decays according to g», and there is a positive feedback from y to
x (g1) and a positive feedback from x to y (f2).

Lemma 8 In system (3.24)—(3.25), let J be the Jacobian matrix of
(=10 + 1), o) = ()

In addition, assume that the following conditions hold for some A\ > 0, and pn > 0
andall (x,y) e V:



3 Guaranteeing Spatial Uniformity in Reaction-Diffusion Systems 87

L =)+ A0 < —p < 0;

1
2. —gh(y) + Xlgi WM <—p<0;

3. forany po € R
2

i (97 - Pogh(»))
y—>00 95(y)

Then

—_

. forevery (x,y) € V, u1,0(J(x,y)) <0, where Q = diag(1, \); and
2. for each positive definite, symmetric matrix P, there exists some (x,y) € V, such
that pa p(J (x, y)) > 0.

Proof The proof of 11, ¢ (J(x, y)) < Ois straightforward from the definition of 11, ¢
p1p

p 2
there exists some (xg, yo) € V such that po p(J(x0, yo)) > 0. By Lemma 2, it’s

enough to show that for some (xop, yo) € V, PJ(xo0, yo) + JT (x, yo)P £ 0. We
compute:

and conditions 1 and 2. Now we show that for any positive matrix P =

_[pt P |[-fi) gi(y)]
PI= [p Pz} [ fr(x) —=g5(y)

_ |:_P1f1/(x) + pfy () prgh () — pg/z(y)}
—pfi() + p2fy0) pgy(¥) — p2gr (M) |

Therefore, PJ 4+ (PJ)T is equal to

[ 2 (=p1f{(x) + pf () P19, (Y) — Pgh(y) — pfi(x) + pzfz/(X)]
P191(¥) — pgh(¥) — pf{(x) + p2 £ (x) 2 (pgy (v) — P2g5(»)) :

(not showing x and y arguments in f{ and f, for simplicity). Now fix xo € [0, c0)
and let
A = 2(—p1f{(x0) + pfs(x0)) .

and
B = —pf{(x0) + p2fs(x0).

Then det (PJ 4+ (PJ)T) is equal to

24 (pgi () — p2g5) — (P1g; () — pgh () + B). (3.26)

We will show that det < 0. Dividing both sides of (3.26) by p% g5(y), we get:
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det (PJ +(PDT) 24 (pgi(y) — p2g5(»))

Pih) PrgH()
2
(910 = pogy () + B)
g5(»)
/
= A’P—g} ) A'pa
92()’)
2
(@) = pogyM)” 91 )
g5 () ()
2
+2B'po —
g5(y)
2A B
where py = ﬁ, A = —, and B = —.
Pl P1 Pl

(Note that p?gh(y) > 0 because by condition 2, ¢ > y > 0, and P > 0 implies
p1#0)
By condition 2, 0 < T < X\ < oo for all y. Now using condition 3, we can
gy
find y large enough such that det < 0.
Since det (P J (xo, yo) + (PJ (x0, y0))") < 0 for some (xg, yo) € V, the matrix
PJ 4+ (PJ)T has one positive eigenvalue. Therefore PJ + (PJ)T « 0. O

Example 3 As a concrete example, take the following system

xr = —x 4yt 4+ d Ax
yi=06x — (¥} +y** +dy) + dr Ay,

where 0 < 6 < 1,0 < € « 1, d, dy, and d, are positive constants and (x, y) € V =
[0, 00) x [0, 00).

In this example we show that, the system is contractive in a weighted L' norm;
while for any positive, symmetric matrix P, and some (x, y) € V,u2 pJr(x,y) £ 0.
To this end, we verify the conditions of Lemma 8.

For any (x, y) € V, we take in Lemma 8, A = 1, and any y € (0, min{d, 1 — d}):

[

—146 <0, because 0 < § < 1.
2. =3+ Q4+ eyt +d)+ 2+ eyt =-3y?—d < —d <0.
3. For any pg € R,

hm(a—pw@+af“—pubﬂ+@f

= 00
y—>00 32+ 2+ eylte+d

So the conditions in Lemma 8 are verified. O
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3.3 Spatial Uniformity in Diffusively-Coupled Systems of ODEs

‘We next consider a compartmental ODE model where each compartment represents
a spatial domain interconnected with the other compartments over an undirected
graph:

(1) = F(u(r)) — Lu(r). (3.27)

Recall thatif A = (g;;) is anm x n matrix and B = (b;;) is a p x g matrix, then
the Kronecker product, denoted by A ® B, is the mp x nqg block matrix defined as

follows:
anB ... a,B

A® B =

am B ...au,B
where a;; B denote the following p x g matrix:

aijbll aijblq
ajjB = .

a,-jbpl N aijbpq
The following are some properties of Kronecker product:

. (A® B)(C® D) = (AC) ® (BD);

2. (A B)T = AT @ BT.

