New constructions of RIP matrices
with fast multiplication and fewer rows

Jelani Nelson*  Eric Pricef ~ Mary Wootters*
July 8, 2013

Abstract

In this paper, we present novel constructions of matrices with the restricted isometry property
(RIP) that support fast matrix-vector multiplication. Our guarantees are the best known, and
can also be used to obtain the best known guarantees for fast Johnson Lindenstrauss transforms.

In compressed sensing, the restricted isometry property is a sufficient condition for the ef-
ficient reconstruction of a nearly k-sparse vector z € C? from m linear measurements ®x. It
is desirable for m to be small, and further it is desirable for ® to support fast matrix-vector
multiplication. Among other applications, fast multiplication improves the runtime of iterative
recovery algorithms which repeatedly multiply by ® or &*.

The main contribution of this work is a novel randomized construction of RIP matrices
® € C™*?, preserving the £, norms of all k-sparse vectors with distortion 14¢, where the matrix-
vector multiply ®x can be computed in nearly linear time. The number of rows m is on the order
of £~ 2klog dlog? (klogd), an improvement on previous analyses by a logarithmic factor. Our
construction, together with a connection between RIP matrices and the Johnson-Lindenstrauss
lemma in [Krahmer-Ward, STAM. J. Math. Anal. 2011], also implies fast Johnson-Lindenstrauss
embeddings with asymptotically fewer rows than previously known.

Our construction is actually a recipe for improving any existing family of RIP matrices.
Briefly, we apply an appropriate sparse hash matrix with sign flips to any suitable family of RIP
matrices. We show that the embedding properties of the original family are maintained, while at
the same time improving the number of rows. The main tool in our analysis is a recent bound for
the supremum of certain types of Rademacher chaos processes in [Krahmer-Mendelson-Rauhut,
Comm. Pure Appl. Math. to appear].
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1 Introduction

The goal of compressed sensing |[CRT06a,Don06] is to efficiently reconstruct sparse, high-dimensional
signals from a small set of linear measurements. The idea is that if a signal 2 € C¢ has at most
k < d “large” entries (i.e. is “nearly k-sparse”), then we should be able to recover it with far fewer
than d measurements.

Organizing the m measurements as the rows of a matrix ¢ € , one wants an efficient
recovery algorithm R which approximately recovers x from ®x. Subject to the requirement that
the recovery algorithm work—that is, R(®x) should approximate x—there are two primary goals
in the design of ® and R. First, we would like the number of measurements m to be as small as
possible. Second, we would like for the recovery algorithm R be as efficient as possible.

In this paper, we improve the trade-off between these goals, by constructing matrices ® which
allow for very efficient recovery, and which use asymptotically fewer measurements than existing
constructions with the same recovery properties. Our results (which will be explained in more
detail below) are summarized in Figure

Our work also implies more efficient dimension reducing maps. A Johnson Lindenstrauss (JL)
embedding is a linear map that approximately preserves the geometry of a fixed set of points. JL
embeddings have important algorithmic applications, where it is desirable that they be efficient to
apply; if this is the case, they are known as fast JL transforms (FJLTs). Exploiting a connection
of Krahmer and Ward [KW11] between compressed sensing and JL transforms, our results for
compressed sensing matrices also imply improved FJLTSs, resulting in the best known constructions.
Further, recent work [YWRI12] has established a similar connection to efficient stable manifold
embeddings, and our constructions also give the best known embeddings in this setting.

(med

1.1 The Restricted Isometry Property

In this paper, we construct matrices ® which satisfy the restricted isometry property (RIP), support
fast matrix-vector multiplication, and which require fewer measurements than previous analyses.
The RIP is a popular way to obtain recovery guarantees in compressed sensing. We say that a
matrix ® € C™*4 has the (e, k)-RIP if for all k-sparse z € C?,

(1= o)lal3 <[] < (1+¢&)l=]3- (1)

It is known that if ® satisfies the (g, k)-RIP for appropriately small €, then it is possible to recover
x from &z [Can08, CRTO6b,/CT05|. Furthermore, the recovery can be done efficiently by solving
a linear program |[CRT06b,/CDS01, DETO06], or by one of several iterative recovery algorithms, for
example those in [BD08, GK09,NT09,Foull,[TGO7,DTDS12,NV09,NV10].

It is important for the measurement matrix @ to allow for fast matrix-vector multiplication—
ideally, in time nearly linear in d—because most of the algorithms above multiply repeatedly by
either ® or ®*. Usually, this multiplication is the bottleneck in the running time of the recovery
algorithm.

There is a gap of several logarithmic factors between what one can do quickly and what one can
do slowly, and our work shrinks this gap. If fast matrix-vector multiplication is not required, then
RIP matrices exist with m = O(klog(d/k)), and this is known to be optimal [Kas77,|GG84]. On
the other hand, if fast multiplication is required, the best constructions require polylogarithmically
more measurements. A series of important contributions—discussed in detail in Section [L.3}—have
removed several successive log factors from this gap, and our work continues in this tradition. The



state-of-the-art constructions [RVO8, KMR13| require three extraneous logarithmic factors. In this
paper, we remove one log factor, leaving only two between our construction and the lower bounds.
Moreover, the two remaining log factors come from a single source of slackness in our proof that
also appears in both [RVO8, KMR13|. Thus it seems likely that any future improvement would
achieve an optimal result.

1.2 Johnson-Lindenstrauss embeddings

As mentioned above, our improved RIP matrices also imply the best known fast Johnson-Lindenstrauss
transforms. The Johnson-Lindenstrauss (JL) lemma of [JL84] states that one can embed N points
in #4 into a linear subspace of dimension approximately log N, with very little distortion

Lemma 1. For any 0 < e < 1/2 and any x1,...,zN € R?, there exists a linear map A € R™ < for
m = O(e~%log N) such that for all1<i<j <N,

(1 =e)llz; — zjll2 < |Az; — Azjlla < (1 +¢)|lzi — 52 (2)

This guarantee is nearly optimal, in the sense that there are sets of N vectors for which m =
Q((e7%/log(1/¢))log N) is required [Alo03].