3. Suppose that A and B are square matrices of size n and m respectively. Let
AL, ..., \y bethe eigenvalues of A and i, . . ., u,, be those of B (listed according
to multiplicity). Then the eigenvalues of A ® B are \;uuj fori =1,...,n, and
j=1,...,m.

—_—

Assumption 2 In (3.27), we assume:

e For a fixed convex subset of R”, say V, F: VN — R"V s a function of the form:
- INT N
Fay = (Fah.....Fa™)T)

where u = (WH7, ..., (uN)T)T, with u’ € V foreachi,and F: V — R" is a
(globally) Lipschitz function.
e Forany u € VY we define lull .o as follows:

)

p

T
lullp.o = H(nQulnp, o leu,)

where Q is a symmetric and positive definite matrix and 1 < p < oo.
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With a slight abuse of notation, we use the same symbol for a norm in R":

Ixllp.0 = I1Qx]lp-

e u:[0,00) > VN isa continuously differentiable function.
[ ]

n
L= ZLi ® Ei,
i=1

where for any i = 1,...,n, L; € R¥*V is a symmetric positive semidefinite
matrix and L1y = 0, where 1y = (1, ..., l)T € RY. The matrix L; is the sym-
metric generalized graph Laplacian (see, e.g., [ 10]) that describes the interconnec-
tions among component subsystems. Forany i = 1,...,n, E; = eieiT e R is
the product of the ith standard basis vector e; multiplied by its transpose.

Similar to the PDE case, we assume that there exists »r < n distinct matrices,
Ly, ..., L, such that

diag (L1, ..., Luys -y Ly—n, 41, - Ln)
=diag(d11,...,dlnl,...,drl,...,dmr)diag(Ll,...,L],...,Lr,...,Lr),
where n; + ---+n, = n. Foreachi = 1,...,r, let D; be an n x n diagonal
matrix with entries [D;]n;_ yjn;_1+j = dij, for j = 1,...,n;, nop = 0 elsewhere.

Therefore we can write £ as follows:

,
L= ZLi ® D; (3.28)

i=1
Forafixedi € {1, ..., n}, let /\f be the kth eigenvalue of the matrix L; and ef.‘ be
the corresponding normalized eigenvector. Also for a fixed i € {1, ..., r}, let )\f-‘ be

the kth eigenvalue of the matrix L;. Note that
r
A= D" NDj, (3.29)
i=1

where Ay = diag()\k, el )\ﬁ).
For each k € {1,2,..., N}, let Elk be the subspace spanned by the first kth

eigenvectors:

EF = (ei], ...,elf).

1 L

Now let 7 ; be the orthogonal projection map from RY onto Elk -1 Namely for

N iy
any v = ijl(v -ej)e;,
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k—1
i (v) = Z(v-e{)e{,
j=1
forl <k < Nandm;(v) =0. '
Now foru = (u', ..., u"™) with u/ € R", define 7 () as follows:
n
m) = D ()’ ®ej, (3.30)
j=1
forl <k < N,whereu; :=@u'-¢ej,....,u" -e;)T;and 7 (u) = 0.

Note that for each k and any u, v € RN,

n

(u— Wk(u))T m(v) = Z (uj — Wj’k(uj))T mix(j) = 0. (3.31)
j=1

‘We also can define 7 (u) as follows:
) N
Fori =1,...,n,leteée = Zj:] eij ® e;. It is straightforward to show that
el, ..., e" are linearly independent and for any i, j € {1, ..., n}, ¢l el = 0. Hence
one can extend {e'}, _, _ to an orthogonal basis for RV, {e Then for each

k=2,...,nN,andanyueR”N,

i}lgiSnN'

k—1

m(u) = Z(u -ej) ej,

j=1

and 71 () = 0. Note that for k = 1, .. ., n, this definition is compatible with (3.30).
‘We now state Courant-Fischer minimax theorem, from [14].