The JL lemma is a useful tool for speeding up solutions to several problems in high-dimensional
computational geometry; see for example [Ind01,Vem04]. Often, one has an algorithm which is fast
in terms of the number of points but slow as a function of dimension; a good strategy to approximate
a solution quickly is to first reduce the input dimension via the JL lemma before running the
algorithm. This strategy has recently found applications in approximate numerical algebra problems
such as linear regression and low-rank approximation [Sar06,CW09,CW12,MM12,NN12a], and for
the k-means clustering problem [BZMD11]. Going back to our original problem, the JL lemma also
implies the existence of (e, k)-RIP matrices with O(¢~2klog(d/k)) rows [BDDWOS].

Due to its algorithmic importance, it is of interest to obtain JL matrices (that is, matrices which
satisfy ), which allow for fast embedding time. Ideally, the matrix-vector product Ax should be
computed in time nearly linear in d.

As with the RIP, when a fast embedding time is required, there is a gap of several logarithmic
factors between the upper and lower bounds on the target dimension m; a second contribution of
this paper is to reduce this gap. If the embedding time may be slow, there are many construc-
tions of dense JL matrices with m = ©(¢~21og(N)) [Ach03,/AV06,[DG03|FM88,IM9S|[JL84,Mat08].
On the other hand, there has been extensive work (discussed in detail below in Section con-
structing JL. matrices with fast embedding time and a small target dimension. One line of work
demands an optimal number of measurements and has been improving the runtime; another line
of work demands a fast runtime and has been improving the required number of measurements.
In this paper, we add to the second line of work, removing a logarithmic factor in the number of
measurements, while offering near-linear runtime. After our work, there are only three extraneous
logarithmic factors remaining.

1.3 Previous Work on Fast RIP/JL

Above, we saw the importance of constructing RIP and JL matrices which not only have few rows
but also support fast matrix-vector multiplication. Below, we review previous work in this direction.

!The JL lemma is most commonly stated over R, so we state it this way here. However, as in [KW11], all of our
results extend to complex vectors and complex matrices.



We then state our contributions and improvements, which are summarized in Figure

We stress that in this work, we are primarily interested in the case that the sparsity parameter
k is large, for example k > v/d. This is the regime most of interest to compressed sensing, as we see
from the theoretical attention paid to logd vs log(d/k) [CRT06b, BDDWO0S8| and from the experi-
mental regimes generally studied [DT09,[LDSPO0S]. It is also the regime where the problem remains
open: the case when k < v/d was solved optimally in [AC09,/AL09|, with recent improvements
by [AR13], and in fact follows easily from [RVO08] by considering the matrix G - ®, where G is a
dense JL matrix (e.g., a Gaussian) with O(klogd) rows and ® is a subsampled Fourier matrix that
satisfies the RIP and has klog®d rowsE] Finally, the large k regime is of interest for applications
to JL: when constructing JL matrices from RIP matrices via the aforementioned connection of
Krahmer and Ward [KW11], constructions which restrict to small £ result in JL matrices which
restrict the size N of the set of vectors which is preserved, and this is undesirable in applications.

The best known construction of RIP matrices with fast multiplication (which work for large k)
come from either subsampled Fourier matrices (or related constructions) or from partial circulant
matrices. Candés and Tao showed in [CTO06] that a matrix whose rows are m = O(klog® d) random
rows from the Fourier matrix satisfies the (O(1), k)-RIP with positive probability. The analysis
of Rudelson and Vershynin [RV08] and an optimization of it by Cheraghchi, Guruswami, and Vel-
ingker [CGV13] improved the number of rows required for the (g, k)-RIP to m = O(e~?k log d log® k).
For circulant matrices, initial works required m > k%2 to obtain the (e, k)-RIP [HBRN10,RRT12];
Krahmer, Mendelson and Rauhut [KMR13| recently improved the number of rows required to
m = O(e 2k log? dlog? k).

The first work on JL matrices with fast multiplication was by Ailon and Chazelle [AC09|, which
had m = O(¢~2log N) rows and embedding time O(dlogd + m?). In certain applications N can
be exponentially large in a parameter of interest, e.g. when one wants to preserve the geometry of
an entire subspace for numerical linear algebra [CW09,Sar06| or k-means clustering [BZMD11], or
the set of all sparse vectors in compressed sensing [BDDWO0S8|. Thus, while the number of rows in
this construction is optimal, for some applications it is important to improve the dependence on m
in the running time. Ailon and Liberty [AL09] improved the running time to O(dlogm + m?*7)
for any desired v > 0 (with the same number of rows). More recently the same authors gave a
construction with m = O(s~*log N log* d) supporting matrix-vector multiplies in time O(dlogd)
[AL11). Krahmer and Ward [KW11] improved the target dimension to m = O(¢~2log N log? d).

As mentioned above, this last improvement of [KW11] is actually a more general result, which
constructs a fast JL matrix from an RIP matrix which supports fast multiplication. The reported
bound on m is the result of applying their theorem to subsampled Fourier matrices and using the
result of [RV08]| cited above. We will use the same machinery to obtain improved JL matrices, from
our improved construction of RIP matrices.

Another way to obtain JL matrices which support fast matrix-vector multiplication is to con-
struct sparse JL matrices [WDL™09,[DKS10, KN10, BOR10, KN12|. These constructions allow for
very fast multiplication Az when the vector x is itself sparse. However, these constructions have
an Q(¢e) fraction of nonzero entries, and it is known that any JL transform with O(¢~2log N) rows
requires an §2(¢/log(1/e)) fraction of nonzero entries [NN12b|. Thus, for constant € and dense z,

Indeed, this matrix satisfies the RIP with optimal O(k log d) rows by [BDDWO08]. Further, it supports O(dlog d+
k?*log®*! d) matrix-vector multiplication time, which is nearly linear since k < v/d. The only caveat is that the
running time has a sub-optimal dependence on €, at e~# rather than £~2; in the standard compressed sensing regime
of constant ¢ this is irrelevant.



multiplication still requires time ©(dm).

1.4 Owur contributions

In this work we propose and analyze a new method for constructing RIP matrices that support
fast matrix-vector multiplication. Loosely speaking, our method takes any “good” ensemble of RIP
matrices, and produces an ensemble of RIP matrices with fewer rows by multiplying by a suitable
hash matrix. We can apply our method to either subsampled Fourier matrices or partial circulant
matrices to obtain our improved RIP matrices.

Our construction follows a natural intuition. For example, let A be the discrete Fourier matrix,
and suppose that S is an m X d matrix with i.i.d. Rademacher (41) entries, appropriately renor-
malized. If m = O(¢~2klog(d/k)), then SA satisfies the (g, k)-RIP with high probability, because
S has the RIP, and A is an isometry. Unfortunately, this construction has slow matrix-vector mul-
tiplication time. On the other hand, if S’ is an extremely sparse random sign matrix, with only one
non-zero per row, then S’A is a subsampled Fourier matrix, supporting fast multiplication. Unfor-
tunately, in order to show that S’A satisfies the RIP with high probability, m must be increased
by polylog(k) factors. This raises the question: can we get the best of both worlds? How sparse
must the sign matrix S be to ensure RIP with few rows, and can it be sparse enough to maintain
fast matrix-vector multiplication? In some sense, this question, and our results, connects the two
lines of research—structured matrices and sparse matrices—on fast JL matrices mentioned above.
Our results imply we can improve the number of rows over previous work by using such a sparse
sign matrix with only polylog(d) non-zeroes per row.

Our Main Contribution: We give randomized constructions of (e, k)-RIP matrices with
m = O(e?klogdlog?(klogd))

and which support matrix-vector multiplication in time O(dlogd) + m - logo(l) d. When combined
with [KW11], we obtain a JL matrix with a number of rows

m = O(e % log Nlog dlog®((log N)logd)) = O(¢ 2 log N log® d)

and same embedding time. Thus for both RIP and JL, our constructions support fast matrix-vector
multiply using the fewest rows known.

Our RIP and JL matrices have multiplication time at most d - logo(l) d for any value of k, and
further maintain the O(dlogd) running time of the sampled discrete Fourier matrix as long as
k < d/polylogd. Our results are given in Figure

1.5 Notation and Preliminaries

We set some notation. We use [n] to denote the set {1,...,n}. We use |||, denote the ¢ norm
of a vector, and |[|-||, ||-||» to denote the operator and Frobenius norms of a matrix, respectively.
For a set S and a norm |-[| x, d)., (S) denotes the diameter of S with respect to [|-[|x. We say
that = € C¢ is k-sparse if ||z|o < k, where ||z]|g denotes the number of non-zero entries. The
set of k-sparse vectors x € C¢ with ||z||, < 1 is denoted Tj. In addition to O(-) notation, for two
functions f, g, we use the shorthand f < g (resp. 2) to indicate that f < Cg (resp. >) for some



Ensemble # rows m needed for RIP Matrix-vector Reference
multiplication time

Partial Fourier O(e %k log dlog® k) O(dlogd) [RV08,/CGV13|
Partial Circulant | O(s %klog? dlog? k) O(dlogm) [KMR13]
Hash x O(e %k log dlog? k) O(dlogd) + mpolylog d this work

Partial Fourier

Hash x O(e %k log dlog? k) O(dlogm) + mpolylog d this work
Partial Circulant

Figure 1: Table of results. The results above assume k > polylog(d); as discussed in Section
we are interested in the case of large k, so this restriction is innocuous.

absolute constant C'. We use f < g to mean cf < g < C'f for some constants ¢, C. For clarity, we
have made no attempt to optimize the values of the constants in our analyses.

Once we define the randomized construction of our RIP matrix ®, we will control ||| ®x|3 —||z|3|
uniformly over T}, and thus will need some tools for controlling the supremum of a stochastic process
on a compact set. For a metric space (T,d), the §-covering number N (T,d,d) is the size of the
smallest §-net of T with respect to the metric d. One way to control a stochastic process on T is
simply to union bound over a sufficiently fine net of T'; a more powerful way to control stochastic
processes, due to Talagrand, is through the 2 functional [Tal05].

Definition 2. For a metric space (T,d), an admissible sequence of T is a sequence of nets
Ag, A1, As, ... of T so that |Ag| = 1 and |A,| < 22" forn > 1. Then

v2(T, d) := inf sup Z 22d(Ap, t),

teT n=1

where the infimum is taken over all admissible sequences {Ay}.

Intuitively, v2(7, d) measures how “clustered” T is with respect to d: if T is very clustered,
then the union bound over nets above can be improved by a chaining argument. A similar idea is
used in Dudley’s integral inequality [LT91, Theorem 11.1], and indeed they are related (see |Tal05],
Section 1.2) by

diamd(T)
(T d) < /O /Iog N'(T d, ) du. (3)

It is this latter form that will be useful to us.