Lemma 9 Let L be a symmetric, positive semidefinite matrix in RN*N. Let X! <
- < AN be N eigenvalues with e', ..., eV corresponding normalized orthogonal
eigenvectors. For any v € R, ifvie/ =0for1 < j <k —1, then

vl Lv > Mol y.

Lemma 10 Let w := u — x, where u is a solution of (3.27) and x = v is another
solution of (3.27) or x = mu), ie. x = Iy ® (% Z?’Zl uj). For a positive,
symmetric matrix Q, let

1 7
D(w) = Ew Iy ® Q) w.
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Then

‘;—f(w) =w! (In® Q) (F(u,t) — F(x,1)) —w! (Iy ® Q) Lw. (3.32)

Proof When x = v, the claim is trivial because both u and v satisfy (3.27). When
x = m(u), then, by orthogonality, Eq. (3.31), and the definition of 75, we have:

do . ~
z(w) =@ —mw)" Iy ® Q) (F(u,1) = m(F@u,) +w’ (Iy ® Q) Lw

= —mw)" (Iy® Q) Fu,n+w" (Iy® Q) Lw
= —=mw)" Uy ® Q) (Fu, 1) = F(m), ) +w’ (Iy ® ) Lw,

The last equality holds because

N
u—m@)’ (Ix ® Q) F(ma(u), 1)) = » (u/ — i) QF (it)

j=1

N
=D/ —Ni|QFw) =0,
j=1

1 N .

= — J
where u = N ijl u’l.
Theorem 3 Consider the ODE system (3.27) and suppose Assumption 2 holds. For
k=1,2, let

Wk = sup o, p(JF(x, 1) — Ap),
(x,1)eV x[0,00)
for a positive symmetric matrix P such that for everyi = 1,...,r,
P?D; 4+ D; P? > 0.

Then for any two solutions, namely u and v, of (3.27), we have:

I = v)D)ll2,p < e[| — v)(O0)]l2,p- (3.33)

In addition
[ —m)Ol2,p < ' [(u —m)) (02, p. (3.34)

Proof By Lemma 2,

OUr — Ak) +(Jr — AT O <210, (3.35)
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where Q = P2. Define w and @ (w) as in Lemma 10 for 0= P2, Since ®(w) =
1
5 | Pwl|3, to prove (3.33) and (3.34), it’s enough to show that for k = 1, 2

d
2 QW) = 2P (w).

We rewrite the second term of the right hand side of (3.32) as follows. Since
0= P2 and P2D,~ + D,‘P2 > (, there exists symmetric, positive definite matrices
M; such that QD; + D; Q = 2M] M;.

wl(Iy @ Q) Lw = w' (Iy ® Q)(ZLi ® Di)w

i=1

=w! (Z INL; ® QD,-)w

i=1

1 r
= EZwT (L ® (OD; + D; Q) w

i=1
,
=> w’ (Lo M M)u
i=1

=2 w (N @M (Li ® ) (Iy ® M) w

i=1

;
> D> A (U @ Myw)" (Iy ® Myw  (fork = 1,2)
i=1
r
=> Aw' Iy @ M] My)w
i=1

=2 Xw'(Iy® QD)w
i=l

=wl(Iy® 0Apw  [by Eq. (29)]

Therefore
—wl(Iy® Q) Lw < —wT (Iy ® QA w. (3.36)

Note that the first inequality holds for k = 2 by Lemma 9 and the fact that for
x = m(u), by definition, w1,y = 0andhence (Iy ® M;) wl,y = 0. It also holds
for k = 1, since L; and hence L; ® I, are positive definite, and )\} =0.

Now, by the Mean Value Theorem for integrals, and using (3.21), we rewrite the
first term of the right hand side of (3.32) as follows:
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N

wl (Iy ® Q) (F(u, 1) — F(x, 1)) = Z wi QF W, 1) — Fx', )w' ds
-
Z/ wiTQJF(xi +sw', Hw' ds.
i=1 0

This last equality together with (3.36) imply:

w! (Iy ® Q) (Fu,t) — F(x,1)) —w’ (Iy ® Q)Lw
Z/ JF(x" +sw', 1) —Ak) w' ds
1
%/ds wiTQu)i
0

2p 1
= TUJ Uy ® Q)w
=2u®(w).