1.6 Organization

In Section [2| we define our construction and give an overview of our techniques. We also state
our most general theorem, Theorem [0, which gives a recipe for turning a “good” ensemble of RIP
matrices into an ensemble of RIP matrices with fewer rows. In Section [3| we apply Theorem [6] to
obtain the results listed in Figure[I] Finally, we prove Theorem [ in Appendices [A] and [B]



2 Technical Overview

Our construction is actually a general method for turning any “good” RIP matrix with a suboptimal
number of rows into an RIP matrix with fewer rows. Many previous constructions of RIP matrices
involve beginning with an appropriately structured matrix (a DFT or Hadamard matrix, or a
circulant matrix, for example), and keeping only a subset of the rows. In this work we propose a
simple twist on this idea: each row of our new matrix is a linear combination of a small number of
rows from the original matrix, with random sign flips as the coefficients. Formally, we define our
construction as follows.

Let Ajps be a distribution on M X d matrices, defined for all M, and fix parameters m and B.
Define the injective function h : [m] x [B] — [mB] as h(b,i) = B(b— 1) 4+ i to partition [mB] into
m buckets of size B, so h(b,i) denotes the i*" element in bucket b. We draw a matrix A from A,,z,

and then construct our m x d matrix ®(A) by using h to hash the rows of A into m buckets of size
B.

Definition 3 (Our construction). Let Aps be as above, and fix parameters m and B. Define a new
distribution on m x d matrices by constructing a matriz ® € C™*% as follows.

1. Draw A ~ A, and let a; denote the rows of A.
2. For each (b,i) € [m] x [B], choose a sign oy; € {£1} independently, uniformly at random.

3. Forb=1,...,m let
Pb = Z Ob,iCh(b,i)>
i1€[B]

and let ® = ®(A, o) be the matriz with rows py.
We use Ay to denote the B x d matriz with rows ay, ;) for i € [B].

Equivalently, ® may be obtained by writing ® = HA, where A ~ A,,,g, and H is the m x mB
random matrix with columns indexed by (b,7) € [m] x [B], so that

obi b=
H' i == ’ .
]7(b7) {0 b?é]

Note that there are two sources of randomness in the construction of ®: there is the choice of
A ~ A, and also the choice of the sign flips which determine the matrix H. Our RIP matrix
will be the appropriately normalized matrix ®/v/mB.

We consider two example distributions for As. First, we consider a bounded orthogonal en-
semble.

Definition 4 (Bounded orthogonal ensembles). Let ﬁU € C? be any unitary matriz with

|Uij| <1 for all entries U;; of U. Let u; denote the ith row of U. A matriz A € CM*? is drawn
from the bounded orthogonal ensemble associated with U as follows. Select, independently and
uniformly at random, a multi-set Q = {t1,...,tp} with t; € [d]. Then let A € CM*9 pe the matriz
with Tows ug,, ..., Uy, -



Popular choices (and our choices) for U include the d-dimensional discrete Fourier transform
(resulting in the Fourier ensemble), or the d x d Hadamard matrix, both of which support O(dlogd)
time matrix-vector multiplication.

The second family we consider is the partial circulant ensemble.

Definition 5 (Partial Circulant Ensemble). For z € C?, the circulant matrix H, € C™*? js given
by Hyx = z x x, where x denotes convolution. Fiz Q C [d] of size M arbitrarily. A matriz A is

drawn from the partial circulant ensemble as follows. Choose e € {£1}¢ uniformly at random, and
let A be the rows of He indezed by Q.

As long as the original matrix ensemble A supports fast matrix-vector multiplication, so does
the resulting matrix ®. Indeed, writing ®x = H Ax as above, we observe that there are mB nonzero
entries in H, so computing the product H Az takes time O(mB), plus the time it takes to compute
Az. When A is drawn from the partial Fourier ensemble, Az may be computed in time O(dlogd)
via the fast Fourier transform. We will choose B = polylog(d), and so ®x may be computed in
time O(dlogd + mpolylogd). When A is the partial circulant ensemble, Az may be computed in
time d log(mB) by breaking it up into d/(mB) blocks, each of which is a mB x mB Toeplitz matrix
supporting matrix-vector multiplication in time O(mBlog(mB)). Thus, in this case ®z may be
computed in time O(dlog(mB) + mB) = O(dlogm) + m polylog d.

Having established the “multiplication time” column of Figure |1, we turn to the more difficult
task of establishing the bounds on m, the number of rows. We note that ®/v/mB has the (¢, k)-RIP
if and only if

sup
€Ty,

<eg,

1 2 2
—5 12zllz = llzl2

and so our goal will be to establish bounds on sup,cp,

@))% /(mB) — ||x||§‘. We will show that

if A satisfies certain properties, then in expectation this quantity is small. Specifically we require
the following two conditions. First, we require a random matrix from 4 to have the RIP with a
reasonable, though perhaps suboptimal, number of rows:

L

S\ a7 (%)

E sup U

1 2 2
— | Az]||5 — ||z
~A et i H H2 H ||2

for some quantity L, for suitably large M > Mj. Recall T} is the set of unit-norm k-sparse vectors.
Second, the matrices A, whose rows are the rows of A indexed by h(b,4) for ¢ € [B] should be
well-behaved. Define to be the event that

max sup ||Apz|l, < £(s) (t)
be[m} SEETS

for some function ¢(s) and all s < 2k. We require that happen with constant probability:

P~ [(f) holds] > 7/8. (%x)

for some sufficiently small function £.

As long as these two requirements on A are satisfied, and all matrices in the support of A
have entries of bounded magnitude, the construction of Definition [3| yields a RIP matrix, with
appropriate parameters. The following is our most general theorem.



Theorem 6. Fize € (0,1), and fix integers m and B. Let A = A,,p be a distribution on mB x d
matrices so that ||as||,, < 1 almost surely for all rows a; of A ~ A. Suppose that (¥) holds with

L < mBe?,
and M = mB > My. Suppose further that holds, with

U(s) < Q1VB+ Qa5
and that
B > max{Q3log®m, Q3 logmlogk}, and k > Q%log?®m.
Finally, suppose that m > myg, for
klog dlog? (Bk:)
22
Let ® be drawn from the distribution of Deﬁm’tion [3 Then

mo =

) _
sup | —— a3 — o]}

zeTy,

that s, ® satisfies the (O(e), k)-RIP, with 3/4 probability.

VB

In Section [3] we will show how to use Theorem [6] to prove the results reported in Figure [T} but
first we will outline the intuition of the proof of Theorem |§| which is fleshed out in Appendix [A]).

By construction, the expectation of H<I>:cH2 over the sign flips o is simply HAxHQ, and ([¥) guaran-
tees that this expectation is under control, uniformly over x € Ty. The trick is that A has mB rows,
rather than m, and this provides slack to handle the fact that the guarantee (ED is not optimal.

The problem is then to argue that for all z € T}, ||®@z||3 is close to its expectation. The proof
of Theorem [6] proceeds in two steps. First, we condition on A and control the deviation

E sup |[|®x3 — E || @zl . (4)
9 zeT; k
Second, we take the expectation with respect to A ~ A,,,B.

In Theorem we carry out the first step and bound the deviation by Talagrand’s o
functional vo(T%, ||-|| x), where ||z|/x := maxy ||Apz||, is a norm which measures the contribution
to ||®z||, of the worst bucket b of the partition function h. Our strategy is to write | ®z|3 as
| X (x)o|3, for an appropriate matrix X (z) that depends on A. Finally we use a result of Krahmer,
Mendelson, and Rauhut [KMR13| to control the Rademacher chaos, obtaining an expression in
terms of 72(T, [ ).

In the second step, we unfix A, and v2(T}, ||-|| y) becomes a random variable. In Theorem
we show that, as long as @ holds, v2(T%, |||l x) is small with high probability over the choice of
A ~ App. By (3), it is sufficient to bound the covering numbers N (Tj, |||y ,«). This is similar
to [RV08|, which must bound the same N (T}, ||-||  , w) but in a setting where B = 1. Both papers
use Maurey’s empirical method to relate the covering number to E[maxy, ||Apg||5] for a Gaussian
process g. But while [RV08] loses a v/log m factor in a union bound over b, we only lose a constant
factor as long as B > polylogd. This difference is what gives our log & improvement in m. It is
also the most technical piece of our proof, and is presented in Appendix

Finally, we put all of the pieces together. As long as mB is large enough and the condition
() holds, E, ||®z||, /v/mB will be close to ||z||, in expectation over A. At the same time as long
as the condition holds, the deviation is small in expectation over A ~ A,,p. Choosing B
appropriately controls the restricted isometry constant of ®.



3 Main Results

Due to space constraints, we defer the proof of Theorem [6] to Appendix [A] In the meantime, let us
show how we may use it to conclude the results in Figure [IL To do this, we must compute L and
{(s) from the conditions () and (%), when A is the Fourier ensemble (or any bounded orthogonal
ensemble), and when A is the partial circulant ensemble.

3.1 Bounded orthogonal ensembles

Suppose A is a bounded orthogonal ensemble. The RIP analysis of [RVO08,|CGV 13| shows

3
< klog® klogd
~Y M )

provided that M > klog® klogd, so we may take L < klog® klogd. Further, the analysis of [RV0§]
(see Lemma [17)in the Appendix) implies that

E sup
A €Ty,

1 2 2
o 1Azllz = llzll2

Pa~a |3s € [2k] : max sup ||Apz|ly > £(s)| < 2km max Py |sup [[Aiz|y > 4(s)| <1/8
be[m] zeT, s€[2k] z€eTs

when

U(s) = (logm)**VB + (10gm)1/4\/s log? klog dlog B.

Thus, we may take Q1 < log'/*m and

Q2 < (logm)Y*log k+/log dlog B < log>® d.
With these parameter settings, Theorem [6] implies the following theorem.

Theorem 7. Let ¢ € (0,1). Let A be a bounded orthogonal ensemble (for example, the Fourier
ensemble), and suppose that ® is as in Definition @ Further suppose B > log7 d and k > log®® m.
Then for some value

2
O <klogdlo§2(klogd)> ’

we have that

2 2
sup |0z 3 — o3| < e
€Ty,

with 3/4 probability.

3.2 Circulant Matrices

Suppose that A is the partial circulant ensemble. By the analysis in [KMR13],

2 2
< klog” klog” d
~Y M )

for M > klog? klog? d. Concentration also follows from the analysis in [KMR13], as a corollary of
Theorem [10] (see [KMR13|, Theorem 4.1]).

1 2 2
E sup |— |[|[Az|5 — ||z
B, p |37 1Al — ol




Lemma 8. (Implicit in [KMR15])

Paa [3s € [2K] : ;Iel[ax] su%) |Apz||y > £(s)| <
m|xeTs

ol

when
{(s) = VB + /slog klog d.

Thus, we may take @1 < 1 and Q2 < logklogd. Then Theorem [6implies the following theorem.

Theorem 9. Let € € (0,1). Let A be the partial circulant ensemble, and suppose ® is constructed
as in Definition @ Further suppose B > log? mlog® klog?d and k > log? m. Then, for some value

log dlog?(k1
sz(k ogd Ofg(k ogd)>’

we have that, as long as m < d/B,

sup
x €Ty,

2 2
@2} — )3 < =

with 3/4 probability.

We remark that the condition m < d/B does not actually affect the results reported in Figure
Indeed, if mB > d, we may artificially increase d to d = mB by embedding T}, in cd by zero-
padding. Applying Theorem |§| with d = ' implies an RIP matrix with O(s~2klog d’log?(klogd))
rows and embedding time O(d' logd') + mpolylogd'. Because B = polylogd, we have d' =
dpolylogd, and there is no asymptotic loss in m by extending d to d’. Further, in this param-
eter regime, d’'logd’ = mBlogd = mpolylogd.