=

'M2

I
<N

1

Therefore
—(w) 2P (w).
This last inequality implies (3.33) and (3.34) for k = 1 and k = 2 respectively. [

Corollary 3 In Theorem 3, if uy < 0, then (3.27) is contracting, meaning that
solutions converge (exponentially) to each other, as t — +00 in the P-weighted L,
norm.

Corollary 4 In Theorem 3, if uo < 0, then solutions converge (exponentially) to
uniform solutions, as t — +00 in the P-weighted L, norm.

3.4 LMI Tests for Guaranteeing Spatial Uniformity

The next two results are modifications of Theorems 2 and 3 in [3]. They allow us to
apply check the conditions in Theorems 1 and 3 through numerical tests involving
linear matrix inequalities.

Proposition 1 Ifthere exist constant matrices Z, ..., Zg and Sy, . . ., Sy, such that
forallx € V, t € [0, 00),

Jp(x,t) € com{Zy, ..., 2,4} + cone{Sy, ..., Su}, (3.37)
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where

comv(Zy, ..., 2q) ={a1Z1+---a4Z4 | a; > 0, zai =1},
i

and
cone(Sy, ..., 8n) ={b1S1 + -+ bmSm | b; > 0},

95

then the existence of a scalar p and symmetric, positive definite matrix Q satisfying

QZi—A)+Zi— AT Q<pQ,i=1,....q
0Si+Sro=<0,i=1,....m

implies that:
OUF(x, 1) — Ap) + (Jp(x, 1) — AT Q < pQ

forall (x,t) € V x [0, 00); or equivalently

1
= sup  po,p(Jp(x, 1) — Ap) < 7,
(x,t)eV x[0,00) 2

where P2 = Q.

If the image of V x [0, 00) under Jr is surjective onto conv{Zy, ...

cone{Sy, ..., Sy}, then the converse is true.

Proof First, we rewrite the first set of conditions of (3.38) as:

I wAT .
0(Zi—A=31)+(Zi— A= 31 0<0, i=1,...,q

Defining D = Ay + %1, we can rewrite (3.41) as:

QZi—D)+(Zi—D)TQ<0, i=1,....,q.

(3.38)

(3.39)

(3.40)

7Zq} +

(3.41)

(3.42)

An application of [3, Theorem 2] concludes the proof. Also an application of

Lemma (2) implies that (3.39) and (3.40) are equivalent.

We define a convex box as:

bOX{M(),M],...,Mp}={M()+w1M1 +...+prp|w,- € [0, 1]

foreachi =1,..., p}.
Proposition 2 Suppose that Jr(x, t) is contained in a convex box:

Jr(x, 1) € box{Ag, A1, ..., A;} Vx € V, t €0, 00),

(]

(3.43)

(3.44)
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where Ay, ..., A; are rank-one matrices that can be written as A; = B; CI-T, with

B;, C; € R". If there exists a scalar p and symmetric, positive definite matrix Q
with:

o=|. " (3.45)

satisfying:

Ao— Ay B Ao— A B " 1Q 0
Q[ cr —IJJF[ cr —IJ Q<[00] (3:46)

with B = [By...Bjland C = [Cy ... C|], then the upper left (symmetric, positive
definite) principal submatrix Q satisfies

QUF(x, 1) — A + (Jp(x, 1) — AT Q < pO; (3.47)
or equivalently
) 1z
M = sup po,p(Jr(x, 1) — Ag) < 5 (3.48)
(x,t)eV x[0,00)

where P2 = Q.
Ifl = 1 and the image of V x [0, 00) under J is surjective onto box{Ag, A1},
then the converse is true.

Proof First, we rewrite condition (3.46) as

L ) T
Ao—Ak—%I B Ao—Ak—%] B
Q[ cT ~1, + cT 1, 9 <0. (3.49)

Defining D = Ay + 51, we can rewrite (3.41) as:

T
Ay— D B Ay— D B
Q|: cT _Ini| +[ cT _Ini| Q<0. (3.50)

An application of [3, Theorem 3] concludes the proof. Also an application of Lemma
(2) implies that (3.47) and (3.48) are equivalent. U

The problem of finding the smallest y such that there exists a matrix Q as in
Proposition 1 or a matrix Q as in Proposition 2 is quasi-convex and may be solved
iteratively as a sequence of convex semidefinite programs.
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Example 4 Ring Oscillator Circuit Example
Consider the n-stage ring oscillator whose dynamics are given by:

it = —nix} — a1 tanh(B1x}) + wy
i = =k + az tanh(Boxf) + wf
(3.51)

with coupling between corresponding nodes of each circuit. Ring oscillators have
found wide application in biological oscillators such as the repressilator in [6]. The
parameters 1 = ﬁ, ag, and G correspond to the gain of each inverter. The input
is given by:

wh=d; D (! —xb), (3.52)
JENi
whered; = —L_and\, «.i denotes the nodes to which node i of circuit k is connected.