4 Conclusion

In compressed sensing, it is of interest to obtain RIP matrices ® supporting fast (i.e. nearly linear
time) matrix-vector multiplication, with as few rows as possible, since doing so speeds up many
iterative recovery algorithms, which are based on repeatedly multiplying by ® or ®*. Similarly,
because of applications in computational geometry, numerical linear algebra, and others, one wants
to obtain JL matrices with few rows and fast matrix-vector multiplication. In this work, we have
shown how to construct RIP matrices supporting fast matrix-vector multiplication, with fewer
rows than was previously known. Combined with the work of [KW11], this also implies improved
constructions of fast JL matrices.

Our work leaves the obvious open question of removing the two O(log(k log d)) factors separating
our constructions from the lower bounds. It seems that both logarithmic factors come from the
estimation . It would be interesting to see if they could be removed by more sophisticated
chaining techniques such as majorizing measures.
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A Proof of Theorem

We will use the following theorem from [KMR13].
Theorem 10. [KMR13, Theorem 1.4] Let S € C™M be a symmetric set of matrices, S = —S.
Let o € {£1}M wniformly at random. Then

E sup || X013 ~ E[|Xo3] £ (dr(S)a(S, 1) + (S, ) =

Furthermore, for all t > 0,

2t
P | sup ‘”XO‘H%—EHXO’”%‘ >C1E +t| <2exp | —Comind —, — o |,
XeS V2 U

where Cy and Co are constants,

V= d2-2(S)(2(S, [I-]) + dr(S)),

and
U= d2—>2 (S )
The first step in proving Theorem [6]is to bound the restricted isometry constant of ® in terms
of the o functional, removing the dependence on o.

Theorem 11. Suppose A = Ay is a distribution on M X d matrices so that (ED holds, and let ®
be as in Definition[3 Then

1 2
E sup [Pz — |
€Ty, B 2
< L
S ] Efga | Az|lo 2 (Th, ||| x) +E72(Tka [l ) B

where
T := max || Apz]|, .
” HX be[m]” b H2

Proof. Let H(b) ={ h(b,i) : ¢ € [B] } be the multiset of indices of the rows of A in bucket b, and
as above let A;, denote the B x d matrix whose rows are indexed by H(b). Let o = 211'3:1 Obi€i
denote the vector of sign flips associated with bucket b. Notice that, by construction, conditioning
on A ~ A, we have

E |[$af; = | a3, (5)
and so
E sup |~ al
vet, |mB
SEj |2, sup [0} - Eancbxuéhsup]1EUH<I>xH§— 2]
€Ty, mB
= __EAE, sup [zl = [ Asl] + Ea sup a3 -
< AR, sup |23 — || Aa3 \+F , (6)
mB zeT), B
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where we have used (E[) in the last line and in the penultimate line.
Condition on the choice of A until further notice, and consider the first term. We may write

E :=E sup ‘H@:c”% —-E H<I>xH§‘ =E sup
JCEETk g UIETk

> oy, Ap)|? - I{@Z (o0, Ap)|?| .
b b

Now, we apply Theoremto S = {X(z) € C™*™B | g € T},}, where X () is defined as follows:

[ (Ayz)*— 0 0 0

0 —(Agz)*— 0 0

X(z) = 0 0 —(Agz)*™— - 0
0 0 0 —(Apmz)"—|

Let o be the vector in {—1, 1} defined as (o7, ..., 0f,

and so by Theorem [10] it suffices to control dp(S) and v2(S, ||-||). The Frobenius norm of X (x) is
IX@)IF = Il = [ Azl
be[m]

For the v, term, notice that for any z,y € T,
1X(2) = X(y)|| = max [[Apy(z — y)ll2 = [z =yl x -
be[m]
Thus, v2(S, ||I||) = ¥2(Tk, ||| x). Then Theorem |10 implies that

E < max || Azl v2(Tie, 11l x) + 73 (Ths [l x)-
€Ty,
Plugging this into @, we conclude

L

1 2 2
— |1®al3 - ol —

E sup
€Ty,

(7)

1
< —|E A T - E 2T .
S5 (A;ggkll /o Y2 (T Il x) + B3 (T, | Hx)> n

Theorem [11] leaves us with the task of controlling v2(7}, ||-|| ), which we do in the following
theorem.

Theorem 12. Suppose that A is a matriz such that holds, with
((s) < Q1VB + Qav/s.
Suppose further that ||a;||,, <1 for all i, and suppose that
B > max{Q3log®m, Q?logmlogk}, and k > Q%log®m.
Then
72Tk, |- x) S v kBlogd - log(Bk).
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Proof. By ,

(T ) S / SN (T [l w) ®)

where Q = sup,¢cr, |7/ x- Notice that we can bound

Q% = sup maLXHAbaUH2 = sup max Z [(an,q, x>‘ <B sup |z||? < Bk
€Ty €Ty b lG[B]

using the fact that each entry of ay(, ;) has magnitude at most 1. We follow the approach of [RV08]
and estimate the covering number using two nets, one for small © and one for large u.
For small u, we use a standard 5 net of By: we have

lzllx < @zl

so N (T, ||l x »u) < N(T, ||-ly, u/Q). Observing that T}, is the union of (Z) = (%)O(k) copies of
Bé“ (the unit f5-ball of dimension k), we may cover T} by covering cover each copy of B§ with a
net of width u/@Q. By a standard volume estimate [Pis89, Eqn. (5.7)], the size of each such net is
(14 2Q/u)*, and so

VIg N (T |1l ) S V/Flog(d/k) + Flog(1 +2Q/w) < v/klog(dQ/u).
For large u the situation is not as simple. We show in Lemma [13|that, as long as holds,

< VkBlogd

u

VIog N (T, [ )