RO C;
We wish to determine if the solution trajectories of each set of like nodes of the
coupled ring oscillator circuit given by (3.51)—(3.52) synchronize, that is:

l-j - xll‘ — 0 exponentially as t — oo (3.53)

X
for any pair (j, k) € {1,..., N} x{1,..., N}and any index i € {1, ..., n}.

For clarity in our discussion, we take n = 3 as in Fig. 3.1. We first write the
Jacobian of the system (3.51), where we have omitted the subscripts indicating circuit
membership:

=M 0 MGy
J@|,_g=| @) —m 0 |, (3.54)
0 71(x3) —m

with 71 (X)) = —a1Bisech®(51%3), 72(%2) = aafasech?(frx1), and 13(X3) =
azB3sech?(53%2). Define the matrices

[=m 0 0 00 —ai 3
Ao = 0 —m O Ar=[00 O
L 0 0 —mn3 00 O
0 00 0 0 O
Ay=| a3, 00 A3=10 0 O0]. (3.55)
0 00 0a33;0

Then it follows that J(x) is contained in a convex box:

J(x) € box{Ao, Ay, A2, Az}. (3.56)
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1,1 1,2
R1 Ro R3
(S Cy — Cs
R R®)
@ 2,1 2,2
R
R Ry Rs3
G Cy Cs
R R®)
3,1 3,2
Ry R> R3
(S Cy Cs I

Fig. 3.1 An example of a network of interconnected three-stage ring oscillator circuits as in (3.51)
coupled through nodes 1 and 2

While the method of Proposition 1 involves parametrizing a convex box as a convex
hull with 27 vertices, and potentially a prohibitively large linear matrix inequality
computation, the problem structure can be exploited using Proposition 2 to obtain
a simple analytical condition for synchronization of trajectories. In particular, the
Jacobian of the ring oscillator exhibits a cyclic structure. The matrix M for which
we seek a Q satisfying (3.49), or equivalently (3.46), is given by:

0 0—-aif
_ _ K
M:[AO é‘% 21_31], B=|whk 0 0|, c=51 @357
0 a303 0
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Note that the matrix M exhibits a cyclic structure, and by a suitable permutation G
of its rows and columns, it can be brought into a cyclic form M = GMGT . Since M
is cyclic, it is amenable to an application of the secant criterion [2], which implies
that the condition

T3 o6
. =1/ — < sec” (f) (3.58)
Ii_(m+XN+5%) 3
holds if and only if M satisfies
OM+MTQ <0 (3.59)

with negative p, for some diagonal Q > 0. Pre- and post-multiplying (3.59) by G
and G, respectively, (3.59) is equivalent to:

GTOGM + MTGT OG < o0. (3.60)

Thus, if Qis diagonal and satisfies (3.59), then Q = GTOG is diagonal and sat-
isfies (3.46). We conclude that if the secant criterion in (3.58) is satisfied, then by
Proposition 2, we have:

sup (Jp(x, 1) — Ap) < E
(x,1)eV x[0,00) 2

Because Q is diagonal and positive, Q is diagonal and positive. Therefore:
OD; +D;Q > 0 foreachi=1,...,r.

Therefore, since ;1 < 0, by Corollary 4, we get:

x! — xF — 0 exponentially as 1 — oo (3.61)
for any pair (j, k) € {1,..., N} x {1,..., N} and any index i € {1, 2, 3}.

We note that the condition for synchrony that we have found recovers Theorem
2 in [7], which makes use of an input-output approach to synchronization [20]. We
have derived the condition using Lyapunov functions in an entirely different manner

from the input-output approach.

3.5 Conclusions

We have derived Lyapunov inequality conditions that guarantee spatial uniformity
in the solutions of compartmental ODEs and reaction-diffusion PDEs even when the
diffusion terms vary between species. We have used convex optimization to develop
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tests using linear matrix inequalities that imply the inequality conditions, and have
applied the tests to several examples of biological interest.
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