We plug these bounds into and integrate, using the first net for u € (0,1) and the second
for u > 1. We find

Q ! \/kiBl
/ \/logN(Tk,m?XHFb-||,u)du§/ Vk1og(dQ/w) du+/ vizoed
u=0 u=

< Vklog(dQ) + v/kBlogdlog Q
< v kBlogdlogQ
< v/kBlogdlog(Bk)

as claimed. [

It remains to put Theorem [I1] and Theorem [I2] together to prove Theorem [6}
Proof. (Proof of Theorem [6]) We need to show that

1 2 2
A= sup |—— dx||l5 — ||z ,S 15

with 3/4 probability. We have by that holds with 7/8 probability over A, and we will
show that A < e with 7/8 probability when A is drawn from the distribution A" = (A | (f) holds).
Together, this will imply the conclusion of Theorem [6]
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Note that as long as (ED holds for A, (ED holds for A’ as well. Indeed,

1 2 2
—5 14zl = llzlz

1 2 2
E A - <
A~A e | 7 I14zllz = llzllz| S e,

§<8) E sup
7) A~Ager, |M

SO (ED holds for A’. For the rest of the proof, we consider A ~ A’, so we have

1
——E sup [|Az||, < /1+0(e) S 1.

IEGTk

Under the parameters of Theorem |§| and because holds for all A ~ A’, Theorem implies

V2(Ths |- x) < v/ kBlogd - log(BFk).

Then
1 Vklog(d) - log(Bk)
— K A . T |- < <
5L fﬁﬁ” g 72 (T | HX)] S NG <e
Similarly,

1 ) klog(d)log*(BEk) _
. < <e“.
mBIE'm(Tk,II Ix) < - <e

By Theorem [11] and using the above bounds,

1 L
EAI< — | E A T, ||- E~N2(Tg, || —
A[ | < —5 (Axsg | Az[[y v2(Tk, || Hx)+A’Vz( ks |l Hx)) t\ o5
Se+el+e
Se.

Therefore by Markov’s inequality, we have A < e with arbitrarily high constant probability over
A ~ A’. In particular, we may adjust the constants so that A < e with probability at least 7/8
over A ~ A’, which was our goal. [

B Covering number bound

In this section, we prove the covering number lemma needed for the proof of Theorem Recall
the definition ||z x = maxycpy, [|4p7|ly, and that T} is the set of k-sparse vectors in C? with ¢y
norm at most 1.

Lemma 13. Suppose that the conditions of Theorem[13 hold. Then
N (Ti/VE, |l 1) < (2d + 1)0B/),

We will prove this under the assumption that x € T} is real, using only that holds for
s < k and that A has bounded entries. The extension to complex vectors follows from a simple
transformation: by Proposition |16in the Appendix, we have N'(T}/Vk, |||y , ) over the complex
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numbers is less than N (Tar/v/2k, ||| 5 , u) over the reals, where ||-[| ¢ denotes a version of the ||| x
for a real matrix A of bounded entries that satisfies for s < 2k. Adjusting the constants by a
factor of 2 gives the final result.

As in [RV08|, we use Maurey’s empirical method (see [Car85|). Consider x € T},/Vk, and choose
a parameter s. For i € [s], define a random variable Z;, so that Z; = e;sign(z;) with probability
|z;| for all j € [d], and 0 with probability 1 — ||z||;. Notice that by the assumption that z is real,
sign(z;) is well defined. Further, because T}/ Vk C By, this is a valid probability distribution. We

want to show for every z that
1 B
— = Zi|l S/ —- 9
D IEZ SRt ©)

This would imply that the right hand side is at most u for s < B/u?. If this holds, then the set of
1

all possible < > Z; forms a u-covering. As there are only 2d + 1 choices for each Z;, there are only

(2d 4 1)* different vectors of the form % Y7 1 Z;. These form a u-covering, so Eq. @ will imply

E

N(Ti, |l »w) < (2d + 1)OB/),

We now show Eq. @ Draw a Gaussian vector g ~ N (0, I5), and define

G(x) = gI,EZ HZ Z;9i

X

By a standard symmetrization argument followed by a comparison principle (Lemma 6.3 and
Eq. (4.8) in |[LT91] respectively, or the proof of Lemma 3.9 in [RV08]),

so it suffices to bound G(z) by O(v Bs).
Let L = {i: |z;] > %™} be the set of coordinates of z with “large” value in magnitude. Then

<

~

X

E

~6(@),

G(x) <G(xr) + G(xg)

by partitioning the Z; into those from L and those from L and applying the triangle inequality.
Notice that xy, is “spiky” and z is “flat:” more precisely, we have

1
logm

logm
k Y

lzrl; < and foHoo < (10)

using Cauchy-Schwarz to bound the ¢; norm. To bound G(x1) and G(xy) we use the following
lemma.

Lemma 14. Suppose that holds. Then the following inequalities hold for all x:

G(z) < \/Bs |zl logm (11)

G(x) S VBs + Vlogm (Q1VB + Qa/min(k,s) ) v/l + log (12)
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Proof. Let Z € {—1,0,1}%** have columns Z;, and Z =, Z;. Then

G(z) = Emax || ApZg||,
be[m]

Consider ||AyZg||, for a single b € [m]. This is a C-Lipschitz function of a Gaussian for C =
| ApZ||5_,5. Therefore [LT91, Eq. (1.4)],

042
Po[lAvZgll, > IE' 145 Zglly + ¢ | ApZl5 5] < e,

Hence by a standard computation for subgaussian random variables [LT91, Eq. (3.13)]),

G(x) S IZE&I%IQE 1AZgll, + V1ogm [ AvZ] 5,5 -

Now,
E|AZgll, < | [E | 4Zg]5 = [AZ] » = 1/ BIIZ], (13)
and
E\/BIZI, < \/BENZ], =/ Bzl < VBs. (14)
Thus

6(0) < \/Bs ol +0 (oo viogm 4121, ). (15)

Thus it suffices to bound ||AyZ||,_,, in terms of ||z||, and |z|, . First, we have

’Abz”2az < ”AbZHF

and so by Equations and we have

G(z) <4/ Bs|z|; logm,
as desired for Equation .

Second, we turn to Equation (12). For a matrix A € m x d and a set S C [d], let A|g denote
the m x d matrix with all the columns not indexed by S set to zero. Then, we have

1/2
14622 < | gz, 1222 < max [ Aulsll s 121122 (16)

In the final step, we used the fact that for any matrix A, |Al22 < /[[A151|A]lcsoo (see
Lemma [15/in the Appendix). By the assumption and the choice of ¢,

max  sup || Apz|ly < Q1VB + Qoy/min(k, s),

bEIM] 1€ Tnin(h,s)

SO

s [ 40255 < 12307 (VB +Qa/minh.s) )
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Finally, we bound Ez || Z|| .. By a Chernoff bound, for any j € supp(z), we have

P H@Zi)j' >syxjy+t} < 900,

Integrating, we have
EflZ] S sllzllo + logk.

Thus
B max A2l 5 < (s |17l oo +log k)'? (Q1\/§ + Q2/min(k, s)) :
m
Combining this with Equation gives ([12]). |

We return to the proof of Lemma Recall that the goal was to bound
G(rr) +9(rg) S VBs.
By and (11, G(z1) < V' Bs. Furthermore,

G(zp) S VBs +/logm (Q1\/E+ Q2\/M) \/S”l‘f”oo + log k
s@+ﬁogm(@1\/§+cyz¢m)< “Okgm+ 1ogk>

B logm logmlogk \/min(k, s)logm \/log mlog k min(k, s)
_@<1+Q1<\/E +\/S>+Q2< No: + 5 ; ))

Since we have assumed B > Q3 log?m, the @y term is bounded by a constant. Further, k >
Q? log?m, and s > B > @Q%logmlogk, and so the Q7 term is also constant. Thus, we conclude

G(x) < G(x1) +G(ag) S VBs,

which was our goal.

C Minor Technical Lemmata

Lemma 15. For any complex matriz A, ||A||g_>2 < All151 - A s 00 -

Proof. First we consider the case of Hermitian A, then arbitrary A. For Hermitian A, let A be
the largest (in magnitude) eigenvalue of A and v be the associated eigenvector. We have

||A’U”1 _ ”)‘Uul _ |/\‘ — ”AHQ 5
9

Al > 1A - Il
= el el

For arbitrary A,
2
”AHQ—)Q - HA*AH2~>2 < HA*A”1~>1 < ”A*Hlﬁl ’ HAHHl = HAHoo~>00 : HAH1a1

as desired. In the last inequality we used the fact that || - |00 is equal to the largest ¢1 norm of
any row, and || - |11 is equal to the largest ¢; norm of any column. [
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Proposition 16. Let f : C* — R2? act entrywise by replacing a + bi with (a,b). For any integer
r, define F': C"™% — R2™%24 ¢4 qct entrywise by replacing an entry a + bi by the 2 x 2 matriz

a —b

b a

Recall that T, C C% is the set of unit norm k-sparse complex vectors, and let Sy C R® be the set of
unit norm s-sparse real vectors. Recall that ||-||x is a norm on C? given by ||z|y = max, || Apz],,
and let ||-|| ¢ be a norm on R?? given by ||z|| ¢ = max, ||F(Ap)z|y. Then

1. If holds, then maxysup,cg, [|[F(Ap)z|ly < L(s) for s < 2k.

2. With ||-|| ¢ as above, we have

N(Tkv H”X 7u) < N(SQka ||H)~( 7“)'

Proof. By construction, we have f(Ax) = F(A)f(z), and also || f(z)|y = ||z||,. Further, f(T%) C
Sor and f~1(Ss) C Ts. Thus, item follows because

max sup [|F'(Ap)z||, < max sup [|F(Ap)f(y)|, = max sup [|Apyll, < I(s)
b zes, b yeT, b yeT,

Similarly, item [2| follows because for any x,y € T},
T — = max || Ap(x —
lz = yllx e [Ap(z — )l

= max [ (Ap) f(z = y)ll

be
=|f(z) = fWlx-

Hence
n
Lemma 17. Let F denote the d x d Fourier matrixz. Let Q with |Q)] = B be a random multiset with

elements in [d], and for S C [d] let Faxs denote the || x |S| matriz whose rows are the rows of F
in Q, restricted to the columns in S. Then for any t > 1,

max [Faxsll S V(B +kB)

with probability at least
1-0 (exp (— min {t2, t,B})) ,
where
B = log? klog dlog B.
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Proof. (Implicit in [RV0S]). Let X = supjgj_y, || Ix — 5F6xsF0xs
matrix. It is shown in [RVO08| that

2
XS\/klOg kl;gdlogB(EXJrl) _. %(EX%—U.

O(k
IEXSl—i—(Bﬁ)::a. (17)
Indeed, whenever 22 < A(z + 1), we have x < A + 1 or else we conclude (A + 1)2 < A% 4+ 2A. Let
« denote the right hand side of . We may plug this expectation into the proof of Theorem 3.9

in [RV08|, and we obtain

, where Iy, is the k x k identity

ol eS|

This implies that

P[X > Cta] < 3exp(—C'taB/k) + 2 exp(—t?)
for constants C' and C’. In the case X < Cta, we have

max || Foxs|| < /B(1+ Cta) < VB + VBCla,

S|=k

and so we conclude that
max | Fas|| < VB + 0 (Vi(B+ )

with probability at least
1 —3exp(—C't(B + B/k)) — 2exp(—t?).
